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Abstract

The central theme of this dissertation is entanglement, its optical genera-
tion schemes and the ensuing causal aspects related to quantum foundations.
It is divided into two parts following the natural order of increasing general-
ity. The first part focuses on practical schemes of entanglement generation in
passive linear optical designs within the so-called no-touching paradigm. In
the second part, some fundamental topics are discussed related to the prob-
lem of post-selection in entanglement generation schemes, as well as the mean-
ing and quantitative assessment of the violation of Bell inequalities within the
causal approach.

The first part starts with an introduction to the concept of no-touching in
state generation protocols. We are interested in the following question: What
is the range of entangled states that can be obtained in such schemes? To illustrate
the generality of the proposal, we construct explicit protocols that generate an
arbitrary state of three qubits and a multipartite W state for an arbitrary num-
ber of qubits, which work for both bosons and fermions. We study efficiency
of these protocols and compare them with other proposals in the literature to
show the advantages of the no-touching designs.

In the second part, we turn to the famous Bell experiment, revisiting some
fundamental causal concepts behind it. We first observe that oftentimes en-
tanglement generating protocols (including the no-touching proposal) involve
post-selection which opens the door for a selection bias. Here, we give an illus-
trative example of the quantum three box paradox where all the mystery can
be merely explained as an effect of post-selection which is responsible for the
emergence of non-causal correlations. This leads to the question: Can those
protocols be actually used for conclusive tests of Bell inequalities in the presence of
post-selection? We formulate a simple criterion, the so-called all-but-one princi-
ple, which is proved to safeguard the causal conclusions from the violation of
Bell inequalities that are drawn using post-selected data. It is applicable to a
broad range of experimental protocols (including the no-touching proposal).

The second part ends with an unbiased discussion of the assumptions in
Bell experiments. We aim at the question: What is the causal cost of violation of
Bell inequalities, and hence how do the causal assumptions compare one to another?
Our figure of merit is the natural concept of the so-called fractional measure
which ask about the frequency of violation of a given assumption (that is, the
presence of certain causal arrows). We show that such defined measures of
locality and free choice are the same for Bell-type scenarios. Furthermore, we
explicitly calculate those measures for the standard bipartite, two-setting and
two-outcome Bell scenario. Remarkably, this result gives a simple and natural
quantitative interpretation of the amount of violation of the CHSH inequalities.
We also discuss in detail the case of quantum mechanical statistics.

All the results were published in five journal articles, which form a collec-
tion of papers submitted for the doctoral degree.



Streszczenie

Tematyka niniejszej rozprawy dotyczy splatania kwantowego, generowa-
nia stanéw w schematach optycznych oraz zagadnien zwiazanych z przyczy-
nowoscia w podstawach mechaniki kwantowej. Praca jest podzielona na dwie
czesci zgodnie z rosnaca ogolnoscia przedstawionych zagadnien. Pierwsza
czes$¢ koncentruje sie na praktycznych schematach generowania splatania w
pasywnych liniowych ukladach optycznych w ramach tak zwanego paradyg-
matu bez kontaktu. W drugiej czeéci zostaja oméwione wybrane zagadnienia
zwiazane z post-selekcjqg uzywana w schematach generowania stanéw splata-
nych, oraz znaczeniem i ilo§ciowa ocena tamania nieréwnosci Bella w ramach
podejscia przyczynowego.

Pierwsza cze$¢ rozprawy rozpoczyna sie wprowadzeniem do bezkontakto-
wych protokoléw generowania stanéw. Dyskusji zostaje poddane pytanie: Jaki
jest zakres standw splgtanych, ktéry mozna uzyska¢ w takich protokotach? Aby od-
powiedzie¢ na to pytanie, konstruujemy optyczne protokoly generujace do-
wolny stan trzech qubitéw oraz stany W dla dowolnej liczby qubitéw. Przed-
stawione schematy dziataja zar6wno dla bozonéw jak i fermionéw. Badamy
réwniez efektywnoé¢ tych protokotéw i poréwnujemy je z innymi znanymi
schematami w celu przeanalizowania zalet paradygmatu bez kontaku.

W drugiej czesci rozprawy analizujemy stynny eksperyment Bella, po-
wracajac do fundamentalnych probleméw zwiazanych z przyczynowoscia.
Przyczynkiem do tych rozwazan jest obserwacja, ze protokoty generowania
splatania (w tym réwniez schemat bez kontaktu) czesto opieraja sie o tzw. post-
selekcje, ktora moze prowadzi¢ do blednych konkluzji i wprowadzenia nad-
miarowych korelacji. Aby zilustrowaé problem, analizujemy przykiad kwan-
towego paradoksu trzech pudelek, w ktérym post-selekcja moze odpowiadac
za powstanie paradoksu przez wprowadzenie nieprzyczynowych korelacji.
Prowadzi to do pytania: Czy bezkontaktowe protokoty mogq by¢ wykorzystane do
konkluzywnych testéw nieréwnosci Bella w obecnosci post-selekcji? W odpowie-
dzi na tak zadane pytanie, formutujemy proste kryterium, tak zwana zasade
wszystko minus jeden i pokazujemy, ze potwierdza ona wiarygodnos$¢ wnio-
skéw wyciagnietych z famania nieréwnosci Bella nawet przy uzyciu danych
z post-selekcji. Zasada ta ma zastosowanie dla szerokiej gamy protokotéw
eksperymentalnych (w tym réwniez schematéw bez kontaktur).

Druga cze$¢ konczy sie dyskusja na temat zalozen eksperymentéw Bella.
Naszym celem jest pytanie: Jaki jest koszt tamania nieréwnosci Bella, oraz jak
poréwnac ich przyczynowe zatozenia? Uzywamy pojecia tzw. miar utamkowych,
ktére opisuja czestotliwos¢ naruszenia danego zalozenia. Pokazujemy, ze tak
zdefiniowane miary lokalnosci i wolnego wyboru dla eksperymentéw typu Bella
sa takie same. Dodatkowo, jawnie obliczamy wartosci tych miar dla standar-
dowego eksperymentu Bella z dwoma eksperymentatorami, dwoma ustawie-
niami aparatury i dwoma wynikami. Co ciekawe, ten rezultat daje prosta i
naturalng iloSciowa interpretacje stopnia tamania nieréwnosci CHSH. Oma-
wiamy réwniez szczegétowo przypadek statystyki w mechanice kwantowe;.

Wszystkie wyniki zostaly opublikowane w pieciu artykutach naukowych,
ktore stanowia zbidr prac przedtozonych w ramach niniejszej rozprawy.
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1 Introduction

Quantum entanglement is a new quality that is believed to be responsible for tech-
nological breakthroughs in the coming quantum information era. It has become
possible due to the departure from the classical description on the microscopic
level, which has consequences on the observed macroscopic level. This comes not
without tension with our most cherished intuitions about the world. In his sem-
inal work, John S. Bell pointed out that certain natural assumptions about how
cause-and-effect works on the fundamental level contradict quantum predictions.
Those results were later experimentally confirmed and recognised with the Nobel
Prize in Physics 2022 awarded to A. Aspect, J. F. Clauser and A. Zeilinger “for ex-
periments with entangled photons, establishing the violation of Bell inequalities
and pioneering quantum information science”.

My research interests in this thesis concern certain topics in quantum entangle-
ment and its consequences for the causal picture of the world. This is a theoretical
work motivated by both practical applications and fundamental questions. More
specifically, I am focused on the problem of

i) entanglement generation in passive linear optical designs (within the so-
called no-touching paradigm),

ii) its use for the purpose of fundamental tests, and

iii) the causal meaning of the observed violation of Bell inequalities.

Formally, my dissertation is a collection of the following five thematically con-
nected research articles:

[1] P. Blasiak, E. Borsuk and M. Markiewicz.
Arbitrary entanglement of three qubits via linear optics.
Scientific Reports (Nature) 12 21596 (2022).

[2] P. Blasiak, E. Borsuk, M. Markiewicz and Y.-S. Kim.
Efficient linear optical generation of a multipartite W state.
Physical Review A 104 023701 (2021).

[3] P. Blasiak and E. Borsuk.
Causal reappraisal of the quantum three-box paradox.
Physical Review A 105 012207 (2022).

[4] P. Blasiak, E. Borsuk, and M. Markiewicz.
On safe post-selection for Bell nonlocality: Causal diagram approach.

Quantum 5 575 (2021).

[5] P. Blasiak, E. M. Pothos, ]J. M. Yearsley, C. Gallus, and E. Borsuk.
Violations of locality and free choice are equivalent resources in Bell experi-
ments.
Proceedings of the National Academy of Sciences (PNAS) 118 €2020569118 (2021).



EurekAlert! (Press note May 2021):
We know the cost of free choice and locality - in physics and not only.

Those articles provide answers to three research problems tackled during my
Doctoral studies. Here is the skeleton of three research questions around which
this dissertation is built (following the natural order of increasing generality and
foundational interest).

Q1. What is the range of entangled states that can be generated in the no-touching
scenario? What is the efficiency of those protocols? See articles [1, 2].

Q2. Can those protocols be used for conclusive tests of Bell inequalities in the
presence of post-selection? See articles [3, 4].

Q3. What is the causal cost of violation of Bell inequalities, and hence how do
the causal assumptions compare one to another? See article [5].

In the following, I elaborate on those research problems and explain the results
obtained in the articles [1-5]. Accordingly, Section 2.1 gives a gentle introduction
to the no-touching state generation scenarios. In Section 2.2, I present two explicit
protocols illustrating the generality and practical utility of the proposed scheme
(answering Q1): the first one concerns the generation of an arbitrary state of three
qubits [1], the second one discusses the generation of the multipartite W state for
an arbitrary number of qubits [2]. Then I proceeded to the foundational questions
regarding entanglement. Section 3.1 sketches out the framework of Bell experi-
ments and gives a brief discussion of its causal implications. This raises the issue
of post-selection in entanglement generation schemes (explicitly present in the
no-touching scenarios), which is discussed in Section 3.2. In Section 3.2.1, I illus-
trate the warning of a selection bias by a careful causal analysis of the quantum
three-box paradox, where post-selection can explain paradoxical correlations in
the experiment [3]. In order to allay concerns of misinterpreting the violation of
Bell inequalities in the presence of post-selection, I describe in Section 3.2.2 the
so-called all-but-one principle [4], which protects the causal conclusions against
the selection bias (answering Qz). Finally, in Section 3.3, I approach the problem
of a quantitative comparison and explicit calculation of the cost of violation of
the locality and free choice assumptions in Bell inequalities, using the intuitive
concept called fractional measure [5] (answering Q3). Section 4 summarises all the
results.


https://eurekalert.org/pub_releases/2021-05/thni-wkt052021.php

2 Entanglement generation in the no-touching scenario

Entanglement is considered a novel resource in a number of quantum information
tasks [6]. To name a few, it is used to provide security in quantum cryptographic
protocols [7], speeds up quantum algorithms [8] or promises better performance
in quantum metrology [9]. With those practical applications comes a nagging
question of where those advantages come from and what this "new" quality, called
entanglement, tells us about the nature of reality [10-13]. This question belongs
to the vast domain of quantum foundations; see Section 3 for a brief discussion.

Since entanglement is a key quantum resource, both for practical applications
and fundamental research, it is essential to have it on demand in various forms.
The broader the range of entangled states and methods of their generation, the
better (so that they can be used for a particular task at hand). However, it is fair to
say that there is no systematic and practical methodology for generating arbitrary
entangled quantum states, be it multipartite or higher dimensional entanglement.
Each type of physical implementation of a qubit (photon polarisation, electronic
spin, dual-rail encoding, atomic energy levels, electric current, etc.) is subject to
its own generation and manipulation techniques. See Refs. [14-16] for a review of
modern optical methods of state generation. Typically one needs to resort to non-
linearities and/or post-selection. Another serious difficulty lies in the complexity
of the space of multiparticle states. It is instructive to compare the single particle
case [17] where all states are accessible by passive linear optical means, and the
multi-particle case where the state space splits into a continuous myriad of classes
under passive linear optical transformations [18] (wWhose complete classification is
currently beyond reach). Notably, some theoretical progress can be made in the
special case where it is known that the so-called stochastic local operations and
classical communication (SLOCCs) splits the state space of three qubits into two
classes of genuinely entangled states (of the GHZ-state and the W-state type) [19].

In the first part of my dissertation, I deal with entanglement generation schemes
called the no-touching scenarios. This method relies on the intrinsic indistinguisha-
bility of particles and quantum interference. It aims at the generation of multipar-
ticle entangled states using passive linear optics with post-selection. This method
has been recently proposed in Ref. [20] and originates in the seminal works of
Yurke-Stoler [21,22]. Section 2.1 briefly introduces the no-touching scenario and
gives two illustrative examples. It is natural to ask about the generality and ef-
ficiency of the proposed scheme. I worked out two nontrivial examples of state
generation. In Section 2.2.1, I describe the explicit no-touching scheme of gen-
erating an arbitrary state of three qubits, which works with constant efficiency
for any desired state (based on Ref. [1]). Then, in Section 2.2.2, I ask about the
performance of the no-touching scenario for an arbitrary number of qubits on the
prominent example of the multipartite W state and compare it with the best-
known protocols (based on Ref. [2]).



2.1 No-touching scenario: General scheme

The original idea derives from the proposal of the Yurke-Stoler interferometer [21],
where Bell states are produced in a no-touching way. Later, the authors developed
a more advanced protocol for generating the GHZ state for three particles [22].
In Ref. [20], the idea of Yurke-Stoler was revisited, and the general no-touching
protocol for entanglement generation was proposed. See also Refs. [23—26] for
some ideas along those lines.

The key idea behind the no-touching scenario is an observation that particles do
not have to touch (or meet) one another in order to create an entangled state. This
contradicts the common intuition that entanglement is generated due to some "in-
teraction" process, which requires particles to be present in the same location at
the same time (i.e., informally speaking, touch one another). From the dynamical
point of view, it boils down to the presence of mixing terms in the Hamiltonian
coupling the respective modes of the system (cf., the account of fundamental
interactions in particle physics or entanglement generation via spontaneous para-
metric down-conversion in quantum optics). This intuition also prevails in the
kinematical picture of quantum interference on a beam splitter, where bosons
show the bunching effect and fermions due to the Pauli exclusion principle show
the anti-bunching effect [14,27]. [Here, the correlation between the impinging
particles arises as a consequence of particle statistics and the commutation rela-
tions at the touching point]. So, the term "no-touching" refers to situations where
the particles do not touch/meet one another during the experimental protocol.

Here, we are interested in entanglement generation in (passive) linear optics.
That is, we consider a set of optical modes paths (or modes) forming a circuit
built of mirrors, phase shifters and beam splitters. The no-touching scenario starts
with a given number of independent particles injected in the input and asks for
a given type of entanglement generated at the output (typically in the so-called
dual-rail encoding). Those protocols are subject to certain constraints in design
(due to the no-touching requirement) and allow post-selection at the output. It is
essential that the particles used in the experiments be indistinguishable /identical,
i.e. they obey boson or fermion statistics.

The general setup for the no-touching protocol is presented in Fig. 1 (follow-
ing Ref. [20]). It consists of N optical paths grouped into K input subsystems
A1, ..., Ax and output subsystems By, ..., Bx. Let the paths in the respective sub-
systems be labelled as follows: Ay = {ix,ix+1,..} and By = {ji, jk +1,...} for
k=1,.,K, wherel <ij <ip <..<ig<Nand1l<j; <jp <..<jg<N. For
the purpose of entanglement encoding (dual-rail), within each output subsystem
By, we distinguish pairs of paths By := {ji, jx + 1} C Bi. The no-touching scenario
consists of the following five steps:

1. Injection of K independent particles into the system, where each subsystem
Ay receives a single particle in the optical path i.

2. Local unitary transformations Uj, ..., Ux on each subsystem Ay, ..., Ak.

3. Permutation of optical paths o € Sy.
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4. Local unitary transformations V7, ..., Vk on each subsystem Ayj, ..., Ag.

5. Post-selection on the presence of a single particle in each subsystem By, ..., Bg.

Single particles Local unitaries

Permutation

& local unitaries & post-selection

Ay

Ak § /

Figure 1: A general scheme of the no-touching scenario (following Ref. [20]). The
protocol starts with K independent particles injected into paths ji, ..., jx. Then, the
circuit implements a series of local unitary transformations Uy, ..., Uk, permuta-
tion of optical paths ¢ and local unitary transformations Vj, ..., V. At the end, the
system is post-selected on a single detection in each dual-rail qubit By, ..., Bg.

o e Sy

Schematically, this leads to the evolution of the system described as follows

t t
tlil... lll'K |0>
[ —"

dual-rail encoded

Uy, ... Uk o Vi, o, Vi post-sel. entangled statein
lencoded |, (1)
qubits By, ..., Bk

Kindependent
particles

. . . + u 1 .
where unitaries act on each mode independently a, — ), Uy 4;, permutation

switches the modes a,t — a;(k) and post-selection boils down to retaining in the
final expression only the terms with one-and-only-one creation operator in each
pair of modes By = {ji, jx + 1} forallk = 1,..., K.

Note that it has analogous structure to the Yurke-Stoler interferometer [21,22].
In the optical context, one can think of the paths as spatially separated modes. The
design can be implemented so that subsystems Ay, ..., Ax and By, ..., Bk are located
in separated space regions. In this sense, the unitaries Uj, ..., Ux and Vj, ..., Vx can
be seen as local transformations. Furthermore, the permutation ¢ can be arranged
in a way that the paths do not cross.



In the last step, target qubits are encoded in pairs of paths By = {ji, jx + 1}
Observe that post-selection on a single particle in each subsystem By, ..., Bk (i.e.,
events with exactly one particle present in each By) guarantees proper dual-rail
encoding of qubits. In quantum mechanics, the state of a qubit is described by a
superposition of two computational basis states. In the case of dual-rail encoded
qubit By, these basis states, denoted as | T¢) and | 1), correspond to the particle be-
ing present in the respective path ji and jx + 1. Thus, using the second-quantized
formalism of creation-annihilation operators, a general qubit state encoded in By

takes the form [¢), = a |T¢) + B |Lk) = (« a}rk + ,Bu}rkﬂ) |0), where |0) is the vacuum

and |T¢) = a}rk |0) (particle in path jx) and |lf) = a;'rkﬂ |0) (particle in path ji + 1).

We said that the no-touching scenario consists in coincident injection of K inde-
pendent particles which later on do not touch/meet with each other at any stage
of the experiment. One can wonder if the scheme presented in Fig. 1 really meets
this requirement. Indeed, in Steps 1, 2 and 3, the setup can be arranged so that
the particles do not cross their paths (subsystems Aj, ..., Ax can be spatially sep-
arated, and the permutation ¢ may keep the paths apart). The only place where
the particles can meet is Step 4, where the paths from different A’s merge in sub-
systems B’s. However, those cases are rejected by post-selection in the final Step
5, which rejects the events where the particles could have met in the same sub-
system By at the end. Hence, the term 'no-touching” applies to the cases selected
in the experiment.

Let us note that in this form the protocol is well-suited for multipartite Bell
tests, where the experiment ends by local measurements on each dual-rail qubit
By, ..., Bk. However, if those qubits are to be used for other complicated quan-
tum information tasks, one needs to ensure proper post-selection before they are
further processed. This can be implemented in Step 5 with non-demolition mea-
surements carried out on each qubit By, ..., Bg.

In Ref. [20], the no-touching scenario was proposed as a novel tool for entangle-
ment generation. It is advertised as demonstrating the utility of particle indistin-
guishability as a resource of entanglement for practical applications. Furthermore,
the proposal uses minimal resources to create entanglement: just passive linear
optics and no entanglement in the input (only K independent particles).

There are two natural questions about the proposed scheme. The first concerns
its generality and practical utility (due to inherent post-selection).

Q1. What is the range of entangled states that can be generated in the no-touching
scenario? What is the efficiency of those protocols?

The second question concerns the validity of conclusions drawn from Bell-type
experiments with post-selection (due to vulnerability to selection bias).

Q2. Can those protocols be used for conclusive tests of Bell inequalities in the presence
of post-selection?

Both questions are addressed in Section 2.2 and Section 3.2 respectively.
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To illustrate the general scheme of state generation described above, we end
this section with two simple examples rewriting the original Yurke-Stoler inter-
ferometric proposal [21,22].

2.1.1  Example: Generation of the Bell state

Let us consider the following maximally entangled two-qubit Bell state:

|Ber) = 7 (111) +144)), (2)

where {1, |} is a computational basis.

An optical scheme generating the Bell state Eq. (2) in the no-touching scenario
is presented in Fig. 2. The protocol starts with the injection of two independent
particles into optical paths 1 and 3, one per each subsystem A; = {1,2} and
Ay = {3,4}. Then, there are two local unitaries described by the Hadamard matrix
(implemented by a beam-splitter):

H=%G _11) (3)

The next step is the permutation of optical paths 2 — 4 and 4 — 2, which in the
second-quantized description takes the form:

a+ - ﬂ+
. 2 4
OBell *1 +  + (4)
ag — ap.
1 M/ 1
o _
A { . | H 2 < }Bl
d N
o _
Az{ .| H A o) }Bz
— UBell

Figure 2: Optical scheme for generation of the Bell state in the no-touching sce-
nario [20] (see also Yurke-Stoler paper [21]).

The protocol uses dual-rail encoding, which means that two output qubits B;
and B, are encoded in a pair of paths By = {1,2} and B, = {3,4}. For the first
qubit By, a particle being present in path 1 corresponds to 4} |0) = |11) and a
particle being present in path 2 corresponds to ay [0) = [4q). Similarly, for the
second qubit B,. Post-selection procedure consists in checking that there is only a
single particle present per each subsystem B; and B, (and rejecting the remaining
cases). This guarantees the consistency of dual-rail encoding.
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Following all steps of the protocol 1-5, one gets (here, step no. 4 is trivial):

Tt H,H LTS AW B
aja310) ——— 3(aj +a3)(az + by) |0) (5)
= Laf +ay) (a3 +a3) |0) 6)
t-sel.
P, Natal + ajad) |0) . 7)

where the last line of Eq. (7) corresponds to the state %( |11) £ |LL)) (the £ sign

depends on particle’s statistics).” Note that the sign can be easily locally corrected.
We observe that the obtained state is not normalised due to post-selection in
the last step.” Therefore, we can read off the efficiency of the protocol by squaring

the coefficient in such obtained state, which is equal to Eff = (1/2)2 = 1/4.

2.1.2 Example: Generation of the GHZ state

The GHZ state of three qubits has the following form:

Youz) = 5(111) +1L4L)), )
where {1, 1} is a computational basis.
o 1 ) 1

Al{ 2| H 2 2 }Bl

P /L
Az{ 4 u| H . o) >Bz
A3< < 6 H _/ 6 (@) }Bg,

- = UGHZ

Figure 3: Optical scheme of generating the GHZ state in the no-touching sce-
nario [20] (see also Yurke-Stoler paper [22]).

The optical scheme of generating this entangled state in the no-touching sce-
nario is given in Fig. 3. It starts with the injection of three independent particles
into the optical paths 1, 3 and 5, one per each subsystem A; = {1,2}, A, = {3,4},
As = {5,6}. Then, the particles in each subsystem undergo local unitary transfor-
mation by the Hadamard matrix H in Eq. (3). The next step is the permutation of

paths gz given by:
t ot

ay — dy,
Lot
UGHZ * { A4 = 4, (9)
t ot
ag — dy.
1 Tttt . Tttt . .
Note that for bosons aya; = aya, and fermions a,a; = —aja, and in the final sate operators

should be in the same order (here we choose the increasing mode labelling order).
*Technically, post-selection boils down to rejecting non-compliant terms. In Eq. (6)-(7), the
. t ot t ot : . . . & -
rejected terms are a1a; and a4a3 corresponding to two particles present respectively in By and B,.
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Here, we use dual rail qubits encoded in pairs of paths By = {1,2}, By = {3,4}
and By = {5,6}. After post-selecting only one particle per each subsystem By, B,
and Bs, the GHZ state of three particles is obtained:

Tt o+ H,H,H P S SNV S SN S |
a1a2a3[0) ——— 5 5(a1 +az2)(as + ag)(as + a) [0) (10)
=2 (g +a3)(a3 + ag)(as + a3) 0) (11)
2V2
ost-sel.
T L (ajadal + alaga3) [0), (12)

which is the GHZ state %( |T11)+ [LLl)) (irrespective of the particle’s statistics).
Again, the obtained state is unnormalised due to post-selection. The efficiency
of the protocol is equal to Eff = (1/2\/2)2 =1/s.

2.2 Explicit protocols

Let us discuss the generality and practical utility of the no-touching scenario, i.e.,
approach the question:

Q1. What is the range of entangled states that can be generated in the no-touching
scenario? What is the efficiency of those protocols?

Since the problem of state generation is complex, we took two research directions
to illustrate and assess the strength of the no-touching proposal. First, we asked
about the possibility of generating an arbitrary state of three qubits using the no-
touching designs [1]. Second, we asked about the performance of the no-touching
scenarios with the increasing number of qubits on a well-studied example of the
W state [2]. In both cases, we gave explicit generation schemes and compared
them with other optical proposals in the literature.

2.2.1 Arbitrary state of three qubits

This section presents a briefly overview results from Ref. [1]. The article gives
an explicit no-touching protocol generating an arbitrary state of three qubits. Our
primary motivation behind this paper is getting the broadest possible range of
entangled states with minimal resources (just independent particles in the input,
passive linear optics and post-selection). To our knowledge, this is the first proto-
col of this kind in the literature. It should be compared with the protocols based
on SLOCCs [19], which start with entanglement in the input (of the GHZ-state
and the W-state type) and require complex filtering procedures with efficiency
dropping to zero (see Methods in Ref. [1]).

The arbitrary state of three qubits can be written down in the following form:

[P) = YT+ [ITT) + 3 [TIT) + 94 [TTL) + 5 [LIT) + 96 [LTL) +
Y7 1Ly + s L), (13)
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where {1, |} is a computational basis and Zil |’yi|2 = 1.

We observe that it was shown in Refs. [28, 29] that it is possible to simplify
this state using generalised Schmidt decomposition to consist of only five terms.
That is, the state in Eq. (13) after some local transformations can be written in the
following form:

[9) = 1)+ (LT +e|Lit) + T LTL) + 7 [LLL), (14)

with five real non-negative parameters v, J, €, {, 7 such that
’)/2+(52+€2+€2+172=1, (15)

and one phase 0 < ¢ < 7. Therefore, it suffices to generate the state in Eq. (14)
if one wishes to obtain an arbitrary state of three qubits (it is always possible to
use some local transformation on each qubit to transform the obtained state to
the form in Eq. (13)).

The optical scheme generating an arbitrary state of three qubits in the form of
Eq. (14) is given in Fig. 4. It follows the no-touching paradigm from Section 2.1:

1. Injection of three independent particles into optical paths 1, 6 and 8 in sub-
systems A1, Ay, A3z respectively.

2. Local unitary transformations U in subsystems A; and A3 and local unitary
transformation H in subsystem A;.

3. Permutation of optical paths ¢ € Sy.

4. Local unitary transformation V in subsystem B; and local unitary transfor-
mation W in subsystem B;.

5. Post-selection on a single particle in each subsystem By, B, and Bs.
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Figure 4: No-touching protocol generating an arbitrary state of three qubits [1].
Three independent particles are injected in subsystems A;, A, and A3 in opti-
cal paths 1, 6, and 8. Then they undergo local unitary transformations U, H, U,
permutation of optical paths ¢ and local unitary transformations V and W. The
protocol ends with post-selection on the presence of a single particle in each sub-
system By, B, and B;. An appropriate choice of parameters in unitaries U, H, V
and W yields any desired state of three qubits at the output.

After injecting three particles into optical paths 1, 6 and 8, the state undergoes
a series of transformations described in Steps 1-4 and post-selected in Step 5. As
a result, we get the desired state of three dual-rail qubits encoded in subsystems
By, By and Bj is obtained in the form

Fot ot 5 9
aaeag |0) — Wi

= (1) + 8T [LTT) + e [L) + T 1ITL) + 7 [14L)). (16)

tot ot ip t t t T b+t ot ot
(yaragag + 6e P azagag + eazbyag + {aigagas + naigazay) |0)

It can be shown that for any given choice of parameters <, d,¢€,(, 7 and ¢, there
is an appropriate choice of parameters in the unitaries V and W which gives the
desired state Eq. (14) at the output (in this protocol the unitaries U and H are
tixed). See Ref. [1] for details. The protocol works for both bosons and fermions
(for the latter, the signs can be easily corrected with local unitarties at the output).

One readily reads off the efficiency of the described protocol, which is equal

Eff = (1/3v2)” = 1/18 ~ 5%. Notably, the efficiency of this scheme is constant for ev-
ery three qubit-state (it is the same for bosons and fermions). This property gives
a considerable qualitative advantage over protocols based on SLOCCs [19] where
the efficiency of the filtering procedure drops to zero (see Methods in Ref. [1]).
Another remarkable feature is that the presented protocol starts with independent
particles in the input. This should be compared with SLOCCs, which require en-
tangled states of the GHZ-state and the W-state type to generate an arbitrary
three-qubit state.
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In summary, the proposed protocol requires minimal resources (i.e., just three
independent particles in the input, passive linear optics and post-selection) and
produces an arbitrary three-qubit state with finite and constant efficiency (for
bosons and fermions). This seems to be a considerable advancement in state gen-
eration techniques (where, for three-qubit entanglement, the dominant approach
is based on SLOCCs).

2.2.2 Multipartite W state

This section briefly accounts for the results in Ref. [2]. The article presents an
explicit no-touching protocol generating the multipartite W state for an arbitrary
number of qubits. It is aimed to illustrate how the no-touching designs perform
with the increasing number of qubits. We compare our proposal with, to our
knowledge, the best existing protocol in Ref. [30], whose efficiency drops polyno-
mially with the increasing number of qubits (cf. schemes in Refs. [31-34] which
fall off exponentially).
A multipartite W state of N qubits has the following form:
1
|Wn) m(lTll...l)+|lTl...l)+...|l...llT)), (17)

where {1, |} is a computational basis.

