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Abstract in English

Advances over the past decades have brought condensed matter physics to a cross-
roads with topology, leading to the development of topological phases of matter.
Topological phases are characterized by bulk properties, which are protected by
global details rather than local order parameters. Materials exhibiting such topolog-
ical phases are hypothesized to be insensitive to local perturbations such as impu-
rities or disorder. This is highly advantageous for device applications, where such
imperfections are often unavoidable. A fascinating consequence of topological bulk
order is the emergence of electronic states at the boundaries of materials. These
conducting states are typically known as edge or surface states that exist alongside

an insulating bulk.

In this thesis, we propose kagome-structured materials as a platform for designing
electronic edge states. While the kagome lattice shares similarities with the hon-
eycomb lattice in its electronic band structure, it uniquely hosts an additional flat
band. Moreover, kagome lattices appear in a wide range of compounds exhibiting
diverse phenomena, including charge density waves, superconductivity, spin—-orbit

coupling, and magnetism.

Motivated by these features, we investigate both pristine and topological edge states
of kagome lattices in the monolayer limit. Pristine edge states arise from physical
lattice termination, and we identify four distinct terminations obtained via line cuts.

These terminations influence the presence and number of edge states, and in some
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cases, can fully suppress them. When intrinsic spin-orbit coupling (SOC), modeled
via the Kane-Mele framework, is introduced, these states become topological. The
resulting edge states are spin-polarized and counter-propagating, consistent with
Z, helical edge states, which we confirm using the Wilson loop method. We further
demonstrate that breaking time-reversal symmetry leads to chiral edge states. By
combining ferromagnetism with Rashba SOC, two topological bulk gaps emerge, re-
sulting in gapless chiral states across all terminations. Adding Kane-Mele coupling
widens the bulk gap and gives rise to two distinct topological phases. However,
chiral edge states can also emerge purely from noncollinear magnetic order. In this
scenario, the magnetic exchange field can exhibit two distinct regimes depending
on the degree of out-of-plane spin canting, and we analyze chiral states in both
regimes. Our results demonstrate that Kane-Mele SOC can open or close bulk gaps
and induce different topological phases, depending on the strengths of SOC and the

magnetic exchange field.

Overall, our results show that tuning SOC and magnetism enables control over bulk
gaps and topological phases, which may be useful for engineering diverse and tun-

able edge states in kagome lattice platforms.
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Abstrakt w jezyku polskim

Postepy w ciagu ostatnich dekad doprowadzily fizyke materii skondensowanej do
skrzyzowania z topologia, prowadzac do rozwoju topologicznych faz materii. Fazy
topologiczne charakteryzuja sie¢ wlasciwosciami objetoSciowymi, ktére sa chronione
przez globalne wiasnosci, a nie lokalne parametry porzadku. Zaktada sie, ze mate-
rialy wykazujace fazy topologiczne sa niewrazliwe na lokalne zaburzenia, takie jak
zanieczyszczenia i nieporzadek. Jest to niezwykle korzystne w zastosowaniach w
urzadzeniach, gdzie takie niedoskonalosci sa czesto nieuniknione. Fascynujaca kon-
sekwencja topologicznego porzadku objetosciowego jest pojawianie sie stanéw elek-
tronowych na granicach materiatéw. Te stany przewodzace prad sa zazwyczaj znane

jako stany krawedziowe lub powierzchniowe, ktére wystepuja przy izolatorze.

W niniejszej pracy proponujemy materialy o strukturze kagome jako platforme do
projektowania elektronicznych stanéw krawedziowych. Chociaz sie¢ kagome ma
podobieristwa do sieci plastra miodu w swojej strukturze pasm elektronowych, to w
unikalny sposéb posiada dodatkowe plaskie pasmo. Co wiecej, sieci kagome wys-
tepuja w szerokiej gamie zwiazkéw wykazujacych réznorodne zjawiska, takie jak

fale gestosci fadunku, nadprzewodnictwo, sprzezenie spin-orbita i magnetyzm.

Zmotywowani tymi cechami, badamy zaréwno pierwotne, jak i topologiczne stany
krawedziowe sieci kagome w granicy monowarstwy. Pierwotne stany krawedziowe
powstaja w wyniku fizycznej terminacji sieci i identyfikujemy cztery rézne termi-

nacje uzyskane poprzez przeciecia liniowe. Terminacje te wplywaja na obecnos¢
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i liczbe stanéw krawedziowych, a w niektérych przypadkach moga je catkowicie
sttumi¢. Po wprowadzeniu wewnetrznego sprzezenia spin-orbita (z ang. spin—orbit
coupling SOC), modelowanego za pomoca modelu Kane-Mele, stany te staja sie topo-
logiczne. Powstate stany krawedziowe sa spolaryzowane spinowo i propaguja sie
w przeciwnych kierunkach, zgodnie z helikalnymi stanami krawedziowymi Z,, co
potwierdzamy za pomoca metody petli Wilsona. Ponadto wykazujemy, ze ztamanie
symetrii odwrdcenia w czasie prowadzi do chiralnych stanéw krawedziowych. Po-
faczenie ferromagnetyzmu z polem magnetycznym indukowanym przez SOC typu
Rashba powoduje powstanie dwéch topologicznych przerw objetosciowych, skutku-
jac bezprzerwowymi stanami chiralnymi dla wszystkich rodzajéw krawedzi. Do-
danie sprzezenia typu Kane-Mele poszerza przerwe objetosciowa i prowadzi do
powstania dwéch odrebnych faz topologicznych. Jednakze chiralne stany krawe-
dziowe moga réwniez powstawa¢ wylacznie z niekolinearnego porzadku magne-
tycznego. W tym scenariuszu pole wymiany magnetycznej moze wykazywaé dwa
odrebne stany w zaleznosci od stopnia przechylenia spinu poza plaszczyzne. Anal-
izujemy stany chiralne w obu przypadkach. Uzyskane wyniki pokazuja, ze pole
magnetyczne indukowane przez Kane-Mele SOC moze otwieraé lub zamykaé prz-
erwy objetosciowe i indukowaé rézne fazy topologiczne, w zaleznoéci od natezenia

pola magnetycznego i pola wymiany magnetyczne;j.

Ogolnie rzecz biorac, nasze wyniki pokazuja, ze dostrojenie pola magnetycznego
i porzadku magnetycznego umozliwia kontrole nad przerwami objetosciowymi i fa-
zami topologicznymi, co moze by¢ przydatne w projektowaniu zréznicowanych

i dostrajalnych stanéw krawedziowych w uktadach zawierajacych sieci kagome.
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1 Introduction

1.1 Historical perspective

The kagome lattice is formed by corner-sharing triangles arranged in a hexagonal
fashion. In more technical terms, the pattern is an example of trihexgonal tilling [1],
which is one of the eleven uniform tilings of the Euclidean plane in tilling theory.
While the kagome lattice has gained prominence in physics only in the past century,
its origins date back much further. In East Asia, the traditional bamboo weaving
patterns [2] feature the kagome structure (see Fig. 1.1), which dates back thousands
of years ago [3] . The pattern also has a long history of religious connotations, as it

appears in different cultures as the Star of David or the hexagram.

In Physics, the term “kagome lattice” was
coined by Kodi Huisimi [5]. It began with the
seminal work of Onsager in 1944, where he
derived the exact solution of the Ising model
on the square lattice [6]. This inspired oth-
ers to pursue spin physics on different lat-

tices. A breakthrough came in 1950 when Kodi
Figure 1.1: Kagome pattern in tra-

ditional handmade Japanese bas-
were expanding on Onsager’s work. By sim- ket. Adapted from Ref. [4].

Huisimi and Itiro Sydzi of Osaka University

plifying the method of Onsager and using a



1 Introduction

dual transformation, Huisimi and Sy6zi were able to find the analytical solutions on
the triangular and honeycomb lattice [7]. In parallel, Syozi was trying to understand
the phase transition in a decorated honeycomb lattice, where he placed an extra
spin on the sides and vertices of the lattice. Using star-to-triangle transformation,
Syozi demonstrated [8] that the decorated honeycomb lattice maps to a new type
of lattice. Now known as kagome lattice, the word first appears in Syo6zi’s work in
1951, where the author acknowledges Husimi for introducing kagome lattice to him.
Syo6zi showed that while the ferromagnetic (FM) kagome lattice has a logarithmic di-
vergence at transition, the antiferromagnetic (AFM) counterpart exhibits no phase

transition.

Nearly two decades later, Takano and colleagues at Kyoto reported the first observa-
tion [9] of a quasi-two-dimensional kagome lattice in jarosite minerals. Jarosites are
a family of compounds with the chemical formula AFe3(SO4)2(OH)g, where A is a
monovalent cation. In these materials, the Fe>* ions form a quasi-2D kagome lattice
in the ab plane, characterized by strong in-plane interactions and weak out-of-plane
coupling. The kagome lattice signature was evident in their unusual magnetic be-
havior: Takano et. al. observed that, despite strong AFM interactions, long-range
magnetic order only emerged at low temperatures (~ 50 K), reflecting the hallmark
frustration of the lattice. In the 1990s, another kagome compound SrCrgGasOq9,
studied [10] at Bell Labs, displayed similar anomalous magnetic properties. On
the theoretical front, these experimental realizations drew more attention due to a
milestone work of Philip W. Anderson in 1973 [11]. His proposal of the resonat-
ing valence bond (RVB) theory highlighted the possibility that geometric frustration

could prevent conventional magnetic order and give rise to novel quantum states.

Over the years, kagome platforms have emerged as an increasingly popular topic
of research. As illustrated in Fig. 1.2, the number of arXiv submissions with the
word “kagome" in the title has grown steadily over time. In the early days, research

activity notably increased following the discovery of spin-liquid material Herbert-
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Figure 1.2: Number of arXiv papers with the word “kagome" in the title. Major
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smithite [12, 13], and was further boosted by theoretical developments in spin-liquid
physics [14-20]. Interest surged again after the discovery of kagome metals [21-23]
around 2019, and especially from 2020 onward, when superconductivity (SC) and
charge order were observed [24-28]. Today, kagome platforms serve as a versa-
tile testbed for exploring a wide range of phenomena, including chiral spin liquids,
charge and spin order, correlation effects, and topological phases. In the next section,

we provide an overview of key experimental signatures in kagome materials.

1.2 Overview of experimental trends

1.2.1 Charge density wave and superconductivity

In “135” AV3Sbs (A= K, Rb, Cs) [28] kagome materials, both theoretical and exper-

imental studies indicate the presence of a charge ordering phase intertwined with
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Figure 1.3: (a) Crystal structure of kagome superconductor KV3Sbs. (b) Experimental
resistivity p and heat capacity C, plotted as a function of T (top). Both plots show-
case an anomaly at T* = 78 K, which is highlighted in the inset of C;, plot. Same
plots as top but in the range T < 2 K corresponding to the bulk superconductiv-
ity regime (bottom). (c) 2 x 2 charge density order and its Fourier transformed
pattern. (d) Spectroscopic maps at different magnetic fields (B =0T, 2T, —2 T)
indicates chiral charge order. Chirality is measured by traversing from lowest to
highest peaks. Adapted from Ref. [28] and Ref. [27].
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SC [26, 29-32]; however, the underlying mechanism is intensely debated. A charge
ordering phase, often called a charge density wave (CDW), refers to the localiza-
tion of electronic charge in real space with periodicity that may be commensurate
or incommensurate with the lattice unit cell. From an electronic perspective, this is
interesting because SC contradicts the idea of localization, and thus, CDW and SC

are competing phases .

Experimental results for one of the kagome materials KV3Sbs [28] is shown in
Fig. 1.3. As discussed previously, the V atoms make the kagome lattice, while Sb
atoms are arranged in a honeycomb fashion [see Fig. 1.3(a)]. Top panel of Fig. 1.3(b)
reveals that in-plane (ab) resistivity and specific heat exhibit a slight kink at the
temperature T* ~ 78 K. This suggests an electronic instability, where the electronic
charges reorder themselves in a CDW pattern. Bottom panel of Fig. 1.3(b) showcases
resistivity and specific heat at lower temperatures (below 2 K). Here, the charge
order slowly gets suppressed and the SC phase emerges. Scanning tunnelling mi-
croscopy (STM) data shows that the CDW has a 2 x 2 structure at T = 4.2 K, as
shown in Fig. 1.3(c). In the same figure but on the right, we have Fourier transform
of CDW pattern, which shows the wavevectors associated with CDW. The more in-
tense peaks stem from the Bragg diffraction, while less intense peaks with smaller
magnitudes refers to the enlarged charge order periodicity in real space. Although
T* can change depending on the alkali atoms (A= K, Rb, Cs), the 2 x 2 structure
is observed in all kagome variants. Instead of charges, the spatial modulation can
also occur in spins or Cooper pairs, which lead to spin [33] and pair [34] density
waves, respectively. Additionally, the ordered phase can break rotational symme-
try, resulting in a nematic order [35-37], or break both translational and rotational

symmetries, leading to a stripe order [38].

Different measurements further report that the CDW phase breaks the time-reversal
symmetry (TRS) [27, 39] due to its chiral nature. Being one of the symmetries of the

Hamiltonian, TRS significantly affects the nature of edge states, which we will dis-
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cuss later. More recent study [40] also suggests breaking of TRS, as #SR data hints
towards internal fields that could be connected with TRS breaking loop currents.
Additionally, transverse field uSR reveals a power-law dependence with tempera-
ture, which is typical of nodal SC, a type of SC where the superconducting gap
exhibits point or line nodes on the Fermi surface. This suggests their origin may lie
in the complex interplay between lattice distortion and loop currents. This is better
illustrated in Fig. 1.3(d), where charge modulation peaks change follow a clockwise
or anticlockwise pattern based on magnetic field. Since connected by correlation, the
density-ordered phases often precede unconventional superconductivity, and pro-
mote Copper pairing with finite angular momenta. In fact, the nonlocal Hubbard
model on the kagome lattice favors such exotic pairing mechanisms and intriguing

ordered phases [41].

