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Abstract

The purpose of this dissertation is to analyze selected production mecha-
nisms of quarkonia with positive charge parity. In particular, the quark-
antiquark bound states such as 7.(1S), 1.(2S), x.0(1P) as well as a spin-
less bound state of the bottom quark and anti-bottom quark y;o(1P)
were considered. The amplitude of the processes was formulated in the
k -factorization approach using a newly developed model by means of
the light cone wave functions of bound states. Namely, the wave func-
tions on the light cone were used to construct the appropriate transition
form factors v*y* — 7. and v*v* — x¢ and then adapted to the pro-
cesses involving protons. In addition, the processes of producing a char-
monium pairs XeoXeo, XeiXel, Xe2Xe2 With additional gluon emission in
three different configurations were discussed. Another mechanism taken
under investigation in the thesis is the exclusive production of 7.(1S)
and y.0(1P) in proton-proton collisions using the model proposed by the
Durham group with applied newly developed reaction vertex.

Streszczenie

Celem niniejszej rozprawy jest analiza wybranych mechanizméw pro-
dukcji kwarkonii o dodatniej parzystosci tadunkowej. W szczegdlnosci
rozwazaniom zostaly poddane bezspinowe stany zwiazane kwarku powab-
nego i antykwarku antypowabnego takie jak n.(1S), 1.(2S) x.(1P), a
takze bezspinowy stan zwiazany kwarku dolnego i antykwarku antydol-
nego xpo. Amplituda proceséw zostala sformulowana w podejsciu k| -
faktoryzacji z wykorzystaniem nowo opracowanego modelu za pomoca
funkcji falowych stanéw zwiazanych na stozku $wietlnym. Mianowicie,
funkcje falowe na stozku $wietlnym postuzyly do skonstruowania odp-
wiednich form faktoréw przejscia v*v* — 1., v*v* — Xx¢, a nastgpnie za-
adoptowane do proceséow z udzialem protonéw. Ponadto dyskusji zostat
poddany proces produkcji pary kwarkonii powabnych x.oXco, XeiXet,
Xe2Xe2 2 dodatkowa emisja gluonu w trzech réznych konfiguracjach. Jed-
nym z rozwazanych aspektow jest rowniez proces ekskluzywnej produkceji
N.(1S) oraz x.(1P) w zderzeniach proton-proton przy pomocy modelu
zaproponowa-nego przez grupe z Durham z zastosowaniem nowo opra-
cowanej amplitudy przejscia.
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Chapter 1

Introduction

The Standard Model (SM) of particle physics constitutes our best understanding of
observed particles and their interactions in the framework of Quantum Field Theory.
The SM involves the theory of electro-weak interactions and Quantum-Chromo-
Dynamics (QCD), which is the quantum field theory of strong interaction. The
unified electro-weak quantum field theory combines a description of phenomena in-
duced by the photon and electrically charged fermions, Quantum-Electro-Dynamics
(QED), and the weak interactions, which are mediated by the W= and Z bosons.
The Standard Model is a gauge theory with the invariance under local transfor-
mations of the gauge group SU(3). x SU(2) x U(1). A diagonal subgroup of the
electro-weak gauge group SU(2) x U(1) is the U(1)gps group, which is associated
with a massless spin-1 particle - the photon, which is exchanged in the electromag-
netic processes.

Apart from flavor quantum numbers such as charm, strangeness, or isospin for
light quarks, the fundamental spin—% matter particles — the quarks — also carry color.
The local gauge symmetry SU(3). has a non-Abelian character, which besides re-
quiring an exchange of a gauge particle with spin 1 (the gluon) also enforces the
gluons to interact between themselves. The main property that arises directly from
the self-interaction of gluons is asymptotic freedom. Historically, Quarkonia played
a leading role in the confirmation of asymptotic freedom phenomenon. In the anal-
ogy to positronium, a heavy quark-antiquark bound state is named quarkonium,
for instance, charmonium (charm-anticharm) or bottomonium (bottom-antibottom)
states. In fact, at a short distance, the strong interaction force was observed to
be weak [1, 2]. Today the effective color charge squared «ay is determined mainly
from the description of hard processes involving the production of jets. The the
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smallness of the strong coupling constant at a short distance allows to present com-
plicated QCD formulas in the form of perturbative series in ag(ug), where pg is
a renormalization scale, which must be much larger than the intrinsic QCD scale
Agep ~ 250 MeV.

Physical states, including mesons and baryons, are experimentally observed to
be colorless, which imposes that all hadrons have to be SU(3). singlets. This phe-
nomenon stands for the intricate dynamics of QCD at a large distance and is known
as color confinement.

The quarkonium production processes are one of the main research tools for in-
vestigation Quantum Chromodynamic properties in high-energy particle collisions.
They do offer an opportunity to describe both the production dynamics as well as
their bound structure in terms of QCD degrees of freedom — quarks and gluons. De-
spite decades of studies on quarkonium physics there is still wide group of problems
to concern oneself with. The strong interest in the subject at present is reflected
in the fact that recently there appeared a new review of charmonium prospects at
high luminosity project at CERN [3] as well as a review dedicated new theoretical
developments of inclusive quarkonia production [4]. Still new approaches are un-
der consideration including the light front formalism which we set out to further

develop in our work or formalisms based on effective field theory methods, such as
pNRQCD [5].

* kK

Various analyses of quarkonia, excited states of quarkonia or associated produc-
tion with another particle are some of the crucial points to understand the per-
turbative and non-perturbative nature of QCD. The main aim of the thesis was to
study mechanisms of quarkonia production induced by gluons, but in the course
of our studies we were also led to investigate the analogous virtual-photon induced
processes.

One of the points was to develop a coherent approach starting from form factors
using the smallest amount of arbitrary parameters to apply them into hadroproduc-
tion in k-factorization approach. Furthermore, to find out if the structure of the
QQ system wave function has an impact on the transition form factors or differential

distributions related to quarkonium production.



This thesis is organized in the following order. In subsequent sections, we will in-
troduce essential properties of the discussed quarkonia and briefly comment on phe-
nomenological concepts of calculating relevant cross-sections in a proton-proton col-
lision.

In Chapter 2, we focus on Y.sX.s pairs production in collinear approach in high-
energy proton-proton collision with real gluon mini jet production. We discuss
emissions in the central rapidity region in between y.;x.; pair as well external
emissions.

In Chapter 3, we put under investigation space-like v*v* transition form factors.
We present the salient properties of the light-cone wave functions of Q@ bound
states. We consider (in a spectroscopic notation explained below) the (1S), (2S),
and (1P) states in the case of c¢ while in the case of bb system we restrict ourselves to
the (1P) system. We introduce step by step the construction of the transition form
factor v*v* — Q, where Q denotes a quarkonium state of even charge parity. We
derive a master formula that expresses the relevant v*vy* — Q amplitudes in terms
of the relevant “radial” light-cone wave functions. We analyze related observables
such as the radiative decay rate or the so-called decay constant. Additionally, we
investigate symmetry properties of those form factors and illustrate the behavior of
normalized the symmetry quantities |Frr(Q?,0)/Frr(0,0)].

In Chapter 4, we consider prompt hadroproduction of 1.(1S), 7.(2S) and x.o(1P)
xs0(1P) in k, -factorization approach. We start with deriving the matrix element
in the k, -factorization approach and give some general comments on unintegrated
gluon distributions function in a proton. In particular, we investigate the asymmetric
kinematic region 2 < y < 4.5 in the center of the mass system (c.m.s.), which
corresponds to acceptance of the LHCb experiment. We then move on to applying
form factors to the matrix element. Subsequently, we present predicted distributions
in meson transverse momentum, rapidity, transverse momentum of the fusing gluons,
as well as the fraction of the longitudinal momentum of the colliding protons carried
by a parton.

In Chapter 5, we again take advantage of the prepared g*g* — Q vertex within
the adopted color singlet model, which we employ to central exclusive production
(CEP) in a proton-proton collision. The central exclusive process provides a unique
environment where we can test our vertex. We begin with an introduction to the
process kinematics and amplitude formulation in the framework of the Durham
model. Relevant pieces of this model are off-diagonal gluon densities which we
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build with the help of various approaches. We analyze several differential cross-
sections including transferred momentum squared, rapidity of 7.(1S) and x.(1P)
with incorporated skewness correction, and the distribution in the relative azimuthal
angle of outgoing protons. We illustrate the projection on transverse momentum
of the produced meson. We estimate the absorptive correction to the Born level
cross-section.

In Chapter 6, we summarize the performed analysis with essential conclusions

and outlook.
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1.1 Charmonium and Bottomonium Spectra

Similarly to atoms, charmonia and bottomonia are observed also in excited states of
higher energy. The interest of this work is mainly centered around the charmonium
ground state 7.(15), the excited state 7.(25) and the family of x.;(1P) with total
angular momentum J = 0,1,2. We also paid attention to the spinless x;o meson.

In the nonrelativistic picture of quark-antiquark cé or bb pairs, the bound state is
characterized by total angular momentum J composed of the relative orbital angular
momentum L and the spin S of the pair [19]. It is convenient to introduce a scheme
(n, +1)@S+V L which encodes characteristic quantum numbers of particles. More-
over, n, number is recognized as radial excitation number, whereas L = 0,1,2,...,
as in atomic physics, are labeled by L = S, P, D, ... and determine together with
the intrinsic parity of quarks, parity of each state to be P = (—1)L*L. Therefore,
corresponding quarkonium states are commonly denoted as S — waves, P — waves
or D — waves.

The two body quark-antiquark (s. = +1/2,s; = £1/2) system could appear in
the form of spin singlet (25 + 1 = 1),! Sy or spin triplet (25 + 1 = 3), 3S; states.

Another convenient quantum number to label quarkonium states is by the eigen-
value of the charge conjugation operator. The charge conjugation is an exact sym-
metry of strong and electromagnetic interactions, but is violated in the weak interac-
tions. For the spin-1/2 fermion-antifermion pair, C' = (—1)L"° hence we can recog-
nise the C-even or C-odd quarkonia states. Note that there are some constraints on
the allowed values of JF¢ for systems composed out of quark and antiquark. Several
combinations such as 07—, 07 ~ or 1~ * apparently would not found in this scheme.
In the case, when particle system has such a set of quantum numbers , we often call
them an exotic state, as they cannot be quark-antiquark “quarkonia”.

Especially in the main text, we will refer to pseudoscalar 7. (spin: 0 and P-
parity: -1, C-parity: +1) and scalar . or xp (spin: 0 and P-parity: +1, C-parity:
+1) mesons.

In Tab. 1.1 we reveal characteristic properties of the quarkonium bound state,
including mass, full decay width and fraction of a radiative decay rate to full width.
In addition, we summarize quantum numbers and information about isospin I (all
of the quarkonia are I = 0) and G-parity of multiplets, where eigenvalues of the

G-parity operator are determined by (—1)F+5+1),
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Table 1.1: Properties and quantum numbers of considered quarkonia [20].

5

= = = i

= i | © € = =

= 3 ~ = ) X

% — E ) \% ~

2 + = % — 3

= £ = S
7o (1S) | 155, [0~ T(0F) | 2983.9E04 | 320=£0.7 | (L6L=0.12)
n.(259) | 288, [ 07+ (0%) | 3637.5+1.1 11.3%32 (1.9+1.3)
Xeo (1P) | 18Py | 0F+(0%) | 3414.71 £0.30 | 10.8+£0.6 | (2.04 % 0.09)
Xer (1P) | 13P) | 144(07) | 3510.67+£0.05 | 0.84+0.04 | <6.3x 1072
Xeo (1P) | 13R, | 27+(07) | 3556.17 £ 0.07 | 1.97+0.09 | (2.85= 0.10)
xwo (1P) | 1°Py | 07F(07) | 9859.44:0357 | undetermined | undetermined

Conventionally masses of the DD (for charmonia) and BB (for bottomonia) are
refered to as an open flavour threshold. Heavy QQ systems, which are placed below
the threshold can decay to lighter QQ states e.g. via radiative transitions, or as the
lightest quarkonia decay via the annihilation of the quark-antiquark pair.

All of the analysed mesons in the thesis have masses below the open flavour
thresholds, see Figs. 1.1, 1.2.

The overview of Quarkonium levels, their decay channels, and decay rates, to-
gether with a more detailed discussion, is included in Ref. [21] and references therein.
For illustration, Fig. 1.1 depicts the currently observed and possible c¢ state in spec-
troscopic level scheme. The solid black lines correspond to the states confirmed
experimentally, while ¢¢ bound systems indicated by the dashed lines need further
verification. The dotted lines mark open charm thresholds. Fig. 1.2 reveals spectra
of mesons contained bb quarks. The arrows indicate the most dominant hadronic
transitions.

States above the open flavor thresholds are under much discussion recently and
are expected to be understood as meson-meson molecules, multiquark systems (e.g.
tetraquarks) or other exotic phenomena, see e.g. [22]. The potential model alone
cannot work in this domain, as one has to take into account the coupling of QQ
states to the meson-meson continua.

A potential toponium state contributes less than one percent to tt pair produc-

tion in a proton-proton collision at Large Hadron Collider (LHC) [23] and has a
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substantial decay rate. It is often pointed out that the top quarks decay faster than
the bound state is created. However, searching for top-meson via two gluon fusion
near the open threshold is still an ongoing problem.

In this work, we will focus on charmonium systems, including 7., 7., x. and
bottomonium system yo. All mentioned mesons are spinless and characterized by

an even value of charge parity.
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Figure 1.2: The scheme of the spectra of mesons with a bb quark content, the plot originates from an updated review
of Particle Data [20].
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1.2 Phenomenological models of heavy quarkonia
production

Since the announcement of the first discovery of a charmonium state (the J/¢) in
1974 [1, 24] physicists have put much effort to develop a theory, which describes
the charmonium production in hadron collisions. In the beginning, two major ap-
proaches were proposed, the color-singlet model and the color evaporation model.

In the color evaporation model (CEM), it is assumed that invariant mass M
of the c¢ or bb pair is produced between DD or BB threshold 2m, < M < 2mp,
2my, < M < 2mp for charmonium and bottomonium states, respectively. Then the
QQ pair hadronizes [25, 26, 27] into Q meson accompanied by randomly emitted
soft particles. The general expression for CEM production can be written as

2mp A 2mp A
dog(P) _ FQ/ deaCC(M, P) dog(P) _ FQ/ deabb(M, P)
2 2

BP aaep 0 T Bp AMdP
(1.1)

where 6gg can be calculated perturbatively as a function of mg, mp g and a,(mg),

Me my

and Fy is phenomenological parameter, which corresponds to Q@ fraction that re-
sults in Q meson production. It is assumed that the hadronization factor Fg is
independent on the kinematics of the process. The conclusion drawn from the CEM
is that the hadronization factors for quarkonia fulfill relations for instance

o
o=t sy

(1.2)

Besides the simple and intuitive picture of the CEM, this approach suffers from
disagreement with experimental data for the ratio ¥’ to J/v¢, which depends on
their transverse momenta [28, 29]. However, an intensively discussed approach is
the so-called improved color evaporation model (ICEM) introduced in Ref. [27].
The color-singlet model (CSM) is based on the assumption that QQ state is
a nonrelativistic bound state interacting through confining potential. The relative
momentum of the Q@ pair in the rest frame of the bound state then has to be small
in comparison to the heavy quark mass mq. It is assumed that the short-distance
part of the amplitude is not affected by changes in the small relative momentum of
the QQ pair. Therefore the amplitude is constructed under the assumption that the
QQ length scale in the production amplitude is point-like on the scale correspond-

ing to the quarkonium wave function. Thus, the only occurring phenomenological

11
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parameters in this approach are radial wave function R, (0) at the origin or the first
derivative R'(0)y./y, for x. and x, multiplets. The radial part of the wave function
at r = 0 can be found by solving Schrodinger equation with the particular potential
model of QQ interaction (see Appendix A) as well as from their relation to the
radiative decay constant.

In the color-singlet model all non-perturbative effects are stored in the wave
function factor \IJ(Qk)(O), while the second part of the amplitude 744 is calculated
with the help of perturbative Quantum Chromo-Dynamic in a; expansion. The

general SCheme Of the cross-section 1s the fOHOWiDg
Oqg = d(AJ A \I/(k) O 2 1 3
Q QQ| Q ( )’ ) ( . )

where \If(Qk) (0) is connected to the first term of the amplitude, which does not vanish

in Taylor expansion around relative momentum of the quarks in the meson (see

App. A).

W,0(0) = ﬁ_ﬂw» W (0) = \/gwo» (1.4)

Therefore, CSM provides an intuitive illustration of the perturbative production
of heavy quarkonium. The main objection regarding this approach is that in the
collinear factorization does not describe experimental data collected by the CDF
group at the Tevatron.

Quarkonium states consist not only of valence pure QQ bound state. It could
exist in states which sub-cluster of quarks in color-octet configuration. This idea can
be depicted in the superposition of gluons and quarks Fock states of the meson Q

19) = 1¥0|QQ) + Yoa,|QQ9) + Voo RQaa) + -+ - - (1.5)

In CSM, only the first Fock state is taken into account to construct quarkonium
with specific quantum numbers.

In the Color-Octet model (COM) also higher component of the Fock state ex-
pansion contribute. The COM is in a similar spirit as the color evaporation model,
namely the heavy quark pair can be produced not only with exact quantum num-
bers as physically observed meson state, but different produced states can evolve
into the observed quarkonium after emission of a soft gluon. The COM is based
on an effective field theory with special scaling rules or so-called power counting in

12
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which non-relativistic QQ system is factorized. Three scales can be specified: mass
scale (mg), momentum scale (mgv) and energy scale (mgv?) with the preserved
separation between them

(mq)* > (mqu)* > (mqv®)*. (1.6)

The quark mass defines a scale at which perturbative expansion in « is applicable,
as < 1. Because mg > Agep processes occurring at the scale mg can be calculated
perturbatively. The momentum scale corresponds to the size of the quarkonium
state and allows to distinguish the long-distance evolution region into meson. Here,
v stands for the bound state relative momentum, which typically for c¢ is v? ~ 0.3
and for bb is v? ~ 0.1.

The application of the NRQCD scheme to quarkonium production, for example
for the case of P — wave quarkonia, is formulated in the following way [30]:

rvar = [ (@gqup @7+ 1O CR)

+ db g (2] + 1)<owo<35{81)>). (1.7)

QQ(esE

This factorization formula, which represents the leading order in the NRQCD power
counting scheme, contains two terms. Firstly, we have the color singlet piece, where
the QQ system is produced with the physical quantum numbers of the relevant XQJ
state. Here QX0 (3P(£1]) stands for color singlet operator, which can be related to the

the first derivative of the radial wave function at the origin

3N,

XQo 3P[1]
(e (pfl) = 2

|1, (O (1.8)

If we took this term into account alone, we would reproduce the non-relativistic
color-singlet model.

Besides the color singlet piece, there is a color octet term, where the leading
order in NRQCD counting the Q@ pair is produced in the hard process with the 3S£8]
quantum numbers. During the nonperturbative evolution of the QQ system after
its production, it transforms, say by emission of soft gluons, into the color-singlet
3P; state. The operator matrix element quantify the strength of this transition
Oxeo (33?1). The latter has a priori no simple relation to the wave function of the

bound state, and practical phenomenology has to be fitted.

13
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The NRQCD approach is potentially very powerful in making order-by-order
improvable predictions as an effective field theory. In fact, it has many successes in
describing quarkonium transitions and decays. However, for quarkonium production,
its weak point is the proliferation of fit parameters (the operator matrix elements)
with increasing order of the NRQCD expansion.

This is the reason why we stick to a color singlet formulation. However, we do
not stop at the nonrelativistic expressions used in the “classic” color singlet model.
We also utilize the kr factorization, which is known to at least partially cure many

quantitative problems of the collinear approach.

14



Chapter 2

Charmonium Pair Production
with Real Gluon Emission

2.1 Introduction

Much attention has been drawn to charmonium pair production, for a few years. So
far, J/1 pairs have become accessible experimentally at large rates, but the origin
of the pair production process is still mysterious. Indeed, two J/¢) mesons can be
produced in either in the SPS (single parton scattering) mode as well as in the DPS
(double parton scattering) mode [31, 32]. The sketch of x.; pair production at LHC
energies is depicted in Fig. 2.1. In fact, many properties of DPS processes can be

mimicked by single parton scattering with large rapidity separation.

SPS DPS

S O

Figure 2.1: The sketch of single parton scattering (SPS) on Lh.s. and double parton
scattering (DPS) r.h.s.

At energies accessible at the LHC, the preferred mechanisms are those where

gluons carry small . This feature implies a higher probability to observe more than

15
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one hard process in the same proton-proton collision. In Ref. [33] it was shown
that SPS and DPS cross-sections are about the same order of magnitude. In the
kinematic acceptance of the LHCb experiment [34, 35] the SPS mechanism of .J/v’s
pair results in a good description of the collected data. However, if the rapidity
distance between J/1’s from the pair is large that is in practice |Ay| > 2, the single
parton scattering model at leading order [36, 37| underestimates the experimental
data collected by CMS [38] and ATLAS [39] at the Large Hadron Collider.

Another interesting mechanism in proton-proton collision, which may lead to
J/1J /1 pair production is a tetraquark 7,.(6900) decay [40]. The tetraquark is
assumed to be composed of ccée and mainly produced via two gluon fusion in SPS
(99 — Ty.) as well as DPS (9999 — T4, 9994 — Tyc) processes.

Moreover, one may expect a significant contribution from y.; radiative decay to
J/1 mode. Previously in the literature .J/v pair production was discussed in the
kr-factorization framework in pp and PbPb collisions [36, 37, 41] within a perturba-
tive nonrelativistic quantum chromodynamics (NRQCD) model. Relatively recent
studies on quarkonium pair production in the color-evaporation model have been
performed [42].

Relevant processes for the first-order correction to x.;-pair production can be
illustrated by the Feynman diagrams in Fig. 2.2. At high gluon-gluon c.m.-energies,
the additional gluon jet may be emitted in three distinct, well-separated kinematical
regions. Firstly it can be emitted in the central rapidity region between two y.s
(Fig. 2.2a), or as a “leading” jet carrying a large fraction of the energy/momentum
of one of the incoming gluons, see diagram Fig. 2.2 b,c).

In this section we will discuss how to calculate the diagrams of Fig. 2.2 using the
vertices of the Lipatov effective action [43, 44, 45] of high-energy QCD. In section 2.2
we will discuss parton level cross sections for the 2 — 3 process gg — gXeXes
and in section 2.3 we calculate hadron-level cross sections using the collinear gluon
distributions.

Let us discuss the kinematics of the processes of interest. At high c.m.-energies
V/s we can neglect the masses of incoming protons so that their four-momenta in

the pp-c.m. frame can be written as

_ VS VS (2.1)
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pP1,J1,J1z

p2,J2,J2,

Qa, Aa P1,J1,J1z Qa, Aa P1,J1,J1z Qa, Aa p1,J1.J1s
- ZZZK ’ iﬁ@
qb7/\b p27J27JZZ ‘lb7>\b p27J27']2z Qb:)\b p27J27JZZ

Figure 2.3: Ezact form of the blob vertex from Fig. 2.2 (b),(c).

with the light-like basis vectors (see Appendix D for more details on the notation)

1
n, = E(1,0,0,j:1). (2.2)

In our approximation, the incoming gluons are collinear to the protons, i.e.
=01Py,  @u=qn, =12, (2.3)
The c.m.-energy squared of the gluon-gluon process is

(qa + @) = (21 P + 29 P)* = 11795 . (2.4)

We are interested in a situation in which the final state gluon is emitted at a large
rapidity distance to the next (x.) final state particle. In this case, the vertical gluon
lines in the diagrams of Fig. 2.2 have to bridge a large distance in rapidity. The
exchange of so-called reggeized gluons describes these gluon exchanges within the
Lipatov effective action approach. The vertices for the couplings of reggeized gluons

to other fields can be found in a convenient form in Ref. [44]. We adapt them to

+
I

propagator of a reggeized gluon with four-momentum ¢ gets a factor

the slightly different conventions regarding light-cone vectors n’™ used by us. Each

-t
_onny

DIJ«V(Q) - qg

(2.5)
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Here the vector n; multiplies the “upper” vertex, and n, the “lower” vertex con-
nected by the propagator.
The central blob in diagram 2.2 a involves the "Lipatov effective vertex” [45],

expressed by the equation

Fupl/(Qla QZ> = n;:n;rcp<q1a q2) )
2 2
_ q _
Colqr,2) = (i + q_i)”; — (g3 + q_i)”p + (g2 — %)ia (2.6)
2 1
in the BFKL (Balitsky-Fadin-Kuraev-Lipatov) approach, where ¢, ¢, are four mo-
menta of gluons incoming into the vertex. In terms of light-cone components, the

gluon momenta are parametrized as

Gp =G} + a1y, a2 = a0y + g, withql = =31 % @3 = — %, (2.7)
It is important that within the range of validity of the Lipatov action approach,
the momentum flow is such that there is always a dominant flow of (+)-momentum

from “above” and (—)-momentum from “below” into a vertex.

In this way, the important conditions (“Ward identities”)

Qilr,upu((ha QQ) = 07 Q;Fupu((ha QQ) = 07 <QI + Q2>prupu = 07 (28)

can be easily seen to be fulfilled. They are closely related to the gauge invariance of
the approach.