The optical no-touching scheme of generation of multipartite W state is pre-
sented in Fig. 5. Here are the main steps of the protocol (notice slightly different
labeling conventions):

1. Injection of N independent particles into optical paths 1,2, ..., N in each sub-
system Ay, ..., AN.

2. Local unitary transformation U o G in subsystem A; and local unitary trans-
formations V in subsystem Ay, ..., An.

3. Permutation of optical paths ¢.

4. Local unitary transformation G~ on the output of subsystem A;.

5. Post-selection on a single particle in each subsystem By = {k, k}.
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Figure 5: No-touching scheme generating multipartite W state. The protocol starts
with N independent particles injected into optical paths 1,..., N in the respective
subsystems Ay, ..., Ay. Then, they undergo local unitary transformations U o G
and V, permutation of the paths ¢ and local unitary transformation G! in sub-
system Aj. Post-selection on a single particle in each subsystem By, ..., By yields
the multipartite W in dual-rail encoded qubits.
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Figure 6: A rewriting of the scheme in Fig. 5 for photon polarisation qubits. Here,
the computational basis {1, 1} is encoded in photon polarisation {|H), |V)}. The
conversion between dual-rail and polarisation encoding is obtained by polarising
beam splitters (PBS). As usual, the unitaries are implemented by an appropriate
choice of beam splitters. This is analogous of the circuit in Fig. 5 and the analysis
is the same.
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The protocol starts with injecting N independent particles into the circuit pre-
sented in Fig. 5, which implements a series of unitaries in Steps 1-4 and post-
selection on a single particle in Step 5. It gives the multipartite W state encoded
in dual-rail qubits By, ...By at the output:

a{ai...aLlO) =,

e(1-0°)" P+ ettt t 4 +
\/52+(N—1)2(1_52) (alﬂz.-.ﬂN‘FZﬂiﬂz...ﬂmaiﬂm...ﬂﬁ) |O>

201 _ 52\N-1
- \/(52 +§(1(\;_f)2)(1_52) (1Tl D+ [Tl )+ 4+

1L LT+ ] L)),

where ¢ is a real parameter defined by the appropriate choice of unitaries in the
protocol. See Ref. [2] for details. The protocol works for bosons and fermions (in
the latter case, the "—" signs due to anti-commutation can be easily corrected by
the phase shift in the first path).

Since the obtained state in Eq. (18) is unnormalised due to post-selection, one
readily reads off the efficiency of the process as a function of parameter ¢ and the
number of particles N, i.e., we get

(1 - 2N

) = -

(18)

Notably, this expression scales polynomially with the increasing number of parti-
cles (irrespectively of particles’ statistics)

et 7e! 1

Effy = max Effn () ~ Nz + N + 0<ﬁ)' (19)
There is a qualitative exponential scaling in most of the proposals, see Refs. [31-
34]. The only exception is the quantum erasure scheme by Yong-Su Kim et al. [30].
See Fig. 7 for a comparison of the efficiencies of both proposals. In order to give
a complete picture we point out that our no-touching scheme uses minimal re-
sources, i.e., just passive linear optics, no auxiliary particles, no extra measure-
ments and no active feed-forward state correction. This should be compared with
Ref. [30], which uses an auxiliary particle and requires extra measurement to im-
plement quantum erasure. Furthermore, in the most refined version, it resorts to
active feed-forward state correction, which counts as a disproportionately large
cost in experimental design. See [2] for a discussion.
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Figure 7: A comparison of the asymptotic behaviour of our scheme with Yong-Su
Kim et al. [30]. Our scheme (green line) performs better than the baseline scenario
(blue line), requiring an auxiliary particle and extra measurement). We note that
with active state correction, the latter scheme improves (orange line). However,
this comes with a considerable cost involved with the feed-forward control.

In summary, we gave an explicit no-touching protocol generating the W state
for an arbitrary number of particles (i.e., just independent particles in the input,
passive linear optics and post-selection) whose efficiency decreases polynomially
with the number of qubits/particles. The scheme is highly competitive (efficiency
and resource-wise) with other proposals in the literature (cf., with exponential
scaling of all sequential state-generation techniques [31-34] or other experimental
tricks incurring disproportionate costs like feed-forward correction [30]).
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3 Some fundamental questions in causal approach

The phenomenon of entanglement has the most profound consequences for our
conception of reality, defying some of the most cherished intuitions about how
the world works on a fundamental level. It was an ingenious insight of John S.
Bell [10, 35,36], who pointed out that correlations observed in certain experimen-
tal setups cannot be explained in a causal manner while maintaining, it would
seem, natural assumptions. All those predictions were confirmed in a number of
sophisticated experiments [37—43].

There are two ways to face the conundrum. In the first reaction, one is in-
clined to search for the loopholes that might undermine the conclusions drawn
from the violation of Bell inequalities [44]. Typically, this boils down to reexamin-
ing experimental setups and pointing out discrepancies with the required causal
structure. Many of them, like the locality, detection or memory loopholes, were
closed in a few recent experiments [37—41]. Some of them, like the free choice
or superdeterminism loophole, seem to escape experimental scrutiny (cf. [42, 43]
for some interesting proposals). There are also other subtle experimental features
which may lead to the so-called selection bias [45]. It becomes relevant when the
experiment requires post-selection, which may introduce non-causal correlations in
the collected data. This blurs the validity of the drawn conclusion and requires
extra caution in the causal analysis. Notably, the no-touching scenarios have post-
selection built into the state generation procedure (see Step 5 in Sections 2.1 and
2.2). It is thus important to ask the question:

Q2. Can those protocols be used for conclusive tests of Bell inequalities in the presence
of post-selection?

This problem is extensively discussed in Section 3.2. See articles [3, 4].

The second reaction, when it is hard to doubt in the experimental analysis, is
to take on board the surprising conclusions from the violation of Bell inequalities.
This requires rejecting at least one of the causal assumptions in Bell’s theorem, i.e.,
the locality assumption, the free choice assumption or the forward-in-time causation.’
See Section 3.1 for a brief causal account of Bell’s theorem. Needless to say, either
option (i.e., non-locality [10,35,36], lack of free choice/super-determinism [49—-51]
or retro-causality [52-55]) presents a challenge to our commonsense conception
of reality. This is a subject of a serious interpretational debate [11-13], which, to
a great extent, draws on one’s philosophical preferences. It is thus interesting to
take an unbiased position trying to assess the weight of the causal assumptions
(hoping to differentiate between them in some quantitative manner). This leads
to the last question of a very general nature:

Q3. What is the causal cost of violation of Bell inequalities, and hence how do the causal
assumptions compare one to another?

3For completeness, we mention that one may also take a position dismissing the fundamental
role of causality, e.g., treat causality as an emergent concept, try to modify its meaning or the
causal framework itself. Here, we take a conservative standpoint where causality is understood
in the Pearlian sens [45—48] (essentially the same as introduced by Bell [10]).
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The comparison of the locality and free choice assumptions based on the intuitive
concept of fractional measure is discussed in Section 3.3. See article [5].

This section is organized as follows. I begin with a brief causal account of Bell
experiment in Section 3.1. In Section 3.2 the issue of post-selection is discussed.
To motivate the problem of selection bias in interpreting an experiment, I start in
Section 3.2.1 with an introductory discussion of the quantum three-box paradox [56]
with the tools of modern causal framework [45-48]. This serves as an illustration
of how elusive the causal conclusions can be when post-selection is an integral
part of the experimental design. It is a report on the results in Ref. [3]. Then,
in Section 3.2.2, I proceed to the analysis of Bell-type experiments with a view
to sustaining the conclusions drawn from the violation of Bell inequalities in the
presence of certain types of post-selection procedures. This requires reexamin-
ing the causal structure in Bell experiments with conditioning on a collider. I
report the results in Ref. [4] where a simple criterion, called the all-but-one prin-
ciple was worked out, which safeguards the arguments from Bell inequalities in
the post-selected regime. It should be noted that all the protocols presented in
Section 2 conform to all-but-one principle, which safeguards the conclusions about
non-locality of the entangled states obtained in these protocols. Finally, in Sec-
tion 3.3, I move to the question about the weight of the assumptions in the Bell
theorem. The modern causal framework allows distinguishing those assumptions
and comparing them on an equal footing using the concept called fractional mea-
sure (i.e., the minimal frequency of violation of a given assumption). I explain the
results in Ref. [5], where this cost is proved to be equal for the locality and the free
choice assumptions, and explicitly calculated in several relevant cases (including
the quantum-mechanical statistics).

3.1 Bell experiment

Let us briefly describe the Bell experiment [10, 35,36]. It is meant to introduce
the basic causal concepts and discuss the assumptions behind Bell inequalities.
In the following, we will use the modern causal framework, which has recently
gained a solid mathematical foundation in the works of Pearl and others [45—48].
Notably, most of those concepts were implicit in the works of Bell [10], who used
the language of hidden (or latent) variables.

Broadly speaking, we are interested in cause-and-effect relationships between
the variables, both observed or unobserved (also called latent or hidden), which are
deemed relevant for the description of an experiment. The mathematical frame-
work boils down to the standard probability theory, with the causal relationships
being modelled by either functional or (conditional) probability relations between
the variables (cf., structural causal models and causal Bayesian models) obeying
the so-called Markov condition. Those causal relationships have a graphical rep-
resentation in terms of the so-called directed acyclic graphs (DAGs). See [45-48]."

*Let me explicitly note that I use the term causal framework interchangeably with the term
realist framework. This is congruent with the typical realist position, which adopts the viewpoint
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The derivation of Bell inequalities stands on three fundamental assumptions:
locality, free choice and forward-in-time causation. Let us be precise about what these
assumptions mean. The locality assumption postulates that only the immediate
surroundings of the laboratory setting should influence the result of the exper-
iment. That is, nothing that is far enough in spatio-temporal sense can have a
direct effect on the measurement result (i.e., there are no causal arrows between
separated variables). The free choice assumption means that the choice of mea-
surement setting can be, in principle, made unaffected by anything relevant to
the experiment. This means that the choice variables (also called parameters) can-
not be influenced by any other variable (i.e., there are no causal arrows incoming
to the variables representing the choice of settings). It is sometimes called mea-
surement independence assumption. Finally, there is the forward-in-time causation
assumption which postulates that all influences should follow the direction of the
arrow of time. That is, we do not allow for retro-causality (a.k.a. backwards-in-time
causation). In plain words, forward-in-time causation asserts that the causes precede
the effects in time.

Having presented all the assumptions, let us consider a typical Bell experiment
with two parties, binary settings and binary outcomes. Imagine that the parties,
Alice and Bob, are located in their distant (spatio-temporally separated) labora-
tories. A pair of particles is sent to their laboratories. Each of them makes one
of the two possible measurements on their respective particle. Let the variables
x,y = 0,1 represent their respective choices (x for Alice and y for Bob). Alice’s
results are represented by the variable a = 1, whereas Bob’s results are repre-
sented by the variable b = +1. Let A be an unobserved (hidden or latent) variable
representing any factors from the past which might influence the experimental
results. After many repetitions, they meet and compare their results. In this way,
a set of probability distributions is constructed {Pab|xy} xy describing the probabil-
ity Pgp|xy Of Obtaining outcomes a4 and b given the measurement settings x and y.
Following the terminology from Ref. [36], we will call the set of probability dis-
tributions {Pabw} vy '@ behavior". Note that the collected probability distributions
concern only the observed variables (i.e., a,b, x, y).

The causal DAG describing the experiment conforming to locality, free choice
and forward-in-time causation is presented in Fig. 8. If all the assumptions are
valid, no additional arrows are allowed. This should be compared with the causal
DAGs in Fig. 9, which violate the respective casual assumptions (note that the
violation of more than one assumption is also possible).

that physical objects and their properties exist independently of the fact of being measured (al-
lowing for those properties to be subsequently disturbed). Notably, it is connected with the notion
of counterfactuals which, again, gain a mature account in the modern causal framework [45].
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Figure 8: Causal DAG of Bell experiment respecting all three causal assumptions:
locality, free choice and forward-in-time causation. No arrows can be added /reversed
without violating one of the assumptions.

Violation of locality Violation of free choice Violation of forward-in-time causation

Figure 9: Violation of the respective causal assumptions in Bell experiment. If Bell
inequalities are not satisfied, then the causal DAG in Fig. 8 needs to be modified.
One red arrow is enough to violate the respective assumption (note that the si-
multaneous presence of any two parallel dashed arrows is banned by acyclicity of
the DAG). Violation of locality means an arrow pointing from Alice’s side (x,a) to
Bob’s side (y,b) or vice versa. Violation of free choice comes from an arrow pointing
to Alice’s or Bob’s choice of settings variable (x or y). Violation of the forward-in-
time causation is witnessed by arrows pointing downwards (since, in the picture,
the time goes upwards).

The analysis of Bell experiment starts with the usual Bayes’ rule, i.e., one can
always write

Pap|xy = Z Pap|xya * Pajxy - (20)
A

Now, suppose that the three causal assumptions hold, that is, the causal structure
is described by the DAG in Fig. 8. Then, one immediately reads off the following
independence relations. The first is a the factorization called the locality condition

Pab|xy/\ = Pa|x/\ . Pb|y)\ ’ (21)

which is a consequence of the so-called outcome independence and parameter inde-
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pendence.” The second one is the free choice condition”
Prlxy = Pr (or equivalently Pyyjx = Pyy). (22)

We note that in the causal framework, the conditions Eq. (21) and (22) are a con-
sequence of the postulated DAG in Fig. 8.

Is it possible to obtain the results of the Bell experiment described by behaviour
{Puap|xy}ry, from Eq. (20) with some conditional distributions Pyp|xyn and Py
satisfying Eq. (21) and (22)? In other words, is the DAG in Fig. 8 compatible with
the observed statistics? It turns out that not all distributions can be obtained in
such a way, as they have to satisfy the following CHSH inequalities [57]:

|SZ| = 21 (23)
where
S1 = ({agbo) + (a1by) + {agh1) — (a1b1), (24)
Sy = (agbp) + (a1bg) — (agb1) + (a1by), (25)
Sz = (agbp) — (a1bo) + (agb1) + (a1by), (26)
Sy = —(agbg) + {a1by) + {agb1) + {a1b1), (27)

where (axby) =) o b AbPap| vy are the correlations functions. Notably, for binary set-
tings and binary outcomes, the CHSH inequalities are a sufficient condition [58].

Surprisingly, quantum mechanics violates the CHSH inequalities. In general,
the CHSH inequalities can be violated up to |S;| < 4. In quantum mechanics, they
are violated up to the Tsirelson bound [59], i.e. |S;| < 2?2, and it is saturated by
maximally entangled states (cf. the Bell state Eq. (2)). It means that the experiment
cannot be explained via Egs. (20)-(22). This also indicates that the causal DAG in
Fig. 8 is incompatible with the observed statistics, and thus has to be modified if
the causal picture is to be maintained.

In the following, in Section 3.2, I will discuss certain issues concerning post-
selection in the state generation procedure which requires a modification of the
causal structure in Fig. 8. In Section 3.3, I will quantitatively assess the weight of
the violation of the locality and free choice assumptions as depicted in Fig. 9.

5Outcome independence means Pyjpxyr = Pajxyr and Ppjaxyr = Pp|xyr, wWhile parameter independence
means Pyjyyn = Pyjxa and Pyjxyr = Pyjya. Both conditions can be read off from the DAG in Fig. 8 as
an application of the d-separation rules [45], since conditioning on A blocks all the relevant paths.
Then, form the Bayes’ rule, we get Popjxyr = Pajpxyr * Pojxyr = Pajxya * Pojxyr = Pajxa * Pojya-

6Formally, in the language of DAGs it follows from the d-separation rules [45], since the variables
(x,y) and A are separated by the colliders a and b.
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3.2 Problem with post-selection

Post-selection is commonplace in experimental sciences. It takes place whenever
part of the data is rejected in the analysis. While sometimes it may be justified by
imperfections of real experiments, it is oftentimes (inconspicuously) built into the
experimental design. This is certainly the case in the no-touching scenarios in Sec-
tion 2, where post-selection is explicit in Step 5 of the state generation procedure
(conditioning on the presence of a single particle in each output channel).

However, post-selection comes with a danger of misinterpreting the data. This
is particularly true when reasoning about the cause-and-effect relationships [45].
It is because post-selection can introduce non-causal correlations in the statistics,
known as selection bias or Berkson’s paradox, which can distort (or fake) the conclu-
sions drawn from such experiments. It is instructive to give an example.

For illustration, we take a case of Berkson’s paradox due to Elwert & Win-
ship [60]. Let us consider two factors, talent (T) and beauty (B) which, in a
simplistic picture, are deemed responsible for gaining the status of a celebrity (C).
One can observe a correlation between talent and beauty among actors seen at
the Oscar gala in Hollywood. If one sees an unattractive actor on the red carpet,
it is very likely that he/she is very talented. On the other hand, a very bad and
tamous actor is likely to be found good-looking. Does it mean that bad looks
make one a talented person? Is it a causal mechanism? How does it relate to the
fact that in real life (out of Hollywood), we do not observe such a correlation?
The explanation comes naturally within the modern language of causal directed
acyclic graphs (DAGs), where the arrows represent cause-and-effect relationships
between the variables. The causal DAG exposing the mechanism behind this sit-
uation is shown in Fig. 10. There are three binary variables T (talent), B (beauty)
and C (celebrity), with just two arrows B — C and T — C. There is no direct
arrows (causal mechanism) between variables B and T. This follows the intuition
that to become a celebrity, one needs to be either very beautiful or very talented
(or both), but in general, there is no relation between beauty and talent. The
causal DAG explains the lack of correlation between the variables B and T, since
the variable C is a collider on the path B — C « T (see the d-separation rules in
Ref. [45]). However, in the case of conditioning on C, the correlation is likely to
appear between the variables B and T (Fig. 10 on the right), since according to the
d-separation rules conditioning on the collider C removes the block from the path.
Thus in the selected population of celebrities, the correlation appears (unless the
model is fine-tuned) despite the lack of a causal relationship between talent and
beauty. The appearance of non-causal correlations in post-selected data is known as
the selection bias.
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Figure 10: An illustrative example of the selection bias (i.e., the appearance of non-
causal correlations in post-selected data). On the left, the variables B (beauty) and T
(talent) are uncorrelated since the variable C (celebrity) is a collider which blocks
the only path between them. On the right, upon conditioning/post-selecting on the
variable C (depicted by the red box), the block disappears and the variables B and
T become correlated.

The selection bias is an important issue in the analysis of the natural data
(when the randomized trials are unavailable), especially when the causal relation-
ships are to be discovered [48]. There is plenty of examples of Berkson’s paradox
in the research practice, e.g. seemingly beneficial influence of cigarette smoking
for dementia [61] or the seemingly beneficial influence of obesity for patients with
cardiovascular disease [62]. One should not delude oneself that physics is free of
it, as post-selection is oftentimes built into the experimental design.

In the next Section 3.2.1, the example of the quantum three box paradox is
analyzed to warn against drawing hasty conclusions in the scenarios involving
post-selection. We show that careful causal analysis of the paradox may help in
explaining the surprising correlations as a case of selection bias. The warning is
taken seriously in Section 3.2.2 where Bell-type scenarios are reconsidered in the
presence of post-selection. In this case, we show that the causal conclusions from
the violation of Bell inequalities can be maintained as long as the post-selection
obeys the so-called all-but-one principle. The latter is a general rule satisfied in a
wide range of entanglement generation protocols (including the coincidence-type
post-selection with the conserved number of particles in the no-touching scenario).

3.2.1 Perplexing post-selection: Quantum three box paradox

This section gives a brief account of the results in Ref. [3] revisiting the quantum
three box paradox. It is meant as a warning against jumping to hasty conclusions
when interpreting experiments involving post-selection. I explain how to carry
out a proper causal analysis of the paradox in the modern language of DAGs [45].
It also reveals interesting features of the causal relationships depending on the
preferred viewpoint.

The quantum three box paradox [56] is a prototypical example of the so-called
pre- and post-selection (PPS) protocols. It was first presented by Aharonov and
Vaidman [56] as an illustration of the two-vector formalism and the weak val-
ues [63]. It has attracted a lot of discussion and controversy regarding the inter-
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pretation and conclusions that can be drawn from this strange effect. See [63—71]
for some possible explanations ranging from backwards-in-time influences, non-
locality, contextuality, measurement disturbance, etc. All those discussion comes
from an apparent contradiction with our commonsense intuitions about the ex-
periment. And it is why it is called a “paradox’.

However, is it a real paradox which defies any 'reasonable’ interpretation?
Can’t this effect be explained in the usual causal manner? In the following, I
will show how the three box paradox can be scrutinised using Pearl’s causal
framework [45], and argue that the mysterious correlations in this paradox can be
explained as a case of a selection bias.

(1) Quantum three box paradox

Let us briefly describe the paradox and introduce the notation. See Fig. 11 for

illustration of the experiment. It starts with the preparation of the particle in an

equal superposition of being present in one of three boxes (pre-selection), i.e. the

initial state is

PRRLEL EYE)
V3

where the states |1),|2),|3) describe the presence of the particle in one of the
boxes, 1,2 or 3 respectively. At the end of the experiment, one makes the mea-
surement My, checking whether that system is in state

/ (28)

)+ 12)-3)
—

i.e., the measurement is described by the folloving PVM { |¢) (¢|, 1 — [¢) (y]| }
with the corresponding outcomes M, = 0,1. The experiment is considered suc-
cessful if M, =1 (i.e., the system is in state |ip)). If M, = 0 (i.e., the system is not
in state |1)), the experiment is considered a failure, and we reject all those results.
This is a post-selection procedure.

Now, we ask what happens when we add another intermediate measurement
M checking if the particle is in a given box, where C = 1,2,3 denotes the choice
of the opened box. Such a measurement implements the following PVM {1 —
|C)(C]|,|C){(C| }. If the particle is found in a given box C, the outcome is M = 1.
Otherwise, if the particle is not found in the box C, the outcome is M(f =0.

The surprising results of the quantum three box paradox concern the proba-
bilities of finding a particle in a given box. One may expect that the probability
of finding a particle in one of three boxes is equal 1/3. However, this intuition is
wrong. In the experiment described above, the probability of finding a particle in
the first box is 100%. One might thus expect that it should be impossible to ever
tind a particle in one of the other boxes. Here comes a surprise, the probability of
tinding a particle in box 2 is also 100%.

lp) (29)

27



preselection intermediate postselection
(initial state |§)) measurement My measurement M,

(check box C=1,20r 3)

%)
9 2 { not |9)

fo b b2

Figure 11: Scheme of the quantum three box experiment. After preparation of ini-
tial state |¢), one chooses to check one of the boxes C = 1,2, 3 in the measurement
M(3. Then, the final state is post-selected on the positive outcome of measurement
M checking if the system is in state |¢). Quantum mechanics gives a surprising
result regarding the prediction of finding a particle in boxes 1 and 2: in both cases,
the probability of finding a particle is 100% (given successful post-selection).

In order to explicitly calculate the paradoxical probabilities, one uses the so-
called Aharonov-Bergmann-Lebovitz (ABL) rule [72]. It indeed gives the probabil-
ity of finding a particle either in box C = 1 or 2 (M; = 1) equal 100% conditioned
on successful post-selection (M, = 1), i.e,,

P(M;=1|My=1,C)=1 for C=1,2. (30)

We observe that in both cases C = 1 and 2, the successful post-selection happens
with probability 1/9. For completeness, we give the full experimental statistics in
Fig. 12.

My=0 Mp=1 My=0 M=1 My=0 M=1

M;=0 2/3 0 M;=0 2/3 0 M;=0 2/9 4/9

M;=1 2/9 1/9 M;=1 2/9 1/9 M;=1 2/9 1/9

C=1 C=2 C=3

Figure 12: Full statistics in the quantum three box experiment. The tables present
all possible joint probability distributions P(M7, M;|C) of measurement outcomes
(M; = 1 particle found; M; = 0 particle not found), and post-selection results
(My = 1 successful post-selection; M, = 0 unsuccessful post-selection) for each
choice of the opened box C = 1,2 and 3.

28



We note that in the original formulation of the quantum three box paradox, only
the boxes C = 1 and 2, i.e. it draws on the correlations in Eq. (30). However, we
will see that the full statistics will give more causal insight into the paradox.

(ii) Two interpretational attitudes

There are two positions regarding the causal description one may take.

— Pure causal setting —

This is the most simplistic description of the experiment, i.e., it has the smallest
number of variables and assumptions in it. In the pure causal setting, we consider
only three observed variables:

C: choice of the box to be measured (C =1,2,3),

Mj: outcome of the box measurement M (M; = 0,1),

Mjy: outcome of the final measurement M, (M, =0,1).
In addition, there is one unobserved variable:

A: hidden (or latent) variable.

The hidden variable A is left unspecified so that it can account for any unobserved
factors. For instance, it can describe the preparation of the experiment or other
factors from the past which may influence the results of experiments.

Note that since the variable A is arbitrary, it does not have to be related to the
position of the particle before the measurement. In this respect, pure causal setting
differs from following a more detailed description.

— Realist causal setting —

Here, by realism we mean the viewpoint which postulates the existence of the
physical objects and their properties independently of the fact of being measured.
In this approach, the measurement reveals the preexisting values of the physi-
cal property. In the case of the three box experiment, this assumption concerns
particle position. This stipulates the existence of another unobserved variable:

V: position of the particle (V =1, 2,3),

which describes the position of the particle before the measurement. It is, in princi-
ple, different from the hidden variable A (which may contain other information).
Given the realism assumption, the measurement M is supposed to reveal the
preexisting property of the particle being in a given box. The following relation

should therefore hold true:
M;y(C, V) =dcy. (31)

where Jc v is the Kronecker delta which is equal 1 if the position of the particle
V is the same as the the opened box C (otherwise it is equal 0). In this regard,
this assumption is more restrictive since it puts additional functional constraints
on the variables in the model.
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(iii) Causal explanations

The possible causal structures explaining the experiment are presented in Fig. 13.
The DAG on the left describes the pure causal setting, while the DAG on the right
corresponds to the realist causal setting. We note that some arrows were excluded
based on the two assumptions: only forward-in-time causation and freedom of choice
with regard to measurement settings. The first assumption assures that causation
should follow the arrow of time ty < t; < t; (i.e., the arrows cannot point back-
wards in time). The second assumption assures that there are no arrows incoming
to the variable C (i.e., the choice cannot be dictated by any other variable).

The blue arrows in Fig. 13 follow the description of the experiment in the pure
and realist causal setting. The red arrows with question marks correspond to the
influences that are possibly present in the experiment, i.e. the outcome dependence
(M — Mjy) and parameter dependence (C — Mp). Neither of the latter is excluded
by any physical principle (like the locality in Bell experiment).

The first observation is that if all the red arrows are present, the full statistics in
Fig. 12 can be reproduced by both DAGs in Fig. 13. Hence, the strange behaviour
in the quantum three box paradox Eq. (30) can be explained as a case of selection
bias. Can we say more about the influences in the models? We follow the principle
that the fewer arrows, the better the explanatory power of the DAG. Therefore, it
is natural to ask:

Which red arrows in Fig. 13 are necessary & enough to explain
the statistics observed in the experiment (Fig. 12)?

Pure causal DAG Realist causal DAG

to t ta to ty tp

Figure 13: Causal DAGs for the quantum three box paradox. Both diagrams
have three observed variables: C - choice of the box measurement, M; - result of
the box measurement and M, - result of the final measurement (post-selection).
There are two possible unobserved variables: hidden variable A and the position
of the particle before measurement V (in the realist approach). The arrows follow
forward-in-time causation (there is no retro-causality), and the variable C is free.
The grey structure on the right is characteristic of the realist setting, cf. Eq. (31).
The red arrows with question marks are possible influences propagating in the
experiment: outcome dependence (M; — M) and parameter dependence (C — My).
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Pure causal DAG Realist causal DAG

M, /Ml or /Ml
C=1,2 / " / v \ " / v '
neither arrow is necessary one of the arrows is necessary & enough
C \ @ \
m M,
C=1,23 / - Pt
/ M 4’/ M,
A A
arrow C—= Mj is arrow C—= Mj is
necessary & enough necessary & enough

Figure 14: Summary of the results. The causal DAGs represent two approaches:
pure causal setting and realist causal setting. The results differ with regards to cho-
sen statistics, i.e., the full statistics of the experiment C = 1,2,3 or the statistics
restricted to the "paradoxical” behaviour for C = 1,2. The kind of disturbance
needed to explain the experiment, whether it is the outcome dependence (M — M)
or parameter dependence (C — My), relies on the considered of statistics (C = 1,2,3
or C = 1,2) and the preferred worldview (pure or realist causal setting).

The answer is succintly summarised in Fig. 14. The presented DAGs display
the red arrows proved to be necessary and enough to explain the experiment. In
each case, the sufficiency can be justified by the explicit construction of the cor-
responding structural causal model (SCM). The necessity follows from the analysis
of instrumental inequalities [45,73]. See Ref. [3] for a discussion and details. Note
that the results differ depending on one’s preferred approach, i.e. pure vs. realist
causal setting. Interestingly, the full statistics give more insight into the structure
of influences in the experiment (cf., the necessity of parameter dependence vs the
explanation without any extra dependencies for the restricted "paradoxical” statis-
tics in the pure causal setting). The presence of direct influence on the result
of post-selection in each causal DAG (whether it is caused by hidden variable
lambda, parameter dependence or outcome dependence), indicates that we can indeed
deal here with the instance of Berkson’s paradox.

3.2.2 All-but-one principle as a warrant of safe post-selection

This section is a brief report on the results in Ref. [4] concerning the arguments
from Bell inequalities in the presence of post-selection.

As illustrated above in the above examples, post-selection may be responsible
for additional correlations and even lead to paradoxical interpretations (which, in
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fact, can be explained as a consequence of processing the data and not an effect
of a real causal nature). This phenomenon is known in the literature as selection
bias or Berson’s paradox [45]. The problem also arises in Bell-type arguments in
experiments using post-selection, which can raise doubts if the obtained results
support the causal conclusions, or are just an effect of processing the data. This
section will present a simple criterion called the all-but-one principle which shows
when one can say that post-selection in Bell-type test is safe, i.e., when the causal
conclusions from the violation of Bell inequalities remain in force.

time

Figure 15: Causal structure of multipartite Bell experiment without post-selection
procedure (on the left) and with post-selection procedure (on the right). Measure-
ment outcomes 4, b, c, ... are influenced by measurement settings x,y,z, ... as well
as hidden variable A. In the causal DAG on the right, there is an additional vari-
able K (depending on a,b,c,...) which decides about post-selection (conditioning
on K determines the post-selected ensemble). Since K is a collider, it may intro-
duce additional (non-causal) correlations in the post-selected data.

The causal DAG describing the multipartite Bell experiment without post-
selection is shown in Fig. 15 (on the left). In an analogous way to the bipar-
tite scenario, we consider the experiment with many parties A, B, C, ... with the
respective measurement settings x,y, z, ... and outcomes 4,b,c,.... The observed
probability distributions will be noted as { Py | xyz_“} xyz... Which is a straightfor-
ward generalisation from the bipartite case presented in Section 3.1.

A general form of Bell inequalities in the multipartite scenario is as follows

be...
Z S?cycz... Pape..|xyz.. = 1L (32)

abc...
XYz...

where stZCZ and 7 are some numbers. Cf. Eq. (23). They are proved in the usual
manner by assuming the existence of some hidden variable A, using the Bayes
rule (cf. Eq. (20))

Pape...|xyz... = Z Pape...|xyz..A * Palxyz...r (33)
A
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and postulating the locality and free choice assumptions. The locality assumption
boils down to the factorisation (cf. Eq. (21))

Pabc...|xyz.../\ = pa|xA : Pb|y/\ : pc|zA Y (34)

which asserts that each measurement outcome 4, b, ¢, ... is influenced (depend on)
only by its respective setting x,y,z,... and the hidden variable A. The freedom
of choice assumption (sometimes called measurement independence), states that the
measurement settings and hidden variable A should not influence (depend on)
one another, i.e. we have

P/\|xyz... =Py (or equivalently ny...|)\ = ny...)~ (35)

It is straightforward to see that Egs. (34) and (35) follow from the causal DAG in
Fig. 15 on the left (cf. d-separation rules).