1.2.2 Spin-orbit coupling and Berry curvature

The rise of topological physics has made Berry curvature (BC) a significant concept
in condensed matter. BC can be thought of as a geometric property of electronic
wavefunctions in momentum space that acts like a magnetic field. SOC and out-of-
plane magnetization is a popular route to engineer tunable BC in materials, leading
to gapless chiral modes inside bulk Chern gap [see Fig. 1.4(a)]. These two fac-
tors typically give rise to a topological Chern phase with broken TRS. One of the
hallmarks of the Chern phase is the anomalous Hall effect (AHE) [42], in which
Hall conductance is generated from Berry curvature without any external magnetic

field.

This makes kagome magnets with SOC of great interest. One of the earlier can-
didates was Fe3Sn, [21, 44], which is reported to be a bilayer FM with finite SOC.
However, no zero-field AHE is observed in Fe3zSn, so far. This can be attributed to its

in-plane magnetization with complex magnetic texture. The in-plane magnetization
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(a) ()

Figure 1.4: (a) Schematic describes SOC-induced Chern gap in kagome lattice. Chern
gap is characterized by a gapless edge state connecting upper and lower bulk
bands. (b) Gapless edge state can be identified by peak in dI/dV map at 130
meV. (c) Quasiparticle interference pattern shows the energy-momentum relation.
Dashed white lines indicate Chern gap A = 34 meV. Adapted from Ref. [43].
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competes with intrinsic SOC and tends to close the Chern gap required for finite BC.
Another issue is that Sn atoms lie in the center of the kagome net (made by Fe), and

hopping to Sn atoms deviates from the ideal kagome band structure [45].

Relatively newer “166" RMngSng (R = Gd, Tb, Dy, Ho, Er) compounds [43, 46—48]
look promising in this aspect due to their out-of-plane magnetic order and SOC
effects. These are part of a bigger kagome family AM¢X¢ [49], where A is an alkali or
rare-earth atom, M refers to transition metals, and X site denotes group IV elements
(5n, Ge, Si). Setting M=Mn and X=Sn produces the RMn¢Sng compounds with R
site containing a rare earth element. Unlike Fe3Sny, the heavier R sites can push
the Sn atoms to create the ideal kagome bands. Subsequently, a wide choice of
possible of rare-earth atoms in such compounds make it easy to tune SOC and

Chern phases [47].

Particularly interesting is the compound TbMngSng, where Mn atoms forming the
kagome layer exhibit FM order along the c-axis. Spectroscopic measurements [43]
reveal that the Dirac point (DP) is located approximately 130 meV above the Fermi
level (Ep). DPs refer to points of degeneracy in the band structure, around which
the dispersion follows a linear relation. This linear relationship gives rise to quasi-
particles that behave like massless Dirac fermions, similar to those in high-energy
physics. DPs were originally identified in graphene [50], where they give rise to
high carrier mobility and relativistic-like electronic behavior. Here, out-of-plane
magnetization and SOC open a finite Chern gap of about 34 meV at the DP [see
Fig. 1.4(c)]. Edge states arising from this Chern gap are seen in the dI/dV map at
130 meV [see Fig. 1.4(b)]. Since the Fermi level does not lie within this gap, the
system is in a Chern metallic phase. This behavior contrasts with that of a Chern
insulator, where Er lies inside the Chern gap, resulting in a quantized anomalous
Hall conductivity oy, = (¢2/h)C, with C being an integer (Chern number) charac-
terizing the topological phase. The details of such quantization will be discussed

later. In a metal, however, oy, is not quantized and the idea of Chern number be-
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comes ill-defined. For example, in TbMngSng, the anomalous Hall conductivity is
approximately 0.1 x (¢?/h) [43] in the metallic state, a value that is consistently
supported by both direct experimental measurements and indirect estimates based
on Berry curvature analysis. Effect of Berry curvature leads to various topological
Hall effects [47, 51, 52] (e.g. anomalous, topological, spin) in quantum transport

measurements, which remain consistent with the theory.

1.2.3 Weyl points in 3D kagome materials

Weyl points (WPs) [54, 55] refer to a special point in 3D Brillouin zone (BZ), where
linearly dispersing bands touch each other at a point. First discovered by angle-
resolved photoemission spectroscopy (ARPES) in TaAs semimetal [56], the low-
energy excitations near WP resemble the chiral Weyl fermions [57] in high-energy
physics, which justifies the name. Similar to Weyl fermions, the WPs are chiral in
nature, and always come in pairs [58] with either left- or right-handed chirality. Ex-
istence of WP requires either broken TRS or inversion symmetry, which gives rise
to finite BC in the system. In practice, this can be achieved in 3D systems with FM
and SOC [see Fig. 1.5]. WPs carry a topological charge, and their gaplessness is pro-
tected by symmetry, unlike DPs in Graphene. The manifestation of their topology
can be seen in a special surface state, known as Fermi arcs [56, 59], which connects

two WPs by a line.

Although some kagome lattices appear to exist in bilayer forms, most kagome mate-
rials are three-dimensional. For a long time, kagome materials Mn3X (X=5n, Ge) [60-
63] and Co3Sn,S; [64-66] are known to host WPs. ARPES shows topological surface
states [53] of Co3SnyS; in Fig. 1.5(b). While Co3Sn,S; is a out-of-plane ferromag-
net [67], Mn3X is known to host noncollinear antiferromagnetism [68]. The magnetic
ordering breaks TRS and strong interlayer coupling provides the 3D bulk character —

this fulfils the criteria to obtain WPs, as predicted by theoretical calculation [69]. On
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Figure 1.5: (a) Schematic dispersion for generating magnetic Weyl semimetals. (b)
Theoretical (i) and experimental (ii-vi) slab spectra of kagome Weyl semimetal
Co35n,5; along (001) surface. Adapted from Ref. [53].
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the experimental front, both materials are reported to exhibit negative magnetoresis-
tance [65, 70] in transport measurements, which happens due to chiral anomaly [63],
a phenomenon exclusive to WP. Another indirect signal of WP is the giant or large
AHE as seen in Co3SnyS; [66], which is facilitated by broken TRS and concentrated
BC near Weyl point crossing. Other experimental probes for WP include mapping
of linear dispersion [71] around the Weyl crossing by ARPES and imaging the Fermi
arc [72].

1.2.4 Breathing distortion

An interesting variation of the kagome lattice is where the inversion symmetry of
upper and lower corner-sharing triangles are broken via trigonal distortion. This is
termed a breathing kagome lattice [73], where the “breathing” pattern comes from
expansion of one set of triangles while other contracts [see Fig. 1.6(a)]. This modifies
the electronic structure by introducing anisotropic hoppings. The anisotropy hop-
ping breaks the C3 symmetry of the original kagome lattice, splitting the hopping

amplitudes into two groups: t; and t,.

Theoretical calculation [75] predicts that breathing anisotropy can stabilize a gapped
Z; spin liquid as the ground state of the pyrochlore lattice. Electronically, such dis-
tortion is predicted [76] to open a gap at the DP. Furthermore, if extrinsic or intrinsic
SOC is present, the quadratic band touches the point between dispersing band and
flat band (FB) at I' opens up, resulting in a weakly dispersing (nearly) FB. FBs refer
to energy bands in a material that remain nearly constant across momentum. Their
flat character quenches kinetic energy and enhances interaction effects, which often
give rise to phenomena like magnetism or superconductivity. Here, the weakly dis-
persing band becomes topological in presence of SOC, and lies far away from other
bulk bands. This can be a route to produce tunable isolated topological bands. Ad-

ditionally, breathing distortion can also be used to generate higher-order topological

11
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(a) (b)

Figure 1.6: (a) Crystal structure of breathing kagome material Nbslg. Breathing
asymmetry distorts upper and lower triangle plaquettes of kagome lattice. (b)
ARPES data of Nbzlg shows a weakly dispersing flat band around 500 meV.
Adapted from Ref. [74]

insulator (HOTI) [77], where corresponding in-gap states localize at the corner of the
finite sample. It has been shown [78] that tuning of anisotropic hopping ratios (t1/t)
shifts the Wannier centres from the center to the corner of the triangles, leading to
topological quadrupole moments. Quadrupole moments are a signature of HOTIs.
HOTIs are materials where the usual conducting states do not appear on surfaces but
instead on edges or corners of the material. In general, for a d-dimensional system,
conventional topological insulators host states in d — 1 dimensions, while HOTIs
shift these states to d — 2, d — 3, or even lower-dimensional boundaries. However,

the topological robustness of such HOTIs is yet to reach a consensus [79].

Experimentally, HOTIs are reported in phononic kagome crystal [80] with broken C3
symmetry. Among conventional materials, the semiconductor family Nb3Xg (X=CI,
Br, I) is well-known for its breathing kagome geometry of Nb atoms. Spectroscopic
measurement [74] shows the predicted flat and weakly dispersing bands around
500 meV energy [see Fig. 1.6(b)]. The topological phases of breathing kagome lack
direct smoking gun evidence, as no “band inversion” is observed for the isolated

bands around 500 meV. Here the “band inversion” [81-84] refers to the inversion of
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conduction and valence bands, and is a routine method to detect non-trivial bands

of a topological insulator.

1.2.5 Complex magnetic order and Kondo behavior

The novel magnetic states on kagome lattice have been an active pursuit for a long
time. As a whole, the magnetic order is influenced by geometric frustration, SOC,
and itinerant electron behavior. The frustration leads to a highly degenerate classical
ground state in the case of localized spins, which can stabilize magnetic phases
such as quantum spin liquid [85, 86], non-collinear spin texture [87], and chiral spin
states [88]. In insulating kagome materials such as Herbertsmithite ZnCus(OH)¢Cly,
no long-range magnetic order is observed [89] down to low temperatures despite
strong AFM interaction, which provides strong evidence for a quantum spin liquid
ground state. On the other hand, Dzyaloshinskii-Moriya interaction favors non-
coplanar magnetic texture [43] that can carry finite scalar spin chirality [90]. Such
non-coplanar order leads to anomalous Hall effect in Mn3Sn [60]. The frustration
can be lifted by FM ordering [91] or breathing distortion [92], which can stabilize
collinear [65] or Néel type orders, while still hosting unusual excitations like magnon

bands [93] with topological character.

Another interesting aspect is the Kondo effect [94] in kagome lattices. Kondo-like
behavior emerges when localized magnetic moments (often from 4f orbitals) cou-
ple to conduction electrons. These conduction electrons, originating from multiple
dispersive bands, hybridize with the local moments to form many-body singlets
that screen the moments. However, the FBs remain largely insensitive to screening
despite enhancing local moment fluctuations due to their localized character. Con-
sequently, a selective Kondo screening is predicted [95], where sites contributing to

the FB resist singlet formation, similar to what is observed for Lieb lattice [96].
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In most 166 compounds, the highly localized 4f bands lie mostly away from the
Fermi level, but Ce and Yb variants stand out due to proximity of 4f bands near the
Fermi level [97]. A possible hybridization of 4f bands makes them a good candidate
for Kondo-like behavior. Promising results can be seen in CsCr3Sbs [98], where
logarithmic temperature dependence of resistivity and ultra-low carrier density with
cooling typically hints towards a Kondo-like behavior. Another quite recent study
claims Kondo physics in a kagome AFM La(CuxNij_y)7. Surprisingly, the system
lacks 4f electrons, and the Kondo physics may arise from effective localized moments

of loop currents that originate from 3d orbitals.

1.3 Aim and organization of the thesis

Kagome lattice can be imagined as a cousin of the honeycomb lattice (e.g., graphene),
which shares the same hexagonal unit cell and offers nearly similar electronic bands.
Recent experiments have established that the kagome lattice exhibits a plethora of
electronically rich and complex phenomena. We are interested in understanding
how such bulk effects in the 2D limit influence states at the boundary, which are
known as edge states. Historically, some of these phenomena, such as magnetism
and SOC, have been shown to strongly affect the physics of edge states, making the

kagome lattice a promising candidate.

The study of edge states can be important from several angles. First, nanoribbon
character may produce wildly different electronic and magnetic properties. In fact,
this is already well-known in graphene, where zigzag nanoribbons consistently ex-
hibit metallic character with edge magnetism. If the nanoribbon is cut slightly dif-
ferently, for example, in an armchair fashion, these qualities either change or vanish
completely. The effects of such mechanical termination are not well known in the
kagome lattice. Secondly, once edge states are well understood in nanoribbons, a

practical question arises: how robust or fragile are these states for actual device
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applications? This robustness is more fundamental and universal, relying on bulk
order and Hamiltonian symmetries rather than chemical details. A possible route
to realizing robust edge states is to engineer topological edge states, with the help
of SOC and magnetic effects. Therefore, the thesis is motivated by the hypothesis
that edge state characteristics in the kagome lattice strongly depend on the interplay

between lattice termination, SOC, and magnetic order.

Specifically, we seek to address the following research questions:

e How does a physical lattice termination affect the existence, localization, and

dispersion of edge states in kagome lattices?

¢ Can SOC effects lead to topologically robust edge states? If so, how does the

interplay of SOC, lattice geometry, and magnetism modify these phases?

¢ In what ways do different types of magnetic orderings modify the topological

edge states and their character?

e How can one quantify the robustness of topological edge states compared to

ordinary states in a mathematically universal manner?

* What are possible ways to detect topological edge states in an experiment?

By systematically investigating these questions, this thesis aims to develop a com-
prehensive understanding of the factors that govern the topological landscape of
kagome lattices. While analogous questions have been extensively studied in hon-
eycomb lattices, similar studies for kagome lattices are sparse, which motivates the
focused investigation in this thesis. The results are expected to advance the under-
standing of edge states and topological phases in kagome materials and may guide
future design of materials and devices with tunable topological properties. We ora-

ganize this thesis as follows.
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First, we introduce the necessary concepts related to electronic models and topologi-
cal band theory in Chapter 2. In this chapter, we explain the numerical tight-binding
method, which we use to generate most of the results in this thesis. We begin dis-
cussing our results in Chapter 3, where we focus on pristine kagome edge states
arising from lattice termination. After a review of Shockley states and graphene
nanoribbon states, we write down the tight-binding Hamiltonian of the kagome
lattice and show how to obtain the bulk and edge spectra in infinite and slab ge-
ometries, respectively. We then analyze how different terminations affect the edge

dispersion in the kagome lattice.