In the two remaining diagrams 2.2 b,c, the blob vertex corresponds to amplitude
comprised of ¢ and w channels of x.;x.s production (see Fig. 2.3). Notice that
the gluon exchanged within in this blob (the vertical gluon lines in Fig. 2.3) are
not assumed by us to be reggeized gluons. In our calculation, we use for them the
covariant Feynman gauge, so that the corresponding amplitude can be written as:

ab aa’ —g" 0y

A as @i p1,p2) = Vi (J1y Jaai ey 1 — qa)f‘/yw(h, 1302 = Qby B)
_ o sa't
+ V(T s a1 — %)TV;’ZI(JM T3 01 = ar Ga) 5
(2.9)

where Vﬁ,’(]l, J215qas D1 — Qo) 1s the g*g* — x.s vertex. These vertices were previ-
ously derived in the color singlet approximation of NRQCD in ref. [33], and can be

written as

ab . ab 2R/(0>
V;w(‘L Jz; q1, Q2) = _Z47r0555 —\/gT;w(tL Jz; q1, Q2) . (210)

Xe
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2.1 Introduction

where the first derivative of radial wave function at origin can be found by the

relation (see e.g. [46])

27eta?
L(xeo = 77) = TyR’(o)|2. (2.11)

In our numerical calculations, the value |R'(0)* = 0.042 GeV? is used.
For completeness, let us write down the explicit expressions from Ref. [33] for all
possible spin states of the x.; family:

1. scalar, J =0,J, =0:

L M (¢ — ¢3)*
T(0,0:q1,q2) = N RTSE {g;w (6(6]1 @) —ai— @+ 2]\/[—21)
2 2 2 2
qi +¢q qi +4q
Ag3 4qi
+ QIMQIVMZ + Q2uQ2uM12} (2.12)
2. axial vector, J =1,J, = £+1,0:
1 1
TMV(L Jz; q1, q2) = \/§M<q1—(h){(q% - qg)euuaﬁ(ql + QQ)aeﬁ(Py Jz)
2 2
qi +¢q
(g (Ot = o) + 2001~ Q) ) (213)
with
Uy = €upapd} G5 € (P, J) (2.14)

3. tensor, J =2,J, =+2 4+1,0:

—M? .
m{ — G (@2 — )*(%2 — ¢1)Peas(P, J.)

+ 4((]1 . QQ)E;W(Pa Jz)

+ 2((]2 - QI)QEQV(Pa Jz)q2u - 2((12 - %)aﬁw(P, Jz)Qlu} ’
(2.15)

T,ul/(27 Jza qi, q2)

Above P = ¢; + ¢» is the four-momentum of the bound state, and €,(P, J,) is the
polarization vector of the J = 1 state, while the J = 2 state has a polarization

tensor

ew(P,J,) = Z (2, J.11,mq, 1, maYe, (P,my)e, (P, ms). (2.16)

mi,m2
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All the tensors T),,(J, J., ¢1,q2) fulfill the QED-like gauge invariance conditions
q’l‘TW(J, .o q1,q2) = 0, quITMV(‘]7 J.yq1,q2) = 0. (2.17)
In eq. 2.9 Mandelstam variables ¢ and @ are
t= (¢a —P1)2 ;U= (g — p2)2 . (2.18)

To construct the full amplitude of Feynman diagrams 2.2a-c), we also need the
couplings of the reggeized gluon to the leading upper and lower gluon jets. They
are described as follows

2
_ — — b1 — qa -
n pF,uzxp(Qavpl) = QQ:{QMV + n, (pl - 2q(z)y + (Qa - 2p1)unu - ( 0 ) n,ny
_ 2
0T e (Go02) = 205 G + 1055 (D2 — 2a0)0 + (@5 — 2p2) st — (P2~ @) q_%) nyn, -
b

(2.19)

The last step is to construct proper scattering amplitude, thus the amplitude for
the first diagram in Fig. 2.2 reads

/

‘A(gg — XchXcJ) - igsfa’b’c’5“<)\a7 Qa)vjill(Jla le; QasP1 — Qa)n_'u

1 . 1, , .
X 50" (g0 = p1, @b = p2)2) (A, o) 12" (N @)V (], T2 q,p2 — @)™ . (2.20)
For the next two processes with leading upper and leading lower gluon the ampli-
tudes are as follow

‘A(gg — chJXcJ) = igsfa’b’c’5“<)\a> Qa)rpup(Qaapg>n7pgy*<)‘gapg)

1 ! / V/
x En” AVL (Dg = Gas @3 D1 P2) (99 = XeXe)e” (Mo, @), (2.21)

A(99 = XeXe) = igs favren™ e (Ao, @a) A%e) (qas Py — Gas D1, P2)(99 = XeXe)

1 *
X 55M<>‘b7 Qb)FMVP(qb’pg)n+p€V ()‘gapg) ’ (222)

where (], q) is polarization vector of the gluon. Because of the gauge invariance
of the approach, explicit expressions for gluon polarization vectors are not needed.

When averaging/summing over gluon polarizations, we can use the relation:

Z 6;()‘7]7)61/()‘7]7) = —Guv - (223)
A
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2.2 Parton level observables

2.2 Parton level observables

This section is devoted to the first order perturbative correction to the inclusive

I which contains real contribution

Xes-pair production in gluon-gluon collisions
(do™M(gg — XerxesgX)) as well as virtual corrections (do™ (g9 — XesxesX)). In

general, the inclusive cross section for these reactions can be written in the form

dO’(gg — XCJXCJX) = dU(O) (gg — XCJXCJX)
+ dg(l)(gg — XesXesX) + dU(l)(QQ = XesXes9X), (2.24)

and "X’ indicates that in the final state, extra particles besides the x.;x.s-pair can
be produced. In order to go deeper in our analysis, it is worth dividing the problem
into different processes, firstly the one where gluon in the final state is produced in
between two x.’s, and secondly, the processes where the gluon is found to be beyond
the x.’s pair in rapidity.

We first want to focus on the most interesting reaction in this context, the central
gluon production. The real gluon emission at large rapidity distance among x.;’s
is expected to enhance the cross-section, while the virtual correction decreases the
result. The parton level cross-section in terms of transverse momentum of the x.’s

mesons P2y and gluon rapidity y, can be written in the form

1
2567582

do \A(99 = Xes 9 Xes)|Pdyyd®prLd*Pay - (2.25)

Now, when squaring the amplitude, we will have to evaluate

Z Co(q1,@2)€” (A, pg)€" (A pg) Cr a1, g2) = —C(q1, 42)C (a1, 2) (2.26)
A=+1

where we used Eq.2.23. Using the fact that the final state gluon is on-shell, pz =
(@1 + q2)* = 0, we can obtain 2¢;1q2— = (¢11 + ¢o1)* Then it is straightforward to

show that the square of the Lipatov-vertex becomes

S 25 2
q11 q21

—C ; Op ; — 4 S S N5 -
p((h 32)C*(q1, ¢2) (T + Do )?

(2.27)

'We refer to the process as “parton level”, although there are mesons in the final state.
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Now, it is useful to write the squared amplitude A(gg — Xcs g Xcs) in an easier to

handle impact factor representation.

a2

N, 5
Al99 = Xes GXT )P = 2 A6may[i(Fis) o Dp(fay) (228
\A(99 = Xes 9 Xer)] Nz_q'0m@ 1(pu)(pu+pu)2 2(Por)  (2.28)
167352 C Ao
= I (p’ I (p: 2.29
Nc2_ 1 1(pll)7T2(ﬁu+ﬁu)2 2(p2l_)a ( )

Here, we have expressed the result in terms of the transverse momenta of final state
mesons, recall that 1, = —pi1, ¢o1 = —pa1. We see that the real part of the BFKL

kernel for the central gluon production [45] appears

CAas

:Kr — - - 2.30
m2(piL + piL)? (2:30)
The impact factors are defined in terms of the gg* — x.; vertices as
Il(@lL) - - |€# 7qa (Jlajlz;q yP1 — (@ )n W |2
qlf zqa+ 2 Z a o
L(fr) = (N ) Vi (J1, Jrzs @os p2 — qo)n™ 17, (2.31)
(G21) W 2% Z B i ( s

Notice that an infrared singularity appears in the case of back-to-back situation,
Pyl = —(p11L+p21) = 0. Thereafter integration over gluon rapidity y, in Eq. (2.25)

leads to

do (99 = Xes g Xes) = (N2 1)

K (P11, —pos ) o (Par )2 Prod? Doy, (2.32)

here note that Y is proportional to log(5/M? ), the difference between the rapidities
of outgoing mesons.! In fact it is needed to count all leading order contribution to
the cross section. Hence, virtual correction to the Born-level 2 — 2 cross section
in Balitsky-Fadin-Kuraev-Lipatov (BFKL) formalism is written with the help of a
reggeized gluon, which effectively leads to the replacement of the gluon propagator

11 B
i explw(qL)Y], (2.33)

1One therefore also refers to this as a leading-log(3) approximation.
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2.2 Parton level observables

and the gluon Regge trajectory reads [47]

OéSN
w(qL) = 47T2/ QLQL L_qL). (2.34)

This exchanged quasi particle can be interpreted as reggeized gluon with spin j =

1+ w(qL). Then the cross section for 2 — 2 involving the virtual correction at first

order in oY is

Y
—_ T
1672(N2 — 1) i
X 0P (11 + Pas )2w(Pr1 ) o (Pay )d*Prod®Pay . (2.35)

dO’(gg — XcJXcJ) - dU(O)(gg — XcJXcJ) + ﬁlJ.)

To sum up all contribution to gluon-gluon scattering to two charmonia one can write
BFKL kernel

— — aSNC 1
fKBFKL(pu, —pu) = <(

w2 G+ 1 )?

T iy
(Q1J_+QQJ_)2 d"Q1 = )" (2.36)

hence

Y
1672(N2 — 1)
x I (91 1) Kprir(Pro, —Par ) o (Par )d*pr 1 d®pay . (2.37)

do(99 = XesXesX) = do') (99 = XeaXesX) +

We see that the inclusive cross section with to the leading-logs accuracy corresponds
exactly to one iteration of the kernel of the BFKL equation. Note that BFKL kernel
in Eq. (2.36) has infrared singularities. In this case in our numerical calculation
at the parton level with initial state parton distributions, we cannot absorb IR
divergences. Nevertheless, both singularities in virtual and real term in BFKL kernel
will cancel out in inclusive cross section with soft gluon radiation. In our case, we
will not perform a full NLO calculation, but rather estimate the contribution from
the emission of a “minijet”. It means that we put a lower cut-off on the transverse
momentum of the gluon p?f =1 GeV, thus p,; = |¢1. + G| > 1 GeV. This puts
our calculation outside of the infrared singularity into a safe region. In addition,
to provide applicability of the effective Lipatov vertex, we put a requirement on the
central gluon in the final state is produced in a rapidity distance from meson at least
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Figure 2.4: Differential cross section at the parton level for the reaction, where extra
real gluon is produced in between two Xqo's.

yy| > 1. In the following we show observables of the parton-

V3 = 50 GeV

Yveto = 17 thus ’yxc -
level process. Our numerical results were obtained at an energy W =

in the c.m.-system of the two gluons.

Let us now turn to the processes shown by the second (b) and the third (c)
diagram of the Fig. 2.2. Here, we are dealing with sub-processes where one of the
fusing gluon is off-shell g*g — xcsxcs- In a complete NLO treatment, one would
associate with the process a factorization scale g, below which the off-shellness of
incoming partons in the ¢g*g — X.sXcs sub-process can be neglected. As a result the

cross-section at the parton level schematically is written as follows

2C 1 dz

HE o2
do = 78/ un/ Zlio(2 = 2)
41, 21

20,4045/ d2(]u/

Here one can identify unintegrated gluon distribution factorised with incoming way

le

—do(2 —2;q11). (2.38)

zdn(z,q1) 20,0

= 2.39
dzdlog ¢ T (2.39)

Y

with strong coupling a,, Casimir factor C'y and longitudinal fraction carried by
gluon z. Then a genuine Next-to-Leading-Order contribution originates from the
reaction with ¢; > pp. In the first term in Eq. (2.39), the virtuality of the gluon
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2.3 Observables in hadron collisions

in the pair production process can be neglected, and the dg?, /q¢?, integration gives
rise to the familiar collinear logarithm oc log(p2). A soft divergence will cancel
after the full splitting function emerged by adding the relevant virtual correction.
Here again, we avoid these subtleties, by just estimating the contribution to the cross
section from the production of an additional mini-jet carrying transverse momentum
pgr > 1 GeV. For illustration in Fig. 2.4, we show differential distribution rapidity
of xeo’s and gluon originating from 2 — 3 reaction as well as y. pair from 2 — 2
process. In both processes x.’s mesons are produced in the backward and forward
direction, albeit the distribution from gg — X.09Xe0 is a bit wider. In the left panel
of Fig 2.4 one can notice that after application of veto to the rapidity of the centrally
produced real gluon, the distribution becomes narrower in comparison to the right

panel.

2.3 Observables in hadron collisions

The considered cases of x.; pairs are restricted to be produced with identical spin
configuration such as x.0 + Xco + 95 X1 + Xe1 + 9, Xe2 + Xe2 + g- The inclusive cross
section for the 2 — 3 processes is written in the form

1
21 2567532
X dyldy?dyngﬁlLd2ﬁ2Ld2ﬁgL5(2) (PrL + Pas + ﬁgL) ., (2.40)

do = z1g(z1, ) 229(22, 11*) A2 — 3)[2

where the statistical factor for identical particles 1/2! is included and the fraction

of carried longitudinal momenta of the gluon are

1

r = % [mueyl + ma | e¥? +pgleyg} , (2.41)
1

Ty = % [mue_yl +my e ¥ + nge_yg} , (2.42)

with transverse mass of the produced meson myy, = /M? + pf@) | and yy(2) are

rapidities of mesons.
Similarly to the Mueller-Navelet dijets production [48] with rapidity separation
one would think of the cross section enhancement due to ressummation. However,

it is worth to analyze each real gluon contribution separately.
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Figure 2.5: Differential distribution in transverse momentum of x.o(left panel),
Xe1 (middle panel), X (right panel).

In Fig. 2.5, we compare the distribution in meson transverses momenta pr for

several processes from pp — x.sXes With black solid line, which gives the largest

cross-section for each x.; production, from pp — x.s9x.; denoted by the dash-

dotted red line. Blue curves are for external and internal meson in the final state of

the process pp — XesXesg. The slowly descending dotted curve represents centrally

produced meson, this scheme is for x.o (left panel), y. (middle panel) as well x.

(right panel). One can notice that results for inclusive x.; production are slightly
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2.3 Observables in hadron collisions

different from x. and x.o, which might be caused by a strong dependence on fusion

gluons transverse momenta[49)].

is=8Tev =3 Py o= 10 GeV (s=8TeV =3 By = 1:0 GV

A T e A T e
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Figure 2.6: Differential distribution in transverse momenta of extra gluon, in the
left panel for centrally produced gluon and in the right panel for externally produced
gluon.

In Fig. 2.6, we present differential distribution for real gluon emission in two
areas in the final state. As previously gluon(-mini jet) produced in between two
mesons yields less steep plot (left panel) in contrast to external production (right
panel).

Finally, in Fig. 2.7 differential distributions in rapidity are presented for 2 — 3
processes and compared to 2 — 2 inclusive process (black thick line). Considered
2 — 2 processes lead to x.; productions in midrapidities region, while in 2 — 3
mechanisms one Y.; is emitted in forward or backward direction and the second
Xes 18 generated exactly on the opposite side or centrally. Note that in x.; rapidity
range |y,,,| > 3 contributions from 2 — 3 mechanisms are not negligible. Gluon
mini-jets in Fig. 2.7 are marked by the dotted curves for each 2 — 3 mechanism.

Another significant variable in the context of process with large rapidity separa-
tion is Ay defined as

Ay =Yys — Yg> (2.43)

which informs about the distance in rapidity between gluon and one of the produced

Xes- In Fig. 2.8, one can observe that peaks arise at |Ay| ~ 2 for the case, where
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Figure 2.7: Differential distributions in rapidity of gluon and x.;’s for pp — XcsXes

pp = g[XesXea], PP — [XesXes]g and pp = Xes g Xes- In the upper-left panel plots
for xeo, in the upper-right corner for x.1 and the lower-central panel for x.s.

gluon is produced near the meson. The second group of peaks appears at the region

|Ay| ~ 6, which corresponds to the distance between gluon and furthermost x...

In the numerical results the Martin-Stirling-Thorne-Watt (MSTW) 2008 next-
to-leading-order (NLO) parton distribution functions [50] is applied and the factor-

ization scale is set equal to §.
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Figure 2.8: Distribution in the rapidity distance between gluon and one x.; from the
paar.

2.4 Remarks on results and perspectives

The main goal of this study was to estimate real gluon contribution associated with
charmonium pair production in proton-proton collisions as well as at the level of
parton-parton scattering. One of the most interesting results are distributions in
the rapidity of the x.; and the gluon in different configurations. In the rapidity
range |y| > 3 processes with external gluon emission pp — g[xcsXes] come into the

picture. Nevertheless, leading-order sub-processes could suppress mesons originating
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from 2 — 3 processes at the mid-rapidity region.

Not all possible diagrams haven been taken into account, though. For exam-
ple the "box”-type diagrams (as in [36]) of x.sXcs production mechanism were not
taken under consideration since, in the limit within increasing center-of-mass energy
§ of two scattered gluons, they quickly become negligible [33]. However, for more
accurate predictions, "box” type contributions could emerge importantly. In the
considered mechanisms (see Fig. 2.2, 2.3) due to gluon exchanges the Feynman am-
plitude is proportional to s as a result one can expect that y.;x.s pair is produced
with large rapidity separation. In this work, only x.;’s pair with identical spin were
analyzed. It is found that the leading order processes (2 — 2) in the collinear fac-
torization approach give smaller distributions in rapidity and transverse momentum
of the meson in contrast to results obtained from the kp-factorization framework.
The subsequently added real emission part of the next-to-leading order contribution
leads to an enhancement of the cross-section, but it is still not entirely satisfactory.
In general, we expect in the case of Y. pair production, next-to-next-to-leading
order correction may play a significant role, but this issue will be studied elsewhere.

Note that the crucial ingredient of our approach is radial wave function at the
origin for P-wave quarkonia R _(0), which strongly depends on the model. Further
discussion on this aspect will be found in the following sections.

30



Chapter 3

Transition Form Factors in the
Light-Cone Wave Function
Approach

Much progress has been made in our understanding of the partonic structure of
hadrons during the last decades, thanks to data collected in ep and pp experiments
[51]. A supplementary source of knowledge about meson internal structure can be
found through meson - photon transition form factors as well as electromagnetic
form factors. In general, meson production via photon fusion has been studied
at ete” colliders [52]. The main motivation for such studies is the expectation
that the measurements of the cross-sections at large virtualities of the photon will
imply constraints on the probability amplitudes for finding partons in the minimal
Fock-state in the mesons [53, 54, 55, 56, 57]. Another interesting role of meson-
photon transition form factors is their appearance in the context of light-by-light
scattering in hadronic processes as a contribution to the muon anomalous magnetic
moment (see Fig. 5.57a in Ref. [58]).

3.1 Light-cone wave functions of 1S and 2S cc
bound states

The light-cone wave functions incorporate all essential information about the bound

state of quark and antiquark. In the last few years, there has been increasing

interest in calculating heavy quarkonia wave function in the light-cone regime, see

for instance [59, 60, 61]. In our approach the charmonium meson is assumed to
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be constructed of a charm quark and antiquark, i.e. with the assumption that the

dominant contribution comes from the c¢¢ term in the Fock-state expansion

. by dzd?k | .
PP = J W, 5(z, k
|nCa +> L) z}\:}\\/ﬁc 2(1—2)1671'3 )\,)\(Za L)
2,757
X |ein(zPy kL + 2PL) (1= 2)Py, ki + (1—2)PL) +... , (3.1)

where the transverse momenta of c-quark and c¢-antiquark are respectively k 1+ 2P i
and —k | + (1— z)lB 1. Therefore the sum effectively gives the transverse momentum
of the 7, meson. The fractions z and (1 — z) of the P, momentum of the considered
meson are carried by ¢ and ¢ partons, while the light-cone helicities A, A take values
+1. Including the fact that quarkonia properties are well described by nonrelativistic
potential models, the pure c¢ Fock state probability of 7.(15,25S) is close to one (see
(62, 63]). More sophisticated studies have been performed within the assumption of
the meson wave function, which composition encodes also the ui, dd, s5 Fock states
[64]. Those predictions are similar as for the pure c¢ state. Thus our approximation
seems to be reasonable. The rest frame wave functions for the pseudoscalar meson
can be introduce in the helpful notation

—

Vo) = 3 Vi (})( 5377
L;,S:

where (k) is the Fourier-Bessel transform of the radial wave function, and n is

SSZ><LSLZSZ

JJZ>U"ZT(I€), (3.2)

the radial quantum number, see Appendix A for more details. For J = 0 and the
spin-singlet combination (S = 0, L = 0), we obtain

1 s o uge(k) 1
T'I' 7:* n0
\/§ SQ V) 102 gQ L \/E )

where the operator O is equal to the 2 x 2 unit matrix, 1. The wave function can be

\IIT7_'<I;) -

(3.3)

easily divided into a spin-orbit term, which depends on helicities of quark/antiquark
as well the radial part. The radial part is characterised by L and n quantum num-
bers, which for 7.(15) are L = 0, n = 0 and for 7.(25) are L = 0, n = 1. The
canonical bispinors for ¢ and ¢ in Eq. (3.3) are represented by &), 55* respectively.

The rest frame wave function is normalized as follows:

[EE i = 1, (3.4
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3.1 Light-cone wave functions of 1S and 2S c¢ bound states

so that the radial wave function wu,,g fulfills:

/ 2 (k) = 1. (3.5)

0

The non-relativistic wave functions u,, (k) have been obtained by solving the Schrodinger
equation in the rest frame of the quark-antiquark system and subsequently trans-
formed from the r-dependent configuration space to the momentum space, see Ap-
pendix A. Different potential models from the literature have been applied and tested
for . (1S5) and its radial excitation 7. (2S), such as the Buchmiiller-Tye, Cornell,
logarithmic, oscillator and power-like potentials. The different choices of potential
models give similar results, see Fig. 3.1. The wave functions differ somewhat in the
peak position and more substantially in the large-momentum tail. The left panel
of Fig. 3.1 represents results for 7.(15), while the right panel for 7.(25). The next

14— — 1.4¢ —
1.3F E 1.2F =
1 .2? /'\\\ T]C(1 S) é 1? é
< E N 3« o08F =
- 1t Buchmuller-Tye RS E
= 0.9 —— Cornell 4 3 04 E
S og logarithmic ERS) 0'(2)2 E
o 07? . =4 ~ o e
X o6F e oscillator 4 x 02 =
T o5t — . - power-like 4 104k — Comell E
S 0.4f ER R ----. oscillator E
— E 3—'70.8:-‘-\ 7 . . —
S g.:zs, E 4 I logarithmic E
0.1 E -1.2H — . - power-like E
o) Ll == ! 1A e
0 1 2 3 4 5 0 1 2 3 5

k (GeV) k (GeV)

Figure 3.1: Radial momentum wave function in the rest frame of quark-antiquark
for n.(1S) and n.(25).

step towards to light-cone wave function (LCWF) is to transform components of
Eq. (3.3) via the Melosh procedure [65, 66]. In general the LCWF can be written
in terms of light-cone helicities A\ for the QQ system:

—

Uys(z, k) = xg 0o X3 d(z, kL) . (3.6)

The relation between light-cone spinors and the canonical ones reads

fo=R(zk)xq., &=R0-2z-k)x5, (3.7)
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while R(z, k) is the unitary matrix

R(Z7El):mQ+zM—i5-(ﬁxl;) :mQ—l—zM—iE-(ﬁxl;)‘ (3.8)

\/(mQ +zM)? 4+ K2 VM (M +2mq)

Here, it is convenient to introduce the vector 7 = (0,0, 1), thus the vector product
it x k= (—ky, ky,0). The invariant mass of the Q@ system is denoted by M and
expressed by the following equation:

7.2 2
s /{:L—i-mQ

EECEEE .

hence the second equality in Eq. (3.8). Notice also that the momentum % in the rest
frame of quarkonium system is parameterized by the following prescription

Fe(Fok) = (/ﬁ, %(22 - 1)M> | (3.10)

Moreover, there exists the relation

- 1
k= k| = 5y/M? —4m}. (3.11)

In the spin-orbit part of the WF given by Eq. (3.6) the operator O is transformed
through R and R* matrices:

O = RM(2, k1) Oioy R*(1 — 2, —k, ) (i0s) ", (3.12)

using the property of Pauli-matrices: ioy 0 (i03) ™! = —&, the transformed operator

~

O can be rewritten in the simple form:
O =RM(2,k))OR(1 — z,—k,). (3.13)

Applying the exact form of R and R, one can obtain the general form of the
transformed O’ operator independent of the spin-orbit system is:

A 1 1 9 o\ 2
U= 21— 2) M(M +2mg) {<m@ e AL =20

G- (Axk)OG- (Axk

(@5-(ﬁxz’c’)

~—

+- (i x k)O
+(22—1)M%(@5- (T x k) — & - (7 x E)o)} (3.14)



3.1 Light-cone wave functions of 1S and 2S c¢ bound states

In the case of 7, (15,25) meson, where the O = 1, Eq. (3.14) is reduced to

-

Img +iG - (T x k)), (3.15)

y_ .+ 1 (
Vel —2) M
where z and (1 — 2) are the meson’s light-cone plus-momentum fractions carried by
quark and antiquark. Furthermore, the radial part of the wave function needs to be

translated to light-cone variables and it is indicated by
= V3 u(k
oz ) = LU, (3.16)
Var k
with the transformation jacobian from E—space to the LC integration measure of

two-body phase space

. dzd?k,
Phk=——"——. 1
16m32(1 — 2) (3.17)
Explicit calculation gives v/J = 2v/ M73, and thus
oz k) = mv/armE) (3.18)

k

Finally, one can insert Eqs. (3.7), (3.15),(3.18) to Eq. (3.6) and obtain
\D)\/_\(Z,EJ_) _ ‘IJ++(Z7IEL) \Ij—l-—(Z? L)
U_i(z, k) Wo—(z,ky)

1 —k;,; + iky mgq > -
- . 2 k). 3.19

A=l

Note that in Eq. (3.6) radial part is multiplied by Pauli matrix oy, which was crucial
to obtain the matrix above. In order to present the result in readily usable form, in
the referred below radial part of the LCWF are absorbed the jacobian terms as well
as (1/M) and 1/+/2 factors:

- _gzﬁ(z,l;;l)_ T ugy(k)
¢(2Jﬁ)— \/§M _\/m k :

Those (2, k1) functions are found in Fig. 3.2 for 7:(15) and 7.(25). For complete-

(3.20)
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v(zk, ) (Gev?)n, (19) ¥(zk, ) (GeV?) n(2S)

QXS
ARBERS

Figure 3.2: The helicity independent part of the light-cone wave function in (z, lgl)
phase space (see Eq. (3.20)). For illustration there is shown result obtained for the
Cornell potential model.

ness, let us take a look at normalization of all those functions:

b dz o -
b= /0 2(1—2) / 1673 Z Wy s (2 k)]

AN

Ldz 4k, -
_A Z(l_Z) / 167T3 ‘¢<Z7kl)|

Ldz &2k, -
= 2M* k2. (321
| 5 [ fam e iR 621

Note that the normalization condition for (z, k 1) has a different form for P-wave

charmonia system, due to the different spin-orbit operator.