Now, let us consider a variant of the multipartite Bell experiment with post-
selection. In general, the structure of outcomes 4, b, c, ... is arbitrary (in particular,
the outcomes may include non-results, like no-click in a detector). The essence of
post-selection is to neglect certain results in the analysis of the experiment (like
the lack of click or coincidence in the detectors). Sometimes it is justifiable (e.g.,
accidental loss or imperfections of the experiment). But, sometimes, it is deliber-
ately built into the very bones of the experimental design (e.g., the requirement of
the coincidence clicks in the detectors). Post-selection boils down to collecting all
the experimental data and rejecting those experimental trials which do not meet
a given criterion. Formally, this procedure can be described as conditioning on
some binary variable

K =K(a,b,c,...), (36)

which is a function of all possible outcomes a,b,c,.... We use the convention
where K = 1 corresponds to the successful post-selection, i.e. the result is kept,
and K = 0 corresponds to the unsuccessful post-selection, i.e. the result is rejected.
Note that in the case of Bell experiment, the result of post-selection K is decided
only after all the parties meet with each other, which corresponds to the structure
of the causal DAG in Fig. 15 on the right (and hence all the arrows from 4, b,¢, ...
collide in ).

From the causal point of view, post-selection may cast some doubts about the
validity of conclusions drawn from the violation of Bell inequalities. Indeed, Bell
inequalities are derived from the DAG on the left in Fig. 15, while the actual
DAG (on the right) involves conditioning on a collider . We know that this
may result in a selection bias introducing additional non-causal correlations in the
data [45], and thus fake the conclusions from the Bell test. Therefore, we introduce
the concept of safe post-selection which "does not undermine the conclusions from Bell
inequalities Eq. (32) calculated from the post-selected data’. To be more precise, since
the derivation of Bell inequalities draws on the two assumptions Eq. (34) and (35),
we make the following formal definition.
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Definition 1 Post-selection procedure described by the variable K(a,b,c,...) is consid-
ered to be safe if the locality assumption and the free choice assumption hold in the post-

selected reﬁe (K =1),1ie.,

Pabc...|xyz...l€ = Pa|xAIC : Pb|y)\lC : PC|ZAIC Ty (37)

and
Prlxyz..c = Prikc - (38)

The natural problem to pose is whether we can give a principled answer to the
question when post-selection may be considered safe. In order to answer that question,
we introduce the following criterion called the all-but-one principle.

Definition 2 Post-selection defined by the function KC(aq, ..., an) follows the all-but-one
principle if its result can be fully determined without knowing one of the outcomes, i.e.,

K=K(ay,..., d, ...,an), (39)

foreach k =1,...,N. The slash over @ stands for the missing outcome of k-th party.

Informally, one can say that in the case of Bell scenario, it is enough to know the
outcome of all parties except one to determine if post-selection was successful
(K =1) or not (K = 0). For instance, in the case of three party Bell scenario, the
result of post-selection can be determined knowing only two outcomes:

K(a,b,c) =K(a,b) =K(a,c)=K(b,c). (40)
Now, we are ready to state the main result of this section that is proved Ref. [4].

Theorem 1 For an arbitrary number of parties, post-selection which follows all-but-one
principle is always safe.

This criterion safeguards conclusions from the violation of Bell inequalities
in the post-selected regime. It is particularly helpful in the protocols with the
conserved number of particles and coincidence-type post-selection, which are of-
ten used in quantum optics, cf. [14,15]. Examples of such protocols include, for
instance, entanglement by path identity [74,75], spatial overlap of indistinguish-
able particles [25,76] or integrated photonic techniques [16,77]. We note that the
all-but-one principle concerns post-selection built into the design (e.g., it does not
apply to the detection loophole, which does not obey it).

Most importantly, all the no-touching scenarios presented in Section 2 have
post-selection in the design (see Step 5), which conforms to all-but-one principle
(i.e., coincidence on a single particle in each channel with the conserved number
of particles). This means the states generated in such protocols can be used for
Bell non-locality tests without casting doubts as regards the selection bias.
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3.3 Causal cost of violating Bell inequalities

In the last part, let us discuss and compare the weight of Bell assumptions, pre-
senting a short overview of the main ideas and results in Ref. [5].

Violation of Bell inequalities shows that at least one of the assumptions of the
experiment (i.e., locality, free choice or forward-in-time causation) must be discarded
if the standard causal picture is to be maintained. See a discussion in Section 3.1.
Here, instead of debating the philosophical grounds for rejecting a given assump-
tion [11-13], we will focus on a more modest mathematical question

Q3. What is the causal cost of violation of Bell inequalities, and hence how do the causal
assumptions compare one to another?

More specifically, we will focus on two assumptions comparing the cost of vio-
lating locality vs free choice (i.e., we do not consider retro-causal models). In the
following, we use the standard causal/hidden variable framework as discussed
in Section 3.1. Such an approach allows for a clear distinction between the causal
assumptions which comes down to the presence of certain arrows in the DAG, cf.
Fig. 9. Such an approach allows for a quantitative comparison of the violation of
assumptions based on the following research question:

How often one needs to relax a given assumption while keeping the rest intact (by
adding an appropriate arrow), in order to explain the observed statistics?

Let us consider a standard bipartite Bell scenario with Alice and Bob having a
multiple choice of settings x,y € M = {1,2,..., M}, and their respective outcomes
are labelled as a,b = £1. See Section 3.1. When Alice and Bob compare their
results, the outcomes are collected in the set of M X M probability distributions
{Pap)xy } xy called a "behaviour", where Pyp)y, stands for the conditional probability
of obtaining the results 2 and b given the choice of settings x and y. They can
also calculate their distribution of settings Py,. Therefore, to explain the statistics
observed in a given experiment, one needs to account for both

{Pap) xy}xy — the "behaviour", and
Py — the distribution of settings.

It is important to note that Py, can in principle be chosen arbitrarily.

In the following, we will be interested in the smallest frequency of the violation
of a given assumption that is needed to reproduce the experimental statistics. We
are guided by the principle that the less violation, the better. So, we define two
natural measures based on the concept of simulability in a repeated experiment.
The first one is the measure of locality y; (also called a local fraction)

pr — the maximal fraction of trails without violation of locality which can reproduce a
given behaviour { Pyp|xy }xy for arbitrary distribution Py, optimised over all possible
strategies with freely chosen settings.

The second one is the measure free choice yr (also called a free fraction), which is
defined in a similar manner
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ip — the maximal fraction of trails with freely chosen experimental settings which can
reproduce a given behaviour {Pp|yy}xy for arbitrary distribution Py,, optimised
over all possible local strategies.

Such a defined measure of locality was proposed by Elitzur, Popescu and Rohrlich
in Ref. [78] and developed in Refs. [79-83]. As for the measure of free choice, it
was the first time discussed in Ref. [5]. All other approaches to measuring free
choice in the literature are essentially different, cf. Refs. [84—90]. We note that,
for the purpose of comparison, it is crucial to have both measures defined on the
same conceptual basis (here, it is the notion of fractional measure).

Below, we briefly discuss the distinction between local hidden variable (LHV)
model and the free hidden variable (FHV) models on which the measures p; and
ur are based and connect them with the causal concepts.

3.3.1 Two types of hidden variable models

Following the discussion in Section 3.1, we will consider four observed variables
x, y (choice of settings), a, b (measurement outcomes) and some unobserved hid-
den variable A (assumed to describe any factors in the past). Defining a hid-
den variable model boils down to the specification of the hidden variable space
A(3 A) and postulating conditional dependencies between the variables which
follow the stipulated causal structure. Here, we are interested in models which
obey forward-in-time causation and allow a violation of just one of the remaining
assumptions, i.e., either locality or free choice. See Fig. 9 for illustration.

— Free hidden variable model (FHV) —

The FHV model preserves the free choice assumption at each experimental trial.
This assumption (sometimes called measurement independence) is typically stated
as the following independence condition

Pyjxy = Py (or equivalently Py,jy = Pyy), (41)

for all measurement settings x,y € M and all A € A. It means that the hidden
variable A should not contain any information about Alice and Bob’s settings.

In the causal language, the above condition follows from the requirement that
Alice and Bob’s choices are not affected by any other variable (no causal arrows
incoming to x and y). Let us enumerate all possible scenarios where free choice
assumption is preserved. The first one is the trivial Bell structure in Fig. 8 (where
locality is also preserved). All DAGs with a single extra arrow are enumerated
in Fig. 16. One may go further by combining the red arrows into more complex
DAGs as long as acyclicity is preserved, cf. Fig. 9 (on the left). We call all those
structures free hidden variable (FHV) models. Clearly, in such models Eq. (41) is
satisfied.
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Figure 16: Four possible causal DAGs for Bell experiment with freedom of choice
and a single non-local arrow (depicted in red). For a given free hidden variable
(FHV) model we can differentiate between the As for which at least one red arrow
is present (A € A’NL) and those for which all red arrows are missing (A € A'L). The
cumulative distribution ), Al Py defines the measure of locality in the model.

Note that in those graphs each red arrow a = b, a < b, x — b or y — a violates
the locality assumption (i.e., some variable on Alice’s side affects some a variable
on Bob’s side, or vice versa). It is crucial to observe that those non-local arrows
may be effective only sometimes. This means that, in the repeated experiment, for
some As is some red arrow present while for others all red arrows are absent. This

leads to the splitting of the hidden variable space A' = A} U Ay;.” The subspace

A describes the cases when locality holds in the FHV model. The subspace Ay
describes the cases when locality is violated in the FHV model. Formally, those
subsets are defined as follows:

A€ A'L <= Eq. (21) holds for all x,y € 9, (42)
A€ AQ\IL <= Eq. (21) fails for some x,y, € 9. (43)

— Local hidden variable model (LHV) —

The LHV model preserves locality assumption at each experimental trial. The
locality assumption is usually defined as the following factorization condition

Pablxy/\ = Pz 'Pb|y/\/ (44)

7To avoid ambiguity, we denote the hidden variable space A for FHV models with a prime A,
and for LHV models with a double prime A". This avoids the confusion between the subsections
treating different types of models.
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for all measurement settings x,y € 90 and all A € A. It means that the full
information about the past A screens off Alice’s and Bob’s sides of the experiment.

In the causal framework, this condition follows from the lack of arrows from
Alice’s side (variables x and a) to Bob’s side (variables y and b) and vice versa.
It is justified by the spatio-temporal separation of the respective regions. Clearly,
the trivial Bell structure in Fig. 8 falls into that category (in that case free of choice
is also preserved). There are also two possibilities with a single arrow depicted
in Fig. 17 and one DAG with both red arrows together, cf. Fig. 9 (in the middle).
Those structures are called local hidden variable (LHV) models. Such models satisfy

Eq. (44).

/d b\ /ﬁ b\
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Figure 17: Two possible causal DAGs for Bell experiment preserving locality and
a single arrow violating freedom of choice (depicted in red). For a given local hidden
variable (LHV) model we can distinguish between the As for which at least one

red arrow is present (A € Anr) and those for which all red arrows are absent
(A e Ag). Calculating the cumulative distribution ), . Al P, gives the measure of
free choice in the model.

It is straightforward to see that each red arrow A — x and A — y violates the
free choice assumption (i.e., the past affects Alice and Bob’s choices). Again, we
observe that this influence may happen only sometimes. That is, in the repeated
experiment, for some As is some red arrow present while for others all red ar-

rows are gone. Therefore, the hidden variable space splits A" = A} U Ayp.” The
subspace Ar describes the cases with freedom of choice in the LHV model. The

subspace Anp describes the cases when free choice is violated in the LHV model.
This is formally defined as follows:

A€ Ag <= Eq. (22) holds for all x,y € 9, (45)
A€ AK]F <= Eq. (22) fails for some x,y, € 9. (46)
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3.3.2 Measures of locality and free choice

Having introduced two classes of models LVH and FHYV, we can define measures
of locality yj and free choice pr.

Definition 3 For a given behavior { Pyp|x, }x, the measure of locality yy and the measure
of free choice ur are defined in the following way:

HL = I?jf?p?x’f AZ Py, (47)
eAL

HE = rgl;lrg}% AZ Py, (43)
eAr

where the maxima are taken over all the respective LHV and FHV models simulating the
behaviour {Pyp|xy}xy with a fixed distribution of settings Py, and the minima are taken
over all possible choices of the latter.

The maxima over FHV/LHV account for the best possible model which gives
the highest fraction of trials with locality/free choice retained (where in the whole
experiment the respective free choice/locality is fully maintained). The minimum
over Py, accounts for the worst-case scenario (since the choice of settings can be
in principle arbitrary).

It turns out that the minima in Eq. (47) and Eq. (48) can be omitted (see Ref. [5]
for the proof). The Definition 3 can be therefore simplified in the following way:

Lemma 1 The minima in Definition 3 in Eq. (47) and Eq. (48) can be omitted. Hence,
the measures of locality uy and free choice ur have the following form

pL = max > P (49)
AEAL

HF = max > P (50)
AEAF

where the maxima are taken for some fixed nontrivial distribution of settings Py,

Now, we are ready to present the first result in Ref. [5] concerning the com-
parison of weights of the respective assumptions. We pose the question about
the frequency of violations of locality and free choice in the Bell test. How often one
needs to relax one of the assumptions in order to recover the experimental statistics? 1t
is surprising to see that, in fact, the frequency of violation of either free choice
assumption or locality assumption is the same.

Theorem 2 For a given behaviour { Psp|xy}xy, the degree of locality and freedom of choice
are the same, i.e. the measures in Definition 3 are equivalent yur = yp.
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This result holds for an arbitrary number of settings x,y = 1,2,3,.... It also ex-
tends to a larger number of outcomes a,b = 1, 2,3, ..., and many parties Alice, Bob,
Charlie etc. See Ref. [5] for the proof.

From Theorem 2 it follows that the violation of either locality or free choice is
equally costly. At least from the perspective of causal graphs and frequency mea-
sures, they should be treated on an equal footing. It means that the preference for
one assumption over the other should come from the details of the experimental
protocol or one’s ontological viewpoint.

This result has two important features. Firstly, it is theory-independent in the
sense that it refers only to the experimental statistics without bothering with the
details of the experimental protocol or an underlying theoretical model (with the
quantum mechanical predictions being just one possible field of applications).
Secondly, the interchangeability of both measures y; and ur have a practical ad-
vantage: knowledge of one allows to immediately infer the value of the other.

We note that Theorem 2 can be seen as a general structural property of causal
modelling of Bell-type experiments. One can inquire further asking if those mea-
sures can be calculated explicitly. Here is the second general result in Ref. [5].

Theorem 3 For a given non—signaling8 behavior { Pyp|xy }xy in the bipartite Bell scenario
with binary settings x,y € M = {0,1}, both measures yy and ur in Definition 3 are
equal to:

411(4 - Smax)r ifsmax > 2/

1
1, otherwise. (51)

HL = HF = {
where Sya = max{|S;| : i =1,...,4} is the maximal absolute value of the four CHSH
expressions in Eq. (24)-(27).

Notably, this is an explicit and theory-independent method of calculating such
defined degree of locality and free choice. It refers solely to the experimental statis-
tics without requiring the specifics of the experimental design or the underlying
theory. Furthermore, Theorem 3 provides a simple interpretation of the amount
of violation of the CHSH inequalities in Bell experiment as a fraction of trials
when either locality or free choice needs to be violated to explain the observed re-
sults. We note that so far the violation of the CHSH inequalities has been treated
as a binary test, while now we give a precise meaning to the amount of violation.

3.3.3 The quantum-mechanical statistics

So far we have presented the model-independent results regarding Bell-type ex-
periments. In the following, we will show what happens when one restricts one-
self to the case of quantum-mechanical statistics.

N on-signalling means that Bob’s choice (whether y=0 or y=1) does not influence the statistics
on Alice’s side, i.e. Py = Y Papx0 = Y Papjx1 = Pyx1 for all x,a. The same applies to the other
direction where the statistics on Bob’s side is not affected by Alice’s choice (whether x=0 or x=1),
ie. Ppjoy = Za Papjoy = Za Papj1y = Poj1y for all y, b.
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First, let us consider maximally entangled states of two qubits. Theorem 3
gives us a way to calculate the maximal violation of locality or free choice for bi-
partite Bell test with binary settings x,y € M = {0,1}. We can immediately use
Tsirelson’s bound [59] S,ux = 2V2 and plug it into Eq. (51) to see that both frac-
tional measures are equal y = ur = 2 — V2 ~ 59% for maximally entangled states
of two qubits (and appropriate measurements). For other states and measure-
ments, it can be also easily calculated.

Another interesting result concerns the case when we increase the number
of experimental settings up to infinity, i.e. when Alice’s and Bob’s settings are
x,y € M ={1,2,3,..., M} with M — +oo. It was shown in Refs. [78,80] that the
local fraction drops to zero with the increasing number of experimental settings.
This immediately allows a translation to the case of the measure of free choice.

Theorem 4 The free fraction ur in every local hidden variable model explaining Bell
experiment with maximally entangled states, tends to zero as the number of experimental
settings increases M — +090, i.e. = — 0.
8 - HL=Hr =

Finally, let us consider less entangled states with some arbitrary number of set-
tings. For a pure not maximally entangled two-qubit state, the amount of free
choice is the same as local fraction which is known for all pure two-qubit states, see
Ref. [83]. Thus, we have the following general result.

Theorem 5 For a pure two-qubit state written in the form |) = cos g |00) + sin g [11)
with 6 € [0, %], the free fmctljon is equal py, = pr = cos 0 for an arbitrary choice and
number of Alice and Bob’s settings.
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4 Summary

A common theme in my dissertation is entanglement, its optical generation schemes
and the ensuing causal aspects. The research questions Q1-Q3 provide the blueprint
of research during my Doctoral studies. Let me briefly recap how those questions
were answered in the respective articles.

In article [1], we construct explicit no-touching protocol for generating an arbi-
trary state of three qubits. The procedure has constant efficiency for every three-
qubit state (irrespective of particles’ statistics). Moreover, it requires very minimal
resources: just three independent particles in the input, passive linear optics and
post-selection. This result illustrates the advantage of no-touching designs, answer-
ing Q1 as regards three-qubit state generation (which, in full generality, already
provides enough challenge).

In article [2], we propose an explicit no-touching scheme for generating a mul-
tipartite W state for an arbitrary number of qubits (for both bosons and fermions).
The proposal uses very minimal resources: just independent particles (without the
need for auxiliary ones), passive linear optics and post-selection. We argue that it
performs much better than other protocols considered in the literature (both effi-
ciency and resource-wise). This result illustrates the advantage of the no-touching
designs, answering Q1 as regards multi-qubit entanglement generation (for the
well-studied example of the W state).

In article [3], we investigate possible causal influences in the quantum three box
paradox, which is a prototype of the pre- and post-selection protocols. We were
interested in various types of measurement disturbances and their propagation in
the experiment. In particular, it was shown using Pearl’s instrumental inequalities
that parameter dependence is necessary & enough to explain the observed statistics.
We argue that the mystery of the quantum three box paradox can be dispelled
since it can be seen as merely a case of the selection bias (or Berkson’s paradox). The
purpose of this paper was to illustrate the dangers of drawing hasty conclusions
from experiments involving post-selection. This motivates Qz as regards the rno-
touching protocols where post-selection is an integral part of the procedure.

In article [4], we take the warning about post-selection seriously and revisit
Bell’s theorem with regard to the potential risk of the selection bias. We formulate
a simple criterion, the so-called all-but-one principle, which is proved to safeguard
the causal conclusions from the violation of Bell inequalities that are drawn using
post-selected data. This explicitly answers Q2 since the principle is fulfilled in the
no-touching protocols. Notably, the proposed all-but-one principle is simple enough
to be applicable in a broad range of experimental scenarios (cf., protocols with
coincidence-type post-selection with the conserved number of particles).

In article [5], we assess the causal cost of violation of Bell inequalities. The
comparison is based on the natural concept of fractional measures which ask about
the frequency of violation of a given assumption (i.e., the presence of certain
causal arrows) which is enough to explain the observed statistics. We show that

42



such defined measures of locality and freedom of choice are the same for Bell-type
scenarios. In this respect, the causal framework does not prefer one assumption
over another. Furthermore, we explicitly calculate those measures for the standard
case of the bipartite, two-setting and two-outcome Bell scenario. Remarkably, this
result gives a simple and natural interpretation of the amount of violation of the
CHSH inequalities. We also analyse the case of quantum mechanical statistics. In
particular, for the number of settings increasing both measures drop to zero for
the maximally entangled state. This gives a broad discussion of Q3 for general as
well as quantum mechanical statistics.

The results published in Refs. [1-5] conclude the scope of this dissertation,
which is organised around questions Q1-Q3. The research topics follow the natu-
ral order of increasing generality and foundational interest. Namely, I start with
the construction of practical schemes of entanglement generation in passive linear
optical designs (within the so-called no-touching paradigm). Then, I investigate the
problem of post-selection in protocols used for the purpose of fundamental tests.
Finally, I ask about the comparison and weight of causal assumptions in Bell exper-
iments. This should give a coherent account of my scientific interest and research
during my Doctoral studies.
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EurekAlert! (Press note May 2021):
We know the cost of free choice and locality - in physics and not only.
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Arbitrary entanglement of three
qubits via linear optics

Pawel Blasiak?**, Ewa Borsuk? & Marcin Markiewicz?

We present a linear-optical scheme for generating an arbitrary state of three qubits. It requires only
three independent particles in the input and post-selection of the coincidence type at the output.
The success probability of the protocol is equal for any desired state. Furthermore, the optical design
remains insensitive to particle statistics (bosons, fermions or anyons). This approach builds upon the
no-touching paradigm, which demonstrates the utility of particle indistinguishability as a resource of
entanglement for practical applications.

Entanglement remains a central theme in quantum foundations research'2. It is considered a key resource ena-
bling the advantage in quantum information tasks®*. There is therefore a vital interest in practical entanglement
generation schemes capable of delivering the broadest possible range of states, from which one might choose a
state desired for a problem at hand. Ideally, we would like to have a generic and efficient tool for constructing an
arbitrary multi-particle state from some simpler initial state (possibly having just a few independent particles
to begin with). A paradigmatic example is the construction of the full class of single-particle states (a qudit). In
this case, arbitrary unitary transformation can be experimentally implemented by linear-optical devices® and
hence any single-particle state can be deterministically prepared from any given initial state. However, it is not
true for multi-particle states that do not transform one into another by means of linear optics®. Thus for the
generation of multi-partite entanglement, non-linear effects or post-selection of some sort must be employed.
Several techniques have been developed to this effect which produce certain classes of states’~'°. However, there
is no systematic linear-optical method for obtaining an arbitrary multi-particle entangled state that would start
with a supply of independent particles in the input.

In this work, we focus on entanglement generation for three qubits. Notably, this is the first non-trivial
case where the arbitrariness of the desired state becomes challenging. An interesting approach to this problem
consists in considering the set of stochastic local operations and classical communication (SLOCC)"-!3. It has
been shown that for three qubits there are two inequivalent classes of genuinely tripartite entangled states'. This
means that using SLOCCs for filtering arbitrary tripartite entanglement requires two different types of entangled
states to begin with, i.e., states of the GHZ and the W type. However, it should be remarked that the efficiency
of such protocols drops to zero when moving away from the initial state. Another important result concerns the
full set of linear optical transformations (without post-selection)®. Then the situation is further complicated as
for three qubits the set of entangled states splits into a continuous number of inequivalent classes. Those results
illustrate the difficulties in efficiently generating arbitrary entanglement using linear operations without any
entanglement from the outset.

Here we will show that linear-optical transformations augmented with post-selection of the coincidence type
are enough to generate arbitrary entanglement of three qubits from three independent particles (i.e., without
requiring any prior entanglement). Our proposal builds on the so-called no-touching paradigm in optical designs
which draws from the inherent indistinguishability of particles; see Ref.!* for a general scheme and Refs.'>™**
for some examples. Notably, the protocol is an instance of direct and explicit construction of any given state.
A distinctive advantage of the proposal is that it has equal efficiency for generating any desired state and it is
insensitive to particle statistics.

Results
Simplification by generalised Schmidt decomposition. A general state of three qubits reads
V)= > alijk), M
ijk=0,1
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Figure 1. No-touching design for arbitrary state of three qubits. Three independent identical particles
entering the optical circuit undergo a sequence of transformations which consists of local unitaries U, H and
U on subsystems A, A; and A3, followed by permutation of the paths o, and again local unitaries V.and W on
subsystems B and B;. Post-selection on a single particle in each of the dual-rail qubits generates an arbitrary
state of three qubits By, B, and Bs in Eq. (2) by the appropriate choice of unitaries in Eq. (6) as specified in
Eqgs. (18)-(20).

where |ijk) is a computational basis in C> ® C?> ® C2. It turns out that this can be simplified by local transforma-
tions to the combination of the following five states

[¥) = a]000) 4 be™ [100) 4 ¢ [110) + d [101) + e |111), (2)
with five real parameters a, b, ¢, d, e > 0 and one phase 0 < ¢ < , such that
PP+ + =1 (3)

This follows from the generalised Schmidt decomposition for three qubits*»*! and no further reduction of
the number of non-vanishing terms is possible.

Therefore, to generate the state in Eq. (1), it is enough to provide the state in Eq. (2) and then make a local
transformation on each qubit. In the following, we give the explicit protocol for optical construction of an arbi-
trary state in the reduced form of Eq. (2).

Optical realisation. Consider three identical particles injected into an optical circuit which consists of
10 paths (or modes). The particle statistics (bosons, fermions or anyons) is irrelevant for the purpose at hand.
Following the idea presented in Ref."* we will group paths at the input and output into three systems, see Fig. 1:

Input: A = {1,2,3,4,5}, Ay = {6,7}, A3 = (8,9, 10},
Output: By = {1,2,3,4,5}, B, = {6,7,8}, B3 = {9, 10}.

Furthermore, we will distinguish three pairs of paths By, B, and Bs in the respective subsystems at the output, i.e.
By C Bg. They will play the role of the so-called dual-rail qubits, where the computational basis|0),/1) is encoded
by the presence of a single particle in the respective path of a given pair By. Accordingly, we have the following
representation for a general qubit state o [0) + B |1):

By =1{1,2}) ~ Qubitl: (xal + Ba))|Q),
By=1{6,7) ~ Qubit2: (axal+pa})|),
B3 = (9,10} ~ Qubit 3: (ad + Baly) Q).

where|€2) denotes the vacuum state and a,T are the usual particle creation operators in the second quantisation for-
malism. We note that the dual-rail encoding assumes the presence of a single particle in a given pair of paths By for
k = 1,2,3. In our scheme this will be guaranteed by post-selection on a single particle in each dual-rail qubit By.

The optical protocol is depicted in Fig. 1. It consists of a sequence of three unitary transformations on three
independent particles injected in paths 1, 6 and 8. First, the particles undergo local unitaries U, H and U in each
subsystem Aj, Ay and Ajs. Second, the paths are rearranged according to some permutation o € Syo. Third,
there are two local unitaries V.and W on subsystems B; and B, implemented at the output. Finally, the protocol
ends with post-selection on a single particle in each pair of paths B;, B; and B3 which generates three dual-rail
encoded qubits.

Now, we can make the unitaries in Fig. 1 more precise. Let the first two transformations U and V produce
symmetric superposition of the injected particles, which in the matrix notation amounts to
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U=\}§<i::> and H:%(}) (4)
The permutation of modes o € Sy is given as follows
o= (1704562555 ) ®
The final unitaries V and W are defined in a non-trivial way by the following two matrices

IEOO(SG

Spuv-k0
v=1|... .. and W:($T> (6)

« »

with some parameters «, 8, v, i1, €, £ and 7. In the above notation, the dots “.” are left unspecified and chosen so
that the matrices are unitary. Observe that this can always be done by augmenting the missing columns/rows to
an orthonormal basis (note that the two upper rows of V are orthogonal at the outset). The only constraint on
the parameters «, 8, v, i1, €, & and 7 is their respective normalisation, i.e.

€2+ )P = 1, 7)
el + 181 + le* = 1, (8)
181 + |l* + v + x> = 1. (9)

« »

For our purposes, the dotted entries “.” will play no role in the argument (in the following, they contribute
only to the terms that drop out upon post-selection). All the remaining parameters «, 8, v, i1, €, & and t will be
specified shortly.

Let us write out the state that results from the protocol in Fig. 1 after injecting three independent particles
in paths 1, 6, 8 and post-selecting on a single particle in each dual-rail qubit B, B, and Bs. The evolution of the
system is given by a sequence of steps as described in the following lines:

t ot tioy U 1 oo v N T Nt T T
a,agag|S2) m %(“1 +a, +a3)(a6 +a7)(a8 + ag +a10)|$2) (10)

g 1 T T i T T T T T
%’Tﬂ(%+“7+“10)(5‘6+“2)(“3+a9+“8)|9) (11)
AN L((Ka* +38al +..) + (al +..) +al ) (12)

Fa©) W2 1 2 10
<a§+(;mj+-~-)) ((uai+-~-)+a§+(ra§+---)) Q) (13)
post-select -

~ ﬁ(lmiagag + (Sa;aga; + Sua;a;a; + va{oaga; + uta{oa;a;)IQ) (14)
= (K|000)+S|100>+$M|110)+v|101)+M‘L’|111>>, (15)

where the last equality holds for bosons in the dual-rail encoding. This renders the desired state in Eq. (2) when
k=a, §=be"¥, Epu=c, v=d, ur=e. (16)

We observe that we can always choose matrices W and V to satisfy these equations by defining parameters
K,8,v, U, €, € and T in the following way

K =a, §=be ¥, v=d, (17)
u=vc¢+e, e=+v1-a>-"0?% (18)
: c e
=, T=—.
I M (19)

(If & = 0, then & and 7 can be taken arbitrarily). It is straightforward to check that the conditions in Egs. (7)-(9)
are satisfied, since the constraint in Eq. (3) holds.
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Note that the scheme works for fermions as well. In this case, the final state in Eq. (16) takes the form

& 1000) 4 8 [100) — &4 [110) — v [101) + 7 [111), (20)

and then the Eqgs. (18)-(20) require a trivial modificationv = —dand § = — < in order to recover the desired

state in Eq. (2). In a similar manner it is straightforward to adjust Eq. (16) for any particle statistics (anyons).
Finally, we observe that the expression in Eq. (16) is unnormalised due to post-selection. This allows to read
off the success probability (efficiency) of the process which is equal to ( ﬁ )2 = Tls a2 5%. Notably, the efficiency

is the same for every three-qubit state |y).

Discussion

We remark that the above-described protocol, based on dual-rail encoded qubits, provides a ready-made template
that straightforwardly translates into any other physical implementation of qubits. This turns out to be a generic
feature of the no-touching designs in which the question of particle statistics becomes virtually irrelevant because
of post-selection. It is due to the fact that the latter projects on the sector where the evolution of the system
features at most a single particle in each mode, which makes immaterial the distinction between the bunching
and anti-bunching effects for bosons and fermions; see Refs.!*"" for a discussion.