We begin the discussion on topological edge states in Chapter 4. Here, we introduce
the quantum spin Hall effect and the helical states that originate from it. We then
introduce Kane-Mele SOC as a model for the quantum spin Hall effect and study
its effect on the bulk and edge spectra. To this end, we compute the projected
expectation value of the position operator and the spin polarization of the bands to
understand the nature of the edge states. Furthermore, we analyze the topological

nature of the bulk using Wilson loop analysis.

Chapter 5 focuses on chiral edge states arising from time-reversal-symmetry-broken
bulk states. We explain the emergence of chiral edge states in the context of the
quantum Hall and quantum anomalous Hall effects. We discuss both collinear fer-
romagnetic and non-collinear magnetic configurations, and analyze how Rashba and
Kane-Mele SOCs tune the bulk and edge spectra. Finally, we conclude the thesis in
Chapter 6.

The thesis is based on the work: arXiv:2602.12223 (2026). To study different elec-
tronic models within the tight-binding framework, a numerical toolkit was devel-
oped in parallel during the PhD. Majority of the code is written in Python, with oc-

casional use of Fortran, and is hosted on GitHub (see github.com/z2gap /tbforge).
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2 Theoretical concepts

2.1 Second quantization

Second quantization is an efficient way of describing a variable number of parti-
cles in an ensemble. During the first quantization, classical mechanics leads to the
creation of quantum mechanics (QM), after which classical fields are quantized to
obtain the quantum field theory (QFT). In first quantization, the particles are viewed
as fundamental objects. However, a major consequence of QM is the indistinguisha-
bility of identical particles, which requires the wavefunction to be either symmetric

for bosons

Pp(x1,12) = ém(xl)qvb(xz) + (1) (x2)], 2.1)

or antisymmetric for fermions

l/’F(xLXz):L Palx1) o(x2) : (2.2)

V2 a2 gu()
For a many-body state with a large number of particles, proper symmetrization/an-
tisymmetrization can be tedious and difficult. This motivates the use of occupation
number for describing a state in second quantization. Instead of tracking the indi-
vidual wavefunctions, second quantization uses the creation (a") and annihilation

(a) operators to build the state. For instance, in case of a system with N sites, the
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state can be described in terms of occupation number as |1y, ny, ..., ny). Here, the

creation and annihilation operators can act on the ith site as

aﬂnl,nz,...,nN) =/ni+1|ny,n,..,n+1,.,1nN)

Eli|1’11,1’12,...,1’lN> = \/TTZ |1’11,1’12,..., ni — 1,...,1’1N> (23)

The operators follow different commutator algebras depending on the particle (bo-
son or fermion). In specific, fermionic operators anti-commute: {c;;, c;rg/} = 0ii0q¢’
and bosonic operator commute [b;r,bj] = 4;j, which automatically takes care of the
symmetrization/antisymmetrization for any arbitrary number of particles. This is

useful for describing a many-body state in a compact manner.

2.2 Tight-binding model

Tight-binding (TB) [99] model provides an effective description of atoms in a crys-
tal, which can be used to infer its electronic properties. It assumes that the electrons
are tightly bound to the isolated atoms, and the electronic wavefunction is localized
on the atomic site. The exponentially decaying nature of the wavefunction limits
interaction with other sites, resulting in a wavefunction that is similar to the wave-
function of free electrons in that atomic orbital. Therefore, a reasonable ansatz for

the wavefunction is the linear combination of atomic orbitals (LCAQO) [100]

Pu(r) = Zcin‘l’n (r—R;y), (2.4)

where ¢, refers to the wavefunction of nth atomic level, ith atomic orbital, described

by ¢y, is centered at R;, and c;, are unknown coefficients. Plugging the wavefunction
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1 ¢ . Oi

overlap

€ \_/

atomic sites t

Figure 2.1: Figure illustrates the idea of tight-binding model. The atomic orbitals
¢; (i = 1,2,..) are approximated by localized wavefunctions centered around
red atomic sites. Here, onsite potential is denoted by € and t describes nearest-
neighbor hopping.

into time-independent Schrodinger equation leads to

Z[H - E] an’¢nj> =0

]

—> Y | (@il HIgos) —E (@uils) |0 = 0, 25)
j hij Sij i

where |$,;) = ¢u(r — R;) is expressed in Dirac notation, /;; is known as Hamiltonian
matrix, and Sij is called overlap matrix. If the basis is orthonormal, we can addition-
ally have S;; = ¢;;, but this is not always guaranteed (like for atomic orbitals). At this

point, we can invoke the periodicity of crystals to write a Bloch-like ansatz

¥u(r) = \/% Yoo R pu(r —Ry), (2.6)

where N is the number of atomic sites. It is easy to check the solution respects
Bloch'’s theorem since ¥, (r + T) = 9, (r) for any translation vector T. With this, we

see the diagonal terms of h;; become

€n = (¢nil H¢ni)- 27)
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This is typically called the “onsite potential”. On the other hand, in the minimal

single-orbital case, the off-diagonal term writes as
i (Ri = Ry) = 3 e (gl Hlpy). (28)
if

Note that, this term is non-local, and can be viewed as electrons hopping from
jth to ith site. Rightfully so, t;; is called the “hopping matrix” [see Fig. 2.1]. The
matrix elements of #;; depend on the lattice and orbital configuration. Due to the
exponential localization of wavefunction, mostly a summation up to the nearest-
neighbor (NN) atomic sites is enough to capture the effective low-energy physics.
This also helps the Hamiltonian matrix to remain sparse. However, in some cases
(e.g. interlayer hopping in multilayer/moire structures), higher-order hopping terms

might be necessary.

In general, t;; is unknown for a given problem. A simple starting point is to consider
NN unit hopping t;; = t = 1, and tune other energy scales in terms of ¢. This is useful
for a universal study of the lattice (say, kagome) properties without focusing on a
specific material. From here on, different levels of modelling sophistication can be
achieved based on the problem. For example, one can obtain hopping elements from
ab initio data [density functional theory (DFT) +TB downfolding] to make electronic
models more accurate. Alternatively, Slater-Koster (SK) [100] tight-binding method
can be followed if the active orbitals are known. In the SK table, possible matrix
elements are expressed in terms of direction cosines, which can be used to construct

the hopping matrix elements.

In the language of second quantization, we can finally write the kinetic part of a

general spinless Hamiltonian as

Hr = =) tjciej— p)_cici, 2.9)
ij i
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where ¢! describes creation of electron at site i, ti; is the hopping amplitude, and u

sets the chemical potential.

2.3 Magnetic texture and Zeeman effect

Electrons in real materials have spins, which often leads to a magnetic texture. In

the TB framework, the magnetic texture [101] can be modelled as
Hmag = _]Zmi * S, (2-10)
i

where | denotes coupling exchange that is positive for ferromagnetic coupling and
negative for antiferromagnetic coupling. The magnetic moments of localized spins

are described by the unit vector m;, while

1
S, = 5 ECZT O gg' Cig! (211)

oo’

is the spin operator described in terms of the Pauli matrices o.

If a system with a magnetic structure is placed under a uniform magnetic field, its
energy levels split into several components. This happens due to the interaction be-
tween local magnetic moments and applied magnetic field. Originally discovered by
Pieter Zeeman in 1896, the phenomenon is dubbed as the “Zeeman effect” [102, 103].
Quantitatively, the effect can be expressed as a perturbation due to the magnetic field

B
H=—pu-B, (2.12)

where y is the magnetic moment of the atom. Neglecting the nuclear terms, y can
be written as u ~ (upgJ)/h , where up is the Bohr magneton, g is the Landé g-factor,

and | is the angular momentum of electrons.
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We can write the Zeeman term for an out-of-plane magnetic field as follows
HZ = hZ(C;]-TCiT — C;'rJ,Cii)’ (213)

where B = hzZ is the strength of the magnetic field along the z direction. The term
is quite similar to local magnetic field if one sets o = ¢ in Eq. (2.11), except the field
is uniform and externally applied. The Zeeman term decouples the spin sectors and
lifts the spin degeneracy of the bands. It is an important term for designing spin-

polarized states, quantum anomalous Hall insulators, and Majorana zero modes.

2.4 Spin-orbit coupling

Spin-orbit coupling is at the center of topological physics. SOC is a relativistic effect
by which the magnetic moment of spin gets coupled to its orbital motion around
the nucleus. More specifically, in an electron’s rest frame, positive charges inside
the nucleus moving in an orbit generate an effective magnetic field, which interacts

with the electron’s spin magnetic moment. The SOC Hamiltonian is given by
Hsoc = AL-S, (2.14)

where L is the orbital angular momentum, S denotes spin angular momentum, and
A determines the strength of the coupling. The effect roughly scales with Z>4, so

heavy atoms are expected to exhibit stronger SOC.

In crystals, the effect of SOC is multifold as it greatly tunes the electronic, mag-
netic, and topological properties of the materials. For example, SOC can modify
bands through splitting or opening band gaps. Lifting of degeneracy is a useful
step towards isolating states near the Fermi level. Such isolated states can be en-
gineered to be topological (e.g. spinless SC state in 1D nanowire), or the coupling

itself can produce protected edge states inside the gapped bulk (e.g. Kane-Mele
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Energy

Momentum k.,

Figure 2.2: (a) The free electron dispersion under Rashba coupling exhibits splitting
of bands. (b) Fermi contour illustrates momentum-dependent spin orientation
and mixing of spins in a single band.

effect). Additionally, in some unconventional SC, SOC affects the pairing symmetry

and stabilizes the exotic topological superconducting states.

The splitting of bands is explained by the Rashba model [104] of SOC (Rashba
SOC, RSOC), which arises due to lack of inversion symmetry in materials (non-
centrosymmetric, surface, interfaces). When an external electric field is applied per-
pendicular to the plane, an electron’s motion couples to its spin, leading to the

Rashba effect. The Rashba Hamiltonian on a TB lattice reads

Hr =iAg Y, cf(0gw x )z cjo, (2.15)

(ij) 00’
where Ag is the strength of the coupling, o refers to vectors of Pauli matrices, d =
rj —1; is the vector connecting NN sites, and (ij) implies the sum is restricted to
NN sites only. It is easy to note from Eq. (2.15) that Rashba SOC mixes the spin
sectors and S, is no longer a good quantum number [see Fig. 2.2]. Rashba effect is
known to produce “spin-momentum” locking, where spin orientation is locked to

momentum direction. Writting the Rashba Hamiltonian in k-space highlights the
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coupling between spin and momentum

where spins have a helical texture (sin ky, —sinky, 0) in momentum space. In topo-
logical physics, breaking inversion symmetry is one way to generate Weyl semimet-
als. Therefore, Rashba-like SOC is a natural route to realize Weyl semimetals.
Rashba SOC is also important in 1D Majorana nanowire setup, where it sets the

stage by splitting the bands to artificially engineer topological p-wave SC.

Additionally, Kane-Mele SOC (KMSOC) [81] is another important factor in topo-
logical physics. It was originally proposed to model the quantum spin Hall (QSH)
effect in graphene. The KM Hamiltonian is given by

HKM = iAKM Z 1/1‘]' CZTUU'gU/CjU/, (2.17)
((if)), o0’

where ((...)) denotes sum over next-nearest neighbor (NNN) sites, Axy is the
strength of SOC coupling, and v;; is a hopping-dependent factor that takes either
1 or —1 depending on whether hopping j — i is anticlockwise or clockwise, re-
spectively. If hopping crosses an intermediate site 0 while going from j to i then
vij = (2/ \@)(ajo x do;); with d,, representing unit vector connecting a and b sites.
It may seem that this type of chiral term breaks TRS; however, TRS is preserved since
spin up and down channels have opposite chiralities. This follows from ¢, factor,
which corresponds to third Pauli matrix acting on spin sector. We will revisit this

term later and explain its electronic properties.

24



2 Theoretical concepts

2.5 Topological band theory

Topological band theory (TBT) [105] is a framework for understanding phases of
matter that cannot be classified solely by conventional order parameters. It goes
beyond the Landau framework, which relies on local order parameters and sponta-
neous symmetry breaking. In the Landau picture, phases are distinguished by the
presence or absence of symmetry breaking, characterized by local observables such
as magnetization, density waves, or superconducting order parameters. Here, phase
transitions are typically understood as the emergence or disappearance of such local

order, often accompanied by symmetry changes in the Hamiltonian.

In contrast, TBT emphasizes that certain phases of matter cannot be distinguished by
any local order parameter. Instead, these phases are distinguished by global, non-
local properties of the electronic wavefunctions defined over BZ. These properties

are encoded in mathematical objects known as topological invariants.