3.2 1P light-cone wave functions for cc and bb bound
states

In order to obtain the light-cone wave function for the 1P state it is convenient to
recall the form of Eq. (3.3) with the specific set of quantum numbers, n =0, L = 1,
(nr + 1) 2S+1LJ .

1

\DT?(E) = \/5

Tt Q) - 7 U
& 0oy & (3.22)
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3.2 1P light-cone wave functions for c¢¢ and bb bound states

where the operator O for P-wave states has the form:

- d-k
0= - (3.23)
The spatial part of the wave function for spinless mesons . and ypy are again
obtained for several potential models from Schrédinger equation (see Appendix A).
The radial wave function u,,; in the momentum rest-frame k is presented in Fig. 3.3.
For .o as well as for x;0, the wave function has a negative sign. It is worth noticing
that the mass of the b-quark in each presented potential model has a greater value
than for c-quark, which implies the fact that the wave function wu,; for x, has a

longer tail in k. This feature has consequences in the transformation to the light-

cone base.
U. | L B ) B E l.).lE T =
Ok p— ] 0k =
—0.1; 7 é —O.1? é
& —0.2; E B —0.25 E
S o 1550
O oE 1 @ o8 :
3 _8'23‘ Xgo (1P) 16 —8.25 %o (1P) E
< 07k Buchmuller-Tye § = -0.7E Buchmuller-Tye 3
3:8'33 \ —— Cornell E i":g'gé —__ Cornell E
T \ ----. Oscillator 4 7 4 ----. Oscillator 3
> —11-21§ Logarithmic 3 - —11-21§ Logarithmic E
S Y — _Powerlke 3 45t — _Powerike -
_15”‘\H“\H“\“H\“Hi _15 P R R BRI SRR =
: 1 2 3 4 5 . 1 2 3 5

k (GeV) k (GeV)

Figure 3.8: The relativistic wave functions uy (k) obtained as a solution of the
Schrddinger equation for several potential models for c¢ (left panel) and bb (right
panel) bound states.

Although there is a dependency exact the same as Eq. (3.18) and normalization of
W, (k) is conserved, there is still needed (2, k1 ). The normalization of ¢(z, k. ) can
be found after the transformation of the operator 0) through the Melosh procedure
using the general Eq. (3.14) and including Eq. (3.23). After simple but somewhat

tedious manipulations one can get:

~

o L

1
VA2 2

(G- kL + (22 — D)mg@ - i}, (3.24)
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w(zk ) (GeV?) 7 (1P) v(zk ) (GeV?) x, (1P)
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Figure 3.4: The example of the light-cone wave function founded for the Cornell
potential model, x.o-left panel and xpo-right panel.

and as before 7 = (0,0,1), mg is referred to as the constituent quark mass and
depends on the potential model.

Combining all transformations into the light-cone helicity dependent wave func-
tion of QQ system, we obtain:

U5z, k) = ﬁ (ml;x(l_ fk52> TQ&__ZZ)) Wiz kL), (3.25)

and . o
= oz k) oz, k)
TN T

In the last equality the relation from Eq. (3.11) is used.

(3.26)

3.3 Transition form factor and helicity amplitude

There are several methods to compute directly produced heavy quarkonia. In our
approach it is required that QQ pair is produced in the color singlet state. As
a result only the t — channel and u — channel quark exchange diagrams shown in
Fig.3.5 contribute to the scattering amplitude (diagrams A and B). Diagram C
with an s — channel gluon necessarily has a color octet Q@ system in the final state

and thus will drop out of our calculation.
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3.3 Transition form factor and helicity amplitude

Figure 3.5: Feynman diagrams for the ¢*g* — QQ amplitude.

The general form of the gluon helicity amplitude! involving diagrams A and
B from Fig. 3.5 (diagram C does not contribute in the color-singlet configuration)

reads:

nins A (07 ()9 (@) = Qa2 F10) Qa(1 - 251q))

_ Pat+mo . _ B _PpBt+mg .
= ua(pg) i g2 71" v3(pg) + W(pQ)i e g it vy (pg), (3.27)
Dy — Mg P — Mg

where p = p'v, is the standard Feynman contraction, while n_ = n " = 74,
iy =nty" =~_ . For further calculation the Dirac spinors u(p) and v(p) are taken
in the form as in A3 in Ref. [67], see Appendix B. The momenta of outgoing quark

and antiquark in the light-cone base reads:

potmg _
po = 2gint +—2—n; +pgi,, (3.28)
2zq]
2 2
pgtmg
po = (1—2)gn, + mnﬂ + P01 (3.29)
1

'We omit coupling constant and color factors, see Egs. 72, 3.59.
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or with the help of the bound state momentum P = q11 + ¢>1, the momentum

of the internal motion &, and the fraction of the longitudinal momentum 2z

Por = ki+2(G+ @), (3.30)
Por = —ki+(1—2)(@iL+Gu). (3.31)

From the kinematic situation presented in Fig. 3.5 one can reads

@ o= @nl+an — 4@ =-q1, (3.32)

Q@ = an; T Qi — G =—q5, (3.33)

and the momenta of the exchanged quark for diagram A and B

2 2
Py +mg
= —po =gt — = e G — Do, 3.34
ba 41 — Pg ann, 2(1—z)q1+ w T ALy —PQlp ( )
2 2
pgtmg _ .
P = pQ_q1:_(1_2)ern:+ Q22q+Qnu+pQLu—quu. (335)
1

Therefore one can get the denominators of Eq. (3.27)

2z
2 2 2 2 . L2 2
Pa—mg = _m@)QL +mg) — (Q1L — Pgr)” —mg

—

= g ((or = (1= ) + (21 = 97"+ )

B 2> 3.36
(1—2) < ATt (3.36)
(1—2)(Por?+md) .
Pp—my = —2 5y L — (oL — G1u)? — mp
1/, . L
= —;(( QL — zqu)2 + (z(l — Z)qu 2 + mé))
1 —
= ——(lB2 +52)7 (337)
2
(3.39)
here L4, Iz and £2 are :
i = Po—(1—2)@=—k+(1—2), (3.39)
g = PQL — 2q1L = kL + 20 (3.40)
e = z(1—2)qiL > +mp. (3.41)
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3.3 Transition form factor and helicity amplitude

After having expressed the denominators of quark propagators in a concise form,
let us turn to the numerators: the spinor and gamma-matrix algebra. Here we can
use a convenient trick, which allows us to reduce our amplitude to some simple on—
shell spinor bilinears. This trick is most easily demonstrated for diagram A. Here we
have the virtual quark propagating with four-momentum p,4. Evidently it is off-shell,
P4 # mé, see Eq. (3.38). Let us have a look at its light-cone decomposition

p2A+ﬁ?4J_ — 1 (342)

Pap = PAtn; +pa-n, +pJAFM = pasn,; + s n, + DAy -

We can add and subtract a piece o mé /(2pa.) in the minus-component, so that

2 ) 2 2
mg +p Py —m
+ Q Al 1 A Q —
Paw = Paymf + + Pyt ——n
g . a 2pa4 A’i 2par M
on:;wll
2 2
Pa—mg _
= pX, +—=n, 3.43
pAp, 2pA+ o ( )

where pf, is an on-shell momentum, (p%)* = mé. Now, the crucial point is that for

an on-shell momentum, we can write
ﬁi}s +mg = Z Uo pA Ug pA) (3'44)

so that the quark propagator becomes
A o OS 70— (013 1 .
Patmg >, us(pF)u (pA)+ A

_ (3.45)
Pa—mg Pa—mg 2pa+

Now, in diagram A, the quark propagator is sandwiched between the matrices n~

and nT:
m Uy ua R .
ﬁ_pA+ Q + A—Z (pA> (pA) ++ A n—i-’ (346)
pA Q pA Q pA+ ~0
where the second term vanishes because n™n~ =n~ -n~ = 0. It therefore turns out

that in our diagrams, we can replace the quark/antiquark propagators by the spinor
polarization sums. Subsequently in Eq. (3.27), there is made use of the polarization

suIn:

Patmg — D us(pa)io(pa), (3.47)

[

pp+mq = —(—ﬁB—mQ)H—Z s(—pB)Vs(—pB), (3.48)

g
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where the summation is over the polarization ¢ and ¢. Thus the spinor product in

the form @n*v, un~u, vh~ v for diagram A is:

+

W (pQ)- (Pa + mQ)ivx(pg) = Y [a(pQ)R s ()] [ (pa) 7 05 (pg)]

=> {2%\/2611* 2q7 }

. {Ea(z, E— (1 —2)¢ + 2q0)n oy (1 — 2, —k+ (1—2)(q + (72))] , (3.49)

and for diagram B:

2/ 2] G50)

Going further with spinor product u n* vy, it is convenient to express via auxiliary

vectors fA and fB: from Eq. (3.49)

(2, —La+ 20) AT vs(1 = 2,0+ (1= 2)@) (3.51)
as well as from Eq. (3.50)
r(z, I + 2q) At vs(1— 2, —lg + (1 — 2)q1) . (3.52)

In the case of the state, where the helicities satisfy A = A
+
1

4 — mQ\/i((?(—/\) 1) 22(1 — 2)q 22(1 — 2)qf
n,u nu‘/q |>\:5\ = T - = = ) (353)
aqq Z(l—Z) [a2+¢2 Ip?+ &2
there is employed notation a(—\) = v/2&(=\) - @ , the vector &(\) = —1/v/2(\e, +
iey).
In order to consider the situation, where A = —\ for diagram A one can obtain
_ A+Z§A + mg . _
ux(po)n"———=n" s (pg) =
(Po) gy 5 (Pg)

:2\/z(1—z)(—mQQ—fA2+z(1—z)§12—(1—22)&-@1

NP o 1
ot gt} o
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3.3 Transition form factor and helicity amplitude

or for diagram B

._Pp+mg .
ur(pg) —? *us(pg) =
Ph mg
1 " — " —
SRR (—mz2 (2@ (D + (1= 2)@)
qq z(l - Z)

- - 22(1 — 2)qf
+i)\[l3—|—2(_71,—lB+(1—z)cf1]){—M}

Ip?+ &2
=2 z(l—z)(—mé—f32+z(1—z)(ﬁ2+(1—22)f3-(ﬁ
+i) [Is, gm){ —~ ;} . (3.55)
lp?+¢?
Notice that previously it was indicated e* = z(1 — z)¢; + mg), thus the part of the
amplitude, for A = —\, takes the form:

- 1 1
nﬂian‘Al)ll)/\‘)\:_;\ = -2 z(l — z) <22(1 — z)q ( i )

lA +€2 l32+€2
N (1 —22)la-q1+iNla, q1] N (1—22)lp - ¢ + iMlp, q]
TA2+€2 f32+€2

) . (3.56)

Finally, the full matrix element reads

dZkofJ_ RSN
ntn M, =N / 216 prann A (3.57)

Here N encodes information about color factors and coupling constant. For the two

photons fusion

47raem€22 Tr]lcolor
Nyeyr 0o = g
V' Ne

where eq is the electric charge of the considered quark. For the two gluon fusion,

(3.58)

one can apply

4o, Tr[tet?]
Ng*g*—%?(? = VN, )

here N, is the color factor. The convoluted amplitude with the bound state wave

(3.59)

function can be presented in a universal form and used with the specific wave func-
tion W35 depending on the produced QQ state. The subscripts (&) below stand for
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quark/antiquark helicities (+1/2):

dzd?k, S dz %k,
\Ij +u —I/A}\)\ = (=2 /
/ (1 —2)16m73 Z i A = (=2) V(1 = z)16m?
1 1
X —m = - =
{ Q|:ZA2+€2 lB2+€2i|
< (VAW (2 FD) + VARG (= F)
1 1
+<22(1 — )%+ (1 —22) (kL - Qu)) LA 2462 [p24 52]

(W )+ (o F))

} <\Ifjf(z, ki) + U (2, EJ_))

1—2 z

lA —|—€2 f32+€2

—(1—22)(q11 - QZJ_)[

[kL,Qu] [ZA 1+€2 — fBQZ— 62} (‘Ifi,(z, EL) — U (2 EQ)
il o [l: — fB2Z+ (PG R) -G R B00)

In our approach, it is assumed that the mass of the heavy quark, charm, or bottom,
mg is large enough to satisfy perturbation theory and even in the limit of vanishing

gluon/photon virtualities is applicable for our result.

3.4 Spacelike transition form factors for S-wave
quarkonia

During the last years, the transition form factors have been extracted from ete™
collisions in the single-tag mode for 7°, , and 1’ by CLEO, BaBar, Belle, and L3
Collaborations. Only one of the leptons in the final state of the single-tag event is
measured, which imposes that one of the exchanged photons is almost real, while the
other is off-shell. From the theoretical side, so far transition form factors have been
studied within different approaches for instance lattice QCD [68, 69], perturbative
QCD [70, 62], non-relativistic QCD[71, 72], QCD sum rules [73] and also from Bethe-
Salpeter or Dyson-Schwinger equations[74]. Moreover, in the case of one real and
one virtual photon, some studies in the light-cone quark model exist [64, 75].

The transition form factor F(Q?% Q3) has a well known strict relation with the
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3.4 Spacelike transition form factors for S-wave quarkonia

two-photon helicity amplitude for spin-parity quantum numbers J7¢ = 0=* [76]:

M (Y (@17 (g2) = ne) = 40 (—1)ewasdias F(QF, Q3) . (3.61)

It can be also given by the projection on the photon polarization

n T My (Y (1)1 (@2) = 1) = A e (—0) |1, @21 F(QT, Q). (3.62)

and the vector product [¢11, 1] = ¢12G2y — 192, Here the spacelike photons have
virtualities Q7 = —¢? > 0,i = 1,2.

Our master formula - Eq. (3.60) - is presented in an easy to handle form, and one
can notice that only a few combinations of the conjugated helicity wave functions
Wis(
pseudoscalar meson (see Eq. (3.19)) and read off:

z, k 1) appear. Then it is a straightforward step to insert the results for the

V(L) BTl ) + () RV () = DRIy R)
(‘Ili_(z, EJ_) - \Ij*__i_(Z, EJ_)) = ZQ(Tg Z)Q/J(Za EJ_) )

(\Ili_(z, )+ xy;(z,/%;)) ~ 0

(3.63)

Hence the terms with <\I/*+_ (2, k) + U* (2, EQ) are automatically canceled out,

and we remain with

Tr 1 dzd?k
n+l‘n_VM .y * * N L) = 47Taem€2 color ) L
(Y (@)Y (q2) = me) e (—2) e
1 1 L o * Y
{ [fA 24 p? gt MQ] [Z[kl’ i (\IIJF*(Z’ ki) =W, (=, kL))

V2 ((EL(=)i )WLy (5 F1) + (€L ()i )8 (5 F))]

Lo g (v R - v (= ED))

fA2+M2 TB2+U2

+|
(3.64)

After summation, the pieces proportional to [/2 1, q11] cancel, and only the term with
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cross product (1, ¢ay] is left

W N (7 (1) (02) = ) = A arame? S (o) d=dk, Wiz kL)
w7V \q1)7 (G2 Te emC¢ \/Wc \/m167'(‘3 y vl

1—=2 z

}} (3.65)

X{Z2m JJ.?JJ_ |:—» + =

Q[l 2]ZA2+H2 lB2+M2
By comparing Eq. (3.65) with Eq. (3.62) we find an expression of the form factor in
terms of the light-cone wave function:

s o dzd?k | -
F(Q1,Q3) = eZ/ Nedmg - mw(%ki)

1—-=2
-
(kl—(l—z)cj’u)2+z(1—z)q_’u2+mé
z

(EJ_+ZQ_»2J_)2+Z<].—Z)Q_’1J_2+7TL2Q

}, (3.66)

here e, stands for is the electric charge of the c-quark/antiquark and it is taken as
e. = 2/3. Let us recall that the invariants Q% and Q3 are expressed as

Q=0 Q3= (3.67)

Notice that the integrand on the r.h.s. of Eq. (3.66) is not manifestly a function of
gi. 2 and @, alone. However, after integrating over the azimuthal angle of k | this
will clearly be the case. We can put the dependence on ¢, 2, ¢, ° in evidence by
performing the azimuthal integration analytically, using

/%dgb 1 B 1 (3.68)
o 2r A4 Bcos¢ /A2 _ B2 '

so that finally the v*v* — n. transition form factor reads

dzk  dk -
P(Q2 Q3) = €2/Nodm, - / et

{ 1—2
\/(/53 —m2—2(1 = 2)§. 2 — (1= 2201 %) + 4k% (m2 + 2(1 — 2)§1. %)

z
+ }
V(ki —m?2—2(1 = 2)q1.* — 221 °)? + 4k3 (m2 + 2(1 — 2)G1. %)
(3.69)
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3.4 Spacelike transition form factors for S-wave quarkonia
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Figure 3.6: The transition form factor for n.(1S)-left panel and n.(2S)-right panel
in terms of virtualities of the photons Q1 ,Qs. For illustration there is shown the
result obtained from the Buchmdiiller-Tye potential model.

The formula we have just derived (Eq. (3.69)) can be employed for 7.(1S) as well
as 1.(2S) with corresponding light-cone wave function (z, k 1). If the proper cor-
rections for flavor structure and quark masses/charges are made, it holds for any
pseudoscalar quark-antiquark meson.

It is not easy to observe directly from Eq. (3.69) whether our form factor obeys
Bose-symmetry under an exchange of the photon virtualities Q%, Q3. This feature
is clearly seen in Fig. 3.6 for n.(1S)-left panel and for 7.(2S)-right panel. The wave
function obtained from the Buchmiiller-Tye potential model with corresponding
quark mass for the model was applied in the result presented in Fig. 3.6. However,
the whole set of the wave functions, obtained as was discussed in the previous
sections, have been tested. The form factors received with other wave functions
from the set give similar shapes, but they differ in peak height, where Q3 = Q3 = 0.
Therefore, a noteworthy feature of our form factor is its value at the so-called on-shell
point (that means Q)1 = Q2 = 0). This leads to reduced form of Eq. (3.69):

dzd?k, (2, kL)
F(0,0) = €*y/N,4m,. - 0 . 3.70
(0,0) = /N 4m /zu_z)mzk%mg (3.70)

Moreover, F'(0,0) is linked with vy decay width as follows
T
L(ne = 7) = oM, [F(0,0)7, (3.71)
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which can be treated as a check of our normalization condition. The value of the
transition form factor at the on-shell point for each light-cone wave function obtained
from a specific potential model as well as the mass quark used in the model, can
be found in Tab. 3.1 for n. (1S) and Tab. 3.2 (2S). Furthermore in The Review
of Particle Physics [77] one can find 7. — v decay width and using Eq. (3.71)
extract F'(0,0), which in Tab. 3.1 for . (1S) and Tab. 3.2 for 7. (2S) is referred to
as experimental value. Our results are listed in Tab. 3.1 for 7.(1S) are below the
experimental values. We observe that the value of F'(0,0) from power-like potential
model has the closest value to the experimental one. In the case of the 7.(2S), our
results are in the range of experimental value, but at the same time, the experimental
error bar is quite large.

Table 3.1: The transition form factor at the on-shell point |F(0,0)| for n.(15).

potential type m.[GeV] | [F(0,0)][GeV~] L., [keV]
harmonic oscillator 1.4 0.051 2.89
logarithmic 1.5 0.052 2.95
power-like 1.334 0.059 3.87
Cornell 1.84 0.039 1.69
Buchmiiller-Tye 1.48 0.052 2.95
experiment - 0.067 £+ 0.003 [77] | 5.1 4 0.4 [77]

Table 3.2: The transition form factor at the on-shell point |F'(0,0)| for n.(25).

potential type m.[GeV] | |F(0,0)][GeV ] I [keV]
harmonic oscillator 1.4 0.03492 2.454
logarithmic 1.5 0.02403 1.162
power-like 1.334 0.02775 1.549
Cornell 1.84 0.02159 0.938
Buchmiiller-Tye 1.48 0.02687 1.453
experiment [77] - 0.03266 + 0.01209 | 2.147 + 1.589

The 7. transition form factor was first investigated by the L3 Collaboration at
the Large Electron Positron Collider (LEP), however only with a poor statistics
data sample [78]. More recently, in 2010 the BABAR Collaboration at the PEP-II

asymmetric-energy storage rings at the Stanford Linear Accelerator Center (SLAC)
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3.4 Spacelike transition form factors for S-wave quarkonia

has published data for the normalized transition form factor |F(Q?%,0)/F(0,0)| in
terms of photon virtuality Q?. In the single tag mode, they considered 7. in the
two-photon production reaction, ete™ — 7., where one of the outgoing electrons is
measured, while the other electron is scattered at a small angle. The tagged electron
emits a highly off-shell photon and the momentum transfer squared of the untagged
electron is practically zero, —q3 ~ 0 [79]. Moreover, they had measured no-tag mode
to gain the normalization of the form factor. Therefore it was a great opportunity
to compare our calculations with existing BABAR data, see left panel of Fig. 3.7.

i e ——

T, i B
oAgj oscillator, m = 1.4 GeV = 0.9F oscillator, m = 1.4 GeV =
0 85 T]C(1 S) .. logarithmic, m_ = 1.5 GeV E 0 85 TIC(ZS) ......... logarithmic, m = 1.5 GeV E
TEAN power-like, m_ = 1.334 GeV E B S power-like, m =1.334 GeV
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Figure 3.7: The normalized transition form factor F(Q? 0)/F(0,0) for one on-shell
photon as a function of virtuality of the second photon. The normalization factors
F(0,0) can be found in Tab. 3.1 and Tab. 3.1, respectively for n.(1S) and n.(25).
The experimental data for n. comes from the BABAR Collaboration [79].

The findings of our study within the light-cone wave function approach for several
potential models are rather promising. We emphasized here that the agreement
with the data depends not only on the model of the light-cone wave function but, in
particular, on the quark mass. The form factor for oscillator and power-like models
seem to give the best description of the data, while the corresponding c-quark masses
are m. = 1.4GeV and m, = 1.334 GeV. In the right panel of Fig. 3.7, we present
predictions for 7.(2S) normalized form factor.

In order to study a few more properties of our transition form factor, it is use-
ful to introduce the asymmetry parameter w and an average value of the photons
virtualities Q%:

_ Q1 —Q3

_ Q7 + Q3
QT +@3 |

w Q* = ; (3.72)
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From Fig. 3.8 one can clearly see that the F(w,Q?) is practically independent of
the parameter w. For comparison, we mention that in the case of the transition
form factor for the light meson, as v*y* — 7% a rather strong dependence on w is
observed [80, 81]. It could be an interesting research area for experiments such as

Belle2 to study this subject.

// }’li{’// "[
/'{'/l'/’lé%"/f////

L
"I % /,7""';{
7

Figure 3.8: The transition form factor for n.(1S)-left panel and n.(2S)-right panel
i terms of asymmetry parameter w and average value of two virtualities of the
photons Q2. As an example there is shown the result obtained from the Buchmiiller-
Tye potential model.

3.4.1 Transition form factor in the nonrelativistic limit

In the beginning, it is worthwhile to go back to the form factor at the on-shell

point and rewrite this result as an integral over the three-momentum k introduced
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3.4.1 Transition form factor in the nonrelativistic limit

in Eq. (3.10), involving the radial wave function u,(k) for the S-wave

dzd?k,  (z,ky)
F(0,0) = e2\/N.4m, - et
(0.0 K " /2(1—2)167r3kﬁ+mg

APk (2, kL)
= e2\/N4m, il
Ve | Mat6r B 4 m2

 dkkup,(k) ' dcost
— 2, /QNC% Ln /
“ T Jo  /MZ(k2+m2) )1 1—B?cos?d
ome (% dkkun(k) 1 1
e tno(k) Lo (ﬂ) . (3.73)
T Jo  /ME(k? 4+ m2) 28

= ¢2\/2N.

C

1-p
Here in the polar coordinates k2 = k2sin? 6, thus k2 +m?2 = (k2+m2)(1— 32 cos?6),
while (3 is defined as

k

the velocity v/c of the quark in the QQ c.m.s.-frame. A complementary analysis

8= (3.74)

for the relativistic corrections to the radiative decay rates exist in the literature, see
e.g., Ref. [82] and references therein. A difference of our results compared to the
approach of Ebert et al. [82] lies in the fact that in our calculation, the invariant
mass Mgp is running with k, while in [82] it is taken to be constant. In the non-
relativistic limit, k:2/m3 < 1,8 < 1, the mass M. reaches M. = 2m,.. If one
suppresses the binding energy, one can further identify 2m. = M, . We now use

.1 1+
so that in the nonrelativistic limit, Eq. (3.73) reduces to
9 2me [ dk kuno(k)

F(0,0) = e3y/2N,

T Jo A /Mf;’cm?:
e2V/2N,. 4 o

dk k uno(k
A Jy e
N,
= 4¢? * Rn0(0) . 3.76
75 Fon) (3.70

here R,,0(0) is the value of the radial wave function R,o(r) = u,o(r)/r at the origin
r = 0 (for more details see Appendix A). In the above derivation we have used the
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relation

™

/ookdk; wo(k) = 1/ 5 Ruol0). (3.77)

Inserting the result of Eq. (3.76) into Eq. (3.71), this finally leads to the well known
expression for the yy-width (see e.g. Table 2.2 in Ref. [46])
2 4
Dl —7) = 22y p o) (3.78)
e
In fact, there is an ambiguity in the way how to calculate the decay rate (Eq.3.78)
which is related to the fact that in the NR limit M, = 2m,.. This means that
within the accuracy of the approximation one can either calculate the width using the
physical meson mass M, or with the help of the quark mass M, = 2m,.. Therefore in
Tabs. 3.3, 3.4 we have summarized our results of both methods, for 1.(1S) and 7.(2S),
respectively. As one can observe for different potential models, the spread of the
results is quite wide. In the case of 7.(1S) only the value obtained for the harmonic-
oscillator potential could be regarded as being in the range of the measured value
['(n.(1S) = vv) = 5.1 £0.4keV. In the case of excited 7, all our findings in the NR
limit are far way from the experimental value, I'(7.(25) — ~7v) = 2.147 + 1.589 keV
[77].