From the fundamental point of view, it is interesting to note the significance of the inherent indistinguish-
ability of particles as conveniently described in the second quantisation formalism. It appears that entanglement
resulting from the symmetrization postulate can be treated as a genuine resource and transformed into other
kinds of entanglement which can be directly observed and used for practical applications'***-%, This paper shows
that arbitrary entanglement of three qubits can be extracted in this way. For an extension to some multi-particle
entangled states see e.g. Refs.!*?>"%,

An important advantage of the proposed protocol is the minimal amount of resources employed to generate
an arbitrary three-qubit state compared to the existing techniques:

(a) It requires only linear optics and works equally well for any particle statistics, cf. Refs.”!°.

(b) There is no need for auxiliary systems (particles) or measurements, cf. Refs.?>?".

(c) The protocol requires only three independent particles in the input, i.e., no prior entanglement is required.
(d) It has the same efficiency for the generation of any desired three-qubit state.

This distinguishes our proposal from the typical approach based on filtering via SLOCC operations which
requires auxiliary entanglement from the outset, and its success probability for arbitrary three-qubit states
drops to zero; see Methods section for discussion. Moreover, the generation of states via SLOCC filtering gen-
erally demands different initial states depending on the SLOCC equivalence class of the target state. For optical
proposals aimed at preparation of single representatives in the SLOCC classes for the purpose of filtering see
Refs.!#262830 Notably, our protocol overcomes the division into SLOCC equivalence classes due to the presence
of mode permutation o, which is a non-local operation from the point of view of subsystems defined by mode
grouping.

We note that our scheme relies on a specific type of post-selection which requires coincidence count in the
output channels encoding dual-rail qubits B, B, and Bs. A direct way to check the coincidence criterion involves
the measurement of each qubit. Typically this destroys the state, but the recorded correlations can be still used
for the extraction of some information relevant to a given experiment. The utility of such a direct post-selection
depends on the task at hand. For illustration see, e.g., the recent boson sampling experiments®! or the direct
verification of the boson nature of photons®?*. It was also shown to be safe for Bell-type tests of non-locality**.
We remark that many modern state generation schemes refer to post-selection of the the coincidence-type,
like e.g. entanglement by path identity®***® or spatial overlap of indistinguishable particles?****. However,
if the generated state needs to be further processed, then direct detection does not meet this requirement. In
such a case, the solution is provided by non-demolition measurements carried out on each dual-rail qubit By,
B; and Bs. Such a measurement ascertains the presence of a particle without destroying it and not affecting its
state. Therefore, a positive joint result of those three (non-demolition) measurements heralds the generation of
the desired state in the signal modes. This turns the protocol into an event-ready scheme. Notably, a few non-
demolition measurement techniques have been developed in recent years. See e.g. Refs.”’~** for non-demolition
detection of photons (noting that polarization and dual-rail encoding of qubits transforms one into another via
polarizing beam splitters).

In summary, the characteristic features of the proposed scheme for state generation are marked by simplicity
(just linear optics and post-selection of the coincidence type), limited initial resources (just three independent
particles in the input), and universal efficiency (equal for any desired state). This makes the proposal an inter-
esting technique for integrated quantum technologies motivating further research towards an extension to an
arbitrary number of qubits; see the recent progress in the optical generation of certain multi-particle states within
the no-touching paradigm'®*>-2%%_ We also indicate possible further improvements using a graph-theoretical
approach to the analysis of linear optical schemes*.

Methods

Comparison with the generation of arbitrary states via SLOCC operations. In this paper, we pre-
sented a universal interferometric protocol for generating an arbitrary three-qubit state from an input product
state of three particles, which prepares an arbitrary state with constant finite efficiency. Here, we compare this
scheme with the generation of arbitrary states from a GHZ class starting from the GHZ input state via SLOCC

Scientific Reports |

(2022) 12:21596 | https://doi.org/10.1038/s41598-022-22835-4 nature portfolio



www.nature.com/scientificreports/

1.0

0.8

0.0 0.2 0.4 0.6 0.8
X 0

Figure 2. Success probability of obtaining arbitrary state from a two-parameter subclass of the GHZ class in
Eq. (22) of the form |V guz(x, 7, a, o, ). For x = % and @ — 0, the success probability vanishes, indicating
that these states cannot be effectively obtained via SLOCC filtering.

operations. We will see that the lattr method of state generation has a vanishing efficiency for some states in this
class.

As shown in the seminal paper by Diir et al.!* an arbitrary state from the GHZ class can be parametrised by
five real parameters as

[Wenz (X, 0, a1,02,@3)) = v/K(cos(x) [000) + sin(x)e” [s1) [s2) Is3)), (21)

in which the normalisation constant reads K = (1 4 2 cos(x) sin(x) cos(a1) cos(arz) cos(az) cos(6)) ' and the
states|s;) are given by cos(c;) |0) + sin(;) |1). The ranges of the parameters are as follows: x € (0, T ], ; € (0, 5]

and @ € [0, 27). This state can be obtained from the standard GHZ state |/guz) = % (]000) + |111)) via SLOCC

filtering operations specified by

[Yeuz(X,0,a1,02,03)) = M(x,0,a1,02,03) |¥GHZ) » (22)
where the SLOCC operator M has the form'?

M3, 0,01, 0, @3) = \/ﬁ(cos(x) sin(x)cos(al)ef‘g) ® <1 cos(a2)> ® <1 COS(O{3)) )
23

0 sin(x) sin(o )e 0 sin(ay) 0 sin(o3)
:\/ZKM(X,Q,al,otz,og).

Such a filtering operation can be implemented as a two-outcome POVM measurement'?, with measurement
operators defined by P = M/||M||and P’ = +/1 — PTP. The outcome related to the measurement operator P
indicates the success of the protocol, whereas the outcome related to P'—its failure. The norm has to be chosen
to guarantee that PP < 1. One of the typical choices is the spectral norm of the operator M, defined as the
largest singular value of M. This choice turns out to be optimal for the task of entanglement distillation of two-
qubit states'®. However, other choices that guarantee the condition PTP < 1, such as the Frobenius norm, are
also correct. The success probability of filtering arbitrary state of the form Eq. (22) for SLOCC operator M is
thus given by*!

Tr(MpeuzM') 1
[1M]]? M2

M Mt
) (24)

— Ty —

Psucc = Tr(PpguzP") Tr( a1 PSR |
where pgrz = |V¥euz) (Yeuzl and the last equality follows from the fact that |y gpy) is already properly normal-
ised. Note that the operator M is not unitary, and therefore it does not preserve the normalisation of a general
state it acts on—the state pgyy is an exception.

Let us assume that we choose the spectral norm in Eq. (25). For the clarity of presentation we will focus on
a two-parameter subclass of states from the GHZ class Eq. (22) of the form |yguz(x, 7, o, o, «)). In Fig. 2 we
present the success probability of obtaining this state from the GHZ state as a function of parameters x and c.
We can see that the probability tends to zero for x = % and @ — 0, which stands in sharp contrast with our
protocol that allows for the generation of these states with the fixed finite probability of success independently
of the values of the parameters. One may argue that the effect of vanishing probability is related to a specific
choice of the norm. However, it is easy to see that this effect holds for any choice of the norm consistent with
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the condition PP < 1. Indeed, it suffices to show that ||[M(Z, 7, — 0)|| — oo for any choice of the norm.
Due to Eq. (24) we have

(IM(E, w0 — 0)]] = ' 2K(%,7r,oe—>0)‘-||]\~/I(l,71,ot—>0)||. (25)

Now it can be easily verified that‘ +/2K ( %, T,o — O) — 00. Therefore it suffices to show that| |M ( %, T, — 0)]]

is strictly positive for any choice of the norm. For the spectral norm one has| |M (§>m, 0 — 0)|| = 2. However,
all matrix norms for finite dimensional matrices of a fixed dimension are equivalent, which means that for any
two norms || - ||x and || - ||y there exist two positive numbers x,x’ such that for any matrix A one has
x||Allx < |lAlly < x/||A||x. From this property it follows that [|M(Z, 7,0 — 0)|| must be strictly positive for
any choice of the matrix norm, which implies [|[M (%, 7, o — 0)|| — oc and therefore the success probability
for filtering the states in the neighbourhood of x = 7 and @ = 0, for any implementation of the SLOCC opera-
tion in Eq. (24), is arbitrarily close to zero.

This shows that our protocol overcomes the difficulties of state generation via SLOCC filtering operations,
since in the latter: (i) the filtering probability can vanish, (ii) we are confined within one of the six entanglement
classes depending on the initial state of the filtering. Both restrictions do not apply to our protocol, in which the
success probability is constant for any state and we can reach an arbitrary state from the same trivial initial state.
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A scheme is presented for generation of a multipartite W state for an arbitrary number of qubits. Based on

a recent proposal of entanglement without touching, it serves to demonstrate the potential of particle indistin-

guishability as a useful resource of entanglement for practical applications. The devised scheme is efficient in
design, meaning that it is built with linear optics without the need for auxiliary particles nor measurements. Yet,
the success probability is shown to be highly competitive compared with the existing proposals (i.e., decreases
polynomially with the number of qubits) and remains insensitive to particle statistics (i.e., has the same efficiency

for bosons and fermions).

DOI: 10.1103/PhysRevA.104.023701

I. INTRODUCTION

Entanglement is a key quantum information resource
which provides a basis for all modern developments in quan-
tum technologies and remains a central theme in quantum
foundations research [1-9]. Flexibility of entanglement gener-
ation is thus crucially important for practical implementations
which require manipulation of an increasing number of qubits
prepared in a desired state. Needless to say the challenges
lie on both the experimental as well as the theoretical sides,
with various factors deciding the usefulness of a given pro-
posal. It is always a subtle interplay between the scaling
properties for the efficiency of state generation and the re-
sources measured by the complexity of the experimental
design.

Here we focus on a prominent example of a multipartite
entangled state, the W state, which for N qubits take the form,

1
Wy = Wi AN D HR D L),
ey

where {|1), || )} is a computational basis. A remarkable prop-
erty of this state is that the amount of entanglement shared
between any of the qubits and all the rest is optimal, in
a sense that entanglement is robust to the loss of one or
more qubits in the system [10] (this should be compared
with a multipartite GHZ state for which the loss of a single
qubit forfeits any entanglement between all the rest). Notably,
the W state belongs to a separate entanglement class under
SLOCC:s [11]. It also shows stronger nonlocal properties [12].
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This makes the multipartite W states an interesting quantum
resource, with a promise for practical applications in quantum
information [13—-15]. There have been a few implementations
of the W state [16-20], but their complexity which grows
with the number of qubits presents a significant challenge.
For most theoretical proposals [21-23] the efficiency drops
exponentially with N, with the recent exception in Ref. [24]
(see also Ref. [25] for fermions).

In this paper, we develop a scheme for generation of the
multipartite W state which can successfully compete with all
known proposals, including the quantum erasure proposal in
Ref. [24]. Our proposition is based on a no-touching paradigm
for entanglement generation in linear optical circuits explic-
itly discussed in Ref. [26] (see also Refs. [27,28] for early
indications of this idea and Refs. [29-31] for some particu-
lar realizations). This idea originates from the foundational
question about the possibility of entanglement extraction from
pure particle indistinguishability without any component from
particle interactions. The problem has led to a special class
of linear optical designs in which the particles traversing the
circuit never touch one another over the entire evolution.
Apparently, such experimental schemes provide an efficient
platform for entanglement generation, which in the present
paper is illustrated on the example of the multipartite W state.
We also note that the no-touching designs are insensitive to
particle statistics, that is, they are equally suitable for bosons
and fermions.

The paper starts with some brief remarks on various factors
relevant for the assessment of experimental proposals for state
generation. Then we proceed with a detailed description of
the no-touching scheme for generation of the multipartite W
state for an arbitrary number of qubits. As the basis for our
construction we use the dual-rail encoding of qubits and then
give the corresponding design for polarization encoding. We
also comment on experimental feasibility of the proposed
schemes. The paper concludes with a discussion in which the

©2021 American Physical Society
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efficiency of our design is compared with other proposals in
the literature.

II. REMARKS ON EFFICIENCY COMPARISON

A standard tool for comparison of experimental designs is
the efficiency denoted here by Eff,, i.e., the success prob-
ability of obtaining the desired result (in our case it is a
given state). The main factor reducing the efficiency comes
form post-selection which occurs in many different guises in
virtually every experimental design. A typical example are
event-ready techniques for entanglement generation (e.g., en-
tanglement swapping [32-34]) or more generally techniques
based on coincidence counts (e.g., [35,36]). Then an evi-
dent figure of merit for multiqubit entanglement generation
schemes is the scaling of the efficiency Eff, with the increas-
ing number of qubits N.

However, such an analysis blatantly ignores other details
of the experimental design which may easily compromise the
utility of a given proposal. A more thorough discussion should
take into account the complexity as well as the resources
required to implement a given proposal. Here we briefly point
out some relevant factors in experimental designs which may
have an impact that affects the overall assessment.

Suppose we consider a scheme that generates a given quan-
tum state of N qubits which, for simplicity, are encoded in
particle degrees of freedom (e.g., polarization, spin, or dual-
rail encoding). It means that N particles carry the desired
state 1, at the output. The efficiency Eff, describes how
often this state is produced, as a result of some well-defined
post-selection procedure. Then, even if the complexity of
linear operations in the circuit is not taken into account, the
following features of the design still remain relevant:

(a) How many particles does the scheme start with? What
input state ,, are they prepared in?

(b) Are intermediate measurements required in the design?
Does the scheme involve feed-forward?

Re. (a). Every state generation scheme requires some initial
multiparticle state i, to start with, and some of them are
easier to prepare than others. In particular, the fewer particles
the better. Therefore every auxiliary particle in the input, on
top of what is gained in the output, should count as an extra
cost. Furthermore, if our goal is generation of entanglement,
then any scheme starting with separable states v, like single-
particle inputs |1)®V, should be considered less demanding
compared to those requiring entanglement to start with.

Re. (b). Measurements are a different kind of resource
which introduces nonlinearity into the system. Thus the num-
ber of intermediate measurements adds to the overall cost of a
given design. Even if the problems with detection inefficiency
are ignored, the measurements introduce a stochastic element
to the procedure. This either results in extra post-selection (cf.
event-ready techniques [32,33]) or requires active correction
using feed-forward. Needless to say that the latter presents a
considerable technical challenge [34].

Clearly, the analysis solely based on the scaling of the
efficiency Eff, with the increasing number of particles N

FIG. 1. Generation of the W, state in the no-touching scheme.
N independent particles injected into the circuit undergo a sequence
of transformations: local unitaries U o G, V, ...,V in the respective
subsystems A,..., Ay followed by permutation of the paths o and
then local unitary G™' in subsystem A,. Post-selection on a single
particle (coincidence) in each target qubit B,,..., By generates the Wy
state for the particular choice of unitaries in Egs. (2) and (3) fulfilling
condition Eq. (16).

neglects all other relevant factors like those mentioned above.
However, those other resources required in the design signif-
icantly contribute to the overall complexity (or cost) deciding
the experimental utility of a given proposal. This makes it
difficult to compare designs utilizing different resources, since
in general it is not clear how to weigh between their costs.
There is, however, one exception: From two designs having
a comparable efficiency Eff,, the one with no extra resources
seems to be a better choice. This principle will allow one to
appreciate the performance of the W state generation scheme
constructed in the following section.

III. NO-TOUCHING DESIGN FOR W STATE
A. Preliminaries

We follow the discussion of entanglement generation in the
no-touching scheme proposed in Ref. [26]. Let us consider an
optical scheme with 3N — 2 paths (or modes) grouped into N
subsystems A,,..., Ay with paths labeled as follows:

System A, = {I,T}U{2,3,...N — 1},
System A, = {2,2},

System A, = {N, N}.

See Fig. 1 for illustration. For better clarity we denote with
a double bar the modes that will play an auxiliary role in
subsystem A,. Further, we assume that target qubits B,,..., By
are encoded in pairs of paths in the output (so called dual-rail

qubits) for which we choose:
Qubit B, = {k,k}  for k=1,...,N.

This means that the computational basis for qubit B, is iden-
tified with a single particle in the respective path |1), = a|0)
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and [|), = a;|0), where |0) is the vacuum. Thus the general
state of the qubit is encoded with a single particle in B, as
a1+ B, = (@al + Ba))|0).

The protocol consists of the following stages (Fig. 1).

(1) Start with N independent particles with a single parti-

cle injected into each subsystem A,,..., Ay.

(2) Local unitary on each subsystem A,,..., A,.

(3) Permutation of the paths o,

(4) Local unitary in the output on subsystem A,.

(5) Post-selection on a single particle (i.e., coincidence

count) in the output qubits B,,..., By.

Note that such a design guarantees that the particles do not
touch one another over the entire evolution as discussed in
Ref. [26]. For the discussion of its applicability to nonlocality
tests see Ref. [37]. One particular property of such schemes
is that their efficiency Eff}, is insensitive to particle statistics
(i.e., the success probability is equal for bosons and fermions).
In the following, we describe the no-touching protocol gener-
ating the W, state Eq. (1) in the target qubits B,,..., By.

B. Details of the protocol

Let us be precise about the no-touching protocol given in
Fig. 1 and define three unitary transformations U, V, and G in

the following form:
s €
V= (8 N 5), @)

a B
”z(ﬂ —a)’

For simplicity we will assume that «, 8, §, and ¢ are real.
Since U and V are unitary, we need to have ﬁ2 =1—q?
and > = 1 — §2. Numbers y,, are chosen arbitrarily so that
G is unitary, and they will not play any role in our argument.
Permutation of the modes depicted in Fig. 1 is defined as
follows:

1—>1,
k—>k+1 for k=1,...N—1,
o S Mt 4)
k—>k—1 for k=2,...,N,
k—k for k=2,...,N.

In this way we have specified all components of the protocol.
For further convenience, let us write out all unitary transfor-
mations that will be used in our analysis:

aT—U>aaT+ﬁalj, 5)

al 4> 8a +eal for k=2,3,..,N, (6)
1 .

al - —— (@ +al +..+a), @)

VN -1

¥ oGl

1
T
g VN -1

a

@ +yhd+ .. +y,, a)

for k=1,3,..N—1. (8

and Now, we are ready to trace the evolution of the input state
1 Via Vinot of N independent particles injected into the circuit in Fig. 1
1 1 Vaa Vanoi which ends with post-selection in the output. Postponing the
G = N =1 . ®) questions of experimental difficulties to the next section, like
1 Vot v the phase stability which should be maintained during the
e oL evolution, we may write
—{- —;- —{ U.GV,.V —{ ﬂ T T T + T +
al'a,...a,l0) EW—S)?U) aal + N_l(aT—{—...—i—aﬁ) (da, +eay)...(8a, + €ay)|0) )
o f p t f i t t +
e aa + N_l(a2+...+aN) a; +eay)...(0 a—+eay)l0) 10)
< ad + p (a +...+a) (1)
Eq. (8) ! N—-1 ° N
)
N_l(w+y,,a7+ +lel )—i—eaf (12)
1)

\/—](a +VN 12a + +VN 1,N— 1a7)+8a7 |0> (13)

0SL— SE ection 88N_2 N oL KN
P ( al + lj\/—l a al . .ajlwl‘ajﬂ...a;)IO) (14)

Eq.(16) 82 (1 — §2)N-1

= o oira e (M D+ D+ L LD+ 1 . (9)

023701-3



BLASIAK, BORSUK, MARKIEWICZ, AND KIM

PHYSICAL REVIEW A 104, 023701 (2021)
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0.050 Ref. [24] with ff

0.010

0.005 Ours Eq. (18)

Efficiency Effy

Ref. [24] wo ff
0.001

5 10 15 20 25
Number of particles N

FIG. 2. Optimal efficiency of the scheme. The success proba-
bility for generation of the Wy state in our scheme Eq. (18) compared
with the scheme with auxiliary particle and quantum erasure de-
scribed in Ref. [24] [without and with active feed-forward; see
Egs. (12) and Eq. (14) therein].

Note that the product structure in Egs. (11)—(13) allows for
quick identification of terms that remain after post-selection.
Since we are interested only in cases with a single particle
in each subsystem B, = {k, E}, then for each creator in the
first bracket Eq. (11) there is only one choice of creators in
the remaining brackets Eq. (12) and (13) which fulfills the
post-selection condition: a single particle (creator) in each
subsystem B, (notice that the modes with double bar can
be dropped altogether). What is left are only the terms in
Eq. (14). The last equality in Eq. (15) holds for bosons when
all coefficients are equal,

N—1

ﬁ88N72
oe =

N-1"

(16)
which holds for the choice a? = WZ)’(I—SZ) Thus we ob-
tain the W, state Eq. (1) in the output. We remark that for
fermions all terms except the first one in Eq. (15) get the “—”
sign which can be easily corrected by phase shift ¢/™ in the
first path (either in the input or output).

Note that the expression in Eq. (15) is unnormalized due
to post-selection which projects on the subspace with a single
particle in each channel B,, ..., By. From the normalization we
can read out the success probability (efficiency) of the process
which is equal to

N52 (1 _ 52)N—1
P+ N—12(1=8)

Since there is one free parameter left in the protocol we can
optimize over § and obtain the maximal efficiency:

Eff,(8) = a7)

e Te! 1
Eff, = max Eff,(8) ~ ﬁ + N +0<]W)' (18)

The result is plotted in Fig. 2 and compared with the efficiency
of the quantum erasure scheme in Ref. [24]. See Appendix
for explicit calculation. Let us note that the obtained effi-
ciency is insensitive to particle statistics, which is the same
for bosons and fermions. This follows from two observations:
(i) in the passive linear optics regime the unitary evolution is
governed by the same set of equations Eqgs. (5)—(8) regardless

o o B
A
|H)
Ay o o B,
|H)
Ang | o o Bya
|H)
AN o N N o By

FIG. 3. Optical scheme with photon polarization. Rewriting of
the proposal in Fig. 1 into photon polarization qubits. In that case,
each pair of paths {k, k} in dual-rail encoding gets replaced with
two polarization modes {|H),, |[V),}, with spatial merging obtained
by polarizing beam splitters (PBS) in the output. Then the unitaries
U, V, G, and G are implemented by appropriate choice of beam
splitters (BS). The analysis of this circuit parallels the dual-rail case
in Fig. 1 and the resulting efficiencies are clearly the same.

of the statistics [38], and (ii) in the post-selected sector the
same terms survive for both types of particles (due to the
no-touching feature of the scheme [26]).

We remark that the above discussion based on dual-rail
encoding of qubits gives a generic pattern which directly
translates into other realizations. For illustration, in Fig. 3 we
give analogous design for photon polarization qubits using the
scheme in Fig. 1 as a template.

C. Experimental feasibility

Our N particle W state generation protocol requires N
identical single photons and the phase stabilized linear op-
tical networks. We remark that such technical demands can
be fulfilled with the current quantum photonics technology.
For example, it has been shown that tens of identical single
photons can be generated either via spontaneous parametric
down-conversion (SPDC) [35] or from a quantum dot [39].
The temporal multiplexing technique with SPDC also pro-
vides a promising avenue to scale up the number of identical
single photon generation [40]. The phase stabilized linear
optical networks can be achieved with the active feedback
control. For instance, a huge phase stabilized interferometer
with an arm length of a few hundreds of kilometers has
been implemented in the context of twin-field quantum key
distribution [41]. We also note that the integrated quantum
photonics can provide an efficient way to implement compli-
cated linear optical networks with the excellent phase stability
[9]. Therefore, our cost efficient W state generation protocol
can be implemented with tens of photons with the current
quantum photonics technology.
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IV. DISCUSSION

The presented protocol for generation of the W state is cost
effective. It only requires linear optics and post-selection to
get the N particle W state from N independent particles in the
input. The efficiency of state generation scales polynomially
Eff, ~ !/~ with the number of particles. This leaves behind
most proposals in the literature which use quantum fusion
techniques [16-20] for the iterative construction of the larger
W, states from smaller ones W,,_,, which inherently suffer
from the exponential decrease of efficiency O~". Our proposal
clearly benefits from the direct construction of the state rather
than the use of iterative techniques. It is also more economical
with the respect of resources required for the experimental
implementation.

Interestingly, there is a recent proposal of multipartite W
state generation based on quantum erasure [24] (see also
Ref. [25] for fermions). It is to our knowledge the most
efficient protocol whose efficiency scales polynomially like
1/n2, with a potential for further improvement to !/n by feed-
forward with active state correction on each qubit (see Fig 2).
Note, however, that this scheme requires one auxiliary particle
in the input on which appropriate measurement is made, i.e.,
N + 1 particles are needed to produce the N particle W, state.
Clearly, this is an additional cost both in terms of particles
and measurements that a fair comparison should take into
account. Neither of those are required in our design and yet it
performs slightly better (cf. Appendix). As noted, even if post-
processing of each qubit based on active feed-forward in the
quantum erasure scheme in Ref. [24] increases the efficiency,
this comes with a considerable extra cost which scales linearly
with the number of particles N (and thus compromising the
potential gain). Needless to say that active feed-forward poses
a nontrivial experimental challenge.

Finally, we remark that the presented approach is insen-
sitive to particle statistics, i.e., works with equal efficiency
for fermions, bosons, or anyons. This is a generic property
of the no-touching designs [26]. Moreover, it can be safely
used for Bell nonlocality tests, since the post-selection scheme
follows the all-but-one principle discussed in Ref. [37], which
assures no post-selection loophole. Therefore our protocol can
be safely utilized as a part of device-independent protocols in
quantum technological applications.
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APPENDIX: MAXIMAL EFFICIENCY Eff, IN EQ. (18)

Finding the maximum in Eq. (17) is straightforward. It
boils down to differentiating and choosing the solution such

that |§| < 1. Thus we get
/ N3—6N2+13N—8
1-N+ N

JOEff, (§) 5
_—— 0 8 - ’
a8 = O 4 —2N
(A1)
and hence Eq. (18) takes the form,
Ne2 (1-82)"
Effy = Effy(8,) = - (A2)

8%&)& + (N - 1)2 (1 - 81%3)() .
This result is plotted in Fig. 2.

For completeness, we also give asymptotic expansion of
the above expression which reads

Eff, ~ 1+ L oL (A3)
N~ = ol — ).

N? 2N? N*
This should be compared with the corresponding efficiency
for the recent proposal with quantum erasure in Ref. [5] (to

our knowledge the most efficient proposal for W state gener-
ation in the literature). Equation (14) therein gives

e! e’! |
v o tAN)

We note that although the use of active feed-forward in the
scheme of Kim et al. [24] increases the efficiency by factor
N, it comes at an incomparable cost which scales with the
number of particles N, too.

EffN(Kim etal)
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The quantum three-box paradox is a prototypical example of some bizarre predictions for intermediate
measurements made on pre- and postselected systems. Although in principle those effects can be explained
by measurement disturbance, it is not clear what mechanisms are required to fully account for the observed
correlations. In this paper, this paradox is scrutinized from the causal point of view. We consider an array
of potential causal structures behind the experiment, eliminating those without enough explanatory power. A
distinction is made between the propagation in the system of just the measurement outcome and the information
about the full measurement context. We also discuss the consequences of the realist position in which preexisting
values are revealed by measurements. Interestingly, the answers depend crucially on whether the original version
of the paradox is considered or its extension where the third box is allowed for inspection too. This illustrates
the richness of the paradox which is better appreciated from the causal perspective.
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I. INTRODUCTION

A paradox builds upon a conflict between observed facts
and preconceptions that we hold about them, with a view
to elicit a revision of the latter for a deeper understanding
of a given problem or phenomenon. On the one hand, this
may be just a warning about a superficial understanding of
the mathematics, which if correctly applied does not lead to
any contradictions. It is particularly true about the problems
involving probability. On the other hand, a paradox can be
an indication of a deeper misconception regarding the mech-
anisms at work, and thus potentially revealing something new
about the nature itself. Therein lies the interest for the founda-
tional issues of quantum theory and, in particular, the question
about the causal nature behind its predictions. Notably, some
remarkable results on quantum nonlocality [1-3] or contextu-
ality [4-6] are prime examples with a paradox and causality
at the background.

A three-box paradox [7] is a flagship example of the pre-
and postselection (PPS) scenarios, in which some surprising
predictions about intermediate measurements are made. It was
originally proposed as an illustration of the so-called ABL
rule [8] (after Aharonov, Bergmann, and Lebowitz). For the
three-box paradox case it makes a strange prediction regarding
the position of a particle which is always found where it is
looked for. This has sparked controversy regarding the nature
of the paradox and conclusions that can be drawn from this
bizarre effect [9—15]. The first objection concerns the presence
of postselection in the experiment, since the rejection of data
is a potential source of noncausal correlations known as a se-
lection bias [16]. The second problem stems from the possible
role of measurement disturbance in the experiment, since in
this case the disturbance can propagate in the system making
the information about the intermediate measurements avail-
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able at the moment of postselection. Those issues certainly
affect interpretation of the paradox and thus need careful
reassessment within a proper conceptual framework.

In this paper we tread the path eloquently expressed in
Pearl’s [17] conjecture that “human intuition is organized
around casual, not statistical, relations.” It suggests that in
an attempt at resolving a paradox one should rather focus on
causal mechanisms behind the observed correlations. Not only
does this give a way to the bottom of the paradox by explicat-
ing the implicit assumptions that we make, but it sometimes
may even offer something new about the causal mechanisms
at work. Notably, the causal approach has recently gained a
solid mathematical foundation in the works of Pearl and oth-
ers [16,18,19] (which goes along similar lines as introduced
by Bell [1]). Some remarkable results in the field of causal
inference pertinent to the present paper include d-separation
rules and instrumental inequalities. This novel approach has
helped in resolving various conundrums in observational stud-
ies in epidemiology, computer science, and social sciences
[20-22]. Despite a fairly recent development, mostly outside
of physics, those methods have already influenced the re-
search in quantum foundations (see, e.g., Refs. [23-31]).

In this paper, we employ the tools of causal inference
to analyze measurement disturbance and its impact on post-
selection in the three-box paradox. This approach allows
differentiating between the various mechanisms in which
measurement disturbance can propagate. We also bring to
light some implicit assumptions about realism that are typi-
cally made, which explains where the clash with our intuition
might come from.