The central idea of TBT comes from geometric structure of the Bloch wavefunc-
tion. In a crystal, electrons described by Bloch’s theorem, posses energy eigenvalues
E,(k) and corresponding Bloch eigenstates |u,(k)). Evolution of |u,(k)) across mo-
mentum space acquires a geometric phase and is connected to problem of parallel
transport in differential geometry. The variation of |u,(k)) defines a vector bundle
over the BZ, and different phases correspond to inequivalent topological classes of
such bundles. Therefore, we say two bands belong to the same “topological phase"
if and only if their wavefunctions can be continuously deformed into one another
without closing the bulk energy gap. An important consequence of topological bulk
is the emergence of protected edge states, which follows from the bulk-boundary

correspondence [106].
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2.5.1 Connection to topology

The concept is analogous to topology [107], a branch of mathematics which stud-
ies how geometric objects remain invariant under continuous deformations such as
stretching, twisting, and bending. In topology, objects are typically assigned an in-
teger called “topological invariant" that acts as a label of the topological class. One
such invariant is the “genus" g, which counts the number of independent “handles"
or simply “holes" in an object. Objects in a similar topological class can be smoothly
deformed into one another without processes like tearing or glueing. With such clas-
sification, while a cup and obwarzanek both have ¢ = 1, and thus belong to same
topological class [see Fig. 2.3]. But, a pretzel with ¢ = 3 is topologically distinct
from these two. A more direct relation between geometry and topology comes from
the Gauss-Bonnet theorem [108], which relates local geometric curvature to a global

topological integer. In the simplest form, the Gauss-Bonnet theorem reads

/ KdA =2my, (2.18)
S

where K is the Gaussian curvature, dA is the
surface element, and x refers to an invari-
ant called Euler characteristic. While genus is
linked to “holes", Euler characteristic is useful g=3 g=1 g=1

for higher-dimensional manifolds and more Figure 2.3: Comparison of genus
g shows that obwarzanek and
cup are topologically equivalent
as E = 2 —2g. What is remarkable is that, such ~ since both have ¢ = 1, whereas
pretzel with ¢ = 3 belongs to a
different topological class.

abstract settings. Notably, these are connected

abstract concepts of topological invariants are
incredibly useful for classifying states of mat-
ter. In fact, condensed matter physics has its own set of topological invariants, which

we will discuss later.
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2.5.2 Accidental degeneracies

From concepts of topology, it is obvious that band-touchings are central to topolog-
ical phases of matter. In solids, degeneracy in energy can occur due to symmetry of
lattice space groups. However, bands can also cross simply due to tuning of Hamil-
tonian parameters. This is known as “accidental degeneracy". We can see this by
considering a two-band model, which can be expressed in terms of Pauli matrices

Ox,y,z
Hppand (k) = di1(k)ox + da(k)oy + d3(k)oy. (2.19)

Here, d;(k) are functions that contain Hamiltonian parameters. The important ques-
tion here is how many parameters need to be tuned at a minimum to realize band
degeneracy? Even though intuitively it may seem possible to tune one parameter
and make energy levels meet, the answer is non-trivial. To show this, we write the

eigenenergies of the Hamiltonian

Expana(k) = £1/d3(k) + d3 (k) + B3 (k). (2.20)

From this expression, it is easy to follow that band degeneracy or AE;pang(k) = 0

requires
di(k) = da(k) = dz(k) = 0. (2.21)

That is, three independent terms need tuning for degeneracy to appear, as long as

there is no other symmetry at play.

Such accidental degeneracies are special in TBT since they often signal a change in
band topology, where Hamiltonian takes a universal form and becomes independent

of microscopic details. A prototypical example is a linear band crossing in 2D, where
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a low-energy Hamiltonian near the degeneracy point ko can be expanded as
Hop(q) ~ gx0x + qy0y,  with q = k — k. (2.22)

The spectrum of such system E»p(q) = +,/4% + 4; is doubly degenerate at q = 0
and resembles physics of Dirac cones. The band degeneracy remains protected as
long as no perturbation proportional to ¢, appears. Perturbations of such types H' =
mo, (m = constant) are known as “mass term", which can change band topology by

gapping out the spectrum.

In 3D, such perturbations are not possible since there are three crystal momentum
axes, and thus, solving three equations in Eq. (2.21) gives isolated points. Perturba-
tions such as mo, which could gap out the spectrum, now only shift the degeneracy
points and one typically needs higher degrees of freedom to induce a gap open-
ing. This is analogous to point nodes in Weyl semimetals, where degeneracy is

protected.

2.5.3 Symmetries of Hamiltonian

Finally, we would like to mention about fundamental symmetries [109] of the Hamil-
tonian that are important for classifying states of matter. There are mainly three im-
portant symmetries: time-reversal (7), particle-hole (P), and chiral (S). We describe

each of them below.

Time-reversal symmetry: Time-reversal symmetry, as the name suggests, describes
invariance under reversal of time t — —¢. For spin-1/2 systems, it is defined by the
antiunitary operator 7 = ioyK satisfying 72 = +1, where 0y, is second Pauli matrix

and K refers to complex conjugation. For an electron described by a Hamiltonian
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H(k), TRS requires:
TH(k)T ' = H(—k). (2.23)

The above expression suggests that under reversal of time, a particle should retrace
itself k — —k. It is worthy to mention that any type of magnetic field breaks TRS.
This is easy to make sense of with a hand-waving argument. Consider an electron
(of charge e and mass m) moving in an external field B with velocity v, then its
equation of motion is governed by Lorentz force: mv = —ev x B. Notice that the
force changes sign under time reversal, because v — —v while B remains the same.
In practice, TRS enforces pairing between states at -k and guarantees a special type

of protected edge states. We will discuss these states later in detail.

Particle-hole symmetry: Particle-hole symmetry (PHS) is natural to superconduct-
ing systems, which are described by Bogoliubov-de Gennes (BdG) Hamiltonians.
In superconductors, Bogoliubov transformation doubles the Hilbert space by gen-
erating a hole for every particle. PHS relates particles and holes via an antiunitary

operator P? = +1. The presence of the symmetry requires
PH(k)P~! = —H(—k). (2.24)

An important result of this symmetry is that energy spectrum become symmetric
(E <+ —E). This is a powerful relation that give rises to concept of zero-energy

Majorana modes, since zero-energy states can be their own particle-hole partners.

Chiral symmetry: Finally, chiral symmetry is a unitary symmetry S that combines
both TRS and PHS such that S = 7 -P. Any Hamiltonian that satisfies chiral

symmetry must obey

SH(k)S™! = —H(k). (2.25)
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By virtue of chiral symmetry, one can express the Hamiltonian in an off-diagonal
form. Chiral symmetry remains important in bipartite lattices (e.g. honeycomb

lattice, Su-Schrieffer-Heeger model), where hoppings are between two sublattices.

It is possible to classify noninteracting fermionic Hamiltonians based on the pres-
ence or absence of discrete symmetries. In this framework, the time-reversal (TRS)
and particle-hole (PHS) symmetry operators can each take values 0, +1, or —1, while
chiral symmetry is either absent (0) or present (1). These possibilities lead to ex-
actly ten distinct symmetry classes. The foundational works of Altland and Zirn-
bauer [110] and later Kitaev [111] established a periodic table of topological phases
based on these symmetries. In this classification, each symmetry class, in a given
spatial dimension d, is characterized as either topologically nontrivial (with Z or Z,

invariants) or trivial. This is known as the “tenfold classification".

2.5.4 Berry curvature and Chern invariant

A central mathematical concept in TBT framework is the Berry phase [112], which
arises when a quantum system is adiabatically transported in parameter space.
Here, adiabaticity plays a crucial part, which ensures the Hamiltonian changes
slowly enough so that the system remains in its instantaneous eigenstate up to a

phase.

This idea of Berry phase was originally proposed by Michael Berry in 1984 [113]. In
the context of crystalline solids, this parameter space is the BZ and the relevant states
are the Bloch wavefuntions |u, (k)). We can quantify Berry phase mathematically as

follows.

Consider a closed path C in momentum space. As the electron moves in BZ and its

crystal momentum k varies adiabatically along C, the Bloch state acquires a geomet-
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ric contribution. This geometric phase is termed the Berry phase
Tn[C] = f{: Ay (k) - dk, (2.26)

where A, (k) = i(u, (k)| Vkun(k)) is the Berry connection. The expression in Eq. (2.26)
indicates that Berry phase depends on geometry of the path and Bloch wavefunc-
tions along it, instead of time taken to traverse the loop. However, Berry phase is not
a gauge-invariant quantity. This is because Bloch states can be defined up to a phase
factor: |u,(k)) — €1 |u,(k)). Under such transformation, the Berry connection

changes as
A, (k) = A, (k) + Vi (k). (2.27)

If the phase factor ¢(k) shifts by integer multiples of 271, notice that there is no
change. Therefore, Berry phase depends on gauge but is invariant modulo 27t. A
physically more meaningful and gauge-invariant quantity is given by local density

of Berry phase. This is famously known as the Berry curvature
Q. (k) = Vi x Ay (k). (2.28)

One may identify that the expression of Berry curvature is similar to magnetic field
in classical field theory. Here, the only distinction is that Berry curvature lives in
momentum space, whereas magnetic field is defined in real space. This coincidence
comes from their gauge structure, where both are defined as a curl of gauge con-
nection. In more precise terms, Berry curvature is, in fact, dual of magnetic field.
We like to point out that expression in Eq. (2.28) contains derivative of a complex

wavefunction, which makes it not suitable in numerical setting. A more numerics-
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friendly expression is given by

240) — Fhn (k
0,09 = & 5 iy (229

with  Fyin (k) = (1t (k) [0k, H (k) 140 (K)) (14 (k) |9, H () |11 (K)).

The above expression denotes xy component of the abelian Berry curvature tensor.
Here, {m,n} and {x,y} denote band and spatial indices, respectively and E, (k) is
the energy of the nth band.

Now, since Berry curvature is similar to a magnetic field, it is possible to define
a flux of the Berry field. In fact, this is a topological invaraint known as “Chern
number" C. Being a topological invariant, Chern number only takes integer values

C =0,1,2, ... Mathematically, it can be expressed as

_ 1 2
Cn = 5 /B (1) dk. (2.30)

Chern invariant measures the total “flux" of Berry curvature through the BZ and
can be understood as a winding number that counts how many times the Bloch
wavefunctions wrap around the underlying parameter space. In topological classi-
fication of matter, a nonzero Chern number signals a non-trivial phase that cannot
be smoothly deformed into a trivial insulator without closing the energy gap. This
leads to important experimental consquence such as quantized Hall conduatnce,

which we will discuss in more detail later.
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3 Lattice-terminated edge states

3.1 Edge states arising from lattice geometry

3.1.1 Shockley states

Inside a perfect crystal, electrons experience a periodic potential generated by the
repeating arrangement of atoms. This periodicity leads to the formation of energy
bands described by Bloch’s theorem. However, at the surface, the translational sym-
metry of the lattice is broken and the periodic boundary conditions are no longer
satisfied. As a consequence, additional electronic states may appear that are local-
ized near the surface, commonly referred to as “surface states”. More formally, a
surface state arises when the solutions of the Schrodinger equation inside the crystal

and in the vacuum region can be matched continuously at the surface boundary.

The essential idea can be illustrated using a one-dimensional nearly free electron

model [116, 117]. Consider a one-dimensional chain of non-interacting electrons
with lattice periodicity a. The electronic states satisfy the Schrodinger equation

d2

[ dz2?

+V(2)|(z) = Ey(2). (3.1)

Inside the crystal, the effective potential originates from the ion cores and can be ap-

proximated by a weak periodic potential of amplitude V;, while outside the crystal,
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Figure 3.1: (a) ARPES spectrum of Cu(111) slab. Shaded areas denote continuous
bulk bands and solid line refers to surface state (adapted from Ref. [114]). (b) Ab
initio band structure of a six-layer Cu(111) slab. Here, vertical lines highlight bulk
bands and arrows represent surface states (adapted from Ref. [115]).

o
[ka| &1

the electron experiences a constant surface barrier V. Then we have

—Vo +2V; cos(gz), inside crystal
V(z) = (3.2)

Vo, otherwise,

where ¢ = 27t/a denotes to BZ length. For the periodic potential, the Schrodinger’s
equation can be solved by taking the ansatz: i (z) = Ae** 4 Be!(k=8)Z, With this, the
energies and wavefunctions are straightforward to obtain [116]
&
E(q) = —Vo+ S +0°+ /(827 + V}), (33)
b _ gz 8z
P, = e'* cos ( > +5),
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where g = (k — ¢/2) measures the distance from BZ boundary and ¢ is the phase fac-
tor satisfying ¢’2° = (E — k?)/Vj. From this expression, we see two energy levels and
the wavefunction is described by a propagating Bloch wave. The energy spectrum
has a gap AE = 2V; at BZ boundary g = 0. Interestingly, E(g) in Eq. (3.3) allows
imaginary values of 4. When g is imaginary, the solution is given by a decaying
evanescent mode
e _ o os (&2

g = e cos ( S 6). (3.4)
Imaginary values of g are not allowed in the bulk since they violate periodic con-
ditions. But they are completely fine at the surface because the wavefunction is

matched with a decaying solution in the vacuum region
yp = e V(b (3.5)

If both the wavefunction and its derivative are continuous at the surface boundary,

a localized solution can exist.

These solutions are called “Shockley states” [117]. They refer to a special type
of surface states that arise from surface termination, and were first predicted by
William Shockley in 1939. However, experimentally Shockley states were demon-
strated much later on Cu(111) surface. Fig. 3.1(a) shows ARPES measurement of
Cu(111) slab [114], where a surface state exists around I’ point. Independently, exis-
tence of surface state is also confirmed by ab initio calculation of a six-layer Cu(111)

slab [Fig. 3.1(b)].

3.1.2 Graphene nanoribbons

A modern example of edge states appears in 2D graphene (or honeycomb) nanorib-

bons (GNR). Although several terminations are possible depending on the cut,
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zigzag edge

Figure 3.2: (a) Graphene nanoribbon with zigzag (top, bottom) and armchair (left,
right) edges (adapted from Ref. [118]). (b) STM image of graphene/6H-SiC (left).
Black square, zoomed on the right, illustrates armchair and zigzag edges (adapted
from Ref. [119]). (c) Mean-field calculation of graphene nanoribbon with non-
magnetic (NM), antiferromagnetic (AFM), and ferromagnetic (FM) order (adapted
from Ref. [120]). (d) Bandgap obtained from tunnelling spectroscopy is plotted
against ribbon width. Increasing width drives inter-edge AFM state into FM state
(adapted from Ref. [121])
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mainly two types of graphene nanoribbons [122, 123] are important: zigzag (ZGNR)
and armchair (AGNR) [see Fig. 3.2(a)]. Techniques like epitaxy, lithography, and
chemical etching routinely prepare these nanoribbons, which then can be probed
by STM [see Fig. 3.2(b)] to estimate the nanoribbon type. Electronically, GNRs pro-
duce significantly different features — most calculations predict metallic behavior in
ZGNR and quasi-metallic or semiconducting behavior in AGNR. Here, particularly
interesting is the ZGNR, which famously host localized flat edge state at the Fermi
level with no armchair analogue. This is due to sublattice termination of ZGNR. In
other words, ZGNR edge always contains one sublattice with termination ending
either at A or B sublattice, whereas AGNR mixes these sublattices [cf. Fig. 3.2(a)].
By virtue of this, ZGNR allows unique boundary conditions that permit evanescent
edge solutions at E = 0 [124]. However, in practice, the system contains a small
gap induced by magnetic order at the edge. This was predicted by DFT investiga-
tion [125], where a zero-energy state in nonmagnetic limit develops a finite gap in
spin-polarized calculation. Consequently, a magnetic gap was demonstrated exper-

imentally [121].