Table 3.3: The radial wave function at the origin |Roo(0)| and radiative decay width
P(0(1S) = 77) for ne(15).

potential type |Roo(0)|[GeV*?] | Ty 18)—1y keV] | Tip(18) 4y [keV]
M= Mnc(ls) M = ch
harmonic oscillator 0.6044 5.1848 5.8815
logarithmic 0.8919 11.290 11.157
power-like 0.7620 8.2412 10.297
Cornell 1.2065 20.660 13.568
Buchmiiller-Tye 0.8899 11.240 11.409
experiment [77] 51+£04 51£04

In the NR limit, which is obtained after expanding the amplitude in a Taylor
series around &, = 0 and z = 1/2 in Eq. (3.69), the transition form factor emerges
in the NRQCD-limit as,

4 1
F(Q?,Q3%) = e2\/N, R,0(0)].
( 1 QQ) €c \/WWQ%"FQ%"’M%’ 0( )‘

(3.79)
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3.4.1 Transition form factor in the nonrelativistic limit

Table 3.4: The radial wave function at the origin |R19(0)| and radiative decay width
P(0e(25) = v7) for ne(2S).

potential type |R10(0)|[GeV*?] | T\ 25) 54y [keV] | Ty 28) -5 [keV]
M= Mnc(QS) M= 2H1C
harmonic oscillator 0.7402 5.2284 8.8214
logarithmic 0.6372 3.8745 5.6946
power-like 0.5699 3.0993 5.7594
Cornell 0.9633 8.8550 8.6493
Buchmiiller-Tye 0.7185 4.9263 7.4374
experiment [77] 2.147 £ 1.589 | 2.147 4+ 1.589

In Fig. 3.9 we present the ratio of two form factors, namely the form factor obtained

through light-cone wave function for the Buchmiiller-Tye (B-T) potential model and
the form factor in the NRQCD-limit. In order to calculate the NRQCD form factor
we have employed | Rg(0)] = 0.8899 GeV*?, M, ) = (2983.940.4) MeV for n,(1S)
and |Ry(0)] = 0.7185 GeV¥/2, M, 15 = (3637.5 & 1.1) MeV for 7.(2S). The values
of the radial wave function at the origin |R,(0)| are taken from Tabs. 3.3, 3.2 for

the Buchmiiller-Tye potential model.
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Figure 3.9: Ratio of the form factor constructed from light-cone wave function
for the Buchmiiller-Tye potential model and NRQCD form factor with |Ry(0)| =
0.8899 GeV*? forn,(1S) and |R1(0)] = 0.7185 GeV*/? forn.(2S), see Tabs. 3.3, 3.2.
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3.4.2 Transition form factor and distribution amplitude

In the last two decades, physicists have investigated several properties of the 7.
For instance in 2001 the CLEO Collaboration published results for two-body B
decays, B — n.K in both neutral and charged modes [83]. By comparing the rates
of the decays n. with J/WU, they extracted the 7. decay constant in the so-called
factorization approximation, f, = 335 4 75MeV. So far the decay constant was
estimated within several methods including Light Front Quark Model (LFQM)[75,
64] as well as Lattice QCD [84].

Let us turn to the description in the light-cone wave function approach. The
relation between the distribution amplitude (DA) ¢(z, 1) and the 7. light-cone wave
function ¥ (z, k. ) is

1 vV N.m,

1—2) 4n?

fooo(z, 1*) = ; / dki(z, k). (3.80)

Taking into account the normalization of the DA, fol dzp(z,p2) = 1, and then
integrating over the momentum fraction z, the decay constant can be found as

vV N.m, /1 dz
o 2(

472 1—2)

2

/# dk2 (2, k). (3.81)

fnc =

Subsequently replacing f,. on the left hand side of Eq. (3.80) with Eq. (3.81) one

can obtain ,

PAN N : 2 >
(o) = e [ B, (3.52)

where the distribution amplitude is a function of momentum fraction z. The addi-

tional normalization constant is equal N = 1/( i Z(ffz) [ dk3 (=, kl)) In Fig. 3.10

we illustrate the distribution amplitudes at the hard scale py = 3 GeV for our set

of the wave functions in the left panel for 7.(1S) and in the right panel for 7.(2S).
In the case of 7.(2S) one can observe characteristic dip at the momentum fraction
2 =1/2, which is also observed in the light-cone wave function ¢(z, k. ) in Fig. 3.2.
The received values of the so-called decay constant f, within light-cone approach
are listed in Tab. 3.5 for 7.(1S) and in Tab. 3.6 7.(2S). For completeness, in Tab. 3.5,
there are cited results known from the literature. In the case of 7.(1S), the difference
between the CLEO Collaboration result and our predictions is not significant. Nev-
ertheless, predictions from Lattice QCD [84] and light front quark model [75, 64],
where the Iy, comes in as a parameter, differ from each other. The evolution with
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3.4.2 Transition form factor and distribution amplitude
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Figure 3.10: Distribution amplitudes at factorization scale pog = 3 GeV for n.(15)-
left panel and n.(2S)-right panel.

Table 3.5: Decay width and decay constant f,. for n.(15).

potential type m. [GeV] L., [keV] [ [GeV]
harmonic oscillator 1.4 2.89 0.2757
logarithmic 1.5 2.95 0.3373
power-like 1.334 3.87 0.3074
Cornell 1.84 1.69 0.3726
Buchmiiller-Tye 1.48 2.95 0.3276
RYU, CHOI, and JI, set I [75] 1.80 1.55 0.326
RYU, CHOI, and JI, set II [75] 1.30 4.88 0.335
Geng, Lih, LFQM [64] 1.29 5.3+0.5 0.230575 s
Geng, Lih, LFQM [64] 1.29 7.242.1 0.303610 1153
Davies et al., Lattice QCD [84] - 72+ 21 0.3947 £ 0.0024
experiment - 5.1 £ 0.4 [77] | 0.335 £+ 0.075 [83]

the hard scale is included by the standard methods for light pseudoscalar mesons
like 7¥n or 17, see e.g. a recent NLO study [85]. The evolution of ¢(z, u?) with the

hard scale 1 can be performed by making use of the Gegenbauer C3? polynomials:

oz, 12) = 62(1 — 2) (1 Fas(u2)C% (22 — 1) + ) . (3.83)
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Table 3.6: Decay width and decay constant f,. for n.(25).

potential type me [GeV] I [keV] fn.[GeV]
harmonic oscillator 1.4 2.454 0.2530

logarithmic 1.5 1.162 0.1970

power-like 1.334 1.549 0.1851

Cornell 1.84 0.938 0.2490

Buchmiiller-Tye 1.48 1.453 0.2149

experiment [77] - 2.147 £+ 1.589 -

Table 3.7: Eztracted coefficients a, (1), for the Buchmiiller-Tye potential.

n | an(po) 1e(1S) | an(o) 1c(25)
2 -0.284 -0.0765

4 0.0635 -0.1627

6 -0.008157 0.128

8 -0.000619 -0.049

10 0.000216 0.0088

The Gegenbauer coefficients can be extracted by means of

2(2n + 3) /1 5
Qn, = . dzp(z, 1) C3% (22 — 1). 3.84
Their evolution with the hard scale is described as follows

an(p) = an(po) - [ 2

with the anomalous dimensions 7, which can be found for example in Ref. [67]

/B
]7 " (3.85)

—Cr(1 & +41§1) fo= N, — 2N (3.86)

In the limit of large @? in the hard matrix element Eq. (3.66), it is allowed to

neglect the kL dependence. Hence, only the light-cone wave function ) (z, k 1) is left

under the k| integral. Subsequently, the transition form factor is written in terms
of the distribution amplitude ¢(z, u2) as follows

1

3 (1 —2) p(z, 1)
Q@) = ccfu /0 dz{(l—zﬁ@%z(l—z?@%mz

2 (2, 13)
- 22Q% + 2(1 — 2)Q3 + m2 } - (3.87)

26



3.4.2 Transition form factor and distribution amplitude

In addition, from Ref. [67], one would learn about an asymptotic value, which
Q*F(Q?,0) is going to reach at large Q. 1In the case of the asymptotic distri-
bution amplitude ¢(z, 1) = 6z(1 — z), one can show that Q*F(Q?0) — 5.
However, we do not observe our results approaching the limit determined by the
value £ f, neither for n.(1S)-left panel nor 7:(2S)-right panel of Fig. 3.11. As an
example, the Buchmiiller-Tye potential model is taken under consideration. The
horizontal line shown in Fig. 3.11 is the limit line obtained for this model, according
to Tabs. 3.5, 3.6. For completeness, we compare three results, the first one directly
from our full light-cone approach - red dashed curve, the second is obtained from
the collinear form factor Eq. (3.87) - black dashed-dotted curve and the third one
has incorporated the hard scale evolution with the scale pg = 3 GeV - blue solid line.
The difference between these three results appears at low Q? and the effect of hard-
scale evolution is rather negligible in the region of interest. Note that in Fig. 3.11
even for large Q?, say in the left panel Q? — 400 GeV, and Q? — 1000 GeV in the
right panel the predicted asymptotic limit is not approached, even with inclusion of

the evolution effects.
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Figure 3.11: The plot of Q*F(Q?,0) in terms of photon virtuality Q*. The horizontal
line is put as a reference for asymptotic value and it is calculated for the Buchmiiller-
Tye potential model.
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3.5 Spacelike transition form factors for scalar P-
wave quarkonia

The photon-photon fusion amplitude for the P-wave state can be considered in

terms of two form factors - transverse Frpr and longitudinal F7;,. These form factors

correspond to the polarizations of the fusing photons, where the quantization axis

is taken along the v*v* collision axis in the v*4* c.m.s. frame. In covariant form,

follwoing the standard procedure explained in [76], we can write

M (Y (@) (q2) = Xxqo(P)) =
47TOéem( - 5,fu(611, q2) FTT(Q%7 q%) + 65(91)65(612) FLL(q%7 qg)) , (3.88)

here the projector on transverse polarization states is:
1
=6 (01, @2) = =g + — ( (@1 - @) (@uo0 + Quton) — Goutor — Gaudry ), (3.89)
X

and X = (q - ¢2)* — ¢?¢3. The longitudinal polarization states of virtual photons

read:

2 2
L N s qQ1 - 92 L _ 7% q1 - Q2
e, (@) =/ 7<Q2u - q—%qlu) e (@) =/ 7<Q1V - q—%fhu) - (3.90)

Now, we need to take into account also nt/~ vector projections onto the amplitude,

to this end we derive:

,y ¢ q _ 1 L
v, = <1+ 5% grer - < (06 + (@r - B)(ar - @), (3:9)

and

2.2 2.2
L VEE . JEa
eu(@)ey (@n™n™" = ==l = S5

(0 @) + @ 1)) - (3.92)

Hence the general form of the amplitude with the coefficients (g1 - ¢>1) and ¢3q3

put in evidence, reads:

. L o Jlag Q11|
ntn M, = 4maem [(C]u “(b1) [( IX 2) FTT(Q%» C]g) + ML)’(#JFLL(Q% q%)}

e [laLllE q - q
+ @11 |G [%FTT(Q% %) + (lX—Z)FLL(Cﬁaqg)u . (3.93)
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3.5 Spacelike transition form factors for scalar P-wave quarkonia

Here we used v/¢?¢3 = |q11||¢>.|- Note also

1 S L
(1 q2) = 5 <M§ +q+ Q2¢2>
4

M
and X:TX<1+

2((711_2 + CTQJ_Z) ((fle - (72J_2)2
M?2 M4
X X

) . (3.94)

do not depend on the azimuthal angles of ¢;; and ¢5,. Coming back to our mas-
ter formula given by Eq. (3.60) and inserting result for P-wave helicity amplitude
Uis(z, k1) Eq. (3.25), one can get

V2((EL(=) - G (2,50 + (EL(+) - GV (2, kL)) = %w k1)
U (2 R4 U (2, FL) = %W, )
Ut (2,k ) =0 (z,k)= 0
(3.95)

Hence, the master formula Eq. (3.60) is reduced to

dzd?k . dzd?k .
/ = Z\I/Mnﬂ‘n*”/l;\”); = (—4mQ)/—( = W(z, k)

(1—2)16m3 2(1 — z)1673
1 1
X{Q,zl—z 1—22(72[4 — }
( )( ) H lA2+82 l32+€2
1 1
—42(1 —z kq [ — = }
( >( - 1J_) lA +€2 lB2—|—62

1—2

+—»
lA +e2 lg?24¢g2

—(1—22)? (%J.QQJ.)[ ] } . (3.96)

In order to extract the form factors Fprp and Fpp it is convenient to group them in

a similar fashion as in Eq. (3.93):

dzd?k, s dzd?k | .
Uisntn VAN =4 / ———————(z,k
/ (1— 2)167 Z i A =dmq | o k)

X {Wu“ﬂfu‘

1— [ 7 - 1
[ Z T Z ]+4z(1—z)[QM A_f]u B}
42 +e2 Ig24¢2? a2 +e2 g2 +e2

. 1 1
%22(1—2)(%—1)[4 7 ]
Q21 a2 42 Ip?+e?

+ (g1 - ¢21)

} . (3.97)
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Now we introduce a convenient notation

dzd®k 5 Lo L
/ 1—2) f6ﬂ3 Z Wisn AN = Q|G Py 4 (G- @u) Fy (3.98)

These form factors F; and F; have the integral form written as
dzd? k i -
2z, k
1

X 22(1—2)(22—1)[z it +52],
A B

. . dzd?k - 1—2 z
FQ(QlLQ,(DLQ) = 4mQ/(—Lw(z,l@)[ﬁ + 5 }

G262 = gl - /

z(1 — z)1673 [ 2462 Ig24e2
4 dzd?k . T T
+ j”bg/ Tz K1 - 2) [ - ]
Gr” ) 2(1—z)16m IA2+e2 Ip?+e?
(3.99)

Let us now relate form factors Fi, 5 to the ones for definite photon polarizations.
To this end, comparing Eq. (3.98) with Eq. (3.93) we find the relation

BEY_ 1 (laddleéd (¢-e) Frr (3.100)
B ) T yNX \ (a-a) |@ullédl) \ Fu ) |

or, in its inverse form

() = v (Rl o ) (7).
(3.101)

These equations are applicable for P-wave spinless QQ systems such as Y 0Or Y40

Our findings for these form factors are illustrated in Figs. 3.12 and 3.13 for
Xeo and xpo, respectively. In the case of y. as well as x40 the transverse part of
the transition form factor is numerically larger. However, as we will see in the
next chapter also the longitudinal part plays a significant role. The relative sign
between Fprr and Fpp is negative, therefore in Figs. 3.12, 3.13 we are present the
absolute values of these contributions. Although the two-dimensional plots we show
are only for the Buchmiiller-Tye potential model, the remaining models give rise to
similar shapes. The main difference is in the position of the maximum, which for
Frr(Q3,Q3) is at the on-shell point.
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Figure 3.12: Transverse part of the transition form factor |Fpp(Q3%, Q3)| (left panel)
and longitudinal part of the transition form factor |Frp(Q? Q3%)| (right panel) as a

function of the photons virtualities Q3, Q3 from X0 light-cone wave function obtained
through the Buchmiiller- Tye potential model.

F(Q2QD)I(GeV) F_(@®)|(GeV)

0.0084

00351 ' 0.00471"
0.037} 0.002:
0.0251" . |
0
0 10 ; 50
10 364 % 23{}\ i 30240
: .
QE'(G@V;J 40 5050 {j?’:}-e 10 Ozﬁtee\'\]'

Figure 3.13: Transverse part of the transition form factor |Fpp(Q?, Q3%)| (left panel)
and longitudinal part of the transition form factor |Frr(Q?, Q3%)| (right panel) as a
function of the photons virtualities Q%, Q3% from o light-cone wave function obtained
through the Buchmiiller- Tye potential model.
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At the on-shell point, where Q? = Q3 = 0, the auxiliary form factor Fy(0,0)
as well as the longitudinal form factor |Fr.(0,0)| are vanishing, thus the transverse
form factor reads

2

Fre(0.0) = "X g0, 0) (3.102)
TT\VY, - 2 2\Y, 9 .

here M, is a mass of the scalar meson. The radiative decay width for xq state is
linked with transverse form factor according to

2

TOG
C(xqo = 1o = 5 1Frr(0,0)F, (3.103)

X

I'(xgo = 77)ro in the remaining part of this section is called Leading Order (LO)
formula. Also the first QCD radiative correction is known [82], and can be accounted
for by multiplying the radiative decay width by the expression shown below in the
bracket:

2

Qg (T 28
TC(xgo — 7Y)nvzo = T(xgo — 7Y)ro [1 +— (E - 3)} , (3.104)

here we have used a, = 0.26 for x and a; = 0.18 for yu (see Ref. [82]). I'(xgo —
vY)nro is labeled as the Next-to-Leading Order expression in the following part
of this section. In order to extract the “experimental” value of |Fprz(0,0)| for x.o,
one can take the experimentally measured value of the decay rate I'(x.o — 7v7)
from Ref. [77] and put it into the left side of Eq. (3.104) and then combine it with
Eq. (3.103). This value in Tab. 3.8 and Tab. 3.9 is indicated by ”*”. In the practical
calculation we have taken M,,, = 2mg and the decay rate in Tabs. 3.8, 3.10 for
each potential model is obtained with the corresponding c-quark/b-quark mass. For
comparison, in Tabs. 3.9, 3.11 the dependence of the quark mass on the model
is abandoned, and the value according to the Particle Data Group review [77],
m. = 1.27GeV and m;, = 4.18 GeV respectively for c-quark and b-quark has been
used.

The normalized form factor Frr(Q? 0)/Frr(0,0) in the left panel of Fig. 3.14
is obtained in terms of the wave function for five specific potential models with
their corresponding quark mass, whereas in the right panel with m,. = 1.27 GeV and
my = 4.18 GeV for . and xpo, respectively [77]. The normalization factors Frr(0,0)
can be found in Tabs. 3.8, 3.10 for the left panel and in Tabs. 3.9, 3.11 for the right
panel. The spread of results obtained with specific quark mass for each potential
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3.5 Spacelike transition form factors for scalar P-wave quarkonia

Table 3.8: The transition form factor at the on-shell point |Frr(0,0)| and the decay
rate I'(xco — v7) at Leading Order and Next-to-Leading Order for five distinguished

potentials models. ”*” is explained in the text.
potential type me | [F(0,0)] | T(xeo = ¥V)zo | T(Xeo = ¥¥) N0
[GeV] | [GeV] [keV] [keV]
harmonic oscillator | 1.4 0.18 1.56 1.58
logarithmic 1.5 0.14 0.91 0.93
powerlike 1.334 0.16 1.32 1.34
Cornell 1.84 0.10 0.44 0.46
Buchmiilller-Tye 1.48 0.14 0.96 0.98
experiment [77] 1.27 0.21* 2.20+0.16

Table 3.9: The transition form factor at the on-shell point |Fpr(0,0)| and the decay
rate I'(x«0 — v7) at Leading Order and Next-to-Leading Order for five distinguished
potentials models. Here, the dependence quark mass on the model is neglected. The
calculation is performed with m. = 1.27 GeV for each potential model.

potential type [Frr(0,0)] | T'(Xeo = 7)o | T'(Xeo = ¥¥)n20
[GeV] [keV] [keV]
harmonic oscillator 0.21 2.06 2.09
logarithmic 0.18 1.54 1.56
power-law 0.18 1.54 1.56
Cornell 0.17 1.41 1.43
Buchmiilller-Tye 0.18 1.54 1.56
experiment [77] 0.21* 2.20£0.16

model (see the left panel of Fig. 3.14) is broader, while this effect almost disappears
when quark mass is determined to the value given by the Particle Data Group [77].

Now, it is possible to compare our results derived for 7. with those obtained for
Xc0- We wish to present the results in terms of the previously introduced asymmetry
parameter w and the average value of photons virtuality Q2, see Eq. (3.72). For
illustration, in Fig. 3.15 we show the form factors Frr and Fpj, for the Buchmiiller-
Tye potential model. In the case of x. meson, we do not observe a scaling effect in

w as it is the case for 7.
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Table 3.10: The transition form factor at the on-shell point | Frr(0,0)| and the decay
rate I'(xpo — v7) at Leading Order and Next-to-Leading Order for five distinguished
potentials models.

potential type my | |[Frr(0,0)] | T'(xeo = 7Y)zo | I'(xeo = ¥Y)nLO
[GeV] [GeV] [keV] [keV]
harmonic oscillator | 4.2 0.053 0.047 0.048
logarithmic 5.0 0.032 0.017 0.017
power-law 4.721 0.033 0.018 0.019
Cornell 5.17 0.028 0.014 0.014
Buchmiilller-Tye 4.87 0.031 0.017 0.017

Table 3.11: The transition form factor at the on-shell point | Frr(0,0)| and the decay
rate I'(xeo — V) at Leading Order and Next-to-Leading Order for five distinguished
potentials models. Here, the dependence quark mass on the model is neglected. The
calculation is performed with my, = 4.18 GeV for each potential model.

potential type [ Fr7(0,0)] | T'(xe0 = vY)ro | Txwo = v7)nro
[GeV] [keV] ke V]
harmonic oscillator 0.053 0.048 0.049
logarithmic 0.045 0.034 0.035
power-law 0.042 0.030 0.030
Cornell 0.043 0.031 0.031
Buchmiilller-Tye 0.042 0.030 0.030
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Figure 3.14: The normalized form factor Frr(Q?* 0)/Frr(0,0) as a function of the
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comparison.

F(©Q)|(GeV) Flu(.Q)(GeV)

0.14{

0.12}
0.4

0.08}"

0.061" - 0.0+

0.044"

0.024"

0.02-4

-1 N

- 0 by
: -1\ i
0.5 _,_,_,_.MUU
\?30 ) 8 5@ 0 0.8 5 3540 60 80

Q 0 @

Figure 3.15: Transverse form factor Frr (left panel) and longitudinal Fip (right
panel) as a function of asymmetry parameter w and Q* average of the photons
virtualities for the Buchmuller-Tye potential model.
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FUNCTION APPROACH

3.5.1 Form factor in the nonrelativistic limit

Now let us consider the transition form factor v*y* — xgo in the nonrelativistic
(NR) limit, where k/mq < 1 and k/,/k? +mg < 1. Here, k is the momentum
related to the internal motion of the quark in the QQ system. For the purpose of

the NR limit, one should make a Taylor expansion around z = 1/2 and k 1 =0, thus

1 1

Then, in zeroth order the form factors Fi, I disappear. It is easy to show that to
the first order in ¢ and ko

1 1 2/ L, -
Z_.QA + &2 B Z_QB + g2 - E(CQQLQ + (ki ) QQL)> ) (3106)
with
2 1 — 2 - 2 2
it = 5 (@27 + r” + am?). (3.107)

In the NR limit, we are allowed to substitute 2mg — M,, and the two form

factors take the following form

7G| 4 dzd?k .
Fod 2 . 2) = |Q1L||QQL|_ L EIVE
I(QIL y 421 ) /l4 MX Z(l _2)167_‘_3770(27 L)C X’

2 1 dzd?k, L
BGi®@?) = S [ (e ) (R M2 + 42t
2(Q1L y 421 ) M4 MX Z(l _ 2)167T3w(2’ L) 1% + C X:u
(3.108)

Consequently, replacing (M, = k., we obtain

dzd?k, - 1 1 o uw(k)
—— = (2, k P R—E
z(1 — 2)167r3w(z’ L) = 4m2\ /M, 2\/2 k?

Making use of the relation (an exact derivation is provided in Appendix A, we also

(3.109)

omit an irrelevant global phase factor i.).

/0 " e kP (k) = 3\/2 1 (0), (3.110)
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3.5.1 Form factor in the nonrelativistic limit

one can notice that both F} and F; form factors are proportional to the first deriva-

tive of the radial wave function at the origin R],(0):

8 R,(0) 2|qi 1|2 |
VT M M2+ 1)+ @it
8 R.,(0) 3M2+ G+ ¢

2o 8 ‘ 3.112
2(Q1L y 421 ) ﬁ M3/2 [M)%+671L2+(_?2L2]2 ( )

F(G? @l?) = (3.111)

Therefore combining with the proper prefactors as in Eq. (3.100), our amplitude is

given by:

8 Ry, (0) 1
T M, = AT ey —= —
‘ VE M M G 6P

X (%fcfzf F(Goder)BME + G + q}ﬁ)) . (3.113)

The same structure of the amplitude can be recognized in the results of Refs. [86,
87]. Notice that in Ref.[86] only the square of the matrix element is given. After
accounting for different notation, our result for the squared amplitude completely
agrees with [86]. In order to explore a relativistic correction inscribed in our light-
cone form factor in Fig. 3.16 and Fig. 3.17 are presented ratios of our form factors
and those obtained in non-relativistic limit. Although at small Q? the difference is
only about a few percent, with increasing virtuality the difference is growing up to
20%.

In the nonrelativistic limit, there is a known relation of the radiative decay width
and the first derivative of the radial wave function Ry, (0) for the P-wave scalar meson
[82], as written in Eq. (3.114a). In particular in this limit M — 2mg, thus one can
get Eq. (3.114b)

4.2 4
9 - 2%ag,eqN.

T(xgo —7Y) = TCU%{H(O)P, (3.114a)
9o2neoNe
Pxqo =) = — 5 —[Bu(0)]". (3.114b)
Q

Here M is the invariant mass of the QQ) system. Below in Tab. 3.12 as well as
in Tab. 3.13 we have summarized the values of the first derivative of the radial
wave function Ry, (0) obtained from the expression in Eq. (3.110). Then in the two
last columns in Tabs. 3.12, 3.13 we have adopted Egs. (3.114) and also the Next-
to-Leading correction Eq. (3.104). We have used two ways to choose the value of
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Figure 3.17: Ratio of the transversal form factor Frr(Q3,Q3) (left panel) and longi-
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to the form factor obtained in the nonrelativistic limit for xuo.