II. THREE-BOX PARADOX IN A NUTSHELL

Consider an experiment with a system prepared at time
tp in some state initial state py on which at a later time #, a
projective measurement M, is made checking for state TTP*,
Let us agree to retain only the positive results M, = 1, which
are deemed a success, and discard all the rest M, = 0. This
is the so-called PPS scenario. To make it more interesting we
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FIG. 1. Three-box experiment. Consider a particle that can be in
one of three boxes labeled 1, 2, and 3. The system is preselected
in state py and postselected in state T[T, In each experimental trial
we choose a box C = 1, 2, 3 checking whether the particle is there or
not. Quantum mechanics makes a puzzling prediction that whichever
box C = 1 or 2 we choose to look at, the particle will be always found
there [see Eq. (4)].

allow ourselves to make a measurement M in some interme-
diate time #; (fyp < t; < tp) described by a projection-valued
measure (PVM) (I1¢}, where C stands for the choice of mea-
surement in a given experimental run. Then, the conditional
probability of obtaining outcome M| = i in the PPS scenario
is given by the ABL rule [8]

Tr[ 1P TT€ py M€ (1)

P(Ml = l|M2 = 1,C) = WH?/JUHIFJ

It is a straightforward application of Bayes’ theorem to the
joint probability

P(My =i, My = j|C) = Tr[ T II po TI{ ], )

which is obtained by the usual von Neumann-Liiders rule.
Here the final measurement M, is described by the PVM
{07} joo.1 = {1 — TP, TIPOt),

A three-box paradox [7] is a specific realization of the
PPS scenario in which the intermediate measurements M
are assigned deterministic conditional outcomes. It concerns
a single particle that can be localized in one of three boxes
labeled 1, 2, and 3 described by the respective quantum states
[1), 12), and |3). Suppose in the intermediate measurements
we check whether the particle is in a given box C =1, 2, 3,
or not, which is implemented by the PVM (I1¢},-o 1 = {1 —
|CY(C], |C){C|}. See Fig. 1. Now, if we choose for the pre-
and postselected states, pg = |@)(¢| and TIP*" = [/) (|, the
following nonorthogonal pair,

— ID+12)+3)
) = L0L2)

then, from the ABL rule Eq. (1), we get

_ID+12)=13)
and |y) = W20 )
PM =1M,=1,C)=1 for C=1,2. (4

Hence, we have a paradoxical conclusion that whatever box
we check, C = 1 or 2, the particle is always there.

My=0 Mp=1

M;=0 2/3 0

My=0 Mp=1

M;=0 2/3 0

Mp=0 Mp=1

M;=0 2/9 Y%

wer By Yy oomer Yy e

C=1 C=2 C=3

FIG. 2. Full statistics in three-box experiment. The joint proba-
bility P(M,, M,|C) of obtaining measurement outcomes M; = 0, 1
(i.e., particle not found or found) and M, = 0, 1 (i.e., postselection
is a failure or success) for the choice of experiment C = 1, 2, 3 (i.e.,
which box to check).

The full statistics observed in the experiment is given in
Fig. 2, which readily follows from Eq. (2). This shows that for
C = 1, 2 postselection succeeds with the probability equal to
P(M, = 1|C) = 1/o." Let us note in advance that although the
original formulation of the paradox in Eq. (4) concerns just
two (out of three possible) experimental choices C = 1, 2, it
becomes more revealing and weird when we look at the full
statistics C =1, 2, 3.

III. CAUSAL PICTURE OF THE THREE-BOX
EXPERIMENT

Let us consider the possible causal structures hiding behind
the experiment which will be further assessed against their
capacity for generating the three-box statistics in Fig. 2. We
need to decide about the variables deemed relevant for the
description of the experiment and then ponder their causal
relationships.

A. Pure causal setting

In the description of the three-box experiment there are
three observed variables:

C : choice of measurement setting (C = 1, 2, 3),
M, : outcome of measurement ./\/lf M, =0,1),
M, : outcome of measurement M, (M, = 0, 1).

Furthermore, let us postulate the existence of some unob-
served variable:

A : hidden (or latent) variable.

This variable is aimed to describe any other factors relevant
for the experiment (e.g., the details of the preparation proce-
dure). It is left unspecified in order not to restrict the range
of possible explanations behind the observed correlations. We
call it a pure causal setting as it involves the least number of
assumptions (this should be compared with the more restricted
framework below).

B. Realist causal setting

It is very instructive to consider in parallel the additional
realism assumption. This is a position which derives from the
worldview in which physical objects and their properties exist,

"We remark that this probability is the same as when no inter-
mediate measurement MY is made, in which case we also have
P(M, = 1| without M) = Tr[TTI™* po] = [(Y | $)|* = 1/5.
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Pure causal DAG

Realist causal DAG

FIG. 3. Causal diagrams for the three-box experiment. In both di-
agrams, the variables C, M|, and M, are observed in the experiment,
whereas A and V are unobserved (latent or hidden) variables. These
are directed acyclic graphs (DAGs) which are allowed by the tempo-
ral structure of the experiment (no retro-causation) and assuming C
to be a free variable. The diagram on the right includes an additional
structure (shaded in gray) which reflects the realism assumption. In
both diagrams the red arrows (with question marks) are responsible
for different types of measurement disturbance propagating in the
system, i.e., whether it is just the outcome M| or the full measurement
context C that affects M,.

and the measurements reveal those preexisting values. In our
case this view boils down to the existence of an additional
variable

V : position of the particle (V =1, 2, 3),

having a definite value before the measurement is made
(possibly a derivative of the hidden variable A). Since the
measurement M answers the question “Is the particle in a
given box C?”, we have the following consistency condition:

Mi(C,V):=8cy. &)

It is a direct expression of the requirement that the measure-
ment reveals the property of the particle being in a given box.
We remark that those additional structural components make
the realist causal setting more restrictive compared to the pure
causal setting, as we shall see shortly.

C. Causal diagrams for the experiment

Let us draw the diagrams compatible with the above two
descriptions. In Fig. 3 the arrows represent cause-and-effect
relationships between the variables. Observe that the temporal
structure of the experiment allows us to eliminate certain
arrows in the diagrams. Namely, we assume only forward-
in-time causation. Also, since the choice of measurement is
considered to be a free variable, we assume there is no arrow
incoming to C. [Note that, although in principle in the realist
causal directed acyclic graph (DAG) (right) there could be an
arrow V — M, it has not been drawn since we can always
incorporate it in the arrow A — M, (by appropriately modi-
fying A).]

We note that the diagrams in Fig. 3 include all arrows
compatible with the experiment. In this paper we pose the
question about the necessity of arrows M; — M, and C —
M,. Both are responsible for the causal effects of the interme-
diate measurement M in the experiment. The lack of both
arrows means no measurement disturbance. Conversely, their
presence is a sign of different types of disturbance propagating

in the system, i.e., whether it is just the measurement outcome
M, or the full context specified by the choice of measurement
(parameter) C that affects the final measurement M,. Using
the terminology borrowed from the analysis of Bell nonlocal-
ity [32], we call those arrows as

M| — M, : outcome dependence,

C — M, : parameter dependence

Having specified causal structures of interest we may as-
sess their potential for explaining the statistics of the three-box
paradox in Fig. 2.

IV. MAIN RESULTS

A. Inspection of causal structures

In the causal inference field we are interested in verifying
whether a given causal structure can explain the observed
experimental behavior, i.e., whether the statistics can be repro-
duced by some structural causal model (SCM) consistent with
a given causal DAG (see Refs. [16,18-29,31]). Since adding
arrows to the diagram extends its expressive power, we are
looking for structures with the fewest number of arrows which
can still explain the observed experimental behavior.

As noted, the realist causal setting is more restrictive than
the pure causal setting (see Fig. 3), i.e., not all behaviors com-
patible with the pure causal DAG (left) are admitted by the
realist causal DAG (right). In the following we consider both
cases separately. Furthermore, we also distinguish between
the statistics in the three-box experiment in Fig. 2 for the full
choice of three measurements C = 1, 2, 3, and the case lim-
ited to the two choices C = 1, 2 (as in the original exposition
of the paradox). This will make an interesting case regarding
our perception of the paradox and its further ramifications as
explained below.

Our results are summarized in Fig. 4. For the proofs of
necessity of the respective arrows see Appendix A (which
employs the tools of causal inference [16]: the d-separation
criterion and instrumental inequalities). The proofs of suf-
ficiency are given in Appendix B (this requires explicit
construction of SCMs in each case).

B. Conclusions

Having analyzed possible causal explanations of the three-
box experiment it is natural to ask why people find it
surprising. Notably, the original formulation of the paradox
[7] concerns just two (out of three possible) experimental
choices C = 1, 2; here the postselected behavior is determin-
istic, which makes it better suited for human judgment. In
this case the paradox seems to arise from the tension between
the assumption of realism and the deceptive impression, from
how the paradox is phrased, as to the lack of measurement
disturbance in the experiment. We showed that both assertions
are intrinsically contradictory. The requirement of realism
necessitates measurement disturbance of some sort [see
Fig. 4(b)], i.e.,

Realism = measurement disturbance.
Cc=1,.2
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arrow C—= M, is
necessary & enough
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Realist causal DAG
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FIG. 4. Summary of the results. The table answers the question of which red arrows in the two causal diagrams in Fig. 3 can be removed
while still retaining their capacity for generating the statistics in the three-box experiment in Fig. 2. There is a difference whether the full
statistics is considered C = 1,2, 3 or just its part related to the “paradoxical” choice of measurements C = 1, 2. This shows what kind of
measurement disturbance (outcome vs parameter dependence) is required depending on the preferred worldview (pure vs realist) and the

selection of measurements under consideration.

Accordingly, if the disturbance is taken on board, then the
paradoxical correlations in the postselected regime can be
explained as an instance of the selection bias [16] [see the
proof of Fig. 4(b) in Appendix A].

Interestingly, in the pure causal setting (no realism) the
paradox can be explained without measurement disturbance of
any sort. In this case we showed, by constructing the explicit
SCM, that confounding is just enough to explain the effect
[see Fig. 4(a)], i.e.,

No realism = measurement disturbance.
C=1,2

Thus without claiming realism the question of measurement
disturbance turns out immaterial, and hence the paradox be-
comes less of a surprise.

As noted, both conclusions above concern the original for-
mulation of the paradox with just two boxes being considered
for inspection (C = 1, 2).

Our discussion relies on a proper treatment of measure-
ment disturbance as a genuine causal notion. This approach
allows us to make a further distinction between various types
thereof, that is, outcome vs parameter dependence represented
by the respective arrows M; — M, and C — M, in Fig. 3.
For this purpose the full statistics, which includes checking
the third box (C =1, 2, 3), appears to be more interesting.
It allows us to show that parameter dependence is actually
necessary in both pure and realist frameworks [see Figs. 4(c)
and 4(d)], i.e.,

Full statistics = parameter dependence.
Cc=123

We also showed, by construction of the explicit SCM, that
parameter dependence is sufficient to explain the observed
statistics (this can be also deduced from the general property
regarding saturation of the model by the single arrow C —
M,, as proved in Ref. [33]).

Let us emphasize that a statement that an arrow is unnec-
essary does not mean that in reality it is not present (this
only means that one can explain the statistics without its
assistance). However, the necessity of an arrow implies that
it cannot be replaced by any other arrow and still correctly
reproduce the statistics. In this sense the causal DAGs in
Fig. 4 are the minimal structures compatible with the observed
statistics under the given realist or pure assumption.

V. DISCUSSION

In this paper we focused on the assessment of the role
of the various causal mechanisms capable of generating the
statistics observed in the quantum three-box paradox. Such an
approach seems to be more revealing regarding the structure
of measurement disturbance than the mere acknowledgment
of its presence of some sort. The analysis based on the in-
strumental inequalities shows the necessity of the parameter
dependence in the system (but interestingly, only when the full
statistics is taken into account). Furthermore, the use of the
d-separation criterion allows us to see the paradox as a case of
the selection bias [16] (see Refs. [34,35] for a related issue of
postselection in the definition of weak values [36]). Note that
in our discussion we take the conservative point of view with
single measurement outcomes (in contrast to the many-worlds
interpretation) as well as exclude backward-in-time causation.
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We remark that for the three-box paradox there is no
physical principle that would prohibit the propagation of
measurement disturbance in the experiment (like the locality
principle for Bell experiments [1-3]). This is because the PPS
paradigm consists of a sequence of two measurements M
and M, with the second one being made on the whole system
(i.e., even if the boxes can be kept separate while checking
a given box C in the measurement MY, all of them have
to merge together at the end to implement the measurement
My). See Fig. 1. It is also clearly seen in the experimental
realizations of the three-box paradox [37,38]. This makes all
the information about the outcome MY and the parameter C
in principle available upon postselection, and hence neither
of the disturbance arrows can be excluded by locality argu-
ments. It is in fact possible to construct a generic local hidden
variable model of a single particle in arbitrary linear optical
circuits (where measurement disturbance propagates locally
too) [39].

It is instructive to observe that the quantum description of
the paradox, if interpreted literally in the causal terms, works
according to the pure causal DAG in Fig. 3 with both arrows
M, - M, and C — M, present. This is readily seen from
the corresponding SCM which boils down to the identifica-
tion A = pp and the structural equations implementing the
standard quantum recipe. See Appendix C for details. Note
that such a quantumlike model is not optimal, as it features
the unnecessary arrow M; — M, (outcome dependence) [see
Fig. 4(c) as well as Ref. [33]]. However, it is an interesting
open question regarding the scope of scenarios in which out-
come dependence can be taken out of the picture in favor of
parameter dependence alone (note that in the standard Bell
scenario either one of those arrows is just enough).

The aforementioned quantumlike causal model reflects the
standard view of quantum theory which turns down the dis-
cussion of unobserved properties. It falls within the pure
causal setting [see Fig. 3 (left)]. This should be compared with
the concept of measurement as an act of observation which
reveals some preexisting property of the system. The latter
entails including additional structure in the causal modeling of
the system as indicated in the realist causal setting [see Fig. 3
(right)]. It is not without consequences for the expressive
power of the considered causal structures, which in turn may
entail the necessity of certain mechanisms of measurement
disturbance in the system (see the comparison in Fig. 4).

Let us note that the PPS paradoxes can be turned into the
proofs of contextuality [40-43]. Since in principle all those
effects can be attributed to measurement disturbance, it is
natural to ask about the possible causal mechanisms allowing
for this to be fully attained. This makes the question about
the causal resources (here taken as different sorts of arrows)
that are enough to explain a given class of contextual effects
an interesting research problem. This paper provides a strong
hint that parameter dependence is in general indispensable.
However, we have also seen that it may be superfluous in some
restricted settings (see case C = 1,2 vs C = 1, 2, 3 in Fig. 4).
We note in passing an interesting question regarding the role
of signaling in our argument. Observe that the marginals of
M, in the behavior in Fig. 2 change only when C = 3 is also
considered, and it is where the parameter dependence in the
three-box statistics can be proved (this should be compared

with the nonsignaling Popescu-Rohrlich boxes for which the
outcome dependence is just enough). We leave it as a curious
remark regarding contextuality in the presence of signaling
[44,45].

In conclusion, we mention the existence of several related
PPS paradoxes discussed in the literature, e.g., Refs. [46-51].
Their resemblance to the three-box paradox suggests that the
causal approach might shed more light there too.
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APPENDIX A: PROOFS OF NECESSITY

Here we answer the question of which of the two red
arrows in the causal DAGs in Fig. 3 is necessary in order to
reproduce the statistics in Fig. 2. For the proofs we use modern
tools of causal inference [16], i.e., the d-separation criterion
[Fig. 4(b)] and instrumental inequalities [Figs. 4(c) and 4(d)].

Proof of Fig. 4(b). Let us consider the realist causal frame-
work with just two measurement choices C = 1, 2. In that
case, from Eq. (4), we have P(M|, = 1M, =1,C) = 1. As
a consequence of the assumption Eq. (5) it means that V =
C whenever M, = 1. This necessitates the conditional de-
pendence V I C | M,. However, in the realist causal DAG
with both arrows M; — M, and C — M, absent [see Fig. 3
(right)], the variables C and V are d-separated conditioned
on M, (since the only path C — M; <V is blocked by
the collider M), which entails their statistical independence
V 1L C|M,. This contradiction means that at least one of
those arrows must be present in the realist causal DAG. In-
deed, either arrow M| — M, or C — M, lifts the d-separation
by opening the respective path V <— A — M, < M; < C
orV < A — M, < C (here M, is not a collider because of
conditioning). This opens a way for both variables to become
correlated (whether it is enough with a single arrow is proved
by an explicit SCM in Appendix B). In the field of causal
inference the phenomenon of correlation due to conditioning
is known as a selection bias or Berkson’s paradox [16].

Proof of Figs. 4(c) and 4(d). Now we are concerned with
the full choice of measurements C = 1, 2, 3. For the proof it is
enough to consider the pure causal DAG, i.e., Fig. 4(c) [since
this framework is more permissive, the necessity for Fig. 4(c)
automatically carries over to the realist case Fig. 4(d)].

Let us reformulate our problem in causal inference terms.
Suppose we admit the arrow M; — M, in the pure causal
DAG ([see Fig. 3 (left)] and ask about the necessity of the
arrow C — M,. (Note that proving the necessity of arrow
C — M, in this case will entail its necessity when the arrow
M, — M, is missing, since adding the latter only increases
the expressive power of the DAG.) This can be recast as
the instrumental scenario [16,52], where the instrument C is
used for determining causal influence of M; on M,, both of
which are affected by some unobserved (or latent) variable
A. The crucial assumption in this scenario is the absence of
any arrow incoming or outgoing from C except for C — M.
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It appears that this assumption can be tested by the so-called
instrumental inequalities [16,52] which adopted to our case
take the form

max Z [m]?xP(M1=i, My=jIC=Kk)] <1, (AD
J

where i, j = 0, 1 and k = 1, 2, 3. Violation of those inequali-
ties by the observed statistics testifies to the presence of some
other arrow incoming or outgoing from C (whatever the char-
acter of the arrow M| — M5). In our case this could be only
the arrow C — M, and hence a way to check its necessity.

To unfold the condition Eq. (Al) we observe that it is
equivalent to the following set of equations:

P(M, =0, M, =0|C=k) + P(M,=0,M,=1|C=1) < 1,
P(My=1,M,=0|C=k)+P(M,=1,M,=1|C=1) < 1,
P(M, =0, My=1|C=k) + P(M; =0, M,=0|C=[) < 1,
P(My=1,M>=1|C=k)+P(M,=1, M, =0|C=1) < 1,
(A2)

where kI = 12, 13, 23. Now it is straightforward to check that
the statistics in Fig. 2 violates those inequalities for kI = 13
and 23. For example, for kI = 23 in the first line in Eq. (A2)
we get

23 4 4o = 10/g > 1. (A3)

Therefore, if the full choice of measurements C =1, 2, 3 is
considered, then the arrow C — M, must be present in the
causal DAG in Fig. 3 (either pure or realist), if it is to repro-
duce the statistics in Fig. 2 (this single arrow is also enough
as proved by an explicit SCM in Appendix B). We note that
for the limited choice C = 1, 2 (i.e., kI = 12) the instrumental
inequalities Eq. (A2) remain inviolate, which means that in
that case the arrow is unnecessary [in full agreement with
Figs. 4(a) and 4(by)].

APPENDIX B: PROOFS OF SUFFICIENCY

Here we give a repository of explicit SCMs proving the
sufficiency of the considered causal DAGs for each case in
Fig. 4. In the following we just specify the structural equations
for the respective SCMs and observe that the joint proba-
bility distributions P(M; =i, M, = j|C =k) are obtained by
a straightforward application of the product decomposition
(Markov property) for the associated causal DAGs.

Proof. Note that the joint probability distribution gen-
erated by the causal DAG in Fig. 4(a) has the following
decomposition:

PM;=i,M,=j|C=k)

= Z PM;=i|C=k, A=AM)P(M,=jlL)P(A=A). (B1)
A

Now, in order to recover the statistics in Fig. 2 forC =1, 2
it is enough to consider a Bernoulli distributed hidden variable
A ~ Ber (1/3), i.e., we have A =0, 1 and

P(A=0)=23PA=1)=15 (B2)

Then, we set the following structural equations compatible
with the diagram in Fig. 4(a):

Mi(C, A) = A, (B3)

My(A,N) := AN, (B4)

where N ~ Ber (1/3) is an independent noise variable hav-
ing a Bernoulli distribution. This defines the SCM, which
via Eq. (B1) gives the correct statistics in Fig. 2 for
C = 1,2 (only).

Proof of Fig. 4(b;). Let us start by justifying the suffi-
ciency of the causal DAG in Fig. 4(b;). In this case, the joint
probability distribution has the following decomposition:

PM,=i, M= j|C=k)

= Y PM=i|C=k,V=0)P(My=jIM;=i, A=1)
A0
P(V=v|A=1)P(A=A). (BS)

In this case we posit a uniformly distributed hidden vari-
able A ~ Uni (1, 3),i.e.,, we have A = 1, 2, 3 with

P(A=i)=153 fori=1,2,3. (B6)

The following structural equations define an SCM compatible
with the diagram in Fig. 4(b;):

Mi(C,V) = &, [see Eq.(5)]  (B7)
V(A) = A, (B8)
My(Mi, A) := M;N, (B9)

where N ~ Ber (1/3) is a noise variable with a Bernoulli dis-
tribution. This is enough to recover, via Eq. (BS), the statistics
in Fig. 2 for C = 1, 2 (only).

The sufficiency of the DAG in Fig. 4(b,) follows imme-
diately from the model in Fig. 4(c) which works for all C =
1,2,3.

Proof of Fig. 4(c). Here the joint probability distribution
generated by the causal DAG in Fig. 4(c) has the following
decomposition:

P(M =i, M,=j|C=k)
= Y P(M=ilC=k, A=)
A

PMp,=j|IC=k, A=1)P(A=A). (B10)

We need an SCM which reconstructs the statistics in Fig. 2
for C =1, 2, 3 (all of them). Consider a uniformly distributed
hidden variable A ~ Uni(1,3) which takes three values
A =1,2,3. Then we define the following set of structural
equations in accord with the diagram in Fig. 4(c):

M (C, A) := d¢,, [see Eq. (5)] (B11)
ScalN forC=1,2,
M, (C, A) =
(1 =8.)—=N)+ 6N forC =3,
B12)

where N ~ Ber (1/3) is a noise variable with a Bernoulli distri-
bution. Such a definition of the SCM recovers, via Eq. (B10),
the full statistics in Fig. 2 forall C = 1, 2, 3.
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Proof of Fig. 4(d). This case is a straightforward extension
of the SCM in Fig. 4(c). Here the causal DAG in Fig. 4(d)
entails decomposition of the joint probability distribution in
the form

P(M, =i, M,=j|C=k)
= Y P(M=ilC=k,V=v)P(My=j|C=k, A=1)

AU

P(V=v|A=A)P(A=ML). (B13)

Following the constriction in Fig. 4(c) we take the hid-
den variable A = 1,2,3 with a uniform distribution A ~
Uni (1, 3). Then we introduce an additional variable V =
1,2, 3 and equate it with A. This trivial extension provides
the required SCM which takes the following explicit form [see
Egs. (B11) and (B12)]:

M (C,V) :=bcy, [see Eq. (9)] (B14)
V(A) := A, (B15)
SN forC=1,2,
M>(C, A) = {
(1 —=68:)—=N)+6.,N forC =3,
(B16)

where N ~ Ber (1/3) is again a Bernoulli noise variable. Those
structural equations comply with the diagram in Fig. 4(d)
reconstructing, via Eq. (B13), the full statistics in Fig. 2 for
allC=1,2,3.

APPENDIX C: QUANTUMLIKE CAUSAL MODEL

The formalism of quantum theory in the considered se-
quential scenario indicates the following. The outcomes of the
first measurement M are distributed as

P(My = i|C) = Tr[II{ po]. (C1)

Then the initial quantum state py gets updated according to the
von Neumann-Liiders rule and the conditional distribution of
the outcomes of the second measurement M, is given by

Tr[5™ IE pp NE]

PM, = jiM; =1i,C) = Tr[T1 py]

(C2)

Note that this is how Eq. (2) is derived.

Let us construct an SCM as suggested by Egs. (C1) and
(C2). It will have the structure of the pure causal DAG in
Fig. 3 (left) with both arrows M| — M, and C — M, present,
i.e., admit the following decomposition of the joint probability
distribution:

PM;=i,M,=j|IC=k)

= > P(M=ilC=k, A=))
A

PM,=jlC=k, M =i, A=L)P(A=A). (C3)

The obvious choice follows from the trivial identification
of the hidden variable A with the quantum state A = p. In
our case, the system is prepared in a given initial state po,
so we have P(A = pg) = 1. Now, the model needs to recover
the probabilistic behavior in Egs. (C1) and (C2). This can be
attained with the help of two noise variables N; and N, with a
uniform distribution over interval [0,1]. They are assumed to
be independent and correspond, respectively, to M, and M.
Thus we define the following structural equations:

0 if Ny < Tr|TI§ po |,
Mi(C, A) = {1 othelrvjise [ ’ PO] (€4
and
. Tr[ 5™ Hﬁl o r[f,]]
Mo(C My, Ay = |0 TN < TR ()
1 otherwise.

Clearly, such a defined SCM agrees with the structure of
the pure causal DAG in Fig. 3 (left) with both arrows M| —
M, and C — M, present. Furthermore, the statistics generated
by the model, as obtained from Eq. (C3), recovers the desired
distribution in Eq. (2) or equivalently Egs. (C1) and (C2).
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Reasoning about Bell nonlocality from the correlations observed in post-selected data
is always a matter of concern. This is because conditioning on the outcomes is a source of
non-causal correlations, known as a selection bias, rising doubts whether the conclusion
concerns the actual causal process or maybe it is just an effect of processing the data. Yet,
even in the idealised case without detection inefficiencies, post-selection is an integral
part of experimental designs, not least because it is a part of the entanglement generation
process itself. In this paper we discuss a broad class of scenarios with post-selection on
multiple spatially distributed outcomes. A simple criterion is worked out, called the all-
but-one principle, showing when the conclusions about nonlocality from breaking Bell
inequalities with post-selected data remain in force. Generality of this result, attained
by adopting the high-level diagrammatic tools of causal inference, provides safe grounds
for systematic reasoning based on the standard form of multipartite Bell inequalities in a
wide array of entanglement generation schemes, without worrying about the dangers of
selection bias. In particular, it can be applied to post-selection defined by single-particle
events in each detection chanel when the number of particles in the system is conserved.

1 Introduction Its importance is acknowledged by the term ’Bell

nonlocality’ which refers to experimental situa-

The study of experimental correlations provides
a window into the underlying causal mecha-
nisms, even when their exact nature remains ob-
scured. In his seminal works [1], John Bell showed
that seemingly innocuous assumptions about the
causal structure of realistic models leave a mark
on the observed statistics. The conclusion has
been that the violation of certain inequalities is
incompatible with the assumption of locality and
free choice (or measurement independence). Sur-
prisingly, such violations can systematically occur
in quantum theory, potentially undermining our
dearly held assumptions about how nature works.
Given how troubling this conclusion might be,
it is hardly surprising how thoroughly Bell’s re-
sult has been scrutinised in the last few decades,
both theoretically [2-4] and experimentally [5].

Pawel Blasiak: pawel.blasiak@ifj.edu.pl
Ewa Borsuk: ewa.borsuk®@ifj.edu.pl
Marcin Markiewicz: marcinm495@gmail.com

tions demonstrating inconsistency of the observed
correlations with causal (or realist) explanations
maintaining both assumptions at the same time.
It is believed to be a source of quantum advan-
tage in the communication [6] and information
tasks [7].

A simplified picture of a Bell experiment con-
sists of a series of measurements made by space-
time separated parties on systems prepared in
some entangled state. However, it comes with
a challenge as to the straight conclusion regard-
ing Bell nonlocality when it comes to the analysis
of real experimental designs. An important issue
concerns the presence of post-selection in the data
collection process. One source of the problem lies
with the measurement part of the experiment in
which some of the events are missed out due to
the inefficiencies of real detectors. It is called the
detection loophole [8, 9] and will not be addressed
in this paper. In the following we shall assume
ideal detectors and thus focus on post-selection
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due to the preparation part of the experiment.
It is often the case that post-selection in the
experiment is due to the specifics of the entan-
glement generation process itself. Typically this
boils down to the occurrence of a certain pat-
tern in the outcomes deemed to be interesting
for the purpose at hand, i.e., exhibiting entangle-
ment [10-12]. Some popular techniques of this
sort include: heralding by some other event (cf.,
event-ready detection [13]), time-bin entangle-
ment [14] or selecting single-particle detections in
each experimental channel (cf., recent proposals
in Refs. [15-30] or a variety of integrated photonic
implementations [12]). So, the generic structure
of events is richer than that required for the in-
tended Bell inequality, and post-selection aims at
retaining only those experimental trials, based on
some well-defined criterion, which are potentially
interesting for the violation of the desired inequal-
ity. This poses an issue regarding the legitimacy
of the conclusion about Bell nonlocality in such
scenarios, since conditioning is often a source of
non-causal correlations. In the field of causal in-
ference the problem is known as a selection bias
or Berkson’s paradox [31-34]. The difficulty being
that, in the presence of post-selection, it might
be conditioning that leads to correlations break-
ing Bell inequalities without necessarily claiming
Bell nonlocality. How critical it is for the anal-
ysis of Bell experiments may attest the effort to
close the detection loophole [9], which exploits
post-selection due to detector inefficiencies. Here
we will assume ideal detectors and focus only on
post-selection due to entanglement generation.
It is interesting to ask about general conditions

when post-selection, due to entanglement gen-
eration, does not compromise the conclusion
of nonlocality from the violation of some given
Bell inequality.

So far, this problem has been discussed only for
some particular scenarios for two and three par-
ties, and the analysis typically involved the en-
tire pattern of experimental outcomes present in
a given experiment [35-37]. In some cases, those
issues can be overcome by certain modifications in
the experimental arrangements (like for time-bin
entanglement in Refs. [38-41]). However, apart
from those particular cases no attempt has been
made at a general analysis of Bell nonlocality in
the presence of post-selection due to the specifics
of entanglement generation process. We note that

comprehensiveness of such an analysis would re-
quire a discussion of both assumptions, locality
and free choice, underlying the derivation of Bell
inequalities.

In this paper we give a general criterion for
any multipartite scenario, called the all-but-one
principle, that can be expressed by the following
simple intuition:

if post-selection can be resolved with one party
excluded, then it is safe for Bell nonlocality
arguments.

Meaning that, in such a case, the reasoning based
on the standard Bell inequalities is justified de-
spite the issues of post-selection. Crucially, the
generality of the result owes to the high-level di-
agrammatic tools of causal inference honed by
Judea Pearl [31-34|. We give a full poof of this
criterion preceded with a brief discussion of the
selection bias and Bell nonlocality under post-
selection.

2 Selection bias and d-separation rules

Post-selection is a procedure of rejecting some
of the data from the analysis of an experiment.
Technically, it boils down to estimating experi-
mental probabilities subject to some additional
condition which depends on the outcomes. It
is crucial to make a warning that post-selection
is not a harmless procedure, since it is often a
source of additional correlations in the retained
data. This is potentially dangerous for the task
of identification of causal relationships between
the variables from the observed correlations. In
the field of causal inference the problem is known
as a selection bias or Berkson’s paradozx.