One of the most compelling features of ZGNR is the edge magnetism. Magnetic
structure of ZGNR at the edge consists of two parts: FM order along edge and
AFM coupling between edges. Without going into microscopic details, an overall
understanding of magnetic behavior can be drawn from Lieb’s theorem [126]. This
theorem applies to bipartite lattice, and further states that ground state of half-filled
Hubbard model has total spin S = |N4 — N3|/2, with N4 and Nj referring to the
number of sites belonging to each sublattice. Since pristine graphene has same
number of A and B sites, magnetic order with zero net magnetization is expected
from Lieb’s theorem. Role of Coulomb term also helps in Stoner instability, where
flat zero-energy states with a large density of states (DOS) drives FM order at the

edges.

Nevertheless, strength of inter-edge AFM coupling is reduced in very wide ribbons
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Figure 3.3: (a) Kagome lattice with three sublattice atoms (color-coded) per unit cell
shows possible terminations via line cut. Nearest d; 3 and next-nearest neighbor
d}, ; vectors are marked by solid lines with arrows. (b) Bulk band structure and
de,n,sity of states (DOS) highlight Dirac point (DP) at K, Van Hove singularity
(VHS) at M, and a flat band (FB) above the Fermi level. We keep the tight-binding
parameter as t = 1 and u/t = 0. (c) 2D bulk BZ (blue hexagon) and the projected
ribbon BZ version along k, and k.

— in such limits, edge magnetic order becomes fully FM [121]. In fact, realiza-
tion of a ground state with finite spin S is possible is several ways. One of them
is to induce sublattice imbalance, which in practice, can be done by constructing
nanoflakes [127] or introducing vacancies [128]. Alternatively, doping [129] or elec-
tric field [121] can push the system away from half-filling to realize finite spin mag-
netic order. Theoretical calculations based on mean-field Hubbard model predict
edge magnetism for any U/t > 0 [120, 130], whereas bulk magnetization remains
very small. A higher Hubbard parameter can, however, lead to bulk AFM order
via Mott-Hubbard transition. Calculation at the mean-field level predicts this tran-
sition for around U/t = 2.23; however, quantum Monte Carlo forecasts a higher

number [131]. Overall, mean-field results agree well with DFT results [132].

3.2 Kagome tight-binding model and bulk features

The kagome lattice is defined by the hexagonal basis with three sublattice atoms per

unit cell. We illustrate the real space lattice in Fig. 3.3(a). The bulk crystal can be
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constructed by simply repeating the three-sublattice unit cell across the real space.
Furthermore, the lattice has point group symmetries similar to a triangular lattice,
which includes Cg rotation and mirror symmetry o, making it fall under Dg point

group in two dimensions.

The bulk features of kagome bands can be extracted by constructing a TB model.
Realistically, the TB model may have many inputs — multiple orbitals, magnetic
structure, SOC, impurity, or interaction, depending on the material. However, the
essential low-energy bulk physics can be accurately modelled from a minimal single-
particle Hamiltonian with NN hopping and chemical potential. We write the kinetic

Hamiltonian similar to Eq. (2.9)
Hr=—tY cfej—u) e (3.6)
(ij) i

Here, t denotes the NN hopping integral between NN sites i and j, and u refers
to the chemical potential. Although the hopping integral can potentially extend to
higher-order neighbors, a NN hopping is sufficient here. We point out that ¢ is also
a scalar since we consider a single s-like orbital in our model for simplicity. Had
we considered multiple orbitals, the hopping element would have been a matrix.
Furthermore, real materials contain spin, but for now we omit the spin degrees of

freedom since the bands we are interested in are spin-degenerate.

The kagome bands can be obtained by writing the TB Hamiltonian in reciprocal
space. If we consider the basis ¢y = [ckA,ckB,ckc]T, the Hamiltonian can be ex-

pressed as Hr = Y i hr(k)y, where hy is given by

haa hap hac
hT(k): hZB hBB hBC . (37)

Wac hpc hec

We notice that, although the Hamiltonian has nine terms, it is written in an upper

39



3 Lattice-terminated edge states

triangular form with six independent terms due to hermiticity. Here, ha4, hpp, hcc
correspond to the onsite potentials of sites, which can be set to . All the other
terms correspond to hopping integrals. Consider a; and a to be the hexagonal
lattice vectors and &1, d», and J3 as the vector connecting sites between A to B, B to

C, and C to A, respectively such that

alza[l 0}, azza{l/z \@/2], and (3.8)

(51 = 31/2, (52 = a2/2, 53 = (a1 — az)/z. (3.9)

This description enables us to write

—U —2tcosTy —2tcosTs
hr(k) = | —2tcos Ty —u —2tcos | » (3.10)
—2tcosts —2tCcosT —U
where we have used the identity (e + ¢ ) = 2cosx, and 7; = (k- J;) with

i = 1,2,3. We can find out the analytic form of the band structure by exact di-

agonalization

E(K) = 2t, —#[1 + /3 + 2 cos k. + 4cos(k:/2) cos(v/3k, /2)]. (3.11)

Here we have set 1 = 0. We show the dispersion in Fig. 3.3(b). We plot the bands
along the high-symmetry path I'-M-K-TI  so it captures the essential features such as
DP, Van Hove singularity (VHS), and FB. For example, the dispersive bands touch
linearly at K point to create DPs at K/K'. The excitations around DP resemble
the Dirac fermions [133] in high-energy physics, which were first observed [50] in
graphene.
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3.2.1 Van Hove singularity

There also exist two saddle points around M, which refer to the change of band
curvature 9°E/9k?. Such inflection point leads to logarithmic divergence in DOS,
which is known as van Hove singularity [134, 135] or simply VHS points. Unlike
honeycomb lattice, where two VHSs are identical, the twofold VHS in kagome ex-
hibits different properties [136] depending on whether they have pure (p-type) or
mixed (m-type) sublattice character. The saddle points in band structure create flat
or nearly flat regions in the Fermi surface, where opposite flat ends can be connected
by a single wavevector Q [137, 138]. Known as “Fermi surface nesting” [139-141],
this enhances the electronic susceptibility, and when paired with diverging DOS,
can create several symmetric-breaking electronic instabilities. Such instabilities are
key to realize exotic quantum phases like charge [139]/spin [142, 143]/pair [144]
density wave, nematic/stripe order [145], loop current [146], and unconventional

superconductivity [41, 147, 148].

3.2.2 Flat band

Lastly, the spectrum contains a flat band (FB) above the Fermi level. FBs are a pop-
ular playground to study correlation physics [149-152] — this is because flattening
of the band quenches the kinetic energy (dxE — 0), rendering the potential en-
ergy (Coulomb energy in our case) to dominate the system. FBs famously occur in
twisted bilayer graphene [153-155], where twisting two graphene layers at a small
angle (~ 1.1°) produces a nearly flat band, and is intimately connected to the cele-
brated unconventional SC and correlated insulating phases. Contrastingly, FBs exist
in a kagome lattice due to geometry and interference without needing extra effort.
In fact, electron hopping amplitudes on the corner-sharing triangles interfere de-
structively [156, 157], and cancel each other, and as a result, the electrons become

localized. Similar to VHS, FBs lead to a diverging DOS. Such a large number of
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states is useful for electronic ordering. For example, according to the Stoner crite-
ria [158, 159] DOS(Er)U > 1, a large DOS can lead to ferromagnetism despite the
interaction being weak (U << 1). Additionally, the BCS theory [160] of supercon-
ductivity states that T, o« exp(—1/[DOS(EFr)U]), and a large DOS can potentially
enhance the T, [161].

3.3 Pristine edge states in kagome lattice

In order to probe the edge state dispersion of kagome lattice, we need to consider
the so-called “ribbon"0 or “slab geometry". It is extended in one direction (say along
i = x/y), while the other direction is kept finite, similar to a ribbon. This ensures that
the wavevector k; remains a good quantum number along the extended direction,
enabling the band structure to be computed while still capturing the influence of

finite-size edge effects.

When the translation symmetry is lost due to finite edges, the bulk BZ (in 2D)
reduces to the 1D projected BZ. We show this projection of BZ in Fig. 3.3(c). The
bulk BZ is represented by the blue hexagon, where DPs are located at the corners.
We see that depending on the projection axis (ky or k), the reduced BZ has different
periodicity. Additionally, the BZ along ky contains two DPs with well-preserved
valleys, whereas along k,, there are three DPs, with K and K’ valleys mixed and one
Dirac point coinciding with the I point. Even though the bulk bands are well-known,
the projected bands can still create a non-trivial spectrum (presence or absence of
gap, overlapping of special points) that requires careful inspection to understand
the edge physics. During projection, bulk states form a continuum, and the edge
states must lie outside this continuum for them to be identifiable. Otherwise, the
edge states can hybridize with the bulk states, making it harder to be detected by
STM reliably. Therefore, we aim to understand how specific lattice terminations

project the bulk bands into the reduced Brillouin zone and, in doing so, generate
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specific edge states (e.g. flat or dispersive) that lie in the gaps of the projected bulk

continuum.

For this purpose, we consider terminations produced by line cuts on kagome lattice.
Although the cuts may take any shape, we keep them linear for simplicity. This
produces four types of terminations, as shown in Fig. 3.3(a). Out of these four,
the zigzag and armchair terminations [122, 123] already exist in graphene, with
different consequences on the localization and electronic properties. We analyze
how this compares with the kagome lattice in the next parts. To do this, we introduce
a variation of local density of states (LDOS). This is called momentum-resolved
site LDOS [162, 163], which returns the site-resolved state distribution for a given
momentum and energy. Since pristine kagome spectrum lack any global gap, we

choose to show LDOS at a specific momentum. We can express the site LDOS as

pi(E ko) =Y |ipin(ka)|* S[E — En(ka)], (3.12)

where E,; and ;, are the energy and wavefunction of the n-th state, i refers to the
site index, and 4 = x,y dummy index describes the axes. The delta function is

approximated by the Lorentzian

5(x) = 2 (L) (3.13)

T\x2 4 €2

with small smearing (¢ = 10~%) for numerical convenience. In the expression of
pi(E, ka), typically we set E to the energy of edge states and pick a momentum k,

that maximizes edge-to-bulk bands ratio.

3.3.1 Terminations at fixed y: armchair and flat

As per Fig. 3.3(a), considering lattice terminations at fixed y produces armchair and

flat terminations, with the latter being exclusive to the kagome geometry. For a
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Figure 3.4: Kagome ribbon band structures for three types of terminations at fixed y:
(a) armchair-armchair, (b) flat-flat, (c) armchair-flat (left). Solid red line highlights
the momentum, where edge states are maximum relative to bulk. We plot the
energy levels at this momentum against number of states (center). Same momen-
tum is used to compute the corresponding site LDOSs p(E, k,;), which are then
projected on the real-space lattice (right). Icons relate site LDOS to edge states in
the spectrum. The parameters are taken to be t =1 and pu/t = 0.
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comprehensive analysis of the termination effect, we examine three possible edge
scenarios: armchair, flat, and armchair-flat. At the same time, the length of the
ribbon is kept long enough to prevent interactions between edge states from opposite
sides. For the armchair termination, we find that the ribbon band structure hosts
two edge states in the gap of bulk continuum. They are marked by triangular and
star icons in Fig. 3.4(a). One of them connects DP from K to K’, while the other
lies in the vicinity of the FB. Next to the band structure, we show the energy levels
at M point, where edge states are clearly visible. Here, three continuous branches
associated with the bulk bands appear, accompanied by two pairs of isolated in-gap
edge states. The edge states are two-fold degenerate, while each of them contains a
top and bottom mode. This is due to the mirror symmetry and a large slab length,

which we address in Appendix A.

The LDOS of the edge states at M point reveals that the wave functions are strongly
concentrated near the boundary. The LDOS is highest on edge sites with a coordina-
tion number of two, forming a distinct triangular plaquette pattern at the termina-
tion. Interestingly, the s-like electrons hopping around such chiral triangular motifs
are predicted [164] to possess a finite orbital angular momentum (OAM). In the bulk,
the OAM contributed by clockwise and anticlockwise triangles cancels out. But at
the edge, this cancellation fails, which allows the edge states to carry nonzero OAM.
Because OAM is linked to both rotational and translational motion, kagome edge
states with finite group velocity vy = dxE(k) may therefore play a role in orbitronic

transport [165].

The picture changes entirely when both boundaries have flat termination, as illus-
trated in Fig. 3.4(b). In this case, the ribbon band structure closely resembles the
bulk spectrum, and no edge states appear. Consequently, no LDOS is shown for this

termination.

When two terminations are mixed, the mirror symmetry is broken. This is the

case in Fig. 3.4(c), where lower and upper terminations are flat- and armchair-like,
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respectively. The resulting edge mode resembles that of a fully armchair-terminated
ribbon. The only contrasting part is that, due to the loss of mirror symmetry, states
are no longer two-fold degenerate. In fact, the LDOS distribution shows that all
surviving edge states are localized on the armchair boundary, while the flat edge

does not support edge-localized eigenstates.