3.5.1 Form factor in the nonrelativistic limit

the mass of the meson, firstly M, , = (3414.71 & 0.30) MeV or M,,, = (9859 +
0.42 +0.31) MeV - Eq. (3.114a) and secondly calculated from the c-quark/b-quark
mass corresponding to the potential models Eq. (3.114b). Note that our results
for the radiative decay width in Tab. 3.12 for M = M, , are around the value
received by Particle Data Group [77]. Moreover, the extracted Rj,(0) (*) from the
experimental value of the I'(x.0 — v7)nzo by making use of Eqgs. (3.114a), (3.104),
is in agreement with two of our results (harmonic oscillator and the Buchmiiller-Tye)

and in the neighborhood of the rest of the potential models results.
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FUNCTION APPROACH

Table 3.12: The radiative decay width at Next-to-Leading Order T'(xpo — ¥Y)NLO
and the first derivative of the radial wave function |R{,(0)|, which is obtained with
the help of the nonrelativistic wave function up—y n—o(k). ™7 is explained in the text.

potential type me [Ro1(0) | D(xeo = v¥)veo | D(Xeo = v7¥)NLo

[GeV] | [GeV®/?] [keV] [keV]

M =M, M = 2m,

harmonic oscillator | 1.4 0.27 2.42 5.54
logarithmic 1.5 0.24 1.85 3.11
powerlike 1.334 0.22 1.62 4.34
Cornell 1.84 0.32 2.51 3.38
Buchmiiller-Tye 1.48 0.25 2.15 3.81
experiment [77] - 0.25+£0.01* 2.20£0.16 -

Table 3.13: The radiative decay width at Next-to-Leading Order T'(xpo — VY)nLO
and the first derivative of the radial wave function Ry,(0), which is obtained with
the help of the nonrelativistic wave function wn—o r—1(k).

potential type my | R5:(0) | o = v7)wveo | Flxeo = ¥7)nro

[GeV] | [GeV®/2] [keV] [keV]

M = M,,, M = 2my,

Harmonic oscillator | 4.2 1.07 0.035 0.066
Logarithmic 5.0 1.22 0.045 0.043
Powerlike 4.721 0.98 0.029 0.035
Cornell 5.17 1.37 0.057 0.047
Buchmiiller-Tye 4.87 1.13 0.038 0.041
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Chapter 4

Prompt Quarkonium Production
in hadron collisions

The quarkonium production reactions in hadronic collisions at the Large Hadron
Collider (LHC) continue to attract a lot of interest [4, 3]. In general, one distin-
guishes several classes of production mechanisms. The final state charmonia could
appear as decay products of the hadron with bottom quarks content. This con-
tribution is called non-prompt production. At the high energies of the LHC, the
non-prompt production is a substantial contribution. However, it is experimentally
distinguishable from the so-called prompt production, where the charm quarks were
produced in a hard process. These are the processes of primary interest to us in this
thesis. Within the subset of prompt production processes, one further distinguishes
between direct production and feed-down from higher charmonium resonances. It
would be a daunting task to do justice to review all theoretical works on quarkonium
production in hadronic collisions.

We recall that one of the experiments discovering the J/v¢ was a hadronic one,
studying proton-Beryllium collisions at the Brookhaven Alternating-Gradient Syn-
chrotron (AGS) [61]. There has thus been a focus on charmonium production mech-
anisms early on. The role of 7. production as a type of Drell-Yan process for gluons
that can serve as a probe to measure the gluon distribution, has been stressed al-
ready in the early papers [88, 89]. Indeed, the dominant production mechanism for
C-even quarkonia is through the gg — M gluon fusion 2 — 1 process. In the stan-
dard collinear-factorization approach, one must go to next-to-leading order (NLO)

in a approximation to calculate the transverse momentum distribution of a given
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quarkonium state and include 2 — 2 processes like gg — Mg [90]. Recent theoreti-
cal studies of prompt quarkonium production in collinear factorization are found in
91, 92].

4.1 Matrix elements in kp-factorization approach

We now turn to the description of the gluon-fusion production mechanism within the
kp-factorization approach. Here the off-shell fusing gluons carry nonzero transverse
momenta, which allows us to calculate the transverse momentum distribution of
mesons already in the lowest order of perturbation theory. The inclusive cross-

section for the 2 — 1 gluon-gluon fusion mode is obtained from

dIl d? Qu
do = F(w1, G0 1)
7TQ1J_

dﬂ?z/d CIu 1 5
F(za, P12, d®(2 — 1). (4.1
<[ 2 [ R i) PP AR 5 1), (41

The unintegrated gluon distributions in the kp-factorization approach F(z, Ei, )
are normalized such that the collinear glue is calculated from

2) = deSf k2 4.2
L

For brevity, from now on, we no longer show the dependence on the factorization
scale p2% explicitly. We denote the four-momentum of the considered final state
meson by p and parametrize it on a light-cone basis as

mr
V2
Here we have introduced the transverse mass

mr = \/pL?+ M?, (4.4)

where M is the mass of the considered meson, and y is its rapidity in the pp center-

— m — —
b= [p-f—ﬂp—apL] = [ eya _Te yvpL] . (43)

V2

of-mass-frame (c.m.-frame). The g*g* — M element of the phase-space is

4 S(p* — M?). (4.5)

dD(2 — 1) = 27)*6Y (g1 + @2 — p) 2n)
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4.2 Unintegrated gluon distributions

The kp-factorization framework requires off-shell initial-state gluons, ¢? = —¢,4?,

and their four momenta are written as:

a1 = [QIJM 07 JlJ.] y @2 = [07 q2—, @J.] ) (46>

/s is the pp c.m.s.-energy, thus

S S
= —_ = — . 47
q1+ CCl\/;, q2 33'2\/; ( )

As a result the phase-space element is

< 6@ (Gis + Gor — P1) dy d®FL. (4.8)
Therefore the formula for the inclusive cross section reads
do / d*q . Ford,2)
o & T,
dyd?p, W(Tlf a1

d2(j2j_ 2 ™
x F(29, o1 2) 8D (Gis + G — F1) ——— M2, (4.9
[ S ) 0 i+ s~ ) T P (49

where the momentum fractions of gluons are fixed as z12 = mrexp(£y)//s. The

off-shell matrix element is written in terms of the Feynman amplitude as:

n v
41,9 q1+92— _ T1T2S _
|Q1J_HQZJ_| m |QIJ_HQ2J_‘ v 2|Q1J.HQ2J_| s ( )

here the color-indices ab are restored. In the BEFKL formalism involving the reggeized
gluons [43] one could derive the Feynman rules for off-shell gluons with effective
polarization vectors n;n;. The translation to ¢, ¢, is more convenient in com-
parison to on-shell or collinear approaches. Note that the covariant matrix element

satisfies the gauge-invariance restriction, ¢}’ MZ(L =qy MZ’I’, = 0.

4.2 Unintegrated gluon distributions

In the context of the kp-factorization approach a major role belongs to the uninte-

grated gluon distributions (UGDs) F(z, k2, 4i2). Their important property is that
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integrating over kL reproduces the collinear parton distribution functions (PDFs)

for gluons

e dk?
solapiy) = [ LS R ). (4.11)
ki

where % is the factorization scale of the hard process, k | is the transverse momen-
tum of the incoming gluon and z is the momentum fraction carried by the gluon. In
particular some effects of the gluons’ virtualities or transverse momenta may occur
in the cross section. As mentioned above, the clue of the k -factorization approach
is that the phase space of the produced system is fully general. For example, in the
v*g* — QQ process, the final state quarks are not required to be in the back-to-back
kinematics, but are aaimuthally decorrelated [93, 94]. In contrast, in the collinear
approach one has to include v*g — QQg processes in order to achieve an azimuthal
decorrelation. One can thus say that in the k) -factorization framework at the re-
spective Leading Order (LO), higher order contributions of the collinear approach
are effectively encoded in the unintegrated gluon distribution, see Fig. 4.1. This fea-
ture has been further investigated in the litaerature in processes at small x, where
it is most important [95, 96]. In the literature there are available several numerical
packages devoted to UGDs such as the CASCADE Monte Carlo [97] or packages
from the library TMDLib [98] which supply unintegrated gluon distributions that
have been fitted to various hard processes. The study of evolution equations is not
the matter of the current thesis, we are rather interested in their implications on
numerical results. Nevertheless, the brief overview of different concepts of the gluon

distribution construction is worth mentioning.

4.2.1 Kimber-Martin-Ryskin, Martin-Ryskin-Watt

The unintegrated parton distributions developed by Kimber-Martin-Ryskin (KMR)
were introduced to calculate hard sub-processes such as Q1Q, — My where My =
YW, Z or gi1go — H [99, 100, 101]. Further development of the KMR proce-
dure was its application also in inclusive jet production [102]. As mentioned above,
the collinear approach assumes that the transverse momenta of the incoming glu-
ons/quarks are negligible. As a result, the transverse momentum of the on-shell
produced system (meson) is zero at the Born level. Therefore to generate p, dis-
tributions in the collinear factorization, it is necessary to consider additional gluon
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radiation. The KMR approach starts with the premise that the transverse momen-
tum of the involved off-shell parton is entirely created in the last step of the evolu-
tion ladder. The KMR group takes into account both the leading logarithms from
Dokshitzer-Gribov-Lipatov-Altarelli- Parisi (DGLAP) In(Q?) and Balitsky-Fadin-
Kuraev-Lipatov (BFKL) In(1/2) resummations, which effectively contains a part of
the next-to-leading In(1/x). The definition of unintegrated gluon densities makes

use of the conventional collinear gluon densities zg(x, k%) [102]

ol K 3) = %@{2)[ oo ) T )]

T, (k3 , 1? dz Pyu(2)za(z/z, k), (4.12)

where @ = ¢ or a = g. The minimum scale pg, for which DGLAP evolution of
the collinear parton distribution is valid, can be placed around 1 GeV. Thus, the
conventional applicability range of the above definition is k; > ug. Additionally, for

the case where k; < pg the gluon density is defined to be constant at a fixed u scale

1 1
= Jola, kT, 11%) = — ag(@, i) Ty(pg, 1) - (4.13)

k7 ki<wo Mo
The Sudakov form factor T,(k?, u%) can be interpreted as an evolution probability
without gluon/quark emission. In fact, the Sudakov form factor is simply resumma-

tion to all orders of virtual contributions to the DGLAP evolution equation

u2 d/€2 g 52
Tg(k’iyﬂ%) = exp [— /2 _LM
kJ_

2
K 27

X [NF /1 P (z)dz + /1_A ngg(z)dz}] . (4.14)

Here the infrared cutoff is defined as A = k; /(ur + k1). An active number of
quark/antiquark flavors is donated by Ng. The factorization scale up is specified
by the kinematics at the top part of the evolution chain [102]. The splitting kernels
P,y(2), P,y(z) with splitting fraction z are regulated through the angular ordering

constraints to the last step of evolution. The explicit formula for unintegrated gluon
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glki)

Figure 4.1: The first order correction to the Born level amplitude - ngt panel. The
ki improvement with factorized structure function F(x, k%) / A(x,k?,q*) - right
panel. The plot originates from [95].

distribution reads

Oés(k2 1

Zqu(z) §Q<§a ki)

e [iF
Py (LYo ( 0] s

+ gg(’Z) Zg P 1 Ur 4 ka_ z ( )
with the gluon’s Sudakov form factor and corresponding splitting functions. At the
Next-to-Leading Order (NLO) accuracy, mentioned splitting kernels are supplied
with "LO4+NLQO’ equations as well as involved PDF's have to be at NLO.

4.2.2 The CCFM unintegrated gluon density

The Ciafaloni-Catani-Fiorani-Marchesini (CCFM) evolution equation is regarded as
a unified evolution method due to the resummation of logarithms type log(1/z) as
well as log(1/(1 — z)). The emission angle determines the ordering in the gluonic
chain at the initial state ¥,, > 9,1 > ---. The rapidities of gluons in the center
of mass frame can be found by y; = —1/21In(9,,). A different applications of CCFM
evolution can be found in the literature [103, 104]. In our numerical results we have
used the unintegrated gluon distribution implemented in the Monte Carlo generator
CASCADE [98, 97], see Tab. 4.1. A concise form of the CCFM evolution equation is

o, d z Az, kL, q) //dquzq/zlu) A

K, q/2). 4.16
dq2 “As(7,Qo) 2 Ag(q, Qo) 1.9/2) (4.16)
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Here the function z A(x, k, q) is related to the unintegrated glue in our convention

by

TF ]{72 2
v Az, k1, q) = M (4.17)
k1
The Sudakov form factor is represented by
72 dq2 1-Qo/q CAas(qQ(l _ 2)2)
As(q = — — d . 4.1
S(Qa QU) €xp [ \/'g q2 A < 7T(]_ I Z) ( 8)

The UGDs zA(x,k,,q) are given as functions of the momentum fraction z, the
transverse momentum of the exchanged gluon k£, and the scale ¢, which corresponds
to maximum angle 9, allowed for the emission. The collinear cut-off k¢ = Q,
regulates the region, where z ~ 1. Finally, we have the color factor C4 = 3. The

splitting functions are given by

P(Z,(j/z, kJ.) =

Caas(@?(1 — z)?) 1 zi(1—z;)
T (1 — 2z 1+ 2 >
N Caag(k2)) (l 14 zi(1 — z)

. ) Al gt kL), (4.19)

™

with the splitting variable z = z/2" and &'/, the so-called Non-Sudakov form factor

is written in the form

™

Caas(k?,) [ dg? tdz
Ays =exp | — LA / q—qzé)(/ﬁi - q)/ 7@(q —Z'qu4)] - (4.20)
0
The UGD sets JH 2013 set1/set2 [98] were determined from the combined HERA

Table 4.1: Distinguished Jung-Hautman CFFM unintegrated gluon distribution in
Monte Carlo generator CASCADE.

UGD set AQCD kim QO
set A 025 | 1.3 | 1.3

JH 2013 setl 0.2 2.2 2.2
JH 2013 set2 | 0.2 2.2 | 2.2

Fy(z,Q?) data and using the full splitting function as well 2-loop av.
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4.2.3 Kutak’s small-x model

The unintegrated gluon distributions developed by Kutak [105] are based on the
Balitsky-Kovchegov (BK) equation with linear and non-linear terms [106]. The
linear approximation is a unified BFKL and Dokshitzer—Gribov—Lipatov—Altarelli—
Parisi (DGLAP) evolution equation and includes a term, which allows a contribution
of gluons radiated by quarks and antiquarks. The first line with «; in Eq. (4.21)
originates from the BFKL evolution equation. The crucial term in the BFKL kernel
responsible for the sub-leading BFKL effects is the so-called consistency constraint
O(k*/z — 1%). The second contribution corresponds to DGLAP effects containing
splitting functions P,,(z). The ¥(z, k?) indicates the singlet quark momentum dis-
tribution. Finally, the last term reflects a non-linear screening contribution with the
expected gluon density concentrated in the impact parameter plane within a radius
R. This contribution is based on the Balitsky—Kovchegov equation[107, 108].

f(ZE, kQ) = fo(xv kQ)
a (KN, ['dz [ di?|Pf(E PO —17) -k f(2, k%) | K2 f(% k)
TTE / = /k T[

2
|2 — k2| 414 + k4|2
2 1
+ s (k )/ dz

2N, K 9. (T o T,
2mk? <ng(z)— . )/k dl f(;,l > —i—ngq(z)E(;,k)]

</k:° dl_ff($, l2)> + fla, k%) /k:O i_l; In (%)f(% l2)] C(421)

As an input it was used

207 (k?)
R2

SB[
P =25 [ Ry a(f), (4.22)
rg(z, ki = 1) = 0.994(1 + 82.1z)'%° . (4.23)

which is the parametrization needed to describe structure function Fy(z,Q%), see
Fig. 4.2. The proposed method combines the effects of saturation and coherence
with a dependence on the hard scale u of the process. It is also possible to switch
off the non-linear gluon fusion term, to obtain a gluon distribution which does not
account for stauration effects.

The clue of the construction introducing the hard scale dependence is that the
application of the Sudakov form factor does not change the integrated distribution

78



4.2.3 Kutak’s small-x model
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Figure 4.2: The proton structure
function Fy(z,Q*) from Kutak-
Sapeta fits to HERA data as a
function of x in the range of
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X

Eq. (4.21). Effectively, both integrated gluon densities derived from F(x, k?) as well

as F(z, k?, u?) are the same.

Flar B2, 122) = O — KT (2 K)o 12) 4 0(k2 — 122) £, 7) , (4.24)

zg(z, 1?)
rg(z,u®) = / dk*f(z, k%), (4.25)
sons(opt) = [ AT ) (o k). (4.26)

The Sudakov form factor is defined in analogy to the KMR approach

u? dk/2 Ozs(k‘/Q) 1-A , .
~ /k s Z /0 42/ Poa() ] | (4.27)

2

Tg(ll’Qv k2) = exp

with the splitting function P,,(z) for specific transition being 2Py, (z) or NpP,,(z)
and A = p/(p + k). The influence of the Sudakov form factor on the gluon distri-
bution appears only in the shape of the UGD.

In our convention the unintegrated gluon distribution reads

F(x, k2, 2
a2, i) =TI

In further calculations always F(z, k2, p?) is used.

. (4.28)
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4.3 Prompt hadroproduction of 7.(1S) and 7.(2S)
in proton-proton collisions

Recently, new measurements of the prompt 7. production in pp collisions were re-
leased by the LHCb Collaboration at /s = 7TeV,\/s = 8 TeV and /s = 13 TeV
center-of-mass energies, see [110, 111]. These data led to an increased interest in
the properties of 7. production in different approaches [112, 90, 113, 114]. The
experimental method allows to measure the 7. transverse momentum distribution
in the range p; > 6.5 GeV and within the rapidity acceptance 2.0 < ye s < 4.5.
In our analysis, the production of 7.(1S) and 7.(2S) [7] are discussed also at lower
transverse momenta. This low transverse momentum domain is a region where the
effects of non-linear evolution of Unintegrated-Gluon-Distribution (UGD) could be
manifested. Our adopted Color-Singlet model within the light-cone wave function
approach of the QQ state could address some questions, which previously had not
been considered.

We recall that at the lowest order, the matrix element for the v*vy* — 7. is
proportional to transition form factor F..(Q%, Q3). The same situation appears for
g*g* — n.. Moreover, one can notice that the two form factors are related by

Fg*g*—mc( %7 Qg) = Fw—mc (va Q%), (4-29)

1
et/ N,
where Q? = ¢1;% and F,,,.(Q3,Q3%) is defined in Chapter 3, see Eq. (3.66). The

covariant form of the matrix element with proper coupling and color factors is written

as:
o i [t*t"]
142

VN

Contracting with n*t#n~" and averaging over colors the formula introduced in Eq. (4.9)

MZII)/ = (—9)4Tas €vapq Forgr—n. (@LQ, @LQ) . (4.30)

for the differential cross-section reads
dO— / d2(jij_ 2 dQJQL 2
S = > ?(xhiu )/ > fﬂ@@u )5(2)(97u + €7u —Zﬁ)
ddePL 7T(_I1J_4 ™ QQJ_4

Tl o s
X m“‘hL;‘DL] Fogron (@117, G20 7)|7. (4.31)

The vector product can be written as

(G110, 1] = ¢1a5 — 4165 = |G| |G| sin(¢r — @), (4.32)
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where the parametrization of the transverse momenta ¢, and ¢»; is G;1 = (¢%,q}) =
|7i1|(cos @i, sin ¢;). In further numerical calculations, the renormalization scale and
strong coupling are taken in the form

a? = a,(max{mr, q1.}) as(max{mz, ¢, }) . (4.33)

Effectively, the renormalization scale depends on three variables, the transverse mass
mr and the transverse momenta of the fusing partons ¢, ¢, .

4.3.1 Normalization of the form factors and their implica-
tions

In Chapter 3, we have explained that the crucial parameter for the inclusive cross-
section in the Color-Singlet approach within the NRQCD framework is the radial
wave function at the origin. To be precise, there enters the radial wave function
| Rn0(0)| for pseudoscalar states and the first derivative of the radial wave function
at the origin |R!,(0)| for the P-wave scalar mesons. Within the light-cone form
factor approach besides its behavior at the origin, also the shape of the WF has
an influence. The key point is now to control the model uncertainty, thus finding
the proper normalization of the form factor. The natural choice is to normalize the
form factor at the on-shell point, where it is directly related to the decay width.
At this point, we meet an ambiguity of the decay width selection. Up to now, the
only observed radiative decay is pure photon-photon decay. It would also seem to
be acceptable to adopt gluonic width I'(n. — gg) relating it to the total meson
width I',, . Indeed, at the leading order in perturbation theory, the relation between
I'(n. — gg) and T'(n. — =) can be found through their vertices being proportional:
N2—-11

ANZ el

Qg \ 2
TLo(me — g9) = (a ) F'uo(me = 77), (4.34)

and I'o(n. — 77y) was introduced in Eq. (3.71). At next-to-leading order, the
respective formulas for the widths read (see e.g. [115, 116])

20 — 72 ay
Cnro(e = vy) = Trome = 77) (1 i ?> ,

s
Tnro(ne = 99) = Tro(ne. — g9) (1 +4.8 7>, (4.35)

here the parameter ag(m.) = 0.26 is used [82]. These two ways of |F(0,0)| in-
terpretation give slightly different results. In Tabs. 4.2, 4.3 the values of |F(0,0)]
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obtained through the hadronic decay rate and the radiative decay rate respectively,
are summarized. In addition in Tab. 4.3 we show the values obtained in the lead-
ing order (LO) approximation. The result for 7.(1S) at LO can be also found in
Tab. 3.1. Although, the 7.(2S) situation is not clear due to large error bars, the
situation in the case of 7.(15) it is not entirely satisfactory. This is indeed a well-
known issue and could hint at an insufficiency of the potential model approach to the
pseudoscalar charmonia. A wide range of possible solutions have been considered,
including a mixing with light hadron states [117], an admixture with a pseudoscalar
glueball [118], or nonperturbative instanton induced potential effects in the hadronic
decay [119].

Table 4.2: Hadronic decay widths I';,, as well as |F(0,0)| obtained from I, at the
nect-to-leading order approximation (see Eq. (4.35)).

I, (MeV) [77] | From I'nro(n. — 99), Eq.(4.35)
[F(0,0)]44[GeV ]
n.(15) 31.9+0.7 0.119£0.001

N.(25) | 11.3+3.2+2.9 0.053+0.010

Table 4.3: The radiative decay widths I'(n. — vvy) as well as |F(0,0)| obtained from
I'y—yy using leading order (LO) and next-to-leading order (NLO) approzimation
(see Eq. (3.71, 4.535)).

experiment from LO Eq.(3.71) | from NLO Eq.(4.35)
I'(n. — vy)(keV) [77] | |F(0,0)][GeV™"] | |F(0,0)|,,[GeV™]
nc(ls) 5.0 0.4 0.067+0.003 0.079+0.003
n(25) | 1.9 £1.3 107 - T, 05y | 0.03320.012 0.038£0.014

4.3.2 The small-x behavior of Unintegrated Gluon Distri-
butions

The k -factorization approach is especially appropriate when small fractions x of the
proton momentum carried by gluons are considered. Our analysis below is focused
on the kinematic range of the LHCb experiment 2.0 < y, < 4.5, which determines

21 ~ 1072 while the second gluon carries typically 25 ~ 1075, The typical hard scale
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Figure 4.3: Unintegrated Gluon Distributions at the typical scale for pp — n.(1S)

pp of the process pp — 1. in LHCb kinematics can reach 100 GeV2. In order to
make our results more universal several unintegrated gluon distributions have been
examined. The Kutak UGD parameterization is restricted to the region, where
r <1072

In Fig. 4.3, we depict different UGDs shapes as a function of l;i at a suitably
small value of z = 107°. The behavior at small gluon transverse momentum k3 of
each used UGDs is exposed in the left panel. The plot of the dimensionless function
F(x, k%, u%) (right panel) renders the large k; tails of the UGDs more visible. At
the first glance in Fig. 4.3, the KMR glue (blue dashed curve) and Kutak’s one
(green dotted curve) have similar behavior. Nevertheless, the construction method
is different, but both of them are based on integrated gluons distributions, which
well describe certain dijet production cross-sections at the LHC. Due to the fact
that the Kutak non-linear and linear UGDs have been defined in a specific range of
x only, in the practical calculation, the mixture of Kutak’s and KMR UGD is used.
The KMR glue in our case is built from the collinear gluon from the MMHT20014nlo
fit [120], through the next-to leading order Watt procedure.

Another unintegrated gluon was developed by Jung and Hautmann, which is
characterized by enhancement at low k7, while with increasing value of gluon trans-
verse momenta, the distribution becomes flattened.

In the following Fig. 4.4, we present the projections on transverse momenta
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of the fusing gluons in the process pp — 7. (15). In the high energy approxima-
tion adopted by us, the gluons’ virtualities coincide with their transverse momenta
squared. Moreover, the requirement on the transverse momenta of produced mesons
provides relatively large values of ¢;; and g9, relevant to the perturbative regime.
The two-dimensional plots in Fig. 4.5 clearly depict the kinematical region of

interest. Indeed, an interesting kinematic configuration appears, where one of the

S 10 T T T T T Y B0 Tt R T T T T T T T T T .
© L 5= gTeV F(0.0) for power-law, 1 % [ nomalized to F0.0)=0.0791Ge ]
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Figure 4.4: The projections on qi7 = @11 0or o = @21 gluon transverse momenta
(left panel). Projections on log,o(x1) and log,o(x2) (right panel). The LHCb kine-
matics is considered at \/s = 8 TeV within discussed unintegrated gluon distributions.

fusing gluons always carries a large value z; and has small ¢;,, while at the same
time the second gluon carries always small x5 and has larger transverse momentum
g2l -

Therefore, the gluon characterized by the low value of x transfers the major part

of 1, transverse momentum, p |, .

4.3.3 Predicted differential distributions

We now present the results of a thorough numerical analysis of promptly produced
ne(15,2S) performed in the k, -factorization framework.

We focus on the hard process of off-shell gluon-gluon fusion into a color-singlet cc
pair which then turns into a 7. meson. The feed down production via the radiative

decay h. — n.7v, as well other possible higher resonances, are not considered.
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Figure 4.5: Two dimensional projections on qi7 X logyy(x1) and qor X logyy(xs). As
an example the KMR from MMHT2014nlo was used.

The k -factorization approach is based on an off-shell matrix element, which
depends directly on the gluon virtualities. These off-shell matrix-elements, or ver-
tices, are constructed from light-cone wave functions for several parametrizations of
cc interaction potentials. The decay width at NLO (see Tab. 4.3) establishes the
normalization of the form factor £'(0,0). We make use of the fact that in the lowest
order of perturbation theory, the space-like transition form factor for g*g* — 7. is
equivalent to the y*v* — 1. form factor up to color factors.