Let us illustrate the problem with a simple ex-
ample due to Elwert & Winship [34]. Consider
three features of Hollywood actors who could be
beautiful B, talented T', and some of them make
it to be celebrities C. We may reasonably ex-
pect that beauty B and talent T" contribute to an
actor being considered a celebrity C' (pushed to
the extreme, imagine that one of these features
is enough to become a celebrity), but in general
population beauty B and talent T" are completely
unrelated to one another. Suppose that this is
the whole story and hence Fig. 1 (on the left)
illustrates the causal diagram behind the data.
Now, if we focus on the subpopulation of those
actors who made it to the status of celebrities C,
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B T

Uncorrelated Correlated

Figure 1: Selection bias. Consider three variables B
(beauty), T (talent) and C' (celebrity) modelled by a
causal diagram on the left. It follows that the variables
B and T are independent, since the only path joining the
variables is blocked by a collider C' (Rule 1). However,
on the right, conditioning on the collider C, depicted by
a red box, unblocks the path between B and T" making
the variables likely dependent (Rule 3).

then correlation between beauty B and talent T’
appears (despite the fact that they were indepen-
dent to begin with). See Fig. 1 (on the right).
Clearly, seeing an unattractive celebrity makes it
more likely that the person is a talented actor.
And vice versa, celebrities who are bad actors are
more often found to be good looking. (Note that
pushed to the extreme, this inverse relation may
even become a certain conclusion). These correla-
tions are non-causal, i.e., they arise merely due to
conditioning or restricting the data generated by
the causal diagram in Fig. 1 (on the left). This
example illustrates the warning against careless
attribution of causal origin to correlations in the
post-selected data.

Interestingly, the pattern of independencies be-
tween the variables can be deduced from the
structure of the causal diagram itself. It has been
shown to boil down to the so called d-separation
criterion, see [31-34]. In a nutshell, the idea con-
sists of inspecting all paths in the causal diagram
connecting two variables of interest:

if all those paths are blocked then the variables
are necessarily independent (otherwise the vari-
ables are likely dependent).

The concept of blocking a path is defined by
the following three simple d-separation rules (see
Fig. 2 for illustration):

Rule 1. A path is blocked if there is a collider
along the way, that is a node with pair of arrows
on the path that collide head-to-head.

Rule 2. Conditioning on a non-collider blocks
the path (where non-collider is a node along the
way with pair of arrows meeting head-to-tail or
tail-to-tail).

B/C
\Y
o

X1LY|A

\/\

o T
. .

A

Figure 2: [llustration of the d-separation rules. In
the causal diagram nodes X and Y are connected via
two paths X — B« Y and X — A - Y. The
path X — B < Y is blocked since B is a collider by
Rule 1 and conditioning on B or C' unblocks the path
by Rule 3. Whereas path X — A — Y is unblocked
since A is a non-collider and conditioning on A blocks
the path by Rule 2. If both paths are blocked then X
and Y are said to be d-separated and then the variables
are independent. In this example it happens only in the
case of conditioning on A which is depicted on the right
by a red box.

Rule 3. Conditioning on a collider (or its descen-
dant) removes the block from Rule 1.

In the following analysis, those rules will pro-
vide systematic insight into the pattern of con-
ditional independences arising from specific post-
selection procedures.

3 Bell nonlocality and three causal as-
sumptions

In the following, we consider the usual Bell-type
scenario with several parties A, B, C, ... conduct-
ing experiments in space-time separated regions.
The whole experiment consists of a series of trials
in which each party chooses a setting x,, z
and makes a measurement registering the out-
come a,b,c,.... For further convenience, let us
denote the set of possible outcomes by O, i.e., we
have respectively O,, Og, Og, .... Then, after
many repetitions, the parties compare their re-
sults calculating the statistics given by the set of
distributions P,.. |.,.... which describe the prob-
ability of observing outcomes a, b, ¢, ... given mea-
surements z, ¥, z, ... were made. For conciseness,
following the terminology in Ref. [4], we call such
obtained set of probabilities P = { P,y jaye.. Fay-...
a "behaviour”. Note that all probabilities in the
behaviour P are supposed to be calculated with-
oul rejecting any trial from the experiment (no
post-selection is made).
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time

Figure 3: Causal structure in a Bell experiment. One the left, the graph G describes causal relations between
variables a, b, ¢, ... (measurement outcomes), x,y, z, ... (choice of settings), and some hidden variable A. It generates
the behaviour P = {P.,.. |2y=.. }oy-... On the right, the graph Gy incorporates post-selection into the experiment by
conditioning (red box) on the additional outcome-dependent variable K(a,b,c,...). The latter introduces potential
selection bias into such obtained behaviour P = {Piie. jaye.. k Fays.. -

Bell inequalities are algebraic constraints in the
form

I(P) = Z SZZZ Pabcm|xyzm < IL; (1)

abe...
TYz...

where s> and I, are some numbers. These
inequalities are derived under three assumptions
called realism, locality and free choice. The re-
alism assumption posits that the observed corre-
lations can be explained by the causal influence
between the variables relevant for the experiment,
that is measurement outcomes a, b, c, ... and set-
tings z,v, 2, ..., as well as some unobserved (hid-
den) variables collectively denoted by A. Thus,
by conditioning on a priori unknown A, we can
always write [1-4]

Pabc.“\zyz... = Z Pabs.4.\zyz..4)\ : P)\\zyzm . (2)
A

Then, by invoking spatio-temporal structure of
the experiment certain conditional independen-
cies between the variables can be justified. First,
the variables in different space locations cannot
affect each other and the causal influences propa-
gate respecting temporal order of events. Second,
the hidden variable A is identified to be in the
common past of variables representing the out-
comes a, b, ¢, ..., but not the variables represent-
ing choice of the settings z, ¥, z, ... and hence the
latter cannot be affected by A\. The ensuing causal
structure of the variables modelling the experi-
ment is depicted in the causal graph G in Fig. 3
(on the left). This readily translates into condi-
tional independencies in the statistics generated

by those causal models.” They are referred to as
the locality assumption

Pabc“.\xyz“.A = Pa\xA : Pb\yA : Pc|z/\ Teery (3)

and the free choice assumption (also called the
measurement independence assumption)

P)\\zyz... = P)\ . (4)

Within the causal model framework, these rela-
tions are a straightforward application of the d-
separation rules to the diagram in Fig. 3 (on the
left). [Eq. (3) follows by iterative use of Rule 2
given conditioning on non-collider node A, and
Eq. (4) is an application of Rule 1 to colliders
a,b,c,...; cf. proof of Theorem 1.

To summarise, each Bell inequality Eq. (1) is
a simple algebraic consequence of the three as-
sumptions in Egs. (2)-(4). It means that the vio-
lation of some Bell inequality entails the impossi-
bility of explaining the observed behaviour P in
a causal model maintaining both locality and free
choice at the same time. The essence of Bell’s the-
orem is to point out situations in which quantum
theory predicts violation of those inequalities [1-
4].

4 Post-selection issues

Crucially, the statistics used for estimation of
probabilities in the behaviour P should include

Note that in this argument causal relationships are
considered as prior to the statistical relations, with the lat-
ter derivable from an appropriate structural causal model
compatible with a given causal structure. This is the leit-
motif of the causal inference field [31-34].
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every experimental trial for a valid conclusion
from breaking Bell inequality in Eq. (1) to be
drawn. In practice, however, some sort of post-
selection is always made. Let us formalise this
concept by assuming that the causal structure
encoded in the causal graph G remains the same,
but admits a richer variety of outcomes (5, ie.,
we have O, D O., ) Og, Oc D Oc, ... It
means that, in addition to the outcomes of in-
terest O, the experiment predicts results which
will have to be rejected in the analysis. Then
post-selection boils down to conditioning on some
outcome-dependent variable

K =K(a,b,ec,...). (5)

Say, for L = 1 we accept the result, otherwise
for L = 0 the result is rejected. This procedure
aims at recovering the proper structure of out-
comes for the intended Bell inequality Eq. (1). In
other words, the reduction @ ~ O is achieved by
making sure that the unwanted results drop out
under the conditioning, i.e., P |z 2c = 0 if
a¢ Oporb¢ Ogorcég O .... Note that the
value of IC is decided only after the parties meet
to compare their results. Hence the causal graph
takes the form G in Fig. 3 (on the right).

In this way we get a new behaviour P =
{P.ve. joys.. i }uy-... which looks like a good can-
didate for a test of Bell inequalities Eq. (1). In-
deed, all premises seem to be satisfied, i.e., the
'right’” causal graph G with the appropriate pat-
tern of outcomes O, except one detail: there is
conditioning in such obtained statistics. This
raises worries as regards the validity of the conclu-
sions, reached by using Py in Eq. (1), as a legiti-
mate proof of Bell nonlocality. The selection bias
may serve here as a warning of how easily post-
selection can lead to false causal conclusions, cf.
Fig. 1. In the case of a Bell test it might hap-
pen that conditioning (post-selection) bootstraps
the correlations so that Z(Px) > I, while for the
full statistics it remains Z(P) < I, in agreement
with the causal graph G in Fig. 3 (i.e., with lo-
cality and free choice maintained). This is possi-
ble because conditioning ruins the independence
structure of Egs. (3) and (4) which is required to
prove Eq. (1). To see this, note that the outcomes
a,b,c,... play the role of colliders in the causal
graph G but conditioning on their descendent X
in graph Gi in Fig. 3 opens paths that were pre-
viously blocked, cf. Rule 1 and Rule 3, thereby
introducing correlations into the data which may

fake Bell inequalities. How critical it might be
for the analysis of Bell nonlocality may attest the
effort to close the detection loophole [3, 4, 8, 9|
(which is a case of post-selection too).

Having warned against jumping to hasty con-
clusions with post-selected data, it is then natural
to ask:

When is it possible to make a conclusive Bell
argument in the post-selected regime?

In order to make it precise, we assume that the
considered causal structure for the experiment is
given by the diagram Gk in Fig. 3 and make the
following definition:

Definition 1 (Safe post-selection).
Post-selection procedure specified by the variable
K(a,b,c,...) is considered to be safe if the locality
and free choice assumptions still hold in the post-
selected regime, i.e.,

P, = Pa\awc . Pb\yz\)C . Pc\z/\)C teeey (6)

abe...|zyz... AK

and
me,zm)c = P,\wc . (7)
An immediate consequence is the observation:

Corollary 1. If post-selection K is safe, then in
the post-selected regime the same set of Bell in-
equalities holds, i.e.,

I(P) < I, = Z(Po) < L. (8)

It follows from the fact that each Bell inequality
is obtained by algebraic manipulation of the ex-
pression on the L.h.s. of Eq. (1) assuming Eqgs. (3)
and (4) hold. Clearly, the same must be true for
Py since the same algebra, now with Egs. (6) and
(7), must give the same result.

In this way, the problem of validity of reason-
ing in the post-selected regime with the same Bell
inequalities is phrased in terms of conditional in-
dependencies in a given causal structure. Given
post-selection /C, the latter can be efficiently scru-
tinised with the diagrammatic tools of causal in-
ference (d-separation rules) applied to the causal

graph Gx.

5 Main result

Suppose that the behaviour P produced by causal
graph G features extra correlations due to the
specifics of the preparation procedure (e.g. the
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Figure 4: lllustration of the all-but-one principle. Suppose that in a repeated experiment two particles arrive to
Alice (A) and Bob (B) in all possible configurations depicted on the left. Let the meaningful measurements are only
those performed on a single particle by each party. If the number of particles is conserved, then Alice alone will know
which trials to discard (and similarly for Bob). On the right, there is another party Charlie (C) and three particles
are distributed in all possible ways. Again, conservation of particles allows to decide by any two of them AB, AC or
BC which trials need to be rejected (without knowing what is happening respectively in C, B or A).

number of particles in the experiment is con-
served). This often serves as a means of simpli-
fication for post-selection K. Let us consider the
following property:

Definition 2 (All-but-one).

Post-selection K conforms to the all-but-one
principle, if it can be fully determined without
knowing one of the outcomes. Formally, this boils
down to a condition on the form of the variable
K = K(ay, ay, ..., ay) which requires that it can be
reduced to

K = K(ay,... dey...,an), 9)

foreach k =1,...,N. Here, the symbol d, means
that the outcome for k-th party is missing.

Informally, this means that in a Bell scenario
all parties except one is always enough to know
whether post-selection ends with a success or not
(KK =1 or0). For example, for three parties A, B
and C, already two of them may decide if post-
selection takes place or not, i.e., we have

K(a,b,c) = K(b,c) = K(a,c) = K(a,b). (10)

Example. A typical situation where all-but-one
principle can be readily applied is when the num-
ber of particles is conserved. Suppose that N
particles are distributed among N parties which
receive the particles in different configurations.
Let the interesting measurement results are only
those when there is a single particle per party.
This means that, on top of the valid experimental
runs there will be trials in which some parties will
register no or more than one particle. Hence the

experiment must resort to post-selection which
consists of retaining only those trials when each
party reports a single particle on their side. Ob-
serve that since the total number of particles N is
conserved, such a post-selection conforms to the
all-but-one principle. This is because gathering
the outcomes from N —1 parties is enough to infer
the number of particles received by the missing
one (i.e., N—1 parties registering a single particle
may conclude that the remaining one registers a
single particle too, since the total number of par-
ticles is V) and hence to resolve post-selection
only by themselves. See Fig. 4 for an illustration
and Refs. [10-12, 15-26, 26-30] for some experi-
mental designs with post-selection of the all-but-
one type.

Let us observe that the all-but-one principle
has non-trivial consequences for the causal graph
Gr in Fig. 3. Namely, if the statistics generated
by graph G gives a promise of Definition 2, then
one of the arrows pointing to X in graph Gy can
be always erased without in any way affecting
the generated statistics (in particular, this means
that Py will remain unchanged).

Now we can state our main result:

Theorem 1.

For arbitrary number of parties, post-selection
which conforms to the all-but-one principle is al-
ways safe.

Proof. Here we sketch the proof for two parties A
and B which serves to illustrate the main ideas.
For the full proof see Appendix. We need to jus-
tify that Egs. (6) and (7) hold under the following
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Figure b5:

b x|yAK(a)
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Graphical proof of Theorem 1 (two parties). Each graph illustrates structure of conditioning in
Egs. (12)-(13) depicted by red boxes around the variables.

Marked in green are paths joining variables of in-

terest for which the respective independencies are inferred by the d-separation Rules 1-3. In the first three graphs
(on the left) conditioning on the non-collider A blocks the paths, while for the last two graphs (on the right) the
paths are blocked by the colliders a and b respectively. Note that without erasing one of the arrows coming to K, as
allowed by condition Eq. (11), the inference of conditional independencies would not be possible.

condition:

K = K(b) = K(a), (11)

i.e., the all-but-one principle in Definition 2.

As for Eq. (6) the reasoning follows the usual
route starting with the standard chain rule, i.e.,
we have

Pab|zy)JC = Pa|bzy>\IC . Pb\zy}d(ﬁ .

Then the proof boils down to justification of the
following conditional independencies:

P, heyric P, ok since a 1L b|xzy (D)
= Pk since a 1L y|xAK(b),
Pyoyrx Pyyax since b 1 x| yA(a).

(12)

Each of them can be inferred from the causal
graph G, and application of the d-separation
Rule 2 to the non-collider node A. See Fig. 5
for illustration.

Similarly, we can justify Eq. (7) and get

Pyjoyx Py 1k since A 1L = |yK(b)
Py since A 1L y|K(a).
(13)

This time it follows from the d-separation Rule 1,
since a and b are colliders respectively, and Rule 3
does not apply (note that in neither case K is a
descendent). See Fig. 5 for illustration.

Note that crucial for this line of reasoning is the
flexibility of the expression K in Eq. (11), due to
the all-but-one principle, which permits to erase
one of the arrows coming to K. This trick pre-
vents unblocking certain paths required for the
inference of conditional independences. [For ex-
ample, in last graph on the right in Fig. 5 retain-
ing arrow b — K would have opened the (green)

path A — b < z, since K becomes then a descen-
dent of the collider b and Rule 3 applies.]

In general, the complexity of paths that need to
be considered in the causal graph G, grows with
the number of parties and then the d-separation
tools prove indispensable for this kind of analysis,
see Appendix. O

6 Discussion

Because entanglement is not a property generated
on demand, every Bell experiment must resort to
post-selection. However, this opens the doors to
the selection bias introducing non-causal corre-
lations into the data, and thus threatening the
conclusions expected to be drawn from the exper-
iment. Therefore it is important that the analysis
of Bell nonlocality takes this fact into account. In
this paper we gave a simple criterion, called the
all-but-one principle, that allows for safe reason-
ing in the post-selected regime. Technically, we
prove a theorem showing that Bell inequalities
derived from the full causal graph which includes
conditioning due to post-selection of the all-but-
one type remain unchanged. It means that the
conclusions drawn from breaking Bell inequali-
ties with such a post-selected data remain in full
force. Beyond the foundational research and ap-
plication in multipartite entanglement generation
schemes [10-12], this criterion should be signifi-
cant for quantum cryptography and device inde-
pendent certification [4, 6].

Novelty of the result reported in this work
is three-fold: (a) it concerns any multipartite
scenario with an arbitrary number of outcomes
and settings, (b) it pertains to any Bell inequal-
ity that can be derived in a given scenario, and
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(¢) both assumptions of locality and free choice
are explicitly discussed in our analysis. The
generality of the all-but-one principle should be
compared with other treatments of post-selection
problem due to entanglement generation [35-37].

Let us emphasise that the all-but-one princi-
ple draws on a special kind of correlations built
into the data due to the specifics of the prepa-
ration procedure. Typically, if events of in-
terest consist of arrival of a single particle in
each detection channel and the number of par-
ticles is known and conserved, then such a post-
selection fulfils the all-but-one principle. We re-
mark that it is a common situation in quantum
optical schemes for entanglement generation, see
Refs. [10-12|. Some recent proposals based on
coincidence counts for high-dimensional multi-
particle entanglement that fall within the all-but-
one principle include entanglement by path iden-
tity |16, 17|, entanglement without touching 18-
21] or spatial overlap of indistinguishable parti-
cles [23, 24]. See also Refs. [25-30]. For complete-
ness, we note that the principle is not applicable
to time-bin entanglement scheme [14] which re-
quires specific treatment [38-41].

Note also that the all-but-one principle has lim-
itations. Although applicable in many theoretical
settings it does not hold in situations with detec-
tor inefficiencies (when the number of particles
is not predictable). This is a serious matter of
concern for experimental tests of Bell inequalities
leading to the so called detection loophole which
has to be analysed by other means |3, 4, 8, 9]. We
also note that an important experimental tech-
nique based on event-ready-detection [13] is be-
yond the scope of the principle in the present form
(however, it allows for a straightforward exten-
sion to include that scenario too).

We remark that in the paper we take a con-
servative approach to the analysis of Bell non-
locality with causes propagating forward-in-time.
For a discussion of retrocausality see e.g. [42, 43].
Note also that we consider a situation in which
both assumptions of locality and free choice are
maintained at the same time.
of partial relaxation of those assumptions see [44]
and references therein.

For a discussion

Finally, let us highlight the role of conceptual
tools of causal inference [31-34] in the present
analysis. Not only this is an inspiring and rig-
orous framework for the discussion of correla-

tions vs cause-and-effect relations, but comes
equipped with the high-level diagrammatic tools
(d-separation rules) which prove indispensable for
the treatment of multipartite Bell scenarios with
many observers and outcomes. Despite a fairly
recent development of the field of causal inference
outside of physics, those methods have already
successfully influenced the research in quantum
foundations, see e.g. [44-53].
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Appendix

Here we prove Theorem 1 from the main text. For sake of illustration, we start with the case of three
parties. Then we give the full proof for any number of parties.

e Proof of Theorem 1 for three parties A, B and C

[The following proof for three parties aims to better illustrate some additional aspects which do not
arise in the two-party case. It also serves to emphasise the significance of d-separation tools of causal
inference [31-34] for this kind of analysis./

Proof. Let us consider a Bell experiment with three parties described by the causal graph Gx in Fig. 6
and assume that post-selection conforms to the all-but-one principle in Definition 2, i.e., we have

K(a,b,c) = K(b,c) = K(a,c) = K(a,b). (14)

Crucially, this property allows erasing one of the three arrows coming to I without affecting the
generated statistics. This trick will be used to infer conditional independencies in the post-selected
behaviour Pk.

o~ e
( \/\/
ST\ i
. /b/ — N b/y \{ '~ /\b/y
I o~ ) f ~
? {/ K(a,ﬁ,c) {
: T T
K(a,b,c) z z
K(¢,b,c) K(a,b,¢)

Figure 6: Causal structure in a Bell experiment for three parties with post-selection. On the left, unfolded on
a plain is the causal graph G, describing causal relations between variables in a Bell experiment (a, b, ¢ - outcomes,
x,y,z - measurement settings, and A - hidden variable). Variable K represents post-selection (where the red box
means conditioning). Cf. Fig. 3. On the right, three causal graphs which are equivalent to graph G, if the all-but-one
principle in Eq. (14) holds (then one of the three arrows coming to K can be always erased without affecting the
generated statistics).

In order to prove Theorem 1 we need to justify that both Egs. (6) and (7) in Definition 1 hold
under the condition in Eq. (14).
As a straightforward application of the chain rule we get

Pabc\xyz)\lC - Pa|bcxyz)\lC ’ Pbc|:cyz)\lC - Pa|bc:cyz)\lC ’ Pb|cxyz)\lC ’ Pc|asyz)\lC : (15)

Now, the prove of Eq. (6) boils down to showing the following sequence of conditional independencies:

Popeayrk = Pajeayrk since a 1L b|cxyzAK(b,c)
= Pyayark since a 1L c|xyzAK(b,c) (16)
= Pk since a 1L y|xzAK(b,c)
= Pk since a L z|zAK(b,c).
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Pyeoy:re = Pojayzak since b 1l c|xyzAK(a,c)

Pyjyzaic since b 1 x| yzAK(a,c) (17)
= Py since bl z|yAK(a,c).
Playaae = Pryarx since ¢ 1 x| yzAK(a,b) (18)
= Pk since ¢ 1l y|2AK(a,b).

All of them can be inferred by inspecting paths joining variables in question in the causal graph G
and the use of d-separation rules. See Fig. 7. In each case there are two possible paths which are
blocked by conditioning on the non-collider node A (Rule 2). Note that in order to get the required
conditional independencies all conditions in Eq. (14) need to be used, i.e., the lack of the respective
arrow coming to K in each of the graphs in Fig. 7 is essential.

In a similar manner we can prove Eq. (7), that is we can prove the following conditional indepen-
dencies:

P)\|:Eyz)\IC = P)\|yz/C since A1z ’ yZ’C(b, C)
= Py since A 1L y|2K(a,c) (19)
= Py since A 1L z|K(a,b).

Now there is always one path joining the relevant variables, and in each case it is blocked by the
respective collider a, b and ¢ (Rule 1). See Fig. 7. Notice that, here as well, having all three arrows
coming to K would spoil the proof, since it would lift the block from the respective collider by condi-
tioning on its descendent /C (Rule 3).

O
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Eq. (16)
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Figure 7: Graphical proof of Theorem 1 (three parties). Each graph illustrates structure of conditioning in
Egs. (16)-(19) depicted by red boxes around the variables. Marked in purple and green are paths joining vari-
ables of interest for which the respective independencies are inferred by the d-separation Rules 1-3. In case of
Egs. (16)-(18) there are always two paths, and all of them are blocked by conditioning on the non-collider A
(Rule 2). As for Eq. (19), in each case the only path is blocked by the respective collider a, b and ¢ (Rule 1). Note
that dropping one of the arrows in each of the graphs, as allowed by condition in Eq. (14) and explained in Fig. 6,
is not accidental (since otherwise it would open additional paths and spoil the independence pattern).
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e Proof of Theorem 1 for any number of parties

[The proof follows the lines of reasoning for the case of two and three parties.|

Proof. We consider the general case of N parties in a Bell experiment with post-selection conforming
to the all-but-one principle in Definition 2, i.e we have

K = K(ay, ... ,#y...,ay) for each k=1,...,N, (20)

where ¢, means that k-th variable is missing from the list of all outcomes. The causal structure is then
given by the graph G in Fig. 8. Note that condition Eq. (20) entails that one of the N arrows coming
to K can be always erased without changing the generated statistics (cf. Fig. 6). In particular, this
means that conditional independencies inferred by dropping one of those arrows remain the same.

K(ay, .., e, .., ax)

Figure 8: Causal structure in a Bell experiment for any number parties with post-selection. On the left, un-
folded on a plain is the causal graph G, describing relations between variables in a Bell experiment (a4, ...,ay -
outcomes, &, ...,y - Measurement settings, and A - hidden variable). Variable IC represents post-selection (where
the red box means conditioning). Cf. Fig. 3. On the right, the causal graph with one arrow a, — K erased which is
equivalent to graph Gy, if the all-but-one principle in Eq. (20) holds.

The proof of Theorem 1 consists of justifying that both Egs. (6) and (7) in Definition 1 hold under
the condition in Eq. (20).
By the repeated use of the chain rule, we get

N
Pal...aN\xl...wN)\lC = H Pak|ak+1...aNa:1...xN>\lC' (21)
k=1

In order to prove Eq. (6) it remains to check that for each &k = 1,..., N the following sequence of
conditional independencies holds:

Pak|(lk+1...CLNCE1...{EN)\’C = Pak\ak+2...aNm1...mN)\lC

since  aj, WL apiq | Qpyoe an Ty N AK(ay,y oo dyy o ay)

Pak\aHl..‘aN $1(EN)\’C (22)
since  a, WL oa;| e an Ty A (A, oo iy ey an)

Pak\xl... :EN)\’C

since  a, WL ay|xy... nAK(ay, .. diy ..o yan)

Accepted in (Yuantum 2021-10-13, click title to verify. Published under CC-BY 4.0. 14



where [ > k, and

Poplar .. anAC Poaplwo... ey \C since aj, WL x| Toee. nAK(Ay, v s dpy oen s )
= Puplomir.. an K since  a, WLz, | Tppqeee TN AK(Cyy o gy vy an)
= (23)
= Pak|zkxl+1...xN)\IC since Qg —U—‘/Bl|"'Ekxl+l"'l‘N>\,C(al7""dk)"‘?aN)
= Pyjznk since a, L xy |z AK(ay, ..o diy ooy an),

where [ > k£ > m. These independencies can be justified by the d-separation tools applied to the
causal graph Ge. It boils down to the inspection of all paths joining variables in question. See Fig. 9
(cf. Fig. 7). In each case there are N — 1 possible paths which are all blocked by conditioning on
the non-collider node A (Rule 2). Like before, we use all conditions in Eq. (20) to get the results (as
readily seen from Fig. 9, where in each case a different arrow a, — K is missing).

Similarly, the proof of Eq. (7) boils down to the following conditional independencies:

Pygy.cank = Przs..ank since A 1Lz |xy... xn K(dy, ag, ... ,ay)
= Pygpyrank since A 1Lz [ xpyr... o K(ay, ooy iy ooy an) (24)
= Py since A 1L zy | K(ay,...,an_1,8x) -

Here there is only one path joining the relevant variables that is blocked by the respective collider a,
(Rule 1). See Fig. 9 (cf. Fig. 7). Note that the lacking arrow a, — K is crucial, since otherwise it
would unblock the respective collider a, by conditioning on its descendent I (Rule 3).

O
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Eq. (22)

Eq. (24)
X,
1 1
,a ’ll.._ X,
1) Ve x /A »
L a1 e
=
AN : N
a, ' /a_\
VLB
ax A a | a141..- AN Xq... xNMC(al, ’4"’ ,aN)

AL Xr | Xit1-e- xNIC(al, ’dk’ ,aN)

ag AL xp | X X410 XNA K (ay, ---,ﬁ, vee s )

Figure 9: Graphical proof of Theorem 1 (any number of parties). We give three generic cases used for the
justification of conditional independencies in Egs. (22)-(24). Red boxes around the variables depict the structure of
conditioning. Marked in purple, green, orange and blue are paths joining variables of interest, a, and a, (resp. ),
for which the respective independencies are inferred by the d-separation Rules 1-3. In case of Egs. (22) and (23)
there are N — 1 paths, and all of them are blocked by conditioning on the non-collider A (Rule 2). As for Eq. (24),
the only path joining A and z, is blocked by the collider a, (Rule 1). Let us note that the lack of the respective

arrow a, — K in each of the graphs is essential (in order not to introduce unwanted paths in case of Egs. (22) and
(23), or to prevent lifting the block from the collider by Rule 3 in case of Eq. (24))
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Bell inequalities rest on three fundamental assumptions: real-
ism, locality, and free choice, which lead to nontrivial constraints
on correlations in very simple experiments. If we retain real-
ism, then violation of the inequalities implies that at least one
of the remaining two assumptions must fail, which can have
profound consequences for the causal explanation of the exper-
iment. We investigate the extent to which a given assump-
tion needs to be relaxed for the other to hold at all costs,
based on the observation that a violation need not occur on
every experimental trial, even when describing correlations vio-
lating Bell inequalities. How often this needs to be the case
determines the degree of, respectively, locality or free choice
in the observed experimental behavior. Despite their disparate
character, we show that both assumptions are equally costly.
Namely, the resources required to explain the experimental statis-
tics (measured by the frequency of causal interventions of either
sort) are exactly the same. Furthermore, we compute such defined
measures of locality and free choice for any nonsignaling statis-
tics in a Bell experiment with binary settings, showing that it
is directly related to the amount of violation of the so-called
Clauser-Horne-Shimony-Holt inequalities. This result is theory
independent as it refers directly to the experimental statis-
tics. Additionally, we show how the local fraction results for
quantum-mechanical frameworks with infinite number of set-
tings translate into analogous statements for the measure of free
choice we introduce. Thus, concerning statistics, causal explana-
tions resorting to either locality or free choice violations are fully
interchangeable.

locality | free choice | causality | Bell inequalities |
measure of locality and free choice

I would rather discover one true cause than gain the kingdom
of Persia.

Democritus (ca. 460-370 BC)

he study of experimental correlations provides a win-

dow into the underlying causal mechanisms, even when
their exact nature remains obscured. In his seminal works
(1-5) John Bell showed that seemingly innocuous assump-
tions about the structure of causal relationships leave a mark
on the observed statistics. The first assumption, called real-
ism (or counterfactual definiteness), presents the worldview in
which physical objects and their properties exist, whether they
are observed or not. Note that realism allows a standard notion
of causality (6, 7), which in turn provides us with the lan-
guage to express the remaining two assumptions. The local-
ity assumption is a statement that physical (or causal) influ-
ences propagate in accord with the spatiotemporal structure
of events (i.e., neither backward in time nor instantaneous
causation). The free-choice assumption asserts that the choice
of measurement settings can be made independently from
anything in the (causal) past. These three assumptions are
enough to derive testable constraints on correlations called Bell
inequalities.

PNAS 2021 Vol. 118 No. 17 2020569118

Surprisingly, nature violates Bell inequalities (8-15), which
means that if the standard causal (or realist) picture is to be
maintained at least one of the remaining two assumptions, that
is locality or free choice, has to fail. It turns out that rejecting
just one of those two assumptions is always enough to explain
the observed correlations, while maintaining consistency with the
causal structure imposed by the other. Either option poses a chal-
lenge to deep-rooted intuitions about reality, with a full range of
viable positions open to serious philosophical dispute (16-18).
Notably, quantum theory in its operational formulation does not
provide any clue regarding the causal structure at work, leaving
such questions to the domain of interpretation. It is therefore
interesting to ask about the extent to which a given assump-
tion needs to be relaxed, if we insist on upholding the other
one (while always maintaining realism). In this paper, we seek
to compare the cost of locality and free choice on an equal foot-
ing, without any preconceived conceptual biases. As a basis for
comparison we choose to measure the weight of a given assump-
tion in terms of the following question: How often can a given
assumption, Le., locality or free choice, be retained, while safe-
guarding the other assumption, in order to fully reproduce some
given experimental statistics within a standard causal (or realist)
approach?