3.3.2 Terminations at fixed x: zigzag and cove

We now turn to the discussion of terminations at fixed x, which yields zigzag- and
cove-like terminations. Similar to the previous section, we examine three possibili-
ties: zigzag, cove, and a mix of zigzag and cove terminations. To probe their effect on
the electronic spectrum, we impose periodic boundary conditions along the y-axis

while keeping the system finite along x.

The band structure for a pristine zigzag edge is shown in Fig. 3.5(a). For such
termination, three DPs appear at the projected K, K, T points. The DP at T originates
from the folding of the K onto I under the chosen slab BZ. This can be understood
more clearly from the BZ diagram in Fig. 3.3(c). We point out that such overlapping
is missing for edges along y direction. This illustrates how lattice termination can
reshape the projected band structure, and thus modify the hybridization of states at
T with perturbations such as substrates or impurities. This factor can be crucial for

designing controlled heterostructures.

Nevertheless, the zigzag spectrum [see Fig. 3.5(b)] hosts two well-defined edge
modes: one near DP and the other near FB. Furthermore, the LDOS shows that
the edge states appear at opposite sides of the slab and remain degenerate due to
mirror symmetry. Depending on the chosen energy, the LDOS pattern displays a
characteristic phase shift: the maximum weight sits either on sites with a coordi-

nation number of two or four. In contrast to the zigzag case, the cove spectrum
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Figure 3.5: Kagome ribbon band structures for three types of terminations at fixed x:
(a) zigzag-zigzag, (b) cove-cove, (c) zigzag-cove (left). Solid red line highlights the
momentum, where edge states are maximum relative to bulk. We plot the energy
levels at this momentum against number of states (center). Same momentum is
used to compute the corresponding site LDOSs p(E, k;), which is then projected on
the real-space lattice (right). Icons relate site LDOS to edge states in the spectrum.
The parameters are taken tobe t =1 and u/t = 0.
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contains non-degenerate edge states; in fact, only one edge state (marked by cir-
cle) retains degeneracy, whereas the remaining edge states are non-degenerate. The
LDOSs reveal that although all edge states remain localized, their spatial patterns
differ subtly. States near zero energy occupy dangling sites with reduced coordina-
tion, which is consistent with the behavior of localized boundary modes discussed
earlier. Higher-energy states, however, prefer to reside on fully coordinated edge
sites (four NNs), suggesting the boundary geometry controls not only the existence

of edge modes but also their microscopic weight distribution.

Finally, the hybrid edge containing zigzag on one side and cove on the other natu-
rally inherits features from both terminations. The resulting spectrum in Fig. 3.5(c)
contains all edge states characteristic of zigzag and cove boundaries, giving rise to
a total of five edge modes. Among these, only one state (highlighted by circle) is
two-fold degenerate and localizes on both edges of the slab. In contrast, other edge

states localize only on one side of the slab.
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4.1 Quantum spin Hall effect

Quantum spin Hall (QSH) effect is a type of Hall effect that occurs without a mag-
netic field. QSH effect is observed in 2D topological insulator (TI), a type of insulator
similar to an ordinary insulator with gapped bulk. What sets TI apart is that it is
characterized by a topological invariant, leading to gapless boundary modes pro-
tected by symmetry. For QSH insulators, the boundary modes are known as helical
edge states, which are a pair of spin-polarized edge states that circulates an insu-
lating bulk. The hallmark of QSH effect is that, unlike pristine edge states, helical
edge states are topologically protected by time-reversal symmetry (TRS). This special
immunity can be understood from Kramer’s theorem [166]. In systems with half-
integer spin, TRS leads to the formation of Kramer’s pair, where each state has a TRS
partner with same energy but with opposite spin and momentum. That means, un-
der any TRS-preserving perturbation (e.g. non-magnetic impurity), an electron with
specific spin cannot change its direction, which prevents “backscattering” between
right- and left-moving edge channels. This topological aspect gives rise to quantized
Hall effect, where Hall conductance is given by an integer topological invariant and

a constant factor of 2¢2/h.

QSH effect was first experimentally demonstrated in HgTe/CdTe quantum wells [82,
167] (QWs). The setup involved a HgTe layer sandwiched between two CdTe layers
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()

spin-polarized

helical states
“—

Figure 4.1: (a) Schematic of QSH state illustrates a pair of spin-polarzied helical
states propagating along edge. In the QSH state, same helical states can be found
inside of a gapped bulk. (b) Bulk bands of HgTe and CdTe (top) and schematic
of band inversion in HgTe/CdTe quantum well (bottom) (adapted from Ref. [82]).
Here, subbands E; and H; invert when quantum well thickness d crosses a crit-
ical value d. ~ 6.33 nm. (c) Longitudinal Hall resistance of quantum well in the
ordinary (I) and inverted regime (ILIILIV). QSH state exhibits quantizated con-
ductance G in terms of 2¢?/h. Inset shows temperature dependence of G (adapted
from Ref. [167]).
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[see bottom panel of Fig. 4.1(b)]. Bulk CdTe has a s-type conduction band (I's) and
p-type valence band (I's), but this ordering is opposite in HgTe due to strong SOC
of Hg element. When HgTe is placed between CdTe barriers, quantum confinement
causes the bulk bands to split into a series of discrete subbands. For example, the I'¢
band splits into {Ej, E, E3, ...}, while the I's band splits into { H1, Hy, Hs, .. .}.

The hallmark of the experiment is that, as

Ordinary insulator Toplogical insulator

QW thickness d increases beyond a crit-

ical thickness d. ~ 6.3 nm, E; and H; W

bands cross each other and invert [see e

' Band inversion
Fig. 4.1(b)]. Other than band inversion, /\
p-type

there exist probes like thermoelectric and
non-local transport [168-171] to verify a TIL @
However, we use the quantized Hall con-

ductance as an example here. When the

Figure 4.2: Schematic of ordinary and

topological insulators illustrates the
value and the system enters the inverted  idea of band inversion. While an or-
dinary insulator is made up of sep-
arate s- and p- type bands, the or-
the conductance approaches the quantized ~ bital character switches in topologi-
cal insulators. Intuitively, such con-
tinuous inversion of orbitals is anal-

of magnitude larger than that of an ordi-  0gous to topology of Mdbius strip.

QW thickness is well beyond the critical

regime [see curves IIl and IV in Fig. 4.1(c)],

value G = 2¢2/h. This is several orders

nary insulating state [e.g., G = 0.01¢?/h for
curve I in Fig. 4.1(c)). The quantized conductance is observed at very low tem-
peratures (typically in the mK range), while noticeable deviations emerge as the

temperature increases [see inset of Fig. 4.1(c)].

Initially, band inversion was used as one of the key signatures of Tls, where Bloch
bands intertwine in a non-trivial way. A simple comparison helps illustrate this
idea. In an ordinary insulator, the conduction and valence bands typically have

well-defined orbital characters [see Fig. 4.2]. For example, conduction band may
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originate from s-type orbitals, while the valence band is composed of p-type orbitals.
In contrast, in a topological insulator, orbital character evolves and switches as one
moves along a path in BZ. This continuous exchange of orbital character reflects
the non-trivial topology of the band structure. An intuitive analogy is the Mobius
strip: because of its topology, a path along the strip returns to the starting point with
the orientation reversed. Similarly, in a TIs, orbital character of the bands evolves
continuously and exchanges due to the underlying topological structure of the Bloch

bands.

4.2 Theoretical models for QSH effect

4.2.1 Bernevig-Hughes-Zhang model

Bernevig-Hughes—Zhang (BHZ) model [82, 172, 173] is an effective four-band Hamil-
tonian that describes QSH effect in HgTe/CdTe QWs. In the model, there are
four important bands derived from I' point in BZ: {|Eq, +), |H1, +), |E2, —), |H2, —) }-
Here E; and H; are subbands in QWSs and =+ refer to Kramer partners. Due to TRS,

the 4 x 4 Hamiltonian has block diagonal structure

i) 0
Hpuz(k) = 0 ) . (4.1)

Here, h(k) can be written in Bloch sphere structure h(k) = e(k)I, + d(k) - o with o

referring to vector of Pauli matrices and e(k) and d(k) are given by
e(k) =C—DK, d(k) = [Aky, Ak, M —BK’], where k¥* =ki+k,. (42

In the above model, {A, B,C, D, M} denote material parameters, where B and M are
particularly important. This is because B and M appear in the third component of

d(k), which acts as a mass term. Parameter B (for this problem B < 0) controls
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the quadratic momentum dependence and is often called Newtonian mass, where
Dirac mass M is connected to QW thickness d such that sign of M changes beyond
critical thickness d., i.e., M > 0ifd < d. and M < 0if d > d.. The hallmark of BHZ
model is that its bulk topological invariant changes sign depending on sgn(M/B).
Although sgn(M/B) dependence can be shown more rigorously, we use a hand-
waving argument that checks how many times d(k) covers the Bloch sphere as we
traverse from k = 0 to k — oo [174]. When the sphere is covered exactly once, system
is topological with Chern number C = +1, otherwise it is an ordinary insulator
reflecting C = 0. We see that d(k) = [0,0,M] for k = 0 and d(k) = [0,0,1] as
k — oo. Therefore, d(k) wraps the sphere only if sgn(M) < 0, which corresponds
to band-inverted topological regime for d > d.. Result of this topology translates to
edge states in the spectrum, which can be seen if BHZ model is solved on ribbon
geometry. It is captured in Fig. 4.3(a), where a thick QW with supercritical thickness

displays topological edge states that are not visible otherwise.

4.2.2 Kane-Mele model

Kane-Mele (KM) model, often called Kane-Mele SOC, is a microscopic lattice model
for QSH effect, proposed by C. L. Kane and E. J. Mele in 2005. Unlike BHZ model,
which is constructed from an effective four-band (k- p) continuum Hamiltonian, KM
model is directly defined on honeycomb lattice. Novelty of KM model comes from
a complex next-nearest neighbor hopping, which changes sign based on hopping

direction. We can write the original QSH Hamiltonian on graphene
H(g)SH = Hr + Hxm + Hr + Hy, (43)

where first term refers to spinful version of kinetic term in Eq. (2.9)

Hr=—t)Y_ cheio—n) chci (4.4)
(ijo) ic
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(a) 0.05 0.05

Figure 4.3: (a) Ribbon band structure of BHZ model for ordinary (left) and QSH
(right) phase. Topological QSH state takes over when QW thickness crosses a crit-
ical value, resulting in gapless edge states (red, blue) inside gapped bulk (black)
(adapted from Ref. [175]). (b) Ribbon band structure of Kane-Mele model on hon-
eycomb lattice for QSH (left) and ordinary (right) phases. Staggered potential
changes from A,/t = 0.1 in QSH phase to A,/t = 0.4 in ordinary phase, while
Kane-Mele Agp/t = 0.06 and Rashba SOC Ar/t = 0.05 remain fixed. Inset shows
QSH phase diagram between A, and Ar (adapted from Ref. [81]).

The hallmark of KM model lies in Hxy, which has been introduced in Eq. (2.17).
Kane-Mele also considered a Rashba SOC term, which is denoted by Hg and is al-
ready explained in Eq. (2.15). It is good to remember that the original QSH Hamilto-
nian denotes KM coupling strength as Aso, making it equivalent to Axy. We mostly
use the former symbol to explain original results, but the latter is used throughout
the thesis to denote KM SOC. Kane and Mele also considered a Rashba-type SOC in
QSH Hamiltonian similar to Eq. (2.15). Finally, there is an onsite staggered potential
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that breaks sublattice symmetry of graphene
Hy = Ay Z CiCioCig, (4.5)
i

with §; being either 1 or —1 depending on A or B sublattice and A, refers to the

strength of onsite potential.

In the absence of Rashba SOC (RSOC), parameters Aso and A, control the electronic
properties. Kane-Mele showed that the energy gap in such a case is given by AE =
|6v/3As0 — Ay|. Ratio of Aso to A, sets a critical point in the model Aso/A, =
1/(3v/3) =~ 0.192, above which the system exhibits a topological QSH phase. Below
this critical value, spectrum is dominated by A, and the system behaves like an
ordinary insulator. Topological QSH phase leads to TRS-protected gapless edge
states in the bulk. This is captured in Fig. 4.3(b), where tuning A, /t = 0.1 — 0.4 with
respect to Aso/t leads to a transition from QSH phase to an ordinary phase. QSH
spectrum shows a pair of gapless edge states traversing the bulk, which otherwise
become gapped. Here, edge states are doubled due to Kramer’s theorem, which also
prevents them from mixing with each other in case of a perturbation. This prevents

backscattering and provides QSH edge states with topological immunity.

4.3 QSH model in kagome lattice

4.3.1 Model details

To investigate QSH effect, we consider KM model in kagome lattice. This prompts

us to write the kagome QSH Hamiltonian

Hgsu = Hr + Hxw, (4.6)
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where we have described Hr and Hyxyv in Eq. (4.4) and Eq. (2.17), respectively.
Obtaining bulk bands requires Fourier transformation of real-space Hamiltonian
in Eq. (4.6) and diagonalizing it. In momentum space, we take the basis ¢ =
[ckaor Cxao']’ With & = {A,B,C} and ¢ = {1, ]} indiacting sublattice and spin de-
grees of freedom, respectively. With this, KM Hamiltonian becomes a 6 x 6 matrix

in momentum space

0 cosd3 — Cosd
hxm(k) = 0z ® 2iAxm | — cos b3 0 cosdy | - 4.7)
cosdy —Cosdy 0

For compactness, we use Kronecker product ® to write hxy and further define
0; = k-d!. Here, d! describe the vectors connecting NNN sites [see Fig. 3.3(a)],
which can be written in terms of a; and ap

,_a2—2a1
1_?/

a1—2a2 ,_a1+a2
2 7 T2

d), = . (4.8)

As we have discussed before, pristine kagome lattice host gapless bulk bands, which
are two-fold degenerate due to spins. KM term turns this gapless bulk into a gapped
bulk. Bulk spectrum presented in Fig. 4.4(a) illustrates this effect, where setting
Axm/t = 0.15. At the same time, KMSOC turns FB dispersive. Presence of bulk
band gaps creates two unique insulating fillings (n) = 1/3 and (n) = 2/3, where

Fermi level can be tuned to realize a potential QSH state.