In the further results presented below, the light-cone wave function for the so-
called power-law potential model was applied. This is motivated by the fact that
the parametrization of the power-law potential of the c¢ interaction gives the best
description of the half off-shell form factor, see Fig. 3.7.

To begin with, Fig. 4.6 summarizes the total cross-section of prompt 7, (1.5) pro-
duction as a function of pp c.m.s.-energy collected by the LHCb experimental group
indicated by the black dots from 2015 and the black square from 2020. Rhombuses
and crosses denote our integrated cross-sections with normalized form factor at the
on-shell point and with released normalization, filled and blanked, respectively. The
data suggest a faster than linear dependence on c.m.s.-energy, while our calculated
cross-sections rather keep a linear tendency.

In Fig. 4.6, we show only results using the KMR UGD. However, other UGDs

85



4. PROMPT QUARKONIUM PRODUCTION IN HADRON
COLLISIONS

g 8;‘ n(15)20<y<45 '65GeVpctagby 1T
b‘—“’ 1'6; — % LHCb data, Eur. Phys. J. C75, no.7, 311 (2015) E
[ —%— LHCb data, Eur. Phys. J. C80, no.3, 191 (2020) ]

145 & FFforBT, F(0,0)= 0.079[Ge V] -

r +  FFfor P-law, F(0,0)= 0.079[GeV'| ]

1.2- ¢  FFforB-T, F(0,0)= 0.052[GeV| —

E & FFfor P-law, F(0,0)= 0.059[GeV| E

1= =

r + ]

0.8 ]

r 3 ]

0.6 i ]

r & A

0.4~ i

B & # ]

0.2 N

o) S A N ST I I W ]

L
6 7 8 9 10 11 12 13
s (TeV)

Figure 4.6: The total cross section of the promptly produced 1. (1S) within the LHCb
kinematic regime.

have been examined by us, and the conclusion is the same.

In Fig. 4.7, our calculations of differential distributions in transverse momentum
of the 1. (15) are compared with experimental data points. In the top panels, our
predictions are shown with the data published by the LHCb experimental group in
2015 [110] at /s = 7TeV(left panel) and /s = 8 TeV(right panel) for the prompt
production of 7, (15) in proton-proton collisions. At the same time, the lower panel
displays our predictions with the recent LHCb data [111] at /s = 13 TeV. Four dif-
ferent sets of unintegrated gluon distributions are adopted, which makes our results
quite comprehensive.

At /s = TTeV and /s = 8TeV, all UGDs attain a reasonable description of
the data. However, in particular at large 7. transverse momenta our calculations
seem to undershoot the data. Substantially below the data are results obtained at
Vs = 13TeV. This feature is independent of the choice of UGD and also observed
in Fig. 4.6.

In the range 6.5GeV < p; < 14GeV, one can observe that KMR-+Kutak-
linear and KMR overlap as well as do KMR+Kutak-non-linear and JH2013 set2.
The significant disparity between different UGDs is noticeable at low pr = p,.
One suspicion could be that this effect corresponds to gluon saturation and non-
linear evolution. Although, the most valuable range to investigate saturation effect

(pr < 6 GeV) seems unattainable using the 7. — pp decay to measure the 7. meson.
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An attractive channel to study this problem could be the v final state. Therefore,
further simulations of the signal and background are desirable.

Since the experimental results are provided in rather broad p; bins, one may
prefer a histogram representation of the results. Fig. 4.8 reveals the results for
the KMR and Jung-Hautmann distributions in equivalent bins. The agreement
between theoretical and experimental results in a few intervals seems to be sufficient.

However, the wide histogram bins could generate greater uncertainty. For instance,
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Figure 4.7: Differential cross-section in transverse momentum of n.(1S) at /s =
7 TeV (left-top panel), /s = 8 TeV (right-top panel) and /s = 13 TeV (low panel)
within 2.0 < y, < 4.5 compared to LHCb data. The power-law potential model
normalized to decay width is used with each UGD.
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Figure 4.8: Differential cross-section found in bins. For illustration results for two
UGD sets are compared to LHCb data at /s = 7TeV (left panel), \/s = 8 TeV (right
panel) and \/s = 13 TeV (low panel). The calculation was performed within LCWF
for the power-law potential model of c¢ interaction. Form factor normalization at
the on-shell point is fived to F(0,0) = 0.079 GeV~!.

one can compare top panels in Fig. 4.8.

Another Fig. 4.9 displays predicted distributions in transverse momentum of
n.(2S) at three energies in the center of mass system /s = 7TeV, /s = 8 TeV and
Vs = 13 TeV. Presented results were performed with restrictions on 7.(2S) rapidity

2.0 < Yp.25) < 4.5 and as a factorization scale in unintegrated gluon distribution

transverse mass m | =

\/ MZ +p7,, was taken.
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4.3.3 Predicted differential distributions

Similarly as in 77.(1S) production process the on-shell point of the form factor, for

the power-law potential model, is normalized to radiative decay width (see Tab. 4.3).

The difference between examined UGDs appears up to pr,. ~ 8 GeV. With increas-

ing transverse momentum, as in the case of 7.(1S), the dispersion among Kutak’s

and KMR or JH gluon dist

ributions become small.

Now turn to the point of the light-cone wave function and the corresponding

potential model of c¢ interaction applied in the computation. In order to understand
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Figure 4.9: Differential cross-section in transverse momentum of 1. (2S) at \/s =
7TeV (left-top panel), /s = 8TeV (right-top panel) and /s = 13TeV (low panel)
within 2.0 <y, < 4.5. The power-law potential model normalized to decay width is

used with each UGD.
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the influence of the particular model on the distribution shape, see Fig. 4.10. There
we have fixed the normalization for all models of considered form factors to the
radiative decay width.

The right panel of Fig. 4.10 gives a glimpse of the difference between the poten-
tial models used in the final results, the power-law potential model, Buchmiiller-Tye
(B-T) model, and others. The first observation is that the effects of the normalized
harmonic oscillator (HO) form factor and the power-law form factor are indistin-
guishable. The same feature applies to the results for the B-T and the logarithmic
model.

In the case of 7.(2S) production (the left panel of Fig. 4.10), the spread of the
results is a bit changed. Fig. 4.11 brings to light the pure effect of the form factor
without any extra normalization.
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Figure 4.10: Differential distributions in transverse momentum of n.(1S) (left panel)
and n.(2S) (right panel) at \/s = 7GeV. The light-cone wave functions for different
potential models were applied in the form factor and the form factor was normalized
to the radiative decay width.

A slight difference is drawn between the obtained distributions, can be regarded
as the uncertainty of the potential model choice. Notice that the results obtained
with not normalized form factor follows the undershoot of the experimental data. On
the other hand, from the Tab. 3.1 and Tab. 3.2 it is known that the decay widths from
phenomenological potential models of c¢ interaction are below of the experimental

value. Moreover, the experimental decay rate is known with some precision and
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4.3.3 Predicted differential distributions

various values have been obtained [121, 77]. From this analysis the conclusion arises
that the off-shell form factor could be more adequate at large qr of the fusing gluon.
We get slightly different results than Baranov et. al in the kp-factorisation approach
within NRQCD formalism including Color-Octet contribution [122].

As a supplement Fig. 4.12 shows the results obtained with the Non-Relativistic
form factor. Selected examples of the radial wave functions at the origin Ry(0) =
0.762 GeV3? and Ry(0) = 0.699 GeV*? correspond, to the power-law potential
model (see Tab. 3.4) and radiative decay width at next-to-leading order. The change
of the radial wave function at the origin results in a few percent increments of the
cross-section independently on the gluon distribution used. The blue curves, which
go along with Ry0(0) extracted from the experiment, are below the red lines. One
can also notice in Fig. 4.13 that our findings for the off-shell form factor normalized
to F(0,0) value extracted from the experiment gives a better description than the
NRQCD form factor with proper radial wave function at origin. An interesting
aspect of the distributions appears when the gluon virtualities are neglected in the
hard matrix element. Fig. 4.14 reveals the so-called point-like coupling, where only
the form factor at the on-shell point is taken into account (red dashed-dotted line).
This kind of form factor leads to strongly flattened distributions and dramatically

overshoots the experimental data. Finally, the difference between the normalized
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Figure 4.11: Differential cross-section for transverse momenta of n.(1S) (left panel)
and n.(2S) (right panel) at /s = 7GeV. The light-cone wave functions for different
potential models without an extra normalization.
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Figure 4.13: Results for NRQCD form
factor with Ryy(0) = 0.699 GeV*? re-
lated to radiative decay width n.(1S) —
vy and the form factor for the power-law
potential model normalized to the radia-
tive decay width.

form factor from light-cone wave functions and relaxed normalization is exposed by

the two blue lines in Fig. 4.14.

Up to now, we have explored the kinematic range of the LHCDb experiment at

the LHC. The following Fig. 4.15 illustrates momentum fractions x of gluons in the
rapidity range —2.5 < y,, < 2.5 relevant, say, for the ATLAS detector. Although

the presented projections have some numerical fluctuations, the symmetry in x; and

T is clear as well as ¢ = ¢1, and ¢or = ¢o, . There is no sharp distinction between
the KMR and JH gluons. However, Fig. 4.16 shows by the red curves (solid and

dashed) that the small difference occurs only in specified pr intervals within the

ATLAS rapidity range.

4.4 Prompt hadroproduction of x.(1P) and y;(1P)
proton-proton collisions

Production of P-wave charmonia states has a rich history.

The most commonly

used approaches, Color-Singlet Model [123] or the later developed Non-Relativistic
QCD (NRQCD), faced various problems within Next-to-Leading Order corrections
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collisions
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Figure 4.14: Differential distribution for normalized form factor and with relazed
normalization as well as point like coupling.

in collinear approximation [124, 125]. The higher correction in the standard collinear
method results in an eventual negative cross-section at high energy at a small fac-
torization scale[124]. Notably, this feature affects differential p, distributions. This
effect seems to be related to the constant behavior of the NLO and NNLO cross-
sections, which become more singular with the successive corrections.

The major improvement has been attained in the k,-factorization framework
[126, 86], which encodes the off-shell amplitude of gg — x.s process with convoluted
off-shell incoming gluons distributions. In the collinear approach, the t-channel
gluon exchange is allowed at O(a?), while kp-factorization offers to take into account
transverse momenta of the incoming partons. Studies on y.; production within the
NRQCD approach have been performed, including Color-Octet contribution within
corresponding Long Distance Matrix Elements (LDME) [127]. This approach is
somewhat hampered by the fact that the LDMEs have to be fitted to experimental
data. Consequently their values rather strongly depend on the unintegrated gluon
distributions and the datasets used for the fit.

In our alternative method to the NRQCD method, with CO contribution effec-
tively incorporates relativistic correction in terms of the light-cone wave function of

the cc P-wave state.

In general, the matrix element of the gluon fusion to xg can be formulated in
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Figure 4.15: The projection on log,,(x) and gr = q. of the fusing gluon within
ATLAS kinematics acceptance at the center of mass energy /s = 8 TeV.
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Figure 4.16: Differential distribution in 1.(1S) transverse momentum within LHCb
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terms of the Frr and F; form-factors:

. Tr[tet!] Frr(qi, ¢3) Frulai, g3)

b 1 R L L 172

MMV — (_2)47[—@8 \/ﬁc ( — 51“/(q1’ QQ) eé\/ﬁc + € (Ql)ey (QQ) 6%2 /—NC )
(4.36)

with projection on transverse 5; and longitudinal eﬁef gluon polarization, see
Egs. (3.89, 3.90). The matrix element decomposition into transverse and longi-
tudinal polarizations gives the prominent signal that off-shell gluons fusion receives
contributions from transverse and longitudinally polarized gluons as well. Note that
incoming longitudinally polarized partons are absent in the approaches based on
on-shell partons.

At the same time, at on-shell point only Frr is related to the first derivative of

the radial wave function Ry, (0):

12 F, (0)

Fll O 0 = 2 NC
Q

(4.37)

with an electric charge of the quark eq and mass M,, of the considered xq. There-
fore an extra normalization to the radiative decay width is found to be without
merit. The hadroproduction factorization formula for the process pp — xgoX in
gluon-gluon fusion mode is obtained as:

do G, G
R Y L
ddeﬁJ_ / =y ( 17Q1J_7/“LF) ﬂ_q—»gJ_ ( 27Q2J_7ILLF)

Y T T T +.,—pab |2
X0 (pJ_ qil q2l)4(N02 _ 1)2 ; ‘np n, Muu‘ ’ (438>

the factorization scale is set up to p% = m2. Subsequently, Eq. (4.38) can be altered
to a more easy to handle form by restoring indices

do PG N

_ = —? T 5 7l 5 2 —9: X 9 7 9 2

i~ | st Pt [ St it
a2

mh’jﬂ“ + TLL|2 . (439)

x 8P (B — i — o)
In practical calculation the squared strong coupling constant is replaced as

a? — ag(max{m2, ¢1.°})as(max{m2, ¢, *}). (4.40)
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Transverse 77 and longitudinal 7,7, parts of the reduced amplitude read

e = Q|G Frrr (@i, ) + (G- @) Forr(Gin, ¢a1) (4.41)
Ton = QL@ Fron(@is, a1) + (Gin - Gou) Fonn(dis, Gau), (4.42)
with
Gro||@u] (1 . . L s
Firr = %ﬁ (5 <M§ + @+ Q2J_2>F2 - |Q1J_H(J2J_|F1> ) (4.43)
M? + C_I_’1L2 + (TQLQ 1 . . N,
Forr = X 2Y B (Mi + @+ Q2J_2> Fy —|qio||@r|Fy ) ,(4.44)
M+ + @i 1 P -
Fion = X 5% B (Mi + @+ C]u2> Fy—|qio||@r|Fy | ,(4.45)
Q|| (1 . . L e
Forn = hﬂ(ﬁ (5 <M§ + @+ Q2J_2)F1 - ’%J_HQQJ_’FZ) ) (4.46)

and auxiliary form factors Fy, Fy are defined in Eq. (3.99) via light-cone wave func-
tions. Here X is a function of y¢ mass and gluon transverse momenta, see Eq. (3.94).
Besides, the amplitude can be decomposed to transverse and longitudinal part
Eq. (4.42), untangling 7T and LL components and simplifies to the form factors
Fy | Fy. These form factors are translated into numerical grids and then interpolated

inside the matrix element.

4.4.1 Numerical analysis

The following subsection is focused on several aspects of the differential cross-
sections in the relevant range of x. and Yy, rapidities. In particular, we used
Vs = 13TeV, which is the currently achieved center of mass-energy in proton-
proton collisions at the LHC. The KMR from MMHT2014nlo unintegrated gluon
distribution functions (UGDF) is chosen as a representative example.

We begin with the differential distribution in transverse momentum of y. and
X» shown in Fig. 4.17 with our form factors built from the light-cone wave functions
for five c¢ interaction potential models. The disparity between results for each type
of potential is almost undistinguished, except the region where pr < 5GeV, see top
inlays of the plots in Fig. 4.17. Here the quark mass corresponds to the potential
model in the light-cone form factor. For clarity, see Tabs. 3.8, 3.10. An interesting
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Figure 4.17: Differential distribution in transverse momentum of x.o(left column)
and xpo (Tight column) for five distinguished potential models. In the upper row -
light-cone form factor with corresponding c-quark/b-quark mass to the specific model,
the lower row with neglected dependence of the model quark mass.
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behavior occurs when in the light-cone form factors, the quark mass is imposed to
be constituent mass established by Particle Data Group [77], m. = 1.27 GeV, my, =
4.18 GeV. Namely, the discrepancy is evident when p, is greater than 5GeV, see
lower panels of Fig. 4.17. However, the effect is more substantial in the case of x.o
production.

As mentioned above, the difference between results for each type of potential is
rather small except for the harmonic oscillator. Therefore in further computations,
light-cone form factors obtained from the Buchmiiller-Tye potential model were
employed. Similarly to 7. hadroproduction, one can note the significant difference
between the application of Jung-Hautmann and KMR gluon distributions only at
low pr < 5GeV. Fig. 4.18 also exposes the uncertainty ensued from different quark
masses, m, = 1.27 GeV (left panel) or m;, = 4.18 GeV (right panel) PDG value - the
blue dashed line and m, = 1.48 GeV (left panel) or my, = 4.87 GeV (right panel) the
B-T value - the blue dashed-dotted.
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Figure 4.18: Distribution in transverse momentum of the x.o (left panel) and
Xeo (Tight panel) for Buchmiiller-Tye potential model with KMR MMHTZ2014nlo and
JH2013 set2 UGD:s.

We now move to the comparison of results with our form factors to the NRQCD
method. Here, Fig. 4.19 allows us to clearly see the gap among results with the
NRQCD form factors and the B-T form factors. To get a proper outlook of the
NRQCD recipe, Ry, (0) values are directly related to the B-T potential model, see
Tabs. 3.12, 3.13.
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Figure 4.19: Comparison of differential distribution in transverse momentum (top
row) and rapidity (low row) of X and xw obtained in three ways through form
factors based on the B-T potential with corresponding quark mass - black solid curve
or with PDG quark mass - blue dashed curve as well as with NRQCD form factors.
In the case of xq production (left panel), the NRQCD form factors used R}, (0) =
0.25GeV®? and xuo (right panel) the form factors with Rj,(0) = 1.13 GeV®/2,
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The most striking results from our analysis arise from the involvement of gluon
longitudinal polarizations besides the standard transverse ones. In this context,
Fig. 4.20 gives an example of the size of the transverse and longitudinal contribu-
tions, for y. (left column) and yu (right column). The major part of the cross-
section is provided by the transverse contribution. However, the participation of
longitudinally polarized gluons leads to reducing distributions in certain regions.
This fact finds explanation in form factors relations. Namely, Fr; and Fprp have

always a negative interference.
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Figure 4.20: Differential cross-sections in transverse momentum and rapidity with
decomposition to transverse and longitudinal contribution. In the whole range of the

Xco OT Xpo Tapidity.
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4.4.1 Numerical analysis

The point of the linearly polarised gluons inside unpolarized hadrons in the con-
text of the C'— even quarkonia production was raised in Ref. [128]. They employed
a nonrelativistic color-singlet model (NRQCD) in the transverse momentum (TMD)
factorization framework. This method provides also linearly polarized gluon through
a nonperturbative distribution. This property affects the transverse momentum dis-
tribution, when two linearly polarised gluons fuse into the pseudoscalar or scalar

meson.
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Figure 4.21: Comparison of transverse and longitudinal contribution to correspond-
g NRQCD components.

In Fig. 4.19 we compare results with light-cone form factors and NRQCD form
factors, where R{;(0) is obtained from integration of the u(k) wave-function for the
B-T potential model (see Appendix A). This method of calculating Ry, (0) gives a
reasonably good agreement with the radiative decay width. However, a supplement
picture to our analysis could be another way of computing the first derivative of
the radial wave function, namely, from the transition form factor at on-shell point
Frr(0,0). In Fig. 4.21 we compare each component of distribution from light-cone
transitions with the corresponding non-relativistic parts. The transverse form factor
is linearly related to Ry, (0) by Eq. (4.37), and one of the proportionality factors is the
mass of the scalar meson into the appropriate power, here we use M, = 3.414 GeV
or M, = 9.859 GeV. Hence, the relevant values are Rj,(0) = 0.169 GeV®/? for x.q
and R}y, (0) = 0.736 GeV®/? for x40, obtained for the B-T potential model. The ratio
of the two compared results exposes the pr regions, where light-cone form factors

could play a key role, see the bottom inlays in Fig. 4.21. The findings for the sum
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of TT'+ LL yield a little variation between these two methods. However, separately
the NRQCD longitudinal contribution differs the most from the light-cone one.
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Figure 4.22: Differential cross-section as a function of transverse momentum of the
produced meson predicted for the ATLAS and the LHCb rapidity acceptance.
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Figure 4.23: The projection on transverse momenta of the incoming gluons |qy 1| =
qir and |qa1 | = qor within specific cuts on rapidity of the produced meson, X (left
panel) and xpo (Tight panel).

The particular features of the proposed method based on light-cone form factors

have been discussed in details. Therefore, let us now turn to predictions devoted

102



4.5 Remarks and conclusions

to specific experiments at the center of mass energy /s = 13 TeV. Fig. 4.22 shows
the differential cross-section in pr of y.o (left panel) and xpo (right panel) mesons in
our light-cone model within appropriate kinematics cuts on rapidity relevant for the
ATLAS and the LHCDb experiments at the LHC. In Fig. 4.23 we put into evidence
how the LHCDb asymmetric cuts on the meson rapidity influence the transverse

momenta of the fusing gluons ¢;, and ¢, .

4.5 Remarks and conclusions

Let us recapitulate the results for three mesons, the pseudoscalar 7.(1S), as well
as the scalars: x.0(1P) and xu(1P). The cross section of 7.(1S) production in pp
collision is about one order of the magnitude greater than for y.. Moreover, the
branching ratios to pp are: Br(x. — pp) = (2.21 £ 0.08) x 10~* and Br(n. —
pp) = (1.44£0.14) x 1073, which can lead to difficulties in observation of y. in this
particular channel. The more preferable channel could be vy channel. However, this
issue requires further Monte-Carlo studies which are beyond the scope of this thesis.
Fig. 4.24 on the r.h.s. illustrates the rapidity distribution of three mesons in the pr
range pr < 50 GeV. The pattern of x(1P) and 7n.(1S) distribution is similar while
Xpo(1P) differs at mid rapidity. This is the property of the vertex of gluon-gluon

fusion into ¢ or bb color-singlet bound state.
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Chapter 5

Central Exclusive Production of
C-even Charmonia: the case of

n:(18) and x.o(1P)

The Large Hadron Collider (LHC) facility at CERN (Conseil Européen pour la
Recherche Nucléaire) opened a new era of high-energy physics research. Besides the
Higgs boson discovery, this laboratory confirmed a major group of phenomena pre-
dicted by the Standard Model and beyond. While the Higgs-boson was eventually
discovered in inclusive inelastic processes, as a possibility to observe the searched-for
boson, a unique class of events characterized by a clean final state was proposed.
The idea is based on the assumption that it should be possible to excite the vacuum
into a real Higgs boson in exclusive proton-proton or proton-antiproton interaction
if the Higgs field is responsible for filling the vacuum [129]. Indeed, in exclusive
processes interacting hadrons or ions avoid a breakup, while the underlying produc-
tion mechanism involves photons or gluons. The massive boson production has been
discussed in detail in The FP420 R&D Project research program [130].

So far, exclusive meson production at the LHC has been studied in pp, pPb,
and PbPb collisions. Moreover, this type of experiments have also been analyzed
at Tevatron in pp collisions, at RHIC in AuAu and pAu collisions. The majority of
exclusive reaction measurements have been devoted to light meson such as p°(770)
[131, 132] or two pion systems 797°, 777~ [133, 134] at low invariant masses of the
produced system [135].

Center of mass energies available at theLHC allowed to study heavy meson pro-

duction such as J/¥, ¥(2S), x.s family and T in proton-proton collisions [136, 137].
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5. CENTRAL EXCLUSIVE PRODUCTION OF C-EVEN
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An attractive feature of the heavy particle production is the naturally provided hard
scale which allows perturbative quantum chromodynamics methods to be applied.
Central exclusive processes (CEP) in hadronic collision due to the specific final state
require a proper theory. The sketch of the reaction is the following

h1h2—>h10XOh2.

M

Due to to rapidity gap (donated by ”o”) between two intact hadron/ions(hq, hs),
this type of processes could be regarded as double diffractive processes with the
exchange of a colorless “particle” called Pomeron (IP). Notice that also exchange of
a photon can lead to the same phenomenon of a large rapidity gap. An important
selection rule in central exclusive processes is the conservation of charge conjugation
parity (C-parity). For example, as the Pomeron has even C-parity, the diffractive
production of the C-odd vector mesons like p°, ¢, J/4 involves the photon-Pomeron
fusion. As a side remark we mention that recent analyses of elastic pp scattering
claim the existence of an Odderon [138, 139] that is a C-odd hadronic exchange that
does not vanish with increasing energy.

The hard diffractive procceses are often described through the Ingelman-Schlein
model [140] which is based on the evolution of Pomeron structure functions (or
parton distributions in the Pomeron), corrected with a gap survival factor. Heavy
flavour mesons production with structure functions obtained by the H1 Collabo-
ration at DESY-HERA have been discussed for instance in Ref. [141]. Intensively
studied dijet production in single Pomeron exchange has been already computed
within the &k, -factorization framework, see Ref. [17]. However, the modeled struc-
ture functions suffer from factorization breaking [142]. These authors emphasize
that the main source of factorization breaking is the presence of the possible in-
teraction with spectator partons originating from the proton-proton collision. In
Ref. [142], the authors derived a formalism of Single-Diffractive dijet production in
dipole representation claiming that spectator interactions included at the amplitude
level.

How the multiparton scattering or re-scattering affects the rapidity gap in ex-
clusive reactions is however still under discussion. A good example to study the
possible sources of the gap filling are Jet gap Jet process, also called dijets events
with large rapidity separation, due to specific kinematic regime, see Ref. [16, 143].

An alternative formalism has been proposed by the Durham group, which fo-
cused on the first development of the perturbative theory of a “Born term” for these
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types of reactions, further named the Durham model. In our investigations pre-
sented below, the salient features of the Durham model scheme are kept with some

modifications.

5.1 Amplitude and kinematics of CEP reaction

The exclusivity of the process requires that the produced system is in a color-singlet
state, while any additional gluon emission present in inclusive reactions is forbidden.
The Born-term of the Durham model contains a hard scale dependent amplitude
describing two gluon fusion to the heavy meson as well relatively soft gluon exchange
called also the screening gluon [144]. The presence of a screening gluon, see Fig. 5.1,

serves to fulfill the vacuum number condition in the crossed channel.

Xeo(07)/1:(07)

Q0Q0Q0Q0OQ

Figure 5.1: Generic diagram for the central exclusive production via gluon fusion.