This question presumes that a Bell experiment is performed
trial-by-trial and the observed statistics can be explained in the
standard causal model (or hidden variable) framework (1-7,
19-21), which subsumes realism. It means that the remaining
two assumptions of locality and free choice translate into con-
ditional independence between certain variables in the model,

Significance

Faced with a violation of Bell inequalities, a committed real-
ist might pursue an explanation of the observed correlations
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whose causal structure is determined by their spatiotemporal
relations (6, 22) (for some alternative approach endorsing indef-
inite causal structures see, e.g., refs. 23 and 24 or ref. 25 for
discussion of retrocausality). Modeling of the experiment implies
that in each run of the experiment all variables (including unob-
served or hidden ones) always take definite values and the
statistics accumulate over many trials. This leaves open the possi-
bility that the violation of the assumptions does not have to occur
on each run of the experiment to explain the given statistics. We
can thus put flesh on the bones of the above question and seek
the maximal proportion of trials in which a given assumption can
be retained, while safeguarding the other assumption, so as to
fully reproduce some given statistics. In the following, we shall
denote so defined measure of locality (safeguarding freedom of
choice) as p; and measure of free choice (safeguarding locality)
as ur. Also, without stating this in every instance, we note that in
all subsequent discussion realism is assumed.”

There has been some previous research on this theme. A mea-
sure of locality analogous to y;, was first proposed by Elitzur et al.
(27) to quantify nonlocality in a singlet state. Note that it seems
that the original idea of a bound for such a locality measure was
expressed earlier, in ref. 28, but a bound was not worked out. In
any case, Elitzur et al.’s measure was dubbed “local fraction” (or
“content”) and shown (with improvements in refs. 29-31) to van-
ish in the limit of an infinite number of measurement settings.
A substantial step was made in ref. 32, where the local frac-
tion is explicitly calculated for any pure two-qubit state for an
arbitrary choice of settings. We note that those results concern
measure p; only for the specific case of quantum-mechanical
predictions. In this paper we go beyond this framework and
consider the case of general experimental statistics (see ref.
33 for extension to the idea of contextuality). To avoid confu-
sion, the term “local fraction” for measure y; will be only used
in relation to the quantum case. Furthermore, we propose a
similar treatment of the free-choice assumption quantified by
measure pr. Natural as it may seem, this approach has not been
pursued in the literature, with some other measures proposed
to this effect (34—42) [all retaining locality as a principle, but
departing from the original notion of free choice introduced by
Bell (6, 22)].

We aim to comprehensively consider the extent to which a
given assumption, i.e., locality or free choice, can be preserved
through partial violation of the other assumption. To accom-
plish this, we provide similar definitions and discuss on an equal
footing both measures of locality p; and free choice pr. Then,
we derive the following results. First, we prove a general struc-
tural theorem about causal models explaining any given exper-
imental statistics in a Bell experiment (for any number of set-
tings) showing that such defined measures are necessarily equal,
= pr. This result consolidates those two disparate concepts,
demonstrating their deep interchangeability. Second, we explic-
itly compute both measures for any nonsignaling statistics in a
two-setting and two-outcome Bell scenario. This enables a direct
interpretation to the amount of violation of the Clauser—Horne—
Shimony-Holt (CHSH) inequalities (43). Third, we consider the
special case of the quantum statistics with infinite number of set-
tings, utilizing existing results for the local fraction ., which thus
translate on the newly developed concept of the measure of free
choice pr. Fig. 1 summarizes the results in the paper.

*As noted, realism is subsumed in the standard notion of causality, which is implicit in
the definition of locality and free choice (1-6). So, henceforth, referring to the stan-
dard causal framework implies the realist approach. We also remark that, although,
“realism” goes under different guises in the literature (e.g., “counterfactual definite-
ness,” “local causality,” “hidden causes,” etc.), for our purposes those distinctions are
irrelevant and the underlying mathematics remains the same, i.e., it boils down to
the hidden-variable framework [which beyond physics is frequently referred to as the
structural causal models (7)]. See refs. 3 and 26 for some discussion.

20f9 | PNAS
https://doi.org/10.1073/pnas.2020569118

Locality Free choice

any no. settings UL = MYr Theorem 1

non-signalling
two settings

Any statistics

Quantum statistics

po=14-S.um) pr=21(4-S..) Theorem 2

Bell state 0% —> 0
infinite no. settings Hi M=o 0 He M — o0 Theorem 3
two-qubit state Uy = COS 0 53 Ur = COS 6 Theorem 4

any no. settings

Fig. 1. Summary of the results. The main Theorem 1 is the backbone of
the paper, consolidating both measures of locality x; and free choice .
Theorem 2 is a theory-independent result about both measures p; and
we. It offers a concrete interpretation for the amount of violation of the
CHSH inequalities. Theorems 3 and 4 are specific to the quantum-mechanical
statistics stated here for measure . They are translations of some remark-
able local fraction results i, in the literature (marked with an ) cf. refs.
29-32).

Results

Bell Experiment and Fine’s Theorem. Let us consider the usual Bell-
type scenario with two parties, called Alice and Bob, playing the
roles of agents conducting experiments on two separated systems
(whose nature is irrelevant for the argument). We assume that
on each side there are two possible outcomes labeled respec-
tively a, b==+1 and M possible measurement settings labeled
respectively z, y € M, where M={1,2,..., M}. A Bell exper-
iment consists of a series of trials in which Alice and Bob
each choose a setting and make a measurement registering the
outcome. After many repetitions, they compare their results
described by the set of M x M distributions { Pz, }+,, Where
P, ., denotes the probability of obtaining outcomes a, b, given
measurements z, y were made on Alice and Bob’s side, respec-
tively. For conciseness, following the terminology in ref. 5, we will
call { Puyjuy }oy @ “behavior.” Note that without assuming anything
about the causal structure underlying the experiment any behav-
ior is admissible (as long as the distributions are normalized, i.e.,
Doy Pavjay =1 for each z, y € ). In particular, quantum the-
ory gives a prescription for calculating the experimental statistics
P, for each choice of settings z, y € M based on the formalism
of Hilbert spaces.

It is instructive to recall the special case of two measurement
settings on each side z, y € M = {0, 1} for which Bell derived his
seminal result. Briefly, this can be expressed by saying that any
local hidden-variable model with free choice has to satisfy the
following four CHSH inequalities (43):

1S < 2 for i1=1,...,4, [1]
where
S = (ab),, + (ab),, + (ab),, — (ab),,, [2]
Sy = <ab>oo+<ab>o1_<ab>10+<ab>11’ [3]
Sy = <ab>oo_< b>01+<ab>10+<ab>11’ [4]
Sy = — (ab),, + (ab),, + (ab),, + (ab),,, [5]

with (ab)., = Zm , ab Pa., being correlation coefficients for a
given choice of settings z, y. Interestingly, by virtue of Fine’s the-
orem (44, 45), this is also a sufficient condition for a nonsignal-
ing behavior {P..,}., to be explained by a local hidden-
variable model with freedom of choice (for nonsignaling see
Egs. 16 and 17).

It is crucial to observe that, although locality and freedom of
choice are two disparate concepts with different ramifications

Blasiak et al.
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for our understanding of the experiment, they are in a certain
sense interchangeable. If locality is dropped with Alice and Bob
freely choosing their settings, then the boxes, by influencing one
another, can produce any behavior { P, ., }.,. Similarly, a viola-
tion of the free-choice assumption can be used to reproduce any
behavior {Po.y }+y, Without giving up locality. It is straightfor-
ward to see how this might work if one of the two assumptions
fails on every experimental trial.’

However, such a complete renouncement of assumptions so
central to our view of nature may seem excessive, especially when
the CHSH inequalities are violated only by a little amount (less
than the maximal algebraic bound of |.S;| <4), leaving room for
a possible explanation of the experimental statistics by rejecting
one of the assumptions sometimes only. Here we assess the cost
of such a partial violation by asking how often a given assump-
tion can be retained in order to account for a behavior { Py .y }uy-
We will investigate both cases in parallel: [a] full freedom of
choice with occasional nonlocality (communication) and [#] the
possibility of retaining full locality at a price of compromising
freedom of choice (by controlling or rigging measurement set-
tings) on some of the trials. We shall use the least frequency of
violation, required to model some statistics with a hypothetical
simulation, as a natural figure of merit, guided by the principle
that the less the violation the better. Notably, such simulations
should not restrict possible distributions of measurement settings
P,,. In other words, we define a measure of locality p;, as

the maximal fraction of trials in which Alice and
Bob do not need to communicate trying to simulate a

given behavior { Py|.y }+,, optimized over all conceivable (4]
strategies with freely chosen settings.
Similarly, we define a measure of free choice pr as
the maximal fraction of trials in which Alice and Bob can
grant free choice of settings in trying to simulate a given [a]

behavior { P |y }+ , optimized over all conceivable local
strategies.

In the quantum-mechanical context the measure p, is called
a local fraction (27-32). By analogy, when considering the
quantum-mechanical statistics the measure p» might be called
a free fraction. This provides an equal basis for comparing the
two assumptions within the standard causal (or realist) approach,
which we formalize in the following section.

Causal Models, Locality, and Free Choice. The appropriate frame-
work for the discussion of locality and free choice is provided
by hidden-variable models (1-5). First, a hidden-variable model
allows a formal statement of the realism assumption, understood
to mean that properties of a physical system exist irrespective
of an act of measurement (counterfactual definiteness). Second,
hidden-variable models provide the causal language in which the
locality and free choice assumptions are expressed (6, 7). The
locality assumption conveys the requirement that the propaga-
tion of physical (or causal) influences have to follow the spa-
tiotemporal structure of events (i.e., preserve the arrow of time
and respect that actions at a distance require time). The free-
choice assumption concerns the choice of measurement settings
which are deemed causally unaffected by anything in the past

T For the simulation of a given behavior {Pab|xy }xy in a Bell experiment one may proceed
as follows. Upon rejection of locality, in each trial the system on Alice’s side, one may
not only use input x but also y to generate outcomes (and similarly for the box on
Bob's side) that comply with the appropriate distribution. On the other hand, when
freedom of choice is abandoned, both settings x, y may be specified in advance on each
trial and the boxes can be instructed to provide the outcomes needed to simulate the
appropriate distribution. It is, however, unclear how this might work with occasional
violation of the respective assumptions.

Blasiak et al.
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(and thus it is sometimes called measurement independence).
Both assumptions take the form of conditional independencies
between certain variables in a hidden-variables model.

To make this idea more concrete, let us consider a given set
of probability distributions (behavior) { P.;|., }., Which describes
the statistics in a Bell experiment. Without loss of generality,
by conditioning on A in some a priori unknown hidden-variable
space A, one can always write (4, 5, 7)

Pab\my = ZPab\xy)\ 'PMmya [6]

AEA

where Py., and P, ., are valid (i.e., normalized) conditional
probability distributions. The role of the hidden variable (cause
in the past) A€ A, distributed according to some P,, is to
provide an explanation of the observed experimental statistics.
This means that at each run of the experiment the outcomes
are described by the distribution P, with A€ A fixed in a
given trial, so that the accumulated experimental statistics Py,
obtains by sampling from some distribution P,,,, over the whole
hidden-variable space A. It is customary to say that

the choice of space A and probability distribution P\
along with conditional distributions P .,» and P ., sat-
isfying Eq. 6 specify a hidden-variable (HV) model of a
given behavior { Poy|.y }uy-

[#]

Note that such a model implicitly describes the distribution of
settings chosen by Alice and Bob through the standard formula

Py = Puyn-Pi. [7]

AEA

So far the framework is general enough to accommodate
any causal explanation of the statistics observed in the exper-
iment. The assumptions of locality and free choice take the
form of constraints on conditional distributions in [#]. For a
local hidden-variable (LHV) model, we require the following
factorization®:

Payjoyn = Pajax - Pyjya, (8]

for each z, y € Mt and all A € A. The freedom of choice assump-
tion consists of requiring that A does not contain any information
about variables z,y representing Alice and Bob’s choice of
measurement settings. This boils down to the independence
condition (6, 22)

Pylwy = Pa (or equivalently P,,» = P.,), [9]
holding for z,y € M and all A€ A. In the following, we will
abbreviate a hidden-variable model with freedom of choice as
an FHV model.

The crucial point is the distinction between local vs. nonlocal
as well as free vs. nonfree situations in the individual runs of the
experiment modeled by Eq. 6. This means that each condition
Eqgs. 8 and 9 should be considered separately for each A € A, i.e.,
whenever the respective condition does not hold for a given A the
assumption fails on the corresponding experimental trials. Such a

*As noted, the free-choice assumption is sometimes called measurement independence.
Instead of on the agent, measurement independence is focused on the measurement
devices and possible correlations between their settings, which can affect the observed
statistics. Regardless of interpretation, the mathematics remains the same, with the
source of correlations traced to some common factor (in the causal past).

SLocality can be seen as a conjunction of two conditions: parameter independence
Pajxyx = Pajxx and Pp|xyx = Pp|yx. and outcome independence Py |y, » = P, xyx and
Ppjaxyx = Pp|xyx- One can show that such defined locality entails the factorization
condition Pap|xyx = Pajxx * Pojyx (46).
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Fig. 2. Causal model with some nonlocality (communication). In a Bell sce-
nario, with free choice of settings, correlations between Alice and Bob's
outcomes have two possible explanations: common cause in the past or
causal influence between the parties. In any causal model the space of hid-
den variables (representing common causes) splits into two disjoint parts
A" = A] U A}, distinguished by whether, for a given A € A’, causal influence
occurs or not (Eq. 10). Then, locality is measured by the proportion of events
when locality is maintained, which is equal to the probability accumulated
over subset A/, i.e., Prob(A € A]) = EAEA[ Py.

distinction leads to a natural splitting of the underlying HV space
into two unique partitions A=A, UAy; and A =Ap U Ayp. The
first one divides A by the locality property

A€eA, < Eq. 8 holdsforall z,y €M,

. 10
A€ Ay, < Eq. 8 fails for some z,y € M, 101

while the second one divides A by the free-choice property
A€Ar < Eq.9 holds forall z,y e M, (1]

A€ Ayr < Eq. 9 fails for some z, y € .

Figs. 2 and 3 illustrate the causal structures for two extreme
cases: FHV and LHV models (in general built on different
HV spaces A’ and A”). The first one grants full freedom of
choice (A’ = A’;) while allowing for partial violation of locality
(A’ D A%). The second one retains full locality (A” = A7) while
admitting some violation of free choice (A” D A%).

Thus, for a given experimental trial (with A € A fixed) the con-
straints in Egs. 10 and 11 indicate, respectively, whether some
nonlocal influence between the parties takes place (A€ Anr)
and whether some influence from the past on the measurement
settings occurs (A € Ayr). In other words, in a hypothetical sim-
ulation scenario these possibilities correspond to, respectively,
communication or rigging measurement settings. How often this
has to happen depends on the distribution P,. This picture lends
itself to quantifying the degree of locality and freedom choice in
a given HV model.

Remark 1. For a given HV model [#] locality is measured by
Prob(AeAp) =3, s, Py and similarly freedom of choice is
measured by Prob (A€ Ap) =30, P

This remark captures the intuition of measuring locality
and freedom of choice by considering the proportion of tri-
als when the respective property is maintained across the
whole experimental ensemble. We note that this quantity is
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Fig. 3. Causal model with some freedom of choice (rigging). In a Bell sce-
nario, with locality assumption, correlations between the outcomes on Alice
and Bob’s side can be explained by a common cause affecting choice or not
(the latter implies freedom of choice). In any causal model the space of hid-
den variables (representing common causes) splits into two disjoint parts
A" = Af U Ay distinguished by whether, for a given A € A”, the choice
is free or not (Eq. 11). Then, the parties enjoy freedom of choice only
on the trials when X € A¢, which happens with a frequency equal to the
probability accumulated over subset Af, i.e., Prob (A € Af) = EXEAI/_-/ Py.

model-dependent, since it is a property of a particular HV
model adopted to explain some given experimental statistics
{Pasjzy }+y (including the distribution of measurement settings
P,,; cf. Eq. 7).

The concepts just introduced allow a precise expression for the
informal definitions [a] and [&] given above.

Definition 1. For a given behavior { P, } ., the measure of locality
wu, and freedom of choice .y are defined as

M = npnyn max Z Py, [12]
XEAL

Hr 1= IE:JH max Z P, [13]
AEAR

where the maxima are taken respectively over all hidden-variable
models with freedom of choice (FHV) or all local hidden-variable
models (LHV) simulating given behavior {Psy}+, With a fixed
distribution of settings P,,, minimized over any choice of the latter.

This definition follows the intuition of, respectively, locality
or free choice as properties that can be relaxed only to the
extent that is required to maintain the other assumption in every
experimental situation (i.e., for any distribution of measure-
ment settings P,,). Formally, the measures p;, and pr count the
maximal frequency of, respectively, local or free-choice events
optimized over all protocols simulating { P,s|., }., Without vio-
lating of the other assumption (cf. Remark I). The minimum
over all P,, amounts to the worst-case scenario, which takes
into account the possibility that P,, is a priori unspecified
(i.e., this amount of freedom is enough to simulate an experi-
ment with any arbitrary choice of distribution P,, in compliance
with Eq. 7).

At first glance, even if conceptually appropriate, such a defi-
nition might seem too general to provide a manageable notion,
due to the range of experimental scenarios that need to be taken
into account (i.e., arbitrariness of P,,). However, the situation
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considerably simplifies because of the following lemma (see
Materials and Methods for further discussion and proof). This
lemma also provides additional support for Definition 1.

Lemma 1. In both Eqs. 12 and 13 in Definition 1 the first minimum
can be omitted, i.e., we have

po = 3 P 4
XeA,

pr = s D P s}
XeAR

where the respective maxima are taken for some fixed nontrivial
distribution P,, (i.e., the expression is insensitive to this choice
provided all settings are probed, P,,# 0 forall z,y).

It is in this way that the present measure of locality i, extends
the notion of local fraction (27-32) to arbitrary experimental
behavior {P.., }.,- Remarkably, the twin concept, which is the
measure of free choice i, has not been considered at all. Per-
haps the reason for this omission is the issue of arbitrariness of
the distribution P,,, for which there are nontrivial constraints
when freedom of choice is violated (note that for the measure
w. this problem does not occur). Those concerns can be dis-
missed only after the proper treatment in Lemma 1. This allows
a so-defined measure of free choice p» on a par with the more
familiar measure of locality p;.

So far the concepts of violation of locality and freedom of
choice, and the corresponding measures y; and ur, have been
kept separate. This is expected given their disparate charac-
ter. First, each concept plays a different role in the description
of an experiment and hence offers a different explanation for
any observed correlations, this is, direct influence (communi-
cation during the experiment) vs. measurement dependence
(employing common past for rigging measurement settings). Sec-
ond, on the level of causal modeling those assumptions are
expressed differently, Eq. 8 vs. Eq. 9. Third, violating free choice
gives rise to subtle issues regarding constraints on the distri-
bution of settings P,, (as noted, these concerns are addressed
in Lemma 1).

Having brought all those issues to the spotlight, it is surprising
that the assumption of locality and free choice are intrinsically
connected. We now present the key result in this paper showing
the exchangeability of both concepts, while maintaining the same
degree of locality and freedom of choice so defined. It holds for
any number of settings z, y € M= {1,..., M} (see Materials and
Methods for the proof).

Theorem 1. For a given behavior { P ., }., the degree of local-
ity and freedom of choice are the same, i.e., both measures in
Definition 1 coincide pu;, = pip.

This is a general structural theorem about causal modeling of
a given behavior { P .y }.,- It means that the resources mea-
sured by the frequency of causal interventions of either sort,
required to explain an experimental statistics, are equally costly.
Thus, as far as the statistics is concerned, causal explanations
resorting either to violation of locality or free choice (or mea-
surement dependence) should be kept on an equal footing.
Preference should be guided by a better understanding of a par-
ticular situation (design of the experiment as well as ontological
commitments in its description).

Let us emphasize two features of Theorem I. First, this is a
theory-independent result in the sense that it applies directly to
experimental statistics irrespective of the design or theoretical
framework behind the experiment (with the quantum predic-
tions being just one example). Second, the connection between
those two seemingly disparate quantities ., and ur has a practi-

Blasiak et al.
Violations of locality and free choice are equivalent resources in Bell experiments

cal advantage: Knowledge of one suffices to compute the other.
Both features are illustrated by the following results.

Nonsignaling Behavior with Binary Settings. Consider the case of
Bell’s experiment with only two measurement settings on each
side z,y €M ={0,1}. Let us recall that nonsignaling of some
given behavior {P, ., }., means that Alice cannot infer Bob’s
measurement setting (whether it is y = 0 or 1) from the statistics
on her side alone, i.e.,

Pa\z[) - Zpab\z() = Zpab\azl - Pa\zl fOr all a, T, [16]
b b

and similarly on Bob’s side (whether Alice chooses z =0 or 1),
ie.,

Pyjo, = Zpab\oy = ZPablly = Py forall b,y. [17]

Now, we can state another result which explicitly computes both
measures p; and pp in a surprisingly simple form (see Materials
and Methods for the proof).

Theorem 2. For a given nonsignaling behavior {P. .y}, With
binary settings x,y € M= {0, 1} both measures of locality u. and
free choice . from Definition 1 are equal to

%(4_ Smam) ) lf Smam >27
B = pr = . [18]
1, otherwise,
where S,... =max{|S;|:i=1,...,4} is the maximum absolute

value of the four CHSH expressions in Eqs. 2-5.

We thus obtain a systematic method for assessing the degree
of locality and free choice directly from the observed statistics
{P.s|zy } -y Without reference to the specifics of the experiment
(the only requirement is nonsignaling of the observed distri-
butions). In this sense, this is a general theory-independent
statement.

Overall, Theorem 2 allows an interpretation of the amount of
violation of the CHSH inequalities in Bell-type experiments as a
fraction of trials violating locality (granted freedom of choice) or
equivalently trials without freedom of choice (given locality).

The Quantum Case: Binary Settings and Beyond. Let us restrict our
attention to the special case of the quantum statistics. Notably,
various aspects of nonlocality have been extensively researched
in relation to the quantum-mechanical predictions; see refs.
4 and 5 for a review. This includes the notion of local frac-
tion (27-32), which is the same as measure p, here defined
for a general behavior {P..,}.,- As noted, it may be thus
surprising that the equally natural measure of free choice pr
has not been explored. Theorem I bridges the gap between
those two seemingly disparate notions: There is no actual
need for separate study. We next review some crucial results
for the local fraction in the quantum-mechanical framework,
which allows us to make similar statements for the measure of
free choice pr.

We first observe that Theorem 2 can be readily applied to
the quantum-mechanical statistics (wWhere nonsignaling holds).
In a Bell experiment, quantum probabilities obtain through the
standard formula P, = Tr [ pP; @ P} ], where p is a (bipartite)
mixed state with two projection-valued measures {P:=='} and
{P’=*'} representing Alice and Bob’s choice of measurement
settings z,y € M ={0,1}. Calculating the CHSH expressions
Eqgs. 2 and 5 in each particular case is straightforward, which
gives explicitly the expression for both measures p;, and pr via
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Eq. 18. The result of special significance concerns the famous
Tsirelson bound S =24/2 for the maximal violation of the
CHSH inequalities in quantum mechanics (47). By virtue of The-
orem 2, this means that in order to locally recover the quantum
predictions in a Bell experiment with two settings Alice and Bob
can enjoy freedom of choice in the worst case, at most, with a
fraction pr=2—+/2~0.59 of all trials (corresponding to the
choice of measurements on a maximally entangled state that sat-
urate the Tsirelson bound). Clearly, the same applies to local
fraction p, in a two-setting scenario.

Interestingly, relaxing the constraint on the number of settings
for Alice and Bob’s measurements z,y € M={1, 2, 3,..., M}
the quantum statistics forces us to further constrain, respectively,
locality or free choice. The case of local fraction y;, with arbitrary
number of settings M — oo has been thoroughly investigated for
statistics generated by quantum states. Let us refer to two inter-
esting results in the literature on local fraction p; which readily
translate via Theorem 1 to the measure of free choice pr. The
first one concerns the statistics of a maximally entangled state
(cf. refs. 27 and 29) (see SI Appendix for a direct proof).

Theorem 3. For every LHV model that explains the statistics of a
Bell experiment for a maximally entangled state the amount of free
choice tends to zero with increasing number of measurement settings
M,ie,ur — 0.

M — oo

Apparently, for less entangled states the amount of free-
dom increases, reaching the maximal value p» =1 for separable
states. This is a consequence of the result in ref. 32, which explic-
itly computes the local fraction y;, for all pure two-qubit states.
Stated for measure pr this takes the following form.

Theorem 4. For a pure two-qubit state, which by appropriate choice
of the basis can always be written in the form [1) = cos $]00) +
sin £[11) with 6 € [0, Z], the amount of free choice is equal 1y =
cos 0, whatever the choice and number of settings on Alice and
Bob’s side.

Note that both Theorem 3 and Theorem 4 assume a specific
form of behavior {P.).,}., as obtained by the rules of quan-
tum theory. The theorems should be contrasted with Theorem
2, which is a theory-independent statement, not limited to a
particular theoretical framework.

Discussion

The ingenuity of Bell’s theorem lies in the fundamental nature
of the premises from which the result is derived. Within the
standard causal (or realist) approach, it is hard to assume less
about two agents than having free choice and their systems being
localized in space. Yet, in some experiments nature refutes the
possibility that both assumptions are concurrently true (8-15). It
is not easy to reject either one of them without carefully rethink-
ing the role of observers and how cause-and-effect manifests in
the world.? Our objective in this paper is this: Instead of pon-
dering the question of how this could be possible, we ask about
the extent to which a given assumption has to be relaxed in order
to maintain the other. Expressed more colloquially, it is natural
for a realist to ask what the cost is of trading one concept for
the other: Is it possible to save free choice by giving up on some
locality, or maybe is it better to forego a modicum of free choice in
exchange for locality? These questions can be compared on equal

fwe note that the conventional understanding of causality and the language of coun-
terfactuals has recently gained a solid mathematical basis; see e.g., the work of Pearl
(7). However, in view of the apparent difficulties with embedding quantum mechanics
in that framework, the standard approach to causality based on Reichenbach’s principle
or claims regarding spatiotemporal structure of events might need reassessment; see,
e.g., indefinite causal structures (23, 24) or retrocausality (25).
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footing by computing a proportion of trials across the whole
experimental ensemble in which a given assumption must fail,
when the other holds at all times. Surprisingly, the answer can
be obtained by looking at the observed statistics alone (avoid-
ing the specifics of the experimental setup). The first question
was formulated in the quantum-mechanical context by Elitzur
et al. (27), who introduced the notion of local fraction further
elaborated in refs. 29-32 (see ref. 28 for an early indication of
these ideas). Here, we generalize this notion to arbitrary exper-
imental statistics (see also ref. 33). Furthermore, we answer the
second question by adopting a similar approach to measuring the
amount of free choice (which by analogy may be called free frac-
tion). The first main result, Theorem 1, compares such defined
measures in the general case (arbitrary statistics with any num-
ber of settings), showing that both assumptions are equally costly.
This demonstrates a deeper symmetry between locality and free
choice, which may come as a surprise, given our intuition of
a profound difference in the role these concepts play in the
description of an experiment.

In this paper, the notions of locality and free choice are under-
stood in the usual sense required to derive Bell’s theorem (6,
22). They are expressed in the standard causal model frame-
work (which subsumes realism) as unambiguous yes-no criteria
for each experimental trial (i.e., when all past variables are
fixed), determining whether there is a causal link between certain
variables in a model (without pondering its exact nature). The
measures 4 and pp count the fraction of trials when such a con-
nection needs to be established, breaking locality or free choice,
respectively, in order to explain the observed statistics. This prob-
lem is prior to a discussion of how this actually occurs, which is
particularly relevant when the exact nature of the phenomenon
under study is obscured. Theorem 1 shows no intrinsic reason
for a realist to favor one assumption vs. the other. The minimal
frequency of the required causal influences of either sort, mea-
sured by i, and pr, is exactly the same. Notably, this is a general
result which holds for any behavior { P, }.,. What remains is
explicit calculation of those measures for a given experimental
statistics.

The second main result, Theorem 2, evaluates both measures
ur and pr for any nonsignaling behavior in a Bell experiment
with two outcomes and two settings. It provides a direct inter-
pretation to the amount of violation of the CHSH inequalities
(43). The key motivation behind this result is that the degree
by which the inequalities are violated has not been given tan-
gible interpretation so far, beyond its use as a binary test of
whether the inequalities are obeyed or not in study of Bell non-
locality. Furthermore, Theorem 2 has the advantage of being
theory-independent in the sense of being applicable to the exper-
imental statistics regardless of its theoretical origin (i.e., beyond
the quantum-mechanical framework). This makes it suitable
for quantitative assessment of the degree of locality and free
choice across different experimental situations, with prospec-
tive applications beyond physics, e.g., in neuroscience, cognitive
psychology, social sciences, or finance (48-52).

We also state two results, Theorem 3 and Theorem 4, for the
measure of free choice ur in the case of the quantum statistics
generated by the pure two-qubit states. Both are direct transla-
tion, via Theorem 1, of the corresponding results for the local
fraction p (27-32).

It is worth noting a related idea of quantifying nonlocal-
ity through the amount of information transmitted between
the parties that is required to reproduce quantum correlations
(under free-choice assumption). Together with the development
of the specific models (53-57), this has led to various results
regarding communication complexity in the quantum realm (58).
However, in this paper we take a different perspective on mea-
suring nonlocality by changing the question from “how much” to
“how often” communication needs to be established between the
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parties to simulate given correlations. Theorem 2 gives the exact
bound in the case of nonsignaling statistics in the two-setting
and two-outcome Bell experiment. In the quantum case, such
a simulation requires communication in at least 41% of trials
[because of Tsirelson’s bound (47)] and for maximally entangled
states increases to 100% of trials when the number of settings is
arbitrary (cf. Theorems 3 and 4).

Natural as it may seem, the idea of measuring freedom of
choice by measure p» has not been developed in the literature.
The reason for this omission can be traced to the conceptual
and technical issues with handling arbitrariness of the distribu-
tion of settings P,,. Those concerns are properly addressed in
the present paper with Lemma 1, which considerably simplifies
and supports Definition 1. We note that various measures have
been developed as a means of quantifying freedom of choice
(or measurement independence, as it is sometimes called). They
include maximal distance between distributions (35, 37), mutual
information (38, 42), or measurement-dependent locality (39—
41). Furthermore, some explicit models simulating correlations
in a singlet state with various degrees of measurement depen-
dence have been proposed (34, 36) and analyzed (e.g., see ref.
42 for comparison of causal vs. retrocausal models). However,
these attempts depart from the original understanding of the
free choice as introduced by Bell (6, 22) (i.e., strict indepen-
dence of choice from anything in the past) in favor of more
sophisticated information-theoretic accounts. Notably, the pro-
posed measure of free choice builds on Bell’s original framework
assessing the maximal frequency with which such a freedom can
be retained in a model strictly consistent with locality. It thus
benefits from a direct interpretation within the established causal
framework of Bell inequalities and has a clear-cut operational
meaning.