4.3.2 Topological characterization of QSH bulk

Pfaffian matrix

Band topology of a TRS-invariant bulk system is characterized by a topological in-

variant known as Z, index. Being a mod 2 quantity, Z, index takes two values: 1 in
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the topological phase and 0 in the trivial phase. Originally, Kane and Mele provided
a method to compute Z, in their seminal QSH work [81]. It relies on computing Pf-
fafian of the sewing matrix, which encodes how Bloch states transform under TRS.
Mathematically, if 7 = icy K (K is complex conjugation) denotes TRS operator, then

sewing matrix acting on n-th Bloch state |u,) is given by
Winn (k) = (U (—K) | T [un (k). (4.9)

At time-reversal-invariant-momenta (TRIM) T';, Wy, (k) becomes antisymmetric (i.e.

w = —w/), and thus admits a Pfaffian
P(k) = Pflw(k)]. (4.10)

In this formulation, P(k) is a central quantity. Generally, the Pfaffian can be thought
of as a function of a skew-symmetric matrix A whose square equals the determinant
Pf(A)? = det(A). Because P(k) is complex, its phase can wind and may exhibit
zeros in momentum space. Kane and Mele showed that Z, invariant is determined
by counting the number of zeros of P(k) inside the half Brillouin zone (HBZ) modulo

two. Formally, the Z, index is written as v such that
y= 1% dk - Vy log[P (k) + 6] 4.11)
- 2mi Je k108 ! '

where the line integration path C is along the boundary of HBZ and ¢ is added to
help with convergence. An even v corresponds to a trivial insulator, while an odd v

signals a QSH insulator.

Wilson loop method

One drawback of Pfaffian method is that it is not gauge-invariant. It stems from the

fact that there is a gauge freedom in choosing |u,(k)). A better approach is given
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Figure 4.4: (a) The QSH bulk bands of kagome lattice. (b) The phase of the Wilson
loop eigenvalues is plotted as a function of k,. For both filling, 8(k,) crosses a
reference line 6, = —0.3 exactly once.

by the Wilson loop [176, 177] method, which is similar to tracking the evolution of
hybrid Wannier charge center [176-178]. Numerically, Wilson loop approach pro-
vides better stability and is used in material-based softwares like Wannier90 [179]
and Z2Pack [180]. Wilson loop is defined as the path-ordered exponential of the

Berry connection along a closed loop C in momentum space
W(C) = Pexp(i ]§ A(k) - dK), 4.12)
C

where P is path ordering and A(k) = i(u,,(k)|Vk|un(k)) represents the Berry con-
nection with m,n as occupied band indexes. Phase of the Wilson loop is a key
quantity in band topology since it captures the geometric phase accumulated by a
Bloch wavefunction when an electron is transported around a closed path in mo-
mentum space. For discretized BZ, Yu et. al. [181] showed that Eq. (4.12) can be

expressed as

W(ky) = 1_[ Pt (ky)r (4.13)
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where P (ky) = (un (ki ky)|un (K, ky)) is the overlap matrix. If there are Nocc
occupied bands, then P is a Ny X Nocc matrix and the phase of its eigenvalues A,

is a central quantity
0, (ky) = Im[In A, (ky)]. (4.14)

Evolution of 6,(k,) against k, indicates Z; index of occupied bands. If 0(k,) winds
the 1D BZ spanned by k, an odd number of times, Z, topological number becomes
1, whereas it is 0 for even number of windings. This can alternatively be how many

times 6(k,) crosses a constant reference line 6.

To see it more clearly, we have plotted 6(k,) in Fig. 4.4(b). It shows the evolution of
6(ky) across HBZ for 1/3 and 2/3 filling of QSH bulk bands. Remember that, due to
spin degeneracy, 1/3 and 2/3 fillings correspond to two and four occupied bands,
respectively, which results in the same number of eigenvalue phases appearing in
the plot. The lines start at k, = 0 (I' point), which is one of the special momenta
that remain invariant under TRS. Such momenta are called time-reversal-invariant
(TRIM) points, and as a result, §(k,) is degenerate at these points, irrespective of
filling. As k; is varied, 6(k,) jumps nearly 7t amount for both fillings. Importantly,
if we set a reference line at 6, = —0.3, G(ky) crosses this line once or, more generally,
an odd number of times. This indicates a nontrivial bulk topological phase with Z,

index v = 1. It is worth noting that these odd crossings occur for any arbitrary 6.

4.3.3 Helical kagome edge states

Presence of TRS-invariant QSH bulk guarantees helical edge states at the boundary.
Due to TRS, these edge states come in pairs and are spin-polarized. This can be seen

in the ribbon band structure in Fig. 4.5. To illustrate how edge states are localized
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(a) (b)

Figure 4.5: Kagome ribbon bands in the QSH phase for (a,c) armchair-flat and (b,d)
zigzag-cove type termination. Color represents expectation of position operator in
(a,b) and spin-polarization in (c,d). We set Axp/t = 0.15 and p/t = 0 in all plots.

on boundary, we can project the expectation of position operator on the bands

Pn,a(k) = Z hbin (k) ‘2 r-éy, (4.15)

i

where é, denotes an unit vector along the axis @ = (x/y) perpendicular to momen-
tum, ¢ is the wavefunction, and r is the position operator. At the same time, it is

judicious to define spin-polarization along z direction

Mpy,z = Z<¢in‘sz‘¢in>/ (4-16)

i
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where S, = diag(Il, —I) denotes z component of the spin operator.

We start with the projected ribbon band structure for armchair-flat termination in
Fig. 4.5(a), which shows edge states inside two energy gaps corresponding to (1) =
1/3 and 2/3 insulating fillings in bulk [see Fig. 4.4(a)]. It is also possible to check
TRS-invariance since E(K) = E(K’). Irrespective of filling or termination, there is a
universal theme of helical states. That is, edge states belonging to same boundary
have opposite slopes dE/dk, indicating their counter-propagating motion. At the

same time, these counter-propagating states carry opposite spins [see Fig. 4.5(b,c)].

Remarkably, even though the flat termination does not host any edge states without
SOC, we see the presence of an edge state under KM term. Similar picture is seen
for the zigzag-cove termination in Fig. 4.5(d), with additional overlap of DP and I

point.
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5.1 Quantum Hall effect

Topological insulators exhibit a quantized spin
Hall effect, which originates from the topol-
ogy of their Bloch bands. However, the idea
that Hall transport can acquire quantized val-
ues due to topological properties dates back
to the early 80s. This concept was first exper-
imentally realized in the landmark discovery
of the integer quantum Hall effect, also known
simply as the quantum Hall (QH) effect. In
1980, von Klitzing [182, 183] observed that a
two-dimensional electron gas subjected to a
strong perpendicular magnetic field exhibits a
Hall conductance quantized in integer multi-
ples of ¢?/h. Remarkably, the precision of this
quantization was so high—up to eight decimal
places—that it became a standard for measur-

ing resistivity [184].

Figure 5.1: Hall resistivity p,, and
longitudinal resistivity pyx, of a
quantum Hall sample plotted
as a function of magnetic field
(adapted from Ref. [182]). Quan-
tized plateaus in py, are the hall-
mark of the experiment.

Under a strong magnetic field, the electronic states of the two-dimensional system

condense into discrete Landau levels (LLs) [185], which are quantized cyclotron or-
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bits with discrete energies. The QH experiment demonstrated that as the magnetic
field varies, integer fillings of these Landau levels result in quantized Hall resistiv-
ity, Ry [see Fig. 5.1]. Simultaneously, the longitudinal resistivity Ry, approaches
zero whenever Ry is quantized. Quantization of Hall conductance can be shown
from Landau’s theory; in fact, the Hall conductance at an integer filling v has the

expression

o2

Oy = Vﬁ’ (5.1)

which shows discrete jumps of ¢?/h each time the Fermi level crosses a Landau
level. However, the more puzzling and subtler part is that quantization persists over
a range of magnetic fields. The answer to this comes from the counterintuitive role
of disorder. Particularly, in a pristine sample, LLs form sharply discrete energies,
which get broadened by disorder. Most states in the tails of these broadened levels
become localized and do not contribute to transport. Only the extended states near
the center of each LL carry current. This gives rise to the characteristic plateaus

observed in the Hall conductance.

The quantization in the QSH experiment was predicted by Ando et. al. [186] at
University of Tokyo in 1975. However, a more complete picture and connection to
topology was given by seminal work of Thouless, Kohmoto, Nightingale, and den
Nijs in 1982 [187] . In this work, now widely known as the TKNN formulation, the
Hall conductance was expressed in terms of a topological invariant
2

Oy =C 7 (5.2)
where C is an integer termed as the Chern number. The role of C is profound here,
as it triggered a paradigm shift in the classification of phases of matter. Unlike con-
ventional local order parameters like magnetization, C depends on global properties

of the Bloch wavefunction. It is noteworthy that Eq. (5.2) does not depend on dis-
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order or perturbation, and therefore, the quantization is robust as long as the bulk

gap exists.

5.2 Quantum anomalous Hall effect

Although QH effect is a foundational experiment with rich physics, its realization re-
quires absurdly high magnetic fields, making it impractical for routine experiments.
This started the quest for quantum anomalous Hall (QAH) effect [188], a version of
the QH effect without the need of a magnetic field. Both QAH and QH effects re-
quire breaking of TRS, which is fundamentally different from previously discussed
QSH effect. As a consequence, resulting edge states are significantly different. QAH
phase leads to the so-called chiral edge states, which are spinless unidirectional
states localized on the boundary. Even though helical states prevent backscattering
in principle, it is not impossible (e.g. magnetic impurity). On the contrary, the lack
of Kramer’s theorem ensures that chiral states can exist as a single mode, eliminating

any possibility of backscattering.

The route to a QAH platform was slow since the discovery of QH effect, and most
of the progress was made after the discovery of TIs. Since TIs already have a con-
nection to topology, the very first approach was to dope magnetic Mn ions to 2D TI
platforms like HgTe/CdTe wells [189]. This proved to be unsuccessful since HgTe
remain paramagnetic upon doping and does not break TRS [188]. Following the-
oretical predictions [190, 191], the first breakthrough came when 3D TI material
(Bi, Sb),Te; was doped by magnetic Cr or Fe atoms [192, 193]. However, magnetic
doping degrades material quality, and more recent methods prefer to use intrin-
sic magnetism [190]. This motivates the search for alternative ways to realize the
QAH effect. The effect relies on broken TRS in materials, which in principle can
be achieved by many factors, such as ferromagnetic order [191], non-coplanar mag-

netism [88], unconventional SC [194], chiral CDW [27], and loop current [146].
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5.3 Microscopic theory of QAH effect: Haldane model

In 1988, Haldane gave the first microscopic theory for the QAH effect [195]. Haldane
constructed a spinless toy model on graphene lattice, which broke TRS similar to
magnetic materials. Such a system that breaks TRS yet keeps the lattice translation
is known as a Chern insulator. The essence of Haldane model lies in a NNN complex
hopping term. To see it more clearly, we write the QAH Hamiltonian based on the

Haldane model on honeycomb lattice
HéAH = Hr + Z(—M)ici*ci -2 Y eiclc), (5.3)
- ~

where Hr is already described in Eq. (2.9). The second term stands for a staggered
onsite potential with strength M similar to Eq. (4.5). Finally, the last term describes
the Haldane Hamiltonian, which contains a NNN hopping parameter ¢, and a phase
factor ¢;;. The novelty of the model is that ¢;; takes 71/2 for clockwise hopping
and —7t/2 for anticlockwise hopping. Despite having an appearance similar to KM
Hamiltonian, Haldane term breaks TRS. This is because under TRS T : i — —i.
In the KM Hamiltonian, there is an additional ¢, term that compensates for this
negative sign, which is not possible in Haldane term, and the system is not invariant

under TRS.

We can get a comprehensive idea of the Haldane model by writing Eq. (5.3) in

momentum space th A (k) = d(k) - T such that

di(k) = t[1+ cos(k - ay) + cos(k - ap)] (5.4)
dy(k) = t[sin(k - a1) + sin(k - ap)]
ds(k) = M + 2t [sin(k - a;) —sin(k - ap) —sin(k - a; — k- ap)],

where T refers to a vector of Pauli matrices acting on sublattice space. With this
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Figure 5.2: Honeycomb bulk bands (top) and their corresponding Berry curvature
(bottom) for three sets of Haldane parameters: (a) to/M = —1, (b) t2/M = 0, (c)
to/M = —1. We take other parameters as y/t =0 and t = 1.

Bloch sphere form, the energy bands are easy to write

E(k) = £/d2(k) + 3 (k) + B2 (k). (5.5)

The essential electronic and topological features of th A (k) are tuned by the ratio
tp / M. In more specific terms, presence of t, / M gaps out a specific valley (K or K’) in
the spectrum. This is demonstrated in top panel of Fig. 5.2, where bands are plotted
along ky axis (i.e. K-K'-T-K-K' path) for multiple k, values. As expected, t,/M = 0
recreates band structure of pristine honeycomb lattice with Dirac points at K and
K'. Now, if t,/M is made finite, depending on its sign, a gap opens up either at K
or K. This valley-dependent physics gives away the lack of TRS of the system since
E(K) # E(K').