Following the notation and derivation in Ref. [87] the CEP amplitude reads
5 51 0 ~
M _ 2 2= C1C2 d2 Vclcg
CEP 27T 2—Nc2 — 1/ QoL
9.‘2&(1.1’ "L‘I7 Q%J_’ (71L27 11’27 tl)gjgﬁ(x% $/7 Q%J_? JQL27 ,u27 t2)

N2 - 2- 2
QOJ_qlL q21

, (5.1)

including momenta of the active gluons ¢q1, g2 and the screening one (). Above,

V denotes the two gluon fusion vertex into heavy meson, x. or 7.. Note that in
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the formula there appears an additional factor (1/2) due to a convention of light-
cone base vectors, which differs from the one used in the previous chapters, but
corresponds to the one used by Pasechnik, Teryaev and Szczurek [87, 145, 146].
Namely, here we use the light-like basis vectors, which satisfy ntn~ = 2. The total

cross section for 2 — 3 reaction can be evaluated using the general formula

1
o= / Mep|2(27) 44 (p1 + p2 — Py — Ph — pv)

1 \3 ) . ]
% <2(27r)3) (dy d*pr ) (dysd?pa ) (dyd?py L), (5.2)

which can be simplified to

1 1

0= ———
25 28745

/ Meppl2dts dtadydsd | (5.3)
as in Ref. [147], where t; = (p; — p})?, ta = (p2 — py)? and relative azimuthal angle
between scattered outgoing protons ¢ is within the range (0,27). The two gluon
fusion vertex into x. via two gluon involves the light-cone form factors Grr and

GLLI

Tr[tett] dra

ab * % o _ S cab

Vi (979" = Xeo) = dma o 2T, = Vo 0T, (5.4)
T = =0, (01, 42)Grr(ai, 43) + e/ (q)el (2) GLo(ai, 63) (5.5)

here the form factors Grr(qf, ¢3) = Frr(ai, @3)/(e2v/Ne), Gui(at, ¢3) = Fio(ai, 63)/(e2v/Ne)
are counterparts of photon-photon fusion form factors.

For the pseudoscalar meson, we use

* ok . «a 6ab - -
VZII)/(Q g — 7]0) = <_2)47Tas€/wa5q qﬁﬁ2Fg*g*—mc(QIi27 Q2J_2)> (56)

where Fyege (G117 G1>) = Fyenesn (1%, G20 %) /(€2/N,). In particular for the 7,

there exists only a transversal form factor. Hence we can identify Fy« ., (¢ LQ, 0> LQ) =

Frr(9*(q1)g%(q2) = 1c)-
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5.1.1 Off-diagonal gluon concept

5.1.1 Off-diagonal gluon concept

The forward limit provides small ¢; 5 — 0 responsible for Qi ~ q112% = Q% In this
limit, the generalized UGDs (sometimes named unintegrated GPDs) in Eq. (5.1) are

simplified and are considered as functions of only one transverse momentum, i.e.
?Sff(xlu xl7 Q?)J_? JIL27 11’27 tl) — Sr;)ff(‘rh xla Qi? ,LLZ, tl) : (57>

The Khoze-Martin-Ryskin (KMR) prescription for the off-diagonal UGD involves

the square root of a Sudakov form factor T,(¢?, ?) and its well known form is [148]

. : d
Folon (@2, Q115 1) = Ry [eg(@, N\ Ty(@2)] ,_ F(),  (58)

Y dlng? % =Q%
with gluon virtualities ¢ used as the momentum scale squared in the collinear gluon
density zg(z,¢*). The nucleon form factor F'(¢) is often parameterized in one of the

following two ways

4771127 — 2.79t
(4m§ —t)(1—1¢/0.71)%’

bt
F(t) =exp <§> , b=4GeV? or F(t) = (5.9)
the first being a Fourier transform of a Gaussian QCD elastic profile factor, while
the second corresponds to the isoscalar nucleon form factor [149] with the proton
mass m,, respectively. The Sudakov form factor is taken from the typical formula:

W k2 o, (k2
Tg(qi,;f) = exp [—/ _ig

1.2
¢ k2T

1-A
/0 2Pu(2) + Y Py(2)] 2], (5.10)

here the hard scale is taken as p? = M2 + ¢5 and A =k, /(ky + u). Considering
the involved longitudinal momentum fractions, the central diffractive production is
dominated by the region 2’ <« 212 < 1. Therefore we compute the skewedness
correction R, in Eq. (5.8) taking advantage of a method offered and derived for the
collinear off-diagonal gluon distributions [150]:

22 T() 4 5/2) d

R, = U7 T4 A= W [ln(xg(:v,qi))} : (5.11)

Regarding the slightly off-forward case, where ¢ 5 # 0, there is an ambiguity in the
choice of @), in the off-diagonal KMR gluon in Eq. (5.8). Different prescriptions have

been proposed in the literature. In our computation, we use the so-called "minimum
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prescription” proposed by the Durham group. Namely, in Eq. (5.8) we substitute
(Q* with minimum of an active gluon transverse momentum ¢, and the screening

gluon transverse momentum @ :

Q1 — min(Q5,.q1). (5.12)

Additionally, we have introduced an option in Eq. (5.8) further called BPSS:

Q1 —\/Qpuat . (5.13)

which is a geometrical average of gluon momenta.
In a similar fashion the off-diagonal gluon labeled CDHI [151] was proposed by

Cudell et al., which we used in the modified form defined as:

A2y 205, 4% )

0 -
off / . —
gig,CDHI(waIj >QL>M2at> - Rg[alogQQ TQ(Q2>M2) xg(x, QQ):| éL +Qi

F(t),
(5.14)

with arithmetic average Q* = (Q2, + ¢%)/2 employed also in the Sudakov form
factor.

An alternative group of methods to compute off-diagonal gluon distribution is
represented by the models which account for the gluon saturation effects. The
saturation-based UGD is inspired by diagonal gluon model derived by Golec-Biernat
and Wiisthoff (GBW) [152]. To achieve the off-diagonal domain, we use the extrapo-
lating prescription proposed in Ref. [87] (further referred to as the PST prescription):

Felbw = \/Q2 fEBV (2, Q3 )qt fOBY (2, q7) \/T (@2, u®) F(t), (5.15)

30
70 Ro fﬂ ex P[Ro QJ_] (5-16)

fGBW( yrm

Z, QJ_)
here fSBW is the diagonal GBW UGD, and 2’ = |Q%|/\/5, Ry = (2/x0)?2. Precisely,
we used the GBW model with the fitted parameters obtained by Golec-Biernat
and Sapeta [153]: o9 = 29.12 mb, A = 0.277, z0/107* = 0.41, with a,(¢?) =
min(0.82, W) and Q? = max(q?,0.22GeV?), Al = 0.04 GeV?>.

To vary our results we also applied the model based on the color dipole cross

section fitted by Rezaeian and Schmidt [154]. While the GBW model corresponds

to the eikonal unitarization, the Rezaeian-Schmidt cross section is motivated by the
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BFKL equation and its nonlinear generalizations as proposed by lancu et al. in
Ref. [155]. Therefore, the computed UGD f;*(x,|7.|) takes the form

Folk = /3, S QU S (w, lau)) /T ) F(8), (5.07)

RS SN o 2@N0 >
fo7 @ 1q ) = 14| o372

rdr J0(|q1|r)(1 - %OT)) . (5.18)

As an example, we have applied the first set of parameters from Table I in Ref. [154].

5.2 Differential distributions and total cross sec-
tions: numerical results

CEP processes at high energies involve parton distributions characterized by rela-
tively low Q2 and very small fractions of longitudinal momenta. Therefore, in order
to achieve relevant off-diagonal constructions and adequate results, it is necessary to
discuss the available options of parton distribution functions (PDFs). For this pur-

pose, we have examined three sets of parton distribution functions that is JR14NLO
[156](Q2,;, = 0.8GeV?), GJROSNLO (Q?, = 0.5GeV?) [157], GRVI4ANLO [158]

(Q2%,., = 0.4GeV?). Fig. 5.2 reveals the shapes of diagonal gluon distribution func-
tions at a typical longitudinal momentum fraction and illustrates the available initial
2

evolution scale Q...

There is a significant difference in the range of scales available in the PDFs pub-
lished in the literature. In particular, we dropped the popular Durham or CTEQ
PDFs due to the fact that they need a relatively large initial evolution scale. These
models are somewhat difficult to apply in the context of gluon-induced CEP reac-
tions.

Regarding integrated cross-section computed over full phase-space, we collated
results in Tab. 5.1 and Tab. 5.2 for x and 7., respectively. The calculations have
been performed at /s = 13 TeV. In addition, in the case of the KMR skewed gluon
procedure we present results with and without the skewedness correction factor R,
(see Eq. (5.11)). The noticeable increment is obtained in the cross-section including
R,, which is usually assumed to be a constant value (R, ~ 1.3). The dynamic
behavior of the effective skewedness correction is illustrated in Fig. 5.3. In the
so-called KMR skewed gluon as an input we used the JR14NLO, GJROSNLO or

GRV94NLO gluon distribution, while in the PST prescription we avail of the GBW
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Figure 5.2: Collinear diagonal
gluon distributions as a func-
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or RS model. The total cross-section for x.o is around 1 ub, still before applying any
absorptive correction, which is estimated to be about 0.13 — 0.2 below. In the case
of n. production, the cross-section is on average three order of magnitude smaller in
comparison to x.o. Moreover, the spread of the results in the case of 1. was collected
in Tab. 5.2 is much broader than for the x. in Tab. 5.1.

The distribution in rapidities of x. and 7. is revealed in Fig. 5.3. To present the
effect of including the R,(z,Q?) correction, as a representative example we chose
FH L (Eq. (5.14)) and F) L (Eq. (5.8) with minimum prescription Eq. (5.12)). After
the application of the Shuvaev correction R,(z,Q3) (see Eq. 5.11), we observe an
increase of the cross-section by a factor of 3-4 in the case of x. as well as 7.,
independently on the choice of the off-diagonal gluon.

The transverse momentum distributions are found in Fig. 5.4. The characteristic
pattern with a dip in the transverse momentum distribution for the CEP y. vertex
can be observed in the left panel. One can also notice that these two distributions
differ in the position of the maximum: for the 7. it is around 1 GeV, while for the
Xeo ~ 0.5 GeV.

In Fig. 5.5, we reveal the distribution in relative azimuthal angle between the
outgoing scattered protons. The computations have been performed at /s = 13 TeV
with the help of GJROSNLO using FZ (see Eq. (5.8)) one time within the Durham
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5.2 Differential distributions and total cross sections: numerical results

Table 5.1: Total cross section for x. at /s = 13TeV with R, = 1.0 and R,
according to Eq. (5.11). The light-cone form factor for the gg — X« coupling was
obtained through the Buchmauller-Tye potential. No gap survival factor is included

here.

KMR skewed gluon Ttot [Mb] | o [1b]
0.8GeV? < @2, , JRI4NLO R, =10 | Ry(z,Q?)
CDHI, Q% = (Q%, + ¢°)/2. 0.42-10° | 1.1-10°
KMR, @ = /@2, - ¢® 0.36-10° | 0.94-10°
KMR, Q2 = min(Q2,,¢?) 0.20-10% | 0.52- 10
KMR skewed gluon Ttot [Mb] | Oor [b]
0.5GeV? < Q2. GJROSNLO R, =10 | Ry(z,Q?)
CDHIL, Q2 = (Q2, + ¢°)/2. 0.46 - 10° | 1.57-10°
KMR, Q2 = V@2, - ¢® 0.64-10° | 2.1-10°
KMR, Q% = min(Q?,,¢?) 0.34-10° | 1.1-10°
KMR skewed gluon Ttot [Mb] | o [1b]
0.4GeV? < @2,  GRV94NLO R,=1.0 | R,(z,Q%)
CDHIL, Q2 = (Q2, + ¢°)/2. 1.88-10° | 9.02- 10°
KMR, Q% = /Q2, - ¢° 3.03-10% | 13.4-10°%
KMR, Q% = min(Q?,,¢%),0.4GeV* < Q?, | 1.4-10® | 6.1-103
KMR, @2 = min(QZ,,¢2),0.8GeV? < Q2. | 0.75-10° | 3.9.10°
PST skewed gluon Ttot [1b] -
PST prescription, GBW 0.44 - 10° -
PST prescription, RS 0.52-10° -
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Figure 5.3: Distribution in x. (left plot) and n. (right plot) rapidity with exposition
of dynamic behavior of the skewedness correction R,, see the bottom inlays.
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Figure 5.4: Distribution in x.o (left plot) and 1. (right plot) transverse momentum.
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5.2 Differential distributions and total cross sections: numerical results

Table 5.2: Total cross section for n. at /s = 13TeV with R, = 1.0 and R, according
to Eq. (5.11). The light-cone form factor for the gg — n.(1S) coupling was obtained

through the power-law potential.

KMR skewed gluon Otot [Mb] | 0o D]
0.8GeV? < Q2. . JRI4NLO R,=1.0 | Ry(z,Q?%)
CDHI, Q% = (Q%, +¢%)/2. 1.1 2.4
KMR, Q2 =/Q%, - & 0.39 1.2
KMR, @% = min(Q3,,¢%) 0.13 0.25
KMR skewed gluon Ttot [Mb] | 0oy [nb]
0.5GeV? < @Q?%. . GJROSNLO R,=1.0 | Ry(z,Q?%)
CDHI, Q1 = (Q3, +q7)/2. 2.2 5.6
KMR, Q2 =/Q2%, - ¢ 0.52 2.1
KMR, Q% = min(Q?,,¢%),0.5GeV? < Q2% . 0.44 1.3
KMR, Q% = min(Q3?,,4¢%),0.8GeV* < @2, | 0.22 0.45
KMR skewed gluon Ttot [Mb] | 0o D]
0.4GeV? < Q2% . GRV94ANLO R,=1.0 | Ry(z,Q?)
CDHI, Q2 = (Q2%, +¢%)/2. 1.2-102 | 7.8-10°
KMR, Q% = /Q2%, - ¢ 2.2 1.3-10°%
KMR, Q% =min(Q3,,42),0.4GeV? < Q2. 2.8 1.0- 10!
KMR, Q% = min(Q?2,,4%),0.8GeV* < @2, | 1.25 2.9
PST skewed gluon Ttot [1b] -
PST, GBW 1.9 -
PST, RS 4.1

minimum option (Eq. (5.12), KMR~min) and another time employing the BPSS op-
tion Eq. (5.13) and using T, (see Eq. (5.14)). The results for x. and 7. are
completely different. We found one maximum in the middle of the y.o distribution,
which can be related to the back-to-back kinematic situation, whereas in 7, distribu-
tion, two maxima can be found. The exact positions of the maxima clearly depend
on the choice of the skewed gluon. In this context, experimental verification of the
model would be appreciated. Moreover, in the pp — pn.p process, the distribution
at ¢ = {0°,180°,360°} vanishes.

Supplemental figures to our analysis are distributions in four-momenta squared
transferred in the proton lines. In Fig. 5.6, we present two dimensional distributions
founded for the KMR off-diagonal gluon with the Durham minimum prescription
(Q* = min(¢?,Q3,)) in the left histogram and in the right histogram the KMR
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Figure 5.5: Distribution in relative angle ¢ of out-going intact protons at \/s =
13 TeV including skewedness corrections. In the left panel for the reaction pp —
D Xeo P, while in the right panel for pp — pn.p. No absorption corrections are in-
cluded.

off-diagonal gluon with the BPSS prescription ( 2 = \/M) for x.o. The left
histogram in Fig. 5.7 represents result for the CDHI off-diagonal gluon and the right
the two-dimensional plot presents distribution for the PST off-diagonal prescription
with GBW diagonal gluon distribution as an input. The shapes of the obtained
results are discernible stable under the change of the off-diagonal model. For clarity,
no absorption corrections are considered here.

In Fig. 5.8 and Fig. 5.9, we illustrate similar results for 7. CEP process. The only
result obtained from the BPSS prescription has different shape than another variant
of skewed gluons. Note that y. histograms differ in the pattern in comparison to

Tle-
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5.2 Differential distributions and total cross sections: numerical results

X, 5 =13 TeV do/t g, (nb/GeV) X, V5 =13 TeV cofdt ct, (nb/Ge V")

104

Figure 5.6: Distribution in t; X ty for the Durham minimum prescription (left
plot) and the BPSS geometrical average prescription (right plot) calculated with the
GJROSNLO gluon distribution function for x. for /s = 13TeV. No absorption

corrections are included.
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Figure 5.7: Distribution in t; X ty for the CDHI prescriptions (left plot) calculated
with the GJROSNLO gluon distribution function and for the PST off-diagonal UGD
computed with the diagonal GBW UGD (right plot) for x.o for /s = 13TeV. No
absorption corrections are included.
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Figure 5.8: Distribution in t1 X to for the Durham minimum prescription (left plot)
and the BPSS geometric average prescription (right plot) with the GJROSNLO gluon
distribution function for n. CEP for \/s = 13TeV. No absorption corrections are
included.
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Figure 5.9: Distribution in ty X ty for the CDHI with the GJROSNLO gluon dis-
tribution function (left plot)and for the PST off-diagonal UGD computed with the
diagonal GBW UGD (right plot) for n. CEP for /s = 13TeV. No absorption
corrections are included.
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5.2.1 Absorptive correction

5.2.1 Absorptive correction

Central exclusive processes involved hadrons or ions are exposed to absorptive cor-
rections, also known as survival probability or re-scattering effects. The majority of
reactions, which populate the gaps or change the shape of the exclusive distribution,
originate from the spectator partons of the colliding hadron/ions [159]. This issue
is still under consideration and challenges perturbative QCD physics. The wealthy
literature exists with a variety of approaches. Some theoretical groups relate the
gap survival probability to the influence of the multiparton interactions on the final
state [160, 16]. Within this approach it was possible to investigate dependence of
the gap survival factors on different kinematic variables. If the rapidity gap sur-
vival probability is only a constant factor dependent on the c.m.s. energy. Another
concept is based on soft multi-IP exchanges [161, 162, 163]. While another way to
incorporate absorptive effect is to compute absorptive corrections dynamically at
the scattering amplitude level in the dipole picture [145, 146, 142] or the Born term
with absorptive correction in the amplitude [164, 165].

To estimate the effect of absorptive corrections, it is convenient to introduce

quantum-mechanical picture at the amplitude level, where absorption has simple

interpretation.
®(p1)
IP .
v ) l P11 i Y —vy IP
Y P1, P2
?s i =
IP T—Pu i Y IP
] ] P2
®(p2)

Figure 5.10: The scheme of the absorption to Born level amplitude with specific
kinematics.

Regarding the so-called elastic re-scattering case the amplitude takes the form

-A(Y; yyﬁu,ﬁu) = A(O)(Y7 y;ﬁuyﬁu) - (Vl(Y; y?ﬁlJJﬁﬂ_) ) (5-19)
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where p1,, po, are the transverse momenta of outgoing protons, see 5.10 and the
rapidity difference between the incoming proton beams is Y = log(s/m2) at c.m.s.-
energy /s and the cm-rapidity of the produced meson y.o, J£¢ = 0%+ or 7, J'¢ =
0~ is denoted as y.

The Born term of the amplitude (Eq. 5.19) in a double-Regge scheme can be

formulated as follows

AV y, 511, par) = is@i(pi) Rp (Y — v, 5i1”)
X V(P po1) Rpp(y, 521 %) @a(pr) . (5.20)

where V(p1 1,721 ) is the IPIP — Q vertex and Rpp(y,p?%) stands for the Pomeron
Regge-propagator and for definiteness, we assume that

©1,2(ﬁ1,2L) = ch,Q(O) €xp < - %BDﬁ,zf) ) (5-21)

without loss of further generality we can take ®;5(0) = 1. The absorptive correction

term is found as
a2k,
2(2m)?

OAY,y, Pi1,P21) = / T(s, EL)A(O)(Y, Y, Prs + ki, oy — EJ_) ,  (522)
with the elastic ansatz T(s, k. ) = 0% (s) exp (— %Bel(s)l;i) As an elastic pp — pp
integrated cross-section we adopt ote, = (110.6 & 3.4) mb and the nuclear slope is
taken to be B = (20.36 £0.19) GeV 2, which are values founded experimentally in
Ref. [166] at /s = 13TeV. The IPIP fusion vertex to Q, in the case spinless meson
Q, can be expanded in Fourier series:

V(P p21) = %(ﬁ1L27ﬁ2L2) + Z (Vn+(ﬁ1¢2717u2) cos(ng)

n>1
Ve (1 o) sin(ng) ) (5.23)

Note that for the scalar meson 0 all terms containing sin(n¢) do vanish, while
for the pseudoscalar 0%~ terms with cos(n¢) and V do not contribute. Let us keep
only the first terms up to n = 1. Therefore, a useful first ansatz could be:

scalar 0V : VFE(pi,por) = Vo + Vit (P1L - pat)
V'l-&-
BpVo

= %(1 + TBD(ﬁlL . ﬁQL)) with T = (524)
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5.2.1 Absorptive correction

pseudoscalar 07 : V(i par) = Vi - [Pro,Pad]- (5.25)

To simplify the problem further, let us focus on the central rapidity region, in
particular at the fixed point for meson rapidity y = 0 and recapitulate the normal-
ization of our amplitude

1
2567582

Subsequently, with the help of the vertices in Eq. (5.25), the differential distribution

in transverse momentum of the mesons at the Born level can be parameterized as

do \AY, y, P11, Por ) Pdyd®py L d*Pay d* Py 6> (PL 4+ piL +p21). (5.26)

follows

doSt exp[— % Bppi Vg 1 2

—=an = 1—7(1—- =B 5.27
dydp? ly=o 51273 Bp { (1= 3Bop1) (5.27)

72 1 o 1oy
+5 (L= 3800t + 5Bt )}

da}?’; (‘/17)2 pi 1 2

—=n = —— —=B . 5.28
dydp? ly—o 51275 a3 OPl2 Borl] (5.28)

The calculation of the absorption correction needs some loop integral evaluation

L &k . .
SA(Y,0,p11,pa1) = / 2(2—7:)2 T(s,ky)exp ( — %Bp(pu + kl)2>
X exp < — 3Bp(pay — EJ_)2> V(i + ki, Pos — K1)

2—)
= eXp ( — 3 Bp(pi” +ﬁ2J_2)> X /ﬂ exp ( — 3(Ba(s) + 2313)153)
2 2(27)? 2

X exXp < — BDEJ_ . (ﬁlj_ —ﬁQL))Uf&(S) V(ﬁlj_ + I;J_,ﬁgj_ — EJ_) . (529)

The following dimensionless quantities control the strength of absorptive corrections
and are collected in Tab. 5.3 Tab. 5.4 for x. and 7., respectively:

Uﬁi(S) Bp

(Bals) 285 ™ 7= Bl 128y (5.30)

Gabs =

Finally, the absorptive corrections are obtained through formulas below

L L » 1 . .
(5-AO+(Y, OJHLPQL) = Jabs Vo €XP ( - %BD(JUu2 +pu2)> exXp <§BBD(p1J_ —pu)2>

X {1 + B(1+ B)TBp(pr1” + Par®) + (Pru 'ﬁu)TBD(l —2B8(1+ B))} , (5:31)

121
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Table 5.3: Vo and T at midrapidity of x.o, for several prescriptions for off-diagonal
UGDs.

Xc0 Vo T Bp gabs | B | Ototly=0 | oily=0 | Si—o
[v/nb/GeV?| [GeV 2] [nb] [nb]

KMR —2167 —0.11 4.5 0.77 | 0.15 29 3.7 0.13

BPSS —3118 —0.135 4.5 0.77 | 0.15 61 8.0 0.13

CDHI —2985 —0.135 4.5 0.76 | 0.15 42 7.5 0.18

GBW —2062 —0.31 5.7 0.71 | 0.18 17 3.7 0.21

RS —2381 —0.28 5.9 0.70 | 0.18 21 4.5 0.21

Table 5.4: An example of Vi wvalues at midrapidity of n. in the CEP process, for
several prescriptions for off-diagonal UGDs.

Ne ‘/1_ BD Jabs 5 Otot ’y:O O-ta(])qcs |y:0 35:0
[v/nb/GeV?] | [GeV 2] [nb] [nb]

KMR 1015. 4.7 0.76 [ 0.16 | 1.3 x 1071 | 3.0 x 1072 | 0.29

BPSS 1490. 7.0 0.66 | 0.20 | 5.8 x 1072 | 2.2 x 1072 | 0.38

CDHI 651. 3.5 0.810.13 | 1.8 x 107! | 4.0x 1072 | 0.22

GBW 194. 3.4 083012 1.8x1072]39x 1072 | 0.21

RS 400. 3.2 0.84 {012 9.0x1072]19x 1073 | 0.21

5‘/4'07 (Ya Oaﬁll_>ﬁ2l) = (1 - B)Qabs‘/li €xp ( - %BD(ﬁIJ_2 + ﬁ2l2)>
1 . . L S
X exp <§BBD(p1J_ - pu)Q) X [Pr1,P21](1 — B) (1 — BBp(p11 'p2¢)> . (5.32)

In Tab. 5.3 and Tab. 5.4 we show the fitted parameters to our Born level cross-section
Vo, Vi, Bp and on this base we construct amplitude with incorporated absorption
SA% or 6A%. Further the gap survival probability is defined as

do/dy

2= w0 (5.33)
dUBorn/dy

y=0

We observe that the gap survival probability in the case of x.(0) is placed in the
range 13% — 21%, whereas for 7. we found 21% — 38%, depending on the off-diagonal
gluon treatment.

In this analysis, we focus only on the elastic re-scattering effect. The com-

monly used multichannel models encoded eventual diffractively initiated interme-
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5.3 Remarks and outlook

diate states are designed for purely soft diffraction. In the process, which we put

under consideration, we faced semi-hard gluon exchanges, see Fig. 5.1.

5.3 Remarks and outlook

Now, we can assemble our results obtained from inclusive prompt production in
proton-proton collision with centrally exclusively produced x. (1P) and 7. (1S). Due
to the fact that 7. is a pseudoscalar meson, we expect that exclusive production is
suppressed according to JI'¢ selection rule in the strictly forward limit.

In Fig. 5.11, we reveal the rapidity differential cross sections for the previously
discussed off-diagonal gluons inspired by the dipole approach and the ones based
on the Durham model. The findings for y. (on the Lh.s.) and 7. (on the r.h.s)
CEP are contrasted to inclusively produced mesons obtained in the £ -factorization
approach. In the 7. case, we observe that distribution obtained through the PST
prescription, which encodes dipole gluon model (GBW or RS), has a similar pattern

as inclusive production.
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Figure 5.11: Comparison of the distribution from inclusive prompt and exclusive
central reaction without absorption correction. The gap survival probability is not
incorporated.