Regarding Theorem 3, which rules out any freedom of choice
so defined, it is interesting to take an adversarial perspective
on the problem of free choice in relation to quantum cryp-
tography and device-independent certification (59, 60). In this
narrative an eavesdropper controls the devices trying to simulate
the quantum statistics of a Bell test, which is impossible as long
as the parties enjoy freedom of choice. However, any breach of
the latter, i.e., control of measurement settings, shifts the bal-
ance in favor of the eavesdropper in her malicious task. Taking
the view that any causal influence comes with a cost or dan-
ger of being uncovered there are two diverging strategies that
reduce the cost/risk to be considered: 1) resort to the use of
control of choice as seldom as possible during the experiment
or 2) minimize the intensity of each act of control. Theorem 3
completely rules out the first possibility when simulating quan-
tum statistics, i.e., the eavesdropper needs to manipulate both
settings on each trial in order to simulate the quantum predic-
tions. The question about the intensity of the control is left open
in our discussion but amenable to information-theoretic meth-
ods (35-42). This gives additional security criteria for quantum
cryptography and device-independent certification by forcing the
eavesdropper to a more challenging sort of attack (not only
can she not miss a trial but also the control has to be subtle
enough).

We remark that the main Theorem I readily extends to the
case of larger number of parties and outcomes { Pac. . |uys... Foys...-
This should be also possible for Theorem 2 when characteriza-
tion of the local polytope is known (cf. refs. 61-67). Yet another
valuable avenue for research in that case consists of complet-
ing the analysis to include signaling scenarios (68, 69). As for
the quantum case, we considered the simplest Bell-type scenario
with two parties involved in the experiment, but extensions may
prove even more surprising (see ref. 5 for a technical review of
the vast field of Bell nonlocality). In particular, in three-party
scenarios the methods discussed presently can be used to elimi-
nate freedom of choice already for two settings per party sharing
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the Greenberger—-Horne—Zeilinger state [cf. Mermin inequalities
which saturate in that case (70)]. We should also mention an
intriguing result (71) for a triangle quantum network in which
nonlocality can be proved with all measurements fixed. Remark-
ably, there is nothing to choose in that setup, but there is another
assumption of preparation independence which plays a crucial
role in the argument.

In this paper we are trying to remain impartial as to which
assumption—locality or free choice—is more important on the
fundamental level. This is certainly a strongly debated subject
in general, both among physicists and philosophers, with strong
supporters on each side (16-18). As just one example depreciat-

ing the role of freedom of choice let us quote Albert Einstein!:
“Human beings, in their thinking, feeling and acting are not free
agents but are as causally bound as the stars in their motion.”
As a counterbalance, it is hard to resist the objection that was
eloquently stated by Nicolas Gisin (ref. 72, p. 90): “But for me,
the situation is very clear: not only does free will exist, but it
is a prerequisite for science, philosophy, and our very ability to
think rationally in a meaningful way.” Without entering into this
debate, we remark that both assumptions are interchangeable
on a deeper level. Namely, for a given experimental statistics
{Pasjsy }+y in a Bell-type experiment the measure of locality pr,
and measure of free choice pr are exactly the same. This makes
an even stronger case regarding the inherent impossibility of
inferring causal structure from experimental statistics alone.

Materials and Methods

In order to facilitate the following discussion we begin with two technical
lemmas. See S/ Appendix for the proofs.

The first one holds for a Bell experiment with arbitrary number of settings
x,yem={1,23,...,M}.

Lemma 2. For any behavior {Pspx, }x, and distribution of settings Px, there
exists a local hidden-variable model (LHV) which fully violates the freedom
of choice assumption (i.e., if A is the relevant HV space, then we have A=
Ay = Apg; cf. Egs. 10 and 11).

The second one concerns a Bell scenario with binary settings x, y € 9t =

{0, 1}.

Lemma 3. Each nonsignaling behavior {Pap)x, }x, with binary settings x,y €
M ={0, 1} can be decomposed as a convex mixture of a local behavior
{Pabjxy }xy @and a PR-box {Pyp|x, }xy in the form

Pab\xy =p- 'Bab|xy +01 - P) . i’ab\xy: [19]

with p= 1(4 — Smax) for all x,y € {0, 1}.

Recall that a PR-box (73) is a nonsignaling behavior for which one of
the CHSH expressions in Eqgs. 2-5 reaches the maximal algebraic bound
of |S;| =4. Here, local behavior means existence of an LHV + FHV model
Of {Papixy txy aNd Smax = max {|S;|:i=1,...,4}.

We are now ready to proceed with the proofs.

Proof of Lemma 1: Suppose we have an HV model [#] of some behavior
{Pab|xy }xy for some nontrivial distribution of settings Py,. The latter obtains
via Eq. 7 from the conditional probabilities P,y . which are related to prob-
abilities specified by the model, Py,, and Py, by the usual Bayes’ rule. The
point at issue is whether a given HV model can simulate any other distribu-
tion of settings f’xy via Eq. 7 by changing Py ~ F’qu, while keeping the
remaining components of the HV model (x) intact. This requires consistency
with Bayes' rule, i.e.,

'E’xy\)\ = W' [20]
which should be a well-defined probability distribution for each \. Since
distributions Py, and P are fixed by the HV model [#], then the distri-
bution of settings ny is arbitrary as long as the expression in Eq. 20 is less
than 1 for each X\ € A (normalization is trivially fulfilled). Now, whenever
freedom of choice from Eq. 9 holds, this condition is always satisfied, and

I statement to the Spinoza Society of America, 22 September 1932. AEA 33-291.
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hence such an HV model can be trivially adjusted for any distribution f’xy [by
redefining F’xy\)\ = ny in compliance with Eq. 20 and keeping all of the
remaining components of the HV model [#] unchanged]. Of course, for FHV
models in the definition of x,; in Eq. 12 this is the case, which thus entails
the simpler expression for y, in Eqg. 14.

Clearly, such a simple argument falls apart for models without freedom
of choice, like those in the definition of yr in Eq. 13, when Py, and Py do
not cancel out and the probability in Eq. 20 may be ill-defined. In that case,
some deeper intervention into the model is required as shown below.

Let us take some LHV model [#] simulating a given behavior {Pap|x, }xy
with nontrivial distribution of settings Py,. Then, the related HV space
decomposes as A = Ar W Ayr and the degree of freedom is measured by
Pr:=3xeca, Px (cf. Remark 1). Now, consider a restriction of the model
to the respective subspaces Ar and Ane which amounts to the following
rescaling:

Fo. 1 F A1 F —
Py = pr Pxo Py = g Palyr Pabpya 7= Pablxyxs [21]
for \ € Af, and similarly
F._ 1 Foo_ 1 NF -
P,)\\I T T—pf Px, P’)\\I\xy T T—pf PMXY' Pab\xyx -= Fab|xyX: [22]

for X\ € Anr. Both are LHV models with marginals

Pioy = D Pabpys - P [23]
XNEAF
NF
ab|xy = Z Pab\xy)\ >\|xy' [24]
AEANF

which provide a convex decomposition of the original behavior
{Pab\xy}xy: ie,
Pablxy = PF - Poppy + (1 —PF) - Pl - [25]

The crucial point is a careful adjustment of these two models to recover
some arbitrary distribution of settings P,,, while maintaining the respective
marginals Egs. 23 and 24. For the first one (restriction to Af) the situation
is trivial as explained above: Since it is a FHV model, then it suffice to rede-
fine P Y= ny (in compliance with Eq. 20) and leave all the rest intact. As
for the second one (restriction to Ang), we can use Lemma 2 for constructing
another HV space Anr with an LHV model without any free choice that simu-
lates behavior { ab|xy},<y with the required distribution of settings Py,. Then,
such modified models can be stitched back together on the compound HV
space A := Ar W Ayr with respective weights pr and 1 — pg. This guarantees
reconstruction of the original behavior {P.px, }x (see Eq. 25) with the new
distribution of settings f’xy. The model is local and has the same degree of
freedom equal to pr (the first component has full freedom of choice, while
in the second one it is entirely missing).

The above construction shows that for every LHV model of some behav-
ior {Pap|x }xy there is always another one adjusted for any other distri-
bution of settings P, with the same degree of freedom. This justifies
the simpler expression for uf in Eg. 15 and hence concludes the proof
of Lemma 1.

Proof of Theorem 1: Note that Lemma 1 Egs. 14 and 15 can be taken as a
definition of measures i, and pr. This is very convenient, since it allows a
discussion free from any concerns about the distribution of settings Py, (this
is particularly relevant in the case of i as explained above).

It is instructive to observe that the calculation of both measures p; and
1 can be succinctly formulated as a convex optimization problem. Suppose,
we can decompose some given behavior {Pp|x, }xy as a mixture

L NL
Pabixy = PL - Papixy + (1= PL) - Papjyys [26]
where {P b‘xy}xy is a local behavior with full freedom of choice (i.e., has an

LHV + FHV model), and {P; é\Xy}XY is a free behavior (i.e., has an FHV model).
Also similarly, suppose that

Pablxy = pF'Pgb‘Xy"F(" —pF)'PIaV[;Xy. [27]

where {P, b\xy}X.V is a local behavior with full freedom of choice (i.e., has an
LHV + FHV model) and {PNF‘Xy}Xy is a local behavior (i.e., has an LHV model).
In both cases we assume that 0 < p;, pr < 1, and both Egs. 26 and 27 have
to hold for all a, b= +1 and x, y € 90t. Then, we have
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Remark 2. Measures p, and pr evaluate the maxima over all possible
decompositions in Eqs. 26 and 27 of behavior {Pap|x, }xy, i.€.,

= max , 28
s decomp. (26) P (28]
= max . 29
HE decomp. (27) pr [ ]

Proof:
We will justify only Eq. 28, since the argument for Eq. 29 is analogous.

Let us observe that every HV model [#] of behavior {Pap |y, }x as described
by Eq. 6 splits into two components (cf. Eq. 10):

Pab\xy = Z Pab\xyA Py + Z Pab\xyA 'P)\\xy: [30]
AEAL AEANL
L NL
PL- Pab\xy (—=py)- Pab\xy

which defines decomposition of the type in Eq. 26 with p, := ZkeAL P
Therefore, by Eq. 14, we get 1, < MaXdecomp. (26) PL-

To see the reverse, we note that every decomposition of the type in Eq.
26 implies existence of an LHV + FHV model of behavior {Pab‘ }xy on some

HV space A, and a FHV model of behavior {P! b‘xy}xy on some HV space Ap;.

Those two models, when combined on a compound HV space A := AL wAn
with the respective weights p; and 1 — p, , provide an HV model of behavior
{Pab|xy }xy- Since the local domain of such a model contains Ay, then from
Eq. 14 we have y; > p;, which entails 11, > MaXgecomp. (26) P This concludes
the proof of Eq. 28. O

Now, in order to prove Theorem 1 it is enough to show that for every
decomposition of the type in Eq. 26 there exists a decomposition of the type
in Eq. 27 with the same weight p; = pf, and vice versa. A closer look at both
expressions reveals that behaviors {Péb‘xy}xy and {Pgbw}xy are both local
with full freedom of choice (i.e., share the same LHV + FHV model). Thus,
the problem can be reduced to justifying that 1) behavior {Pg’,f‘xy}xy also

has an LHV model (possibly a non-FHV model) and 2) behavior {P b‘xy}xy
also has an FHV model (possibly a non-LHV model).

Ad. 1: This readily follows from Lemma 2.

Ad. 2: Here, a trivial model will suffice. Let us take A:={\,} (a single-
element set) with Py, =P, |x := 1 and conditional distribution defined as
Pablxyre := Phxy- Clearly, it is an FVH model of behavior {P}f 1.y

Thus, we have shown equivalence of both decompositions Egs. 26 and 27,
which, by virtue of Remark 2, proves Theorem 1.

Proof of Theorem 2: By virtue of Theorem 1 it suffices to prove the result for
one of the measures. Let it be measure ., evaluated by Eq. 28 in Remark 2.
Consider some arbitrary decomposition Eq. 26 of behavior {P.p | }xy-
Then, by linearity, the four CHSH expressions Eqgs. 2-5 decompose as well,
i.e., we get
L NL
Si=p.-Si+0—p)-S, [31]

SM are calculated for the respective behaviors { Lb\xy}xy and

where S4 and

{P. b|xy}Xy Since the first one is a local behavior with full freedom of choice
(i.e., having an LHV + FHV model), then from the CHSH inequalities Eq.
1 we have \Sﬂ < 2. For the second one there is nothing interesting to
be said other than noting the maximal algebraic bound S| <4. As a
consequence, the following inequality obtains:

1Sil < pr-24+0—-p)-4=4-2p, [32]

and we get p; < 1(4 —|S;]). Thus, by assumed arbitrariness of decomposi-
tion, Eq. 26 gives the upper bound on expression in Eq. 28:

w < 3-S5, [33]

where Spax =max {|S;|:i=1,...,4}. By Lemma 3 we conclude that the
bound is tight, which ends the proof of Theorem 2.
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Supporting Information Text

In this Supplement we prove two technical results Lemma 2
and Lemma 3 from the Methods section in the main
manuscript. We also give an alternative self-standing proof of
Theorem 3.

[The numbering of equations follows the main text.]

PROOF OF LEMMA 2

For reference we quote Lemma 2 from the main manuscript
that we will shortly prove. Here, the choice of settings is
arbitrary x,y € M = {1,2,..., M}.

Lemma 2. For any behaviour {P.,., }., and distribution of settings
P, there exists a local hidden variable model (LHV) which fully

violates the freedom of choice assumption (i.e., if A is the relevant
HV space, then we have A = A, = Ay ; cf. Egs. (10) and (11)).

Proof. Let us first introduce an auxiliary pair of indices uv €
M x M where M = {1,2, .., M} and for each pair uv define
a trivial behaviour {P Yy}w wh1ch consists of M x M copies
of the same dlstrlbutlon

p(uv] =

ablxy

for all xy € M x M, [34]

ab|uv

i.e., this holds independently of the choice of settings xy. Then,
for each such behaviour there exists an LHV model. To see
this, for a given pair of indices uv it is enough to consider a
four-element HV space

= {(&p) 0, p=+1},

with probability distributions defined in the following way

[36]

A (51

and P" .=

P)EW) = ablxyA Oa - 5b:/5 4

apluv

where A = (a,8) € A"). By construction, the locality con-

dition Eq. (8) is satisfied for all A, i.e., A = A, and the
marginals reproduce the behaviour in Eq. (34)
nl;’\zi)y - 2 Pal’:\;,/)L /{“‘ [37]
\EA lil
Those LVH models of auxiliary behaviours {P ﬂbw w can

be used to construct another local model on a compound HV
space

L_ﬂ i\(uv) ,

up €M

[38]

with conditional probabilities on each component left un-
changed, i.e., for each u,v € 9t we have

pu for A € A®

15“17‘-(.‘/)‘ = ab|xyA [39]

Note that in this way the locality condition is retained, i.e., the
factorisation of Eq. (8) holds for every A € A (cf. Eq. (36)),
and we have A, = ¥, A/ = A. Then we impose the
conditional distributions P,,, in the form

y[A

Pyp i= 6:muv 6 for A € AW

y=0

[40]

Clearly, this violates the free choice assumption Eq. (9) for every
A € A (since the knowledge of A fully determines the settings

20f5

xy), i.e., we have Anr = A. Fir}ally, we define the distribution
of P, on the whole HV space A by the following condition

p, .= p".p, for A € A, [41]

where P,, is the desired distribution of settings (which for sake
of generality is left unspecified). Observe that Egs. (40) and
(41) allow us to reverse the conditioning, i.e., Bayes’ rule gives

p;-w)
{0

Having defined in Egs. (38)-(41) all components of the HV
model (local and fully violating freedom of choice) we need to
check whether it correctly reconstructs some given behaviour
{Pury } and distribution of settings P,, via Egs. (6) and (7).
The following calculation

if AeAw,

Py, = otherwise. l4z]

5 5 2) 5 5(x
Epamxy/\ ‘P, = Z Py - P\( v [43]
AeA AeA(xy)
(39) 5 (x1 iy (xy
L PRl
AeR()
@) Hay 69
== P,,(b‘y;)u - Pab\xy 7 [45]
confirms the validity of Eq. (6). Similarly, we check that
5 5 (40
Y P, P = Z B, [46]
AeA reAlxy)
(41) D (xy
= Y p¥-p, = P, [47]
reAly)
in compliance with Eq. (7). This concludes the proof.
O

PROOF OF LEMMA 3

In the following we consider a Bell experiment with binary
settings x,y € 9 = {0,1}.

Preliminaries. We begin with a useful observation about the
CHSH expressions in Egs. (2)-(5).

Remark 3. We have |S;| + |S;| < 4 whenever i # j.

Proof. This is a direct consequence of a simple algebraic in-
equality involving the four expressions S, ..., S, which fol-
low the pattern of Egs. (2)-(5), ie, S, = a+b+c—d,
S,=a+b—c+d,Ss=a—b+c+dand S, = —a+b+c+d.
It is straightforward to check that for —1 < a,b,c,d < 1, when-
everiZ#jwehave £5,+ S; < 4and £S5, F S; < 4 (since in each
case four out of eight terms cancel out). Clearly, in compact
form this is equivalent to the inequality |S;| + |S;| < 4 which
concludes the proof. O

As an immediate consequence of Remark 3, note that for any
behaviour { Py, }v, at most one out of four CHSH inequalities in
Eq. (1) can be violated at the same time.

Without loss of generality, in the following proof we con-
sider a given behaviour { Py, }., with binary choice of settings
x,y € MM = {0,1} for which only the first CHSH inequality is
violated, i.e., we assume that

Smm. = 51 > 2/ [48]
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Fig. S1. Decomposition in Lemma 3. A two-dimensional section of the non-

signalling polytope for the two-setting and two-outcome Bell scenario. It is spanned by
sets of local deterministic behaviours P # and non-local PR-boxes P . The subset
of local behaviours (depicted as the inner green rectangle) is fully characterised by
the CHSH inequalities Eq. (1). For each non-signalling behaviour P which breaks
the local bound, one finds a convex decomposition P = p - P+ (1 — p) - P® with
p = (4 — Syax) for some local behaviour P and a PR-box P®. On the picture, we
have Sy = S1 >2and k= 1.

and consequently |S;| < 2 for i = 2,3,4. It is straightfor-
ward to appreciate that all other cases reduce to this one by
relabelling the indices.”

Decomposition of Lemma 3 (proof). Let us start by recalling
the concept of a PR-box (due to Popescu-Rohrlich [1]) which
is a non-signalling behaviour {15”17‘&,/}”/ saturating the CHSH
expressions. To be more precise, only one of the expressions
Egs. (2)-(5) can reach its maximal/minimal value S, = 44 and
then the rest must be equal to zero (cf. Remark 3). There are
eight possible PR-boxes out of which we select just two cases
for illustration

- 1/2 fora®b=x-y
(1) — ’
Fay = { 0 otherwise, L49]
and
- 0 fora®b=x-y
(2) — ’
PH“\«W - { 1/2 otherwise. [50]

All the remaining boxes {Bf, }., for k = 3,...,8 obtain by
relabelling the indices x,y. These two behaviours saturate the

first CHSH expression Eq. (2), i.e.

S = +4,
SP = —4,

S =0
§7=0

fori =234,

fori=2,3,4, [51]

and similarly the remaining six boxes saturate the other three
CHSH expressions Egs. (3)-(5) (in particular we have S® = 0
for k = 3, ..., 8). In what follows, PR-boxes will be used because

*To change signs: (¢ — —a) = (S; — —S;). To switch between expressions: (x — 1 —x) =
(S1+83), (y—=>1-y)=> (51 S)and (x »1—x&y —1—y) = (51 < Sy).
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of their role in the description of the non-signalling polytope
in a two-setting and two-outcome Bell scenario [2].

For reference let us quote Lemma 3 from the main
manuscript that we will shortly prove; see [3] for a related
result. See Fig. S1 for illustration.

Lemma 3. Each non-signalling behaviour { Py, }., with binary
settings x,y € M = {0, 1} can be decomposed as a convex mixture
of a local behaviour { Py, }., and a PR-box {anx_./}x_(/ in the form

Pupy = P Papey + (1= p) - Pupy, [52]

with p = %(4 — Suax) forall x,y € {0,1}.
[In the case S, > 2, the PR-box is that of Eq. (49)].

Here, local behaviour means existence of an LHV+FHV model
Of {Pyyjy }y and S,e = max {|S;| :i =1,...,4}.

Proof. Let us consider a given non-signalling behaviour
{Pujxy }y such that S, > 2, and define the following four distri-
butions

- 1_ (1
Pnb\xy = % Rwl?\x}/ - Tp Pn(lr\)xy/ [53]
for x,y € {0,1}, where {P}, }., is the PR-box defined in

Eq. (49). In order to prove Lemma 3 it is enough to show that

(a) an.w are well-defined probability distributions
for each x,y € {0,1}, and

(b) {Pujxy }+, defines a local behaviour,
for the choice p = 1(4 - S)).

Ad. (a). The normalisation condition ¥,
satisfied, since Py, and Py,
to check that Py, > 0.

It is known that the non-signalling polytope for the two-

setting and two-outcome scenario is characterised by 24 =16 +8
extremal points [2] (cf. Fig. S1):

ab pnmxy = 1is trivially
are normalised. It only remains

{Py.,},y - sixteen local deterministic behaviours
forj=1,..,16,
{P, b eight PR-boxes for k =1, ..., 8.

This means that we can decompose { Py, }., as a convex com-
bination

16 8
Pﬂl’\x.l/ = Z pf ’ Pn([ﬁx}/ + Z qk : Pn(:\)xy [54]
j=1 k=1
with proper normalisation Y°, p; 4+ Y3, g = 1and p;, g >0
for all j, k. We can use Eq. (54) to calculate the first CHSH
expression Eq. (2), which by linearity gives

16 8
S =Y p-S"+ Y q-5Y, [55]
=1 k=1

where 5, and S correspond to {P} }., and {P}},, }., respec-
tively. For this particular choice of distributions, we have
|57 < 2 (for local behaviours) and Eq. (51) (for PR-boxes),

from which the following bound is obtained
16 »
S =) p S +4q—4g
j=1

16
2-2 pp+4-90 <2+2-q.

j=1

N

[56]
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Note that in the last inequality we used the normalisation
Y% pi+Yis qc = 1. Thus, in the decomposition of Eq. (54)
the coefficient q, > %Sl — 1. A quick comparison of Egs. (53)
and (54) reveals that such a defined distribution is well-defined,
ie., Pﬂbw > 0, as long as g1 > 1 — p. This is true for p >
1d-5).

Ad. (b). Since both sets of behaviours {P,,}. and the
PR-box {P},}., are non-signalling, then {P,,}., defined in
Eq. (53) is non-signalling too. Therefore, by virtue of Fine’s
theorem [4, 5], it suffices to check that all CHSH inequalities
are satisfied |S;| < 2.

By linearity of the CHSH expresions, from Eq. (53) we get

S, = % S — l;pp S Tt follows that

&1 _ 1Si—(1-p)S5”
) [S1—4(1—p)] -
(;) s P s for i 1, [57]
7‘ < g 1 fori #1,

where the last inequality for i # 1 is due to Remark 3. Now,
it is straightforward to check that for p = 1(4 —S,) all four
CHSH expressions satisfy the local bound, i.e. we have |S,| = 2
and |5;| <2 fori # 1.

O

DIRECT PROOF OF THEOREM 3

We start by considering a wide class of upper bounds on
the measure free choice ;. This result will be used to prove
Theorem 3 with the help of correlations saturating the so called
chained Bell inequalities (for a special choice of measurement
settings on a Bell state).

Upper bounds on measure of free choice y;.Let x,y € I
with the choice of settings 9t unspecified for the time being.
Our analysis will proceed with algebraic expressions which
take the following form

S = Z Ry - <ab>xyl

Xy

[58]

where w,, € {0,£1} are some arbitrary coefficients and
(ab),, = Y,, abP,,,, is the usual correlation function. For
each such expression S we will look at two auxiliary quantities.
The first one counts the number of non-zero terms in Eq. (58),
ie.,

S =) |yl

xy

[59]

The second one is the upper bound of Eq. (58) with the corre-
lation coefficients replaced by a product, ie.,t
loc  __
Sle = max Y ay,-a.b,. [60]
—1<by <1 Xy

Note that both 5* and 5"° depend only on the coefficients a,,
(and not on the correlation functions (ab).,,).

In the following, we consider an arbitrary HV model of
a given set behaviour {P,,, }, obtained in a Bell experiment

A closer inspection of Eq. (60) reveals the maximum is attained at one of the extremal points
ax,by = £1 (since the expression Ex,y axy - axby is a linear function for each variable ax, by).

40f5

(with x,y € 91). The decomposition Eq. (11) entails splitting
of Eq. (6) into two components

Pﬂb\xy = Z Pnb\xy/\ : PA + Z Pul;\xy)\ : R\\x}/ ’

AEAR AEANF

[61]

which describe fundamentally different situations with and
without freedom of choice, i.e. corresponding to the hidden
variable A being respectively in the free domain (Ar) or non-
free domain (Ayr). This can be used to write the correlation
coefficients in the form

<ab>xy = Z <ab>xy/\ . PA + Z <ab>xy/\ . PA\xy/

AEAR AEANFE

[62]

where (ab),,, = ¥,, ab Py is the correlation coefficient for
fixed A. Hence, the expression S defined in Eq. (58) splits into
two parts

S =) ( Yty <ab>xy/\) <P+ [63]
Z ( Z Oy (@) - P,\\xy) . [64]

AEANE Xy

Note that in the first term probability P, factors out due to the
condition in Eq. (11) defining the free domain A;. So far, the
causal structure of the HV model has not been constrained.

Now, we make the locality assumption Eq. (8) which entails
the following factorisation (ab),,, = (). (b),., with (a),, =
Y., a Py, and (b),, = ¥, b Py,,. Then the expression in Eq. (63)
is bounded by S of Eq. (60), i.e.,

Eq.(63) < ) S"-P = S§"-) P.

AEAR AEAR

[65]

For the expression in Eq. (64) we use S* of Eq. (59) to make the
following estimate

Eq. (64) < ) [ayl
Xy

Y P 2 Yl (1- T P)
xy

AEANF AEAR

<s-(1-Ln),

AEAR

[66]

where we use the fact that conditional probabilities P,,, are
normalised and A = Ay U Ay (cf. Eq. (11)), which entails

1= ZPAW = Z P + Z Py (671

AEA AEAR AeANE

for each x,y € M. Putting everything together, from
Egs. (63)/(64) and (65)/(66) we get the inequality

S S Y P+5-(1-) P,

AeAp AeAp

which provides the following bound on the amount of free
choice in a given LHV model (see Remark 1)

R

# __ Gloc *
AEAR S S ‘

[68]

Since this inequality should be satisfied by any LHV model
reproducing given behaviour {Py, }., in a Bell experiment
(irrespective of the distribution of settings P,,), then we get
upper bound on the the measure of free choice defined in

Eq. (13)

§*-S

He < Sr g " (69]
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y=2 [
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Fig. S2. Chained Bell inequalities. On the left, there is a schematic illustration of the
chained expression in Eq. (70) with each one of 2M terms (ab)., represented by the
line x — . Solid lines correspond to the '+’ signs and the wavy line corresponds to the
'—’ sign. On the right, the £ — Z section of the Bloch sphere concerns measurement
directions defined in Egs. (72) and (73). Alice measures along the directions |¢.),
(depicted in magenta) and Bob measures along the directions |q)../>B (depicted in
blue), with x,y = 1,2,..., M and 6 = 57—

Crucially, the bound in Eq. (69) holds for any expression S
as defined in Eq. (58). Let us emphasise that the numbers S*
and S are determined solely by the choice of coefficients «,, ,
while S itself depends on the observed experimental statis-
tics {Pujy }y through the correlation coefficients (ab),,, see

Egs. (58) - (60).

Proof of Theorem 3. Quantum correlations are stronger than
the classical ones, but much weaker than what one might
possibly imagine [1, 6]. For the proof of Theorem 3 is however
enough to exclude all freedom of choice for any local account
of a maximally entangled state when the number of settings
x,y € M={1,2,.., M} goes to infinity M — oo.

Let us take expression of Eq. (58) in a special chained
form [7, 8]

Su = {ab)y + {(ab)y + (ab), + {ab)s; + ...

e + <Ilb>MM - <ab>]M ’ [7O]

which follows the pattern illustrated in Fig. S2 (on the left).
From simple term counting we have S}, = 2 M. Now, if locality
is imposed this leads to the so called chained Bell inequalities:
Su < 2(M—1), see [7, 8]. It is straightforward to see that
Eq. (60) saturates to S'¢ = 2 (M — 1).} This means that for the
expression Eq. (70) the upper bound on the amount of free
choice in Eq. (69) becomes

2M — Sy

< 2M-=Sw oy 1g
WS n—a—1) - M 25w

[71]

Now, we will assume that the correlations in a Bell experi-
ment are described by the quantum statistics given by the Bell
state | P, ) = %HO)A |0), + [1), |1),) and the choice of settings

*Locality entails factorisation <ab)x.‘/ = (a)x(b>y =t axby. Then Syg = (ay +ap)by + (ap +a3)by +
.+ (aps —a1)by. Suppose ax, by = +1, then out of M terms taking values 0, + 2 at least one
has to be equal to zero (if ap; = ay it is the last one, otherwise it is one of the remaining ones). In
such a case SM < 2 (M —1). This extends to intermediate values —1 < ax,b}/ < +1, since Sy is
a linear function for each of the variables and hence the global maximum is attained at the extremal

points ay, by = & 1. Clearly, taking ax = by = 1 we get the maximum, i.e. 51,&" =2(M-1).

Pawel Blasiak, Emmanuel M. Pothos, James M. Yearsley, Christoph Gallus and Ewa Borsuk

x,y implements projective measurements in the respective
bases {|@.), |¢.)" } for Alice and {|¢,),|,)" } for Bob, where

lp.), = cos(x—1)010), + sin(x—1)6 |1),, [72]
|py), = cos(y—5)0[0), + sin(y— )0 [1),, [73]

for x,y € M= {1,2,...,M} and 6 = 53f—. See Fig. S2 (on
the right) for illustration. Then all terms in Eq. (70) become
equal to (ab),, = cos 0 except for the last one which is equal

to (ab),y = —1, and hence we get
Sy = 2M—1)cos6+1
2
2 eM-1)(1- ypitm) +1. [74]
Substituted into Eq. (71), this gives
2
T
0. [75]

<
oS ToM—1) wow

This justifies our claim about freedom of choice reduced to zero
in any local account of the quantum state |®. ). Generalisation
to any maximally entangled two-qubit state is straightforward.
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