A measurement of the cross-section of pp — pn.p would be of great value to

check our approach. Here we did not consider other possible ”almost exclusive”
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channels of production such as vyIP — J/¢¥ — 7.y with an unregistered soft photon
in the final state. Rough order of magnitude estimates suggests that this process is
small. A more substantial contribution could come from the vy — 7. process in pp
collisions.

It would be interesting to evaluate signal to background ratio in the context of
future experiments. Recently, Lebiedowicz et al. [167] have computed the pp —
pppp continuum production. Moreover, the STAR research group at the Relativistic
Heavy Ion Collider has found the first evidence [134] of exclusively produced pp
pairs. The reaction involving photons pp — ppy~ in the final state could be more
noteworthy in the context of measuring exclusively produced 7.
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Chapter 6

Summary and Outlook

The physics behind the production of quarkonia is still regarded to have many open
problems. Therefore, we put under investigation several charmonium and bottomo-
nium production mechanisms induced by gluons or photons. We have specified
the reactions and kinematic regions, where the discussed mechanisms could make a
significant contribution.

In the beginning, we have studied the additional gluon emission associated to
XesXes pair production. For instance, this process is relevant in the context of
J/1J /1 pair production as one of feed down mechanisms. However, an extra gluon
emission as a leading jet is also one of the proposed processes to be observed at
the LHC and is interesting by itself. We have found that in the collinear approach
at leading order the gg — Xc.sXcs process results in smaller cross-sections than the
ones obtained from the k -factorization approach. We expect that the inclusion of
two real gluon contributions in collinear approximation will lead to enhancement
of the distributions, especially in the case of x.Xx. production. Another conclu-
sion arising from this analysis, which affects our further research plans, is that in
the applied color singlet approximation of the NRQCD model the results crucially
depend on the radial part of the wave functions or their derivatives at the origin.
These phenomenological parameters can be obtained in two ways: either through
their relation to radiative decay rate or through phenomenological potential models
of QQ interactions suited to describe the meson mass spectra.

In the k| -factorization approach a crucial element are the so-called off-shell ma-
trix elements, What now, if we decompose matrix elements into transition form
factors and investigate the situation, where the whole structure of the wave func-
tion takes part in the composition of these form factors? In particular, we have
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paid attention to space-like transition form factors induced by photons and their
relation to gluon-gluon-meson transition form factors at the lowest perturbative or-
der. We have derived a master formula for the transition form factors in terms of
light-cone wave function of the pseudoscalar mesons 7.(1S), 7.(2S) as well scalar
X0, Xoo- Additionally, in the case of 7., we have studied the relation to the so-called
decay constant f, and distributions amplitudes. We have found that all considered
potential models’ results agree with the experimental value within the error range.

We have performed a thorough analysis of the form factors with our adopted
color singlet approach and compared our results with a computation in the strict
non-relativistic limit.

For each potential model of QQ interaction, we have computed values of the
transverse form factor at the on-shell point Frr(0,0), the radiative decay rate and
the corresponding radial part of the wave at the origin or their first derivative.
We have compared the normalized light-cone transition v*y — 7. (1S) form factor
Frr(Q?,0)/Frr(0,0) with current BABAR data with a rather satisfactory agree-
ment for the power-like and oscillator potential model. We have presented the
predicted shapes of the Frr(Q?% 0)/Frr(0,0) for x, and xu. Our results differ in
shapes according to the applied potential model. We have noticed that a crucial pa-
rameter in the light-cone form factor is the employed quark mass. We have collected
three results: for 7., Y. and xp. The normalized form factor Frr(Q? 0)/Frr(0,0)
in the case of 4 turned out to have almost linear behaviour as a ) function. This
feature can be related to the non-relativistic nature of the bb bound state.

In addition, we have analyzed the distribution amplitudes in the case of 7.(1S)
and 7.(2S). We have observed the expected symmetry under exchange z <> (1 — 2)
and have studied the dependence of the DA on the light-cone wave function. We
have found that the so-called Brodsky-Lepage limit of Q*F(Q?0) is unattainable
in our approach at virtualities Q% ~ 400 GeV?.

We have then proposed to apply our light-cone form factors to hadron-hadron
scattering in k| -factorization approach. We have examined four sets of unintegrated
gluon distribution functions: KMR/KMRW MMHT2014NLO, JH2013 set2, as well
as K.Kutak’s solutions of linear and non-linear small-z evolution equations. In
particular, we have taken under investigation the asymmetric “forward” kinematical
region 2.5 < yg < 4 and pr > 6.5 GeV of the produced meson. We have shown that
the fusing gluons are well separated in the carried proton longitudinal momentum
fraction 21 and z5. In the case of the 7.(1S) prompt hadronic production, we have
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found relatively good agreement with experimental data at /s = 7TeV and /s =
8 TeV center of mass energy. However, at /s = 13 TeV our predictions undershoot
the data.

In chapter 5, we have investigated the central exclusive production mechanism of
charmonium in which our adopted color-singlet vertex could find another justified
application. We have found that the exclusively produced 7.(1S) is dramatically
suppressed in comparison to inclusive production. We have also estimated and
discussed the effect of the absorptive corrections, which we found to be about 13% —
21% for x. production and 21% — 38% in the case of 7.(1S) production.

Our master formula 3.60 derived in this thesis is presented in an universal form
and can be treated as a tool to investigate heavy Q@ bound states. It is in fact
valid for C-even states of any spin. In this thesis, we have considered transitions
~v*v* into scalar and pseudoscalar mesons. Our master formula can likewise be used
to obtain the three, respectively five independent form factors for spin-1 and spin-2
mesons.

In our approach, we have applied the light-cone wave function constructed on
the basis of solutions of the Schrodinger equation. We have used the Terentev pre-
scription to transition to the light-cone wave functions. Nevertheless, the light-cone
wave function can also be directly found as a solution of a light-cone Hamiltonian
[168] or deriving an effective Hamiltonian problem [169] using renormalization group
methods. It would be interesting to study the impact of these recent developments
in the future.

It would be an intriguing perspective in the context of the Belle II experiment
to search the transition form factors in terms of the photon virtualities Q3 , Q3. Tt
would be interesting to study also the transition form factors of the light mesons

such as 7 or p.
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Appendix A

The radial part of the wave
function as a solution

of the Schrodinger equation

A.1 Radial WF in configuration and momentum

space

Here we briefly summarize some main facts about the potential model description
of Quarkonia. Some more details can be found in the appendix of Ref. [170]).

The Schrodinger equation is solved in the bound state rest frame.

We assume that the potential is central, i.e. it only depends on the distance

r = |r] between quark and antiquark:

_Q

(;’L + V(1)) B nlm) = E|E,nlm). (A1)
1

Here = mg/2 is the reduced mass, my is the mass of the quark, and we denote by n

the principal quantum number, and [, m the standard angular momentum quantum

numbers. The wave function (WF) in configuration space decomposes into a radial
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A. THE RADIAL PART OF THE WAVE FUNCTION AS A
SOLUTION OF THE SCHRODINGER EQUATION

and angular momentum part:

Uy (1)

<7?|E7 nlm) = \Ijnlm(f‘) = Rnl(r»/lm(f) - }/lm(f)a <A2)

with 7 = 7/r and the well-known spherical harmonics Y},,(7), see for example a
textbook on quantum mechanics, like [171].

After the standard separation of angular and radial variables, the Schrodinger
equation for the radial WF reads

82757;[2(” = (Veﬁc(r) — e) Ut (1) (A-3)

with

I(1+1)

r2

%ff(?“) = TI’LQV(T) + 5 € =1Mmgq E. <A4)

The WF is normalized as
2
/ PF[ ()] =1, (A.5)
so that

/OO r2drR2,(r) = /000 dru?,(r) = 1. (A.6)

0

The momentum space wave function can also be decomposed into “radial” and

angular part

(PIE, i) = Dot () = $a(p)Yim () = “”;(p) Vi 7). (A7)

It can be obtained by the Fourier-transform

A7 .
W exp(—ipr) Wom (7). (A.8)

V() = [ &7 A nim) =

and is normalized as

/ d%‘xlfnlm(mf —1, (A.9)
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A.1 Radial WF in configuration and momentum space

Let us calculate the Fourier-transform, to obtain ¢,,; in terms of R,;. To this end,

we use the decomposition

exp(—ipF) = Y i'(2+ 1)ji(pr) Pi(p7)
l

= 4wy Y pr)Yim(B)Y;, (F):

(A.10)

Then we get

dn(p) = %/Omr drj(pr)R \/7/ r2drj(pr)Ru(r), (A.11)

or, equivalently
1 12 [T 4
Uni (D) :ZZ\E / dr prji(pr) uu(r) . (A.12)
0

In our calculations we often need the radial wave function at the origin (for s-wave
states), or its first derivative at the origin (for p-wave states). Let us express the
radial WF at the origin (or its derivative) as an integral over the momentum-space
WE. The inverse relation to Eq. (A.11)

Ry(r) =i \/7/ P*dpji(pr)dn(p)- (A.13)

For the S — wave state, [ = 0, we obtain then, using

Jo(z) =

the expression for the radial WF at the origin

f/ p2dp ¢no(p) \/7/ pdp tno(p (A.15)

For the derivative of the radial WF at the origin, we get

W) _ it 2 [ panitor)onto) (A.16)

For the P — wave, the derivative of the radial WF' at the origin is nonvanishing and

\/7 / dpp’ pn1 (p) = z\/7 / dpp*un: (p (A.17)

sinx

,Jo(0) =1, (A.14)

can be written as:

aRnl
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A. THE RADIAL PART OF THE WAVE FUNCTION AS A
SOLUTION OF THE SCHRODINGER EQUATION

A.2 Models for the QQ-potential

Here, several models for the interaction QQ potential, V' (r) chosen for our analysis

are described.

e Harmonic oscillator:

1
Vi(r) = 1M wir? (A.18)

where for charmonia it was taken w = 0.42 GeV, m. = 1.4 GeV, and bottomo-
nia w = 0.396 GeV, m;, = 4.2 GeV . An analytic solution of the the Schrédinger
equation (A.3) has straightforward form for the 1.5 state

2a°/2 1,

u(r) = T exp {—éa 7“2} , (A.19)

here a = \/(mg/2)w and for the 1P state
2 2a%/? 1,
u(r)=ra \/;—W1/4 rexp {—ia r } g (A.20)

which is a Gaussian-like shape of the wave function.

e Cornell potential [172, 173, 174]:

V(r) = —é + L k=052, a=234GeV ', (A.21)

)
a2

the charm and the beauty quark mass is fixed respectively to m. = 1.84 GeV
and my = 5.17 GeV.

e Logarithmic potential [175]:
V(r) = —0.6635GeV + (0.733 GeV) log(r - 1 GeV), (A.22)
with m, = 1.5 GeV and m; = 5.0 GeV.
e Effective power-law potential [176, 177]:
V(r) = —6.41GeV + (6.08 GeV) (r - 1 GeV)* 1 (A.23)

adopted m, = 1.334 GeV [178].

'Here we correct typo in Ref. [7].
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A.2 Models for the QQ-potential

e Buchmiiller-Tye (BT) potential [179]:

Vo {%—3—’;”(?’”), r > 0.01fm
r)= 167 1 53 1 462 Inlnw(r)
725 rInw(r) <1 + 2(7E + %> nw(r) ~— 625 Inw(r) ) » TS OOlfm?
(A.24)

where the Euler constant is v = 0.5772, while the function v(z) is known

numerically from Ref. [179]. The remaining constants are taken as

1

~ N2 .27
MisT

Avs = 0.509GeV, k=0.153GeV?, X\ =0.406GeV.
(A.25)

w(r)

Here, the charm quark mass is taken as m, = 1.48 GeV and the beauty quark
mass my = 4.87GeV. The characteristic feature of BT potential is that at
r around 0 has behaviour as Coulomb potential, whereas a string-like shape
occurs at large r. Moreover, the main difference between the Cornell and the

B-T potentials appears at small r.
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Appendix B

Canonical and light-cone spinors,

the Melosh transformation

B.1 Particle spinors

The positive energy solutions of the free Dirac equations are the spinors (or four-

spinors) u(p, o):
(p —m)u(p,o) =0, (B.1)
where p = p#v,. The four-momentum p,, fulfills the mass-shell condition
pup = E*—p° =m?, (B.2)
and o is a polarization label. The y-matrices fulfill

{’ylm /YV} = YuTv + YV = 29;w . (B?))

An explicit representation of the 4 x 4 matrices v, is

1 0 0 g;

with the 2 x 2 Pauli matrices

N I L IO A 5
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B. CANONICAL AND LIGHT-CONE SPINORS, THE MELOSH
TRANSFORMATION

One often uses spinors of the form

o
ulpo) =VETm | v | (B.6)
E+m>°

Here &, is a two-component Pauli-spinor. The polarization label o take values +1,
and its significance is the following: in the rest frame of the particle, i.e. for p'= 0,
the z-projection of the canonical spin operator is S, = /2.

Different choices of spinors are in use, and can make calculations more trans-
parent. For example in high energy physics it is common to use spinors which are
not eigenstates of the canonical spin operator, but of the so-called helicity operator
ap/|p]. Here we use still another form, which in somesense interpolates between
canonical spin states and helicity states. These are the light-cone spinors, which

form was given by Lepage and Brodsky in [67]. They read explicitly:

uso(p. ) =~ (Vapy + B+ )i (B.7)
\/§P+

Here /2 is the light-cone helicity, and

B=,a=p57. (B.8)

The momentum-independent basis spinors uy, A = £1, read

1 0
B 1 0 N 1 1
U1 = E 1] 4= E o | (B.9)
0 -1
which can be summarized as
<~ X

Where x, are two—component spinors. From the general theory of the Lorentz-
group one can show, that spinors &, and y, are related by a (momentum-dependent)
rotation, the so-called Melosh-Wigner transform. We can give the explicit form of

the 2 x 2 rotation matrix simply by comparing canonical and light-cone spinors.

136



B.2 Antiparticle spinors

We start by writing out Eq. B.22 as

1 V2ps +m op
e - (A ) ()
22, DL D+ A
1 ((Vaperme 3500 -
J2vap, \ (5L + (V2 — m)di) xa
Let us now introduce the matrix
L N 2p m (GP)(ER) V2p +m+ (65L) (57
Rp.,71) = P+ (dp1)(a7) _ V4p+ (opL)(7) ’ (B.12)
\/2\/§p+(E +m) \/(ﬂp+ +m)?+ P
and, using that (65 )(F7) = —(&7)(FFL) one can immediately see, that R(p., 7 )
is unitary
R(p-ﬁﬂﬁl)}%j-(p-&-:pl) =1. (B13)
One also easily convinces oneself, that
&P - . apL + (V2py —m)ai
E+mR(p+,pi) == ( - ) 5 (B.14)
\/2\/§Z9+(E +m)
so that we can write
-R —
urc(p,\) =vVE+m| z (]2+7pLZXA ; (B.15)
o B0+, 7)) X
Thus, the light-cone spinors x, are related to canonical spinors &, by
& = R+ 70)| o (B.16)
B.2 Antiparticle spinors
The antiparticle spinors (negative energy solutions fulfill
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B. CANONICAL AND LIGHT-CONE SPINORS, THE MELOSH
TRANSFORMATION

They are related to the particle spinors by the charge conjugation operation C":
v(p,0) = Ci' (p,0). (B.18)
The operator C' can be written as

C =niyao, (B.19)

where 7 is an arbitrary phase, so that

v(p, o) = nivau’(p,o). (B.20)

We follow Brodsky and Lepage and choose the phase n = —1. Then, applying the
charge conjugation to spinors (B.6), the canonical antiparticle spinors are obtained
as:
(—iog) 2265 2oy}
v(p,o) =vVE+m S Etm =VE+m| Etm - : (B.21)
028, o2&,
Here we did use the identity 096*09 = —&. The light-cone Brodsky-Lepage antipar-

ticle spinors are

- 1
VLc (p7 /\) =
\/§p+

(\/§p+ —Bm+a- p1>@; , (B.22)

with 05 = —iyuy:
vy = <(07;<3;;§X§) . (B.23)
We can write the antiparticle spinor more explicitly:
1 <\/§p+ -m  GpL ) ((6ﬁ) @‘OQX;>
2v2p opL V2pi +m 102X5
1 <(\/§p+ — m)on + 5ﬁ> 172X

v, \ (189067 + V3 +m) ion;

From here, we can read off the Melosh-transform for the antiparticle spinor as

vLc (p7 5‘) =

(B.24)

1098, = ﬁ(m,pl)iazx’i = &= (—iUz)R(P+7ﬁL)i02X§ = R*(p4+,71)x5,(B.25)

which shows, that the antiparticle spinor transforms with the complex-conjugate

Melosh transform.
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B.3 Normalization and polarization sum of spinors

B.3 Normalization and polarization sum of spinors

Spinors are normalized in the following way ! :

a(p, N )yuu(p, N) = 2p, 0xn . 0(p, N)yuv(p, A) = 2p, Oxs (B.26)

This normalization implies, using the Dirac equation:

a(p, \u(p, \) = 2m oy, 0(p, \)v(p,\) = —2m x5 - (B.27)

We furthermore have the polarization sums

Y ulp Nap ) =p+m, Y vp,Nop.X) =p-m. (B.28)

A A

B.4 Kinematics for the two-body bound state

Here we briefly derive some relations used in the main text concerning the momenta
of @ and @ in the bound state. Let the invariant mass of the QQ system be M,

then we have in the c.m.-frame of the pair:

M M ] . (B.29)

Py = pou + pgu = (M, 0) = [E’E’O

Because for quarkonia, quark and antiquark are of equal mass mg, their four-

momenta are

Pou = (%,ﬁ) . Do = (g,—ﬁ) : (B.30)

From the on-shell condition pg, = mg, we derive

M 4m?
|[ﬂ:%./M2—4mg2:7ﬁ, with B =1/1— Mf. (B.31)

The z-component of p'is

M
P, = |p]cosf = ?6 cosf. (B.32)

Lwe skip the label LC, the normalization condition applies equally for LC and canonical spinors
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B. CANONICAL AND LIGHT-CONE SPINORS, THE MELOSH
TRANSFORMATION

The light-cone plus momentum of the quark is

M
pos — %7(1 + Beosh), (B.33)

and the frame-independent light-cone momentum fraction is

ZZ%Z%(I—FﬂCOSQ) < fcosh =2z—-1, (B.34)
+

and therefore
p. = %(22 —1). (B.35)
This gives the form of the three-momentum used in the Terentev substitution:
p= (L, (z—35)M). (B.36)

We stress again, that M is the invariant mass of the Q@Q-system, which is not equal
to the bound-state mass. In terms of LC variables z, p’| it can be calculated from

P 4m?

M 2(1—2)"

(B.37)

B.5 Parametrization of the Melosh transform

We wish to briefly bring the Melosh transform into the form used in the main text.
From Eq. (B.33), we find

1
P+ = EZM7 (B.38)

and hence

m+ =M —i& - (il X )

R(z,p)=R L) = B.39

(2.5 = Rlpor ) = H e (B.39)
Here we used the property of Pauli-matrices

(G-a@)G-b)y=a-b+ic-(axb). (B.40)
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Appendix C

Distribution amplitude

The distribution amplitude (DA) of a meson gives us a probability amplitude to find
a meson in a state composed out of two collinear partons, a quark and antiquark.
They share the light-cone momentum of the meson in fractions z,1 — z. From the
point of view of the light-front approach, the DA is a sort of projection of the
LC-WF, where the transverse momentum of (anti-)quarks is integrated out.

Let us briefly explain, how the DA can be calculated from the lowest Fock-state
LC-WF of a meson. We will restrict ourselves to the case of a pseudoscalar meson.

An operator definition of the (leading-twist) DA of the pseudoscalar meson,
described by the state vector |M(P)) is:

dz_ x_Py

fare(z) = o exp [ —i(2z—1) 5

[0 (5 )i (= 5) 1Py

L (c

.Z’+:ZCJ_

Here the constraint z, = 0,#, = 0, means that the quark and antiquark are
separated along the lightcone, i.e. = (0,2_,0,). The dimensionful constant f,
is the so-called meson decay constant, which is related to the matrix element of the

axial vector current as

FarPy = (0| AL (0)[M(P)) , with A,(0) = $(0)7,75(0) . (C.2)

Integrating Eq. (C.1) over z, and comparing to the plus-component of Eq. (C.2), we
obtain the normalization of the DA:

/0 dzp(z) =1. (C.3)
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C. DISTRIBUTION AMPLITUDE

In the LF quantization approach, fields at z, = 0 are free and can be expanded into

plane waves. The quark field operator can then be written as

— / —dk+d2]§l9(/€+) > (b(k;,A)u(k,A)e—iM +d' (k, Nv(k, )\)e“”)

4
k+ ]_67T3 Ty :%C )

Here u(k, \),v(k, \) are the spinors introduced in section App. B and b, d are the an-
nihilation/creation operators which allow us to build the Fock-states. For example,
the Fock state of a single quark @) is given by

[Qaky, k1)) = bl (k, A)]0) . (C.5)
All states are canonically normalized, i. e.
(Qu (K, K Qs KL)) = 2k (2m)°6 (K, — k)6 (ke — KL (C.6)
Now, the operator
. /T x
A == - = .
@ =05 (= 5)] (C7)
is a bilinear form in creation annihilation operators bf,d,.... For our application,

we only need the part containing quark and antiquark annihilation operators, which

will have nonvanishing matrix elements between vacuum and meson state:

B / dk, K, dk.dk
K, 1673 k. 1673

~

Ay ()

=)
w O N )yaysu(l, A) + . ) (C.8)

We now only need the expansion of the meson state — without loss of generality, we

(d(k:’, NYb(k, A) exp(—i(ky — K,)

1‘+:fj_:0

can choose ﬁL =0:
5 dud?l <
J “ U, 5 (u, 1)
VN, ) u(l —wu)l6m3 ™
X |Qio(uPy, NQL((1 — u) Py, —1)) . (C.9)

Then, sandwiching the operator of Eq. (C.8) between vacuum and the meson state

‘M;P+76L> = Z

i,j,O’&

and integrating over
/ dud?l’ K, d*K| dk,d*k,
u(l —u)1673 k! 1673 k1673
D {0ld (k' N)bk, N)|Qio (uPy, DQ((1 = w) Py, 1))
P
X Ok Ny sk, ) Wg s (u, 1) 206(ky — Ky + (1 —22)Py)  (C.10)
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The spinor matrix element is very simple:

Dk, Ny vsulk, A) = 24/Fi Ky ASy_x (C.11)

and after some algebra using standard rules of second quantization and renaming
integration variables, we obtain in the end:

fup(z) = 2¢/N., / \/%ms (qx+,(z,/a) _xy,+(z,EL)). (C.12)

Inserting the combination of helicity-dependent WFs from Eq. (3.19), we obtain

Juo(2) = mjl\;?{v_c 2(11— z)

/d%w(z, k). (C.13)
The meson decay constant is just the integral over z of the rhs:

mev/N. (1 dz
fur = Y,
s o 2(1—2)

/dQELw(z,/;l). (C.14)
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Appendix D

Light-cone variables and

Lorentz-transformations

In this appendix, we wish to collect some useful facts about Lorentz-transformations
acting on four momenta in the light-cone representation. They have been implic-
itly used in many formulas in the main text, and may help the reader to better
understand the frame-invariance of the light-cone approach to bound states.

For the purpose of this appendix, let us write the standard parametrization of

four-vectors as
a, = (aop, @) = (ag, az, ay, a,), (D.1)
while we denote the four-vector in terms of light-cone components as
a, = lay,a_,d, ] = [ay,a_, ayz,ayl, (D.2)
with ay = (ag % a.)/+v/2. The Lorentz-invariant product of four-vectors is
a-b:aobo—5~5:a+b,+a,b+—dl-li. (D.3)
We also often use the notation (below 7 = (0,0, 1)):
[, 0] = (@ x b))l = agh, — ayb, . (D.4)

Notice, that this antisymmetric product can also be written in terms of the totally

antisymmetric Levi-Civita symbol €., as

Epapnin” a®b® = [d,,b,]. (D.5)
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D. LIGHT-CONE VARIABLES AND
LORENTZ-TRANSFORMATIONS

D.1 Longitudinal boosts

The longitudinal boosts (boosts along the z-axis) act in a very simple way on light-

cone coordinates:
L(Tl) © [CLJ” a—, C_':J-] = [ena+7 e a_, al_] . (DG)

The boost parameter 1 has a straightforward interpretation. Namely the rapidity
y = 3log(as /a_) transforms as

y—y+n. (D.7)

D.2 Transverse boosts

Transverse boosts play a special role in the light-cone formalism, as they belong to
the so called kinematical subgroup of the Lorentz-group. They depend on two boost
parameters, collected in a transverse vector ¢, and act like

B(UJ-) © [a-i-? a_, C_L'J_] = [CL+, CI,/_, a:J_ + CL+’(7J_] . (D8)

The explicit form of the a’ component is not important for us. It is fixed by the

Lorentz-invariance of the inner product:
204 a_ — % =2a,a — (@, +a,v,)?, (D.9)
thus
a_»—>a’_:a_+cﬁ-zﬁ+%a+17f. (D.10)

As an example, let us apply the transverse boost to a two-particle QQ system. Let
us discuss a frame in which the bound QQ system has a vanishing total transverse
momentum. The four-momenta of quark and antiquark are

P = [zPJr?praEJ_]a

Pou = [(1 _Z)PJmefa_kJ_]v (Dll)
and

B, = pou +Pou = [Py, P_,0]. (D.12)
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D.2 Transverse boosts

If we want to boost P,, so that it’s transverse momentum becomes P |, ie.
[P+,P,,0]l—> [P+7P/—vﬁJ-]7 (D13>

we should use the boost parameter v, = P, /P,. Then, the transverse momentum
of the quark transforms as

—

— — P — —
ﬁQL:kLHkL+ZP+P—J—:]€L+ZPl, (D14)
+

while for the antiquark:
PoL = ki —ki+(1—2)P,. (D.15)
From these transformation rules, one can see, that the combination
(1= 2)poL — 2Po. (D.16)

is invariant under longitudinal and transverse boost. It is therefore frame-independent,

as any frame can be reached by a combination of longitudinal and transverse boosts.
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