A central feature of Haldane model is that the system is an ordinary phase for
|t2/ M| < 1, whereas a topological QAH phase emerges for |t/ M| > 1. We show the
Berry curvature in both regimes in bottom panel of Fig. 5.2 to illustrate this. Before

interpreting the results, it is useful to remember that Dirac band touchings lead to
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(a) (b)

Figure 5.3: (a) ARPES data of kagome material Fe3Sny. (b) Constant energy contour
or Fermi surface for each dashed line in (a). (c) Second derivative of ARPES data
and (d) stacked energy distributions highlight massive Dirac fermions at K point.
(e) Magnetotransport as a function temperature presents anomalous conductivity
tensors U;;‘ylzx, intrinsic Hall conductivity 0’;7]7, and longitudinal conductivity oyy.
Inset describes scaling between (T;fy and o2, (adapted from Ref. [21]).
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peaks in Berry curvature and under TRS Berry curvatures satisfy Q(k) = —Q(—k).
By virtue of this, Berry curvature of the pristine case t,/M = 0 has a C3 symmetric
profile such that its sign changes as momentum is reversed. When we set t,/M =1,
TRS vanishes, and the sign of Berry curvature no longer changes with momentum.
In this regime, there is a net Berry curvature with its peaks localized at specific
valleys tunable via sgn(f,/M). Net positive or negative Berry curvature leads to

C =1 or —1, respectively, which corresponds to the topological QAH phase.

5.4 QAH phase from ferromagnetism and Rashba SOC

5.4.1 Motivation from magnetic Weyl semimetals

In kagome materials, QAH effect was initially predicted using interplay of intrinsic
magnetism and SOC [196]. Although theoretical blueprints for realizing the QAH
effect in honeycomb lattices were already established, clean and naturally occurring
magnetic systems with honeycomb geometry were rare. At the same time, there was
a strong drive to realize QAH insulators with larger bulk gaps in order to achieve
room-temperature operation. This naturally shifted the attention toward kagome
lattices, which naturally occur in magnetic compounds and exhibit honeycomb-like
electronic structure. In recent years, several kagome-based QAH platforms have
been identified. This includes materials like (Fe,Co) based compounds [197-199],
ZrFe; [200], 166 family of materials [21, 23, 201-203], and designer kagome lat-
tices [204, 205].

Among these materials, Fe-based kagome compounds have been studied extensively
in recent years; especially Fe3Sn, demonstrates clear experimental signatures of a
QAH conductivity at room temperatures. These are also known as magnetic Weyl
semimetals. In Fig. 5.3(a,b), experimental ARPES data of Fe3Sn, reveal the band
dispersion and Fermi surface maps [21]. Especially in Fig. 5.3(b), changing energy
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Figure 5.4: (a) The QSH bulk bands of the kagome lattice. (b) The phase of the Wilson
loop eigenvalues is plotted as a function of k,. For both filling, 8(k,) crosses a
reference line 6. = —0.3 exactly once. The ribbon band structure corresponding
to the QSH phase is shown for (c) armchair-flat and (d) zigzag-cove termination.
We take parameters Ag/t = 0.2 and h,/t = 0.6.

opens an energy gap at K point and creates massive Dirac fermions. This can be
verified more clearly in Fig. 5.3(c,d), which shows nearly 30 meV gap in the spec-
trum. This map gap comes from SOC effects. A more direct diagnosis of QAH
effect comes from magnetotransport. Fig. 5.3(e) shows that, at room temperature,
longitudinal conductivity oy ~ 0 almost vanishes and transport is dominated by

anomalous conductivity tensor o2 . However, metallic nature of Fe;Sn, is a bot-

Xy
tleneck for observing quantized QAH effect, which requires an insulator, and thus

anomalous conductivity is reported to be U,’C“y =0.27¢*/h per bilayer [21].

5.4.2 Model details

There are several QAH candidates in kagome systems, which rely on breaking TRS
by ferromagnetism. Magnetism can be intrinsic, like in magnetic Weyl systems,
or it can be correlation-driven, where high electronic density leads to Stoner-type
ferromagnetism. Motivated by this, we model the effective magnetic exchange as
Zeeman field. In addition to this, presence of SOC is useful for lifting nodal-line
degeneracies to realize a global gap in the spectrum. This effect can be effectively

captured by introducing a Rashba spin—orbit coupling (RSOC) term, which serves
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as a minimal model for inversion symmetry breaking. Thus, our QAH Hamiltonian

reads

Hoan = Hr + Hz + Hg, (5.6)

where Hr is the kinetic Hamiltonian [see Eq. (4.4)]. Furthermore, Hz and Hp de-
scribe out-of-plane Zeeman term and Rashba SOC, respectively [see Eq. (2.13) and
(2.15)].

To analyze bulk bands, we can move to momentum space and write the QAH Hamil-

tonian
0 sind;  y*sinds
hr(k) = oy & AR | sind; 0 ysind, |,
Y sindz ysind; 0
h, 0 O
hz(k)=0:® |0 h, 0], (5.7)
0 0 h,
Here, we denote 7; = k- d;, d; describe vector connecting NN sites, and ¢ =

iexplirr/6] is a coefficient.

We show the bulk bands in Fig. 5.4(a). Spinful kagome bands are two-fold degen-
erate in the pristine limit. Under Zeeman field, this degeneracy is lifted, and bands
become spin-polarized. Subsequently, the spectrum contains a pair of DP and FB
and two pairs of VHS. The Zeeman field alone does not open any gaps. When
RSOC is turned on, bulk opens up a gap at DP and near FB. We also notice that bulk

gap around FB is relatively much smaller.

One of the ways to characterize the nature of the bulk gaps is to inspect the ribbon
band structure. This is displayed in Fig. 5.4(d,e), where colors depict edge state

location similar to Fig. 4.5(a,b). Corresponding to bulk gaps, we see similar gaps
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Oy [62/ h]

Figure 5.5: Anomalous Hall conductivity oy, (in terms of e*/h) in kagome lattice
is plotted as a function of chemical potential y/t. Cyan circles indicate points
where 0y, changes sign. Furthermore, the inset shows Berry curvature maps in
BZ corresponding to quantized reponses. We take parameters A/t = 0.2 and
h,/t = 0.6.

appear in the ribbon bands, with edge states connecting the upper and lower bands.
The fact that edge states (belonging to similar termination) have same sign of slope
suggests these states are unidirectional. These are features of a chiral edge state.
Although the edge states near the Dirac gap remain well-resolved, a small gap near
FB hinders the visibility of edge states. Additionally, one can also notice the effect
of valley mixing in zigzag-cover termination, which results in band structure pe-
riodicity spanning between K-T' points, with projected edge states appearing at T’

point.

5.4.3 Evolution of anomalous Hall conductance against filling

The hallmark of QAH effect is the quantization of Hall conductance in terms of e’/h,
which follows from the topological bulk order. An explicit confirmation of this order
requires calculation of a topological invariant, which is Chern number in this case.

Alternatively, one can also compute the anomalous Hall conductance 0, which is
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proportional to the Chern number when Fermi level is tuned inside the bulk gap
corresponding to an insulator. Since Chern is defined for a 2D gapped insulator,
such correspondence is not possible when systems are in a metallic state, and Fermi

level crosses multiple bands.

Therefore, we compute 0y, for a range of chemical potential (or filling). At T = 0,

the intrinsic anomalous Hall conductance is given by [206, 207]

e[ ok O, (K) O[E, (k) — E|, (5.8)

E)="2%
7y (E) h Jez Apz 5

where © denotes the unit step function

1 ift>0
ot) = (5.9)
0 ift<0,

E, corresponds to energy of the n-th filled band, Agz refers to BZ area, and the

Berry curvature (), (k) is already defined in Eq. (2.28).

We present the evolution of oy, versus chemical potential 3/t in Fig 5.5. We see that
0xy becomes nonzero at various fillings owing to the TRS-broken bulk. The response
exhibits a quantized plateau when ./t is around —1. This corresponds to the case,
when all bulk bands below the Dirac gap are filled [see bulk bands in Fig. 5.4(a)].
Since Fermi level lies inside bulk gap, here oy, = Ce?/h is expected to be quantized
leading to the Chern number C = 2. This is also in agreement with the bulk-
boundary correspondence because we obtained exactly two chiral edge states in the
ribbon spectrum [see Fig. 5.4(b,c)]. As u/t is increased further, there is an additional
quantized response close to FBs. Particularly, the plateau corresponds to Chern
number C = 1. Unfortunately, the narrow bulk gap makes this plateau hard to infer.
Nonetheless, the different Chern numbers of these two topological gaps indicate

distinct topological phases, and thus, a transition by continuous deformation is not
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possible. This can be seen more qualitatively from insets of Fig 5.5, which showcase

Berry curvature maps for C =2 and C = 1. The

Berry curvature maps of C = 2 has

asymmetric peaks (due to lack of TRS) around K and K’ valley. In contrast, a similar

map for C = 1 phase exhibits a ring shape around I'.

We also point out that oy, undergoes a sign
change at specific fillings. This happens when
the Fermi level crosses a VHS point and is re-
lated to the Lifshitz transition [208]. Lifshitz
originally predicted the phenomenon [209],
which was later verified by ultrafast tech-
niques [210]. A Lifshitz transition is a change
in the topology of the Fermi surface (FS) driven
by a continuous parameter, without breaking
any symmetry. Two FSs are topologically dif-
ferent if they cannot be deformed into one an-
other. Such differences are important in met-
als, where the FS controls the electronic prop-

erties.

Fermi contours around VHS 4

S
& -
9
/"\
o2 >
L7 X

Figure 5.6: Fermi surface of the
Kagome QAH model in the
vicinity of VHS 4, corresponding
to Fig. 5.5.

To show this in effect, we plot FS contours around VHS 4 (marked in Fig. 5.5) in

Fig. 5.6. When the Fermi level crosses the VHS

point at u/t = 0.6, the FS displays

a hexagonal pattern with maximal extent, leading to a diverging DOS. Tuning p/t

above or below this point changes the FS abruptly. Specifically, setting u/t = 0.3

leads to circular FSs around the T and K, K’ points. The valley pockets disappear

when the Fermi level moves above the VHS point. In this case, for u/t = 0.9, the FS

consists of concentric circles around the I' point.
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Figure 5.7: (a) Comparison of kagome bulk bands in the QAH phase without and
with KMSOC (Agym/t = 0.15). Both cases have a constant Zeeman field (h,/t =
0.6) and Rashba SOC (Ar/t = 0.2). Ribbon spectrum in presence of KMSOC for (b)
armchair-flat and (c) zigzag-cove type terminations. (d) Phase diagram describing
tuning of anomalous Hall conductance oy, as chemical potential /¢t and KMSOC
is changed. Closed areas indicate quantized anomalous response corresponding
to a topological phase with non-zero Chern number C. Star and triangle icons are

used to highlight the bulk gaps related to topological phases.
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5.4.4 Impact of Kane-Mele SOC on band topology

At this point, a natural question arises: does KMSOC influence the quantum QAH
effect, and if so, does it suppress or enhance it? So far, we have neglected this term,
as the combination of ferromagnetism (FM) and Rashba spin—orbit coupling (SOC)
is already sufficient to realize the QAH phase. However, including KMSOC provides
a more complete description of the band topology. This motivates us to consider the

Hamiltonian in Eq. (5.10).

H' = Hoan + Hxwm, (5.10)

where Hoap is Hamiltonian in Eq. (5.6) and Hxw refers to KMSOC Hamiltonian
[see Eq. (2.17)]. The corresponding bulk band structure is shown in Fig. 5.7(a).
We observe that KMSOC opens additional energy gaps at the K [see green star]
and [see magenta triangle]. These gaps are topological in nature. Specifically, the
gap at K carries a Chern number C = 2, while the gap at I' has C = —1. This is
further confirmed by calculating the Hall conductivity oy, for in-gap fillings. In the
slab geometry [see Fig. 5.7(b,c)], the spectrum exhibits either a single chiral edge
state corresponding to a C = —1 phase, or two chiral edge states corresponding to
C = 2. Note that, direction of the edge mode (i.e. dE/0k) changes when we compare
two different gaps. This is connected to the opposite Chern number of these gaps.
Furthermore, the inclusion of KMSOC also enlarges the gap FB, which is otherwise

much narrower.

An important remaining question is how tuning the strength of KMSOC affects the
topological phases across different fillings. To address this, we present the conduc-
tance phase diagram in Fig. 5.7(d). Here 0y, represented by the color scale, is plotted
as a function of u/t and Axn/t. We also devise a scheme to identify the topological
regions. This is based on the observation that, for true quantization, the computed

conductance should be very close to an integer value. Accordingly, we impose the
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tolerance condition

|0y — round (0yy)| < €,

(5.11)

where € = 1078 is a small positive number. For small Axy/t, the Chern phases

appear at fillings consistent with those indicated by the green star and magenta

triangle and are in agreement with the band structure and edge spectra. If we start

to tune A/t to higher values, these phases gradually disappear, and a distinct

C = 2 phase emerges near y/t = 0. However, for sufficiently large KMSOC, all

Chern phases are eventually suppressed.

5.5 QAH phase from non-coplanar magnetism

In addition to FM order, non-coplanar (NCL)
magnetic textures can also generate anoma-
lous Hall responses. This arises from a quan-
tity known as scalar spin chirality [211] (SSC),
which is a mixed-scalar product of neighbor-

ing spins (i, j, k):
Xijk = Si - (Sj x Sg). (5.12)

SSC becomes non-zero for noncollinear spins
and remains zero otherwise. Wilczek and his
collaborators have shown that properties of x;jx

enable it to act like an effective magnetic field

Figure 5.8: Figure illustrates 120°
spin arrangement on kagome lat-
tice corresponding to q = 0 mag-
netic structure.

and are connected to the breaking of time-reversal symmetry (TRS) [212]. This

makes the NCL order important for quantum anomalous Hall (QAH) phases. In

fact, the idea gained strong support after the discovery of a large anomalous Hall
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effect in noncollinear antiferromagnets such as Mn3Sn [60] and MnzGe [213].

The first theoretical prediction of a QAH phase arising from NCL order was made by
Nagaosa and coauthors in 1999 [88]. Originally, they considered pyrochlore-kagome
compounds, where magnetic spins assume a 120° AFM order. A true AFM is not
possible on the kagome lattice due to its geometric frustration; however, spins on
three sublattices can form 120° angles with each other. This configuration is dubbed
as the q = 0 structure [see Fig. 5.8]. In fact, the q = 0 configuration is one of
the allowed ground states of the Heisenberg model [214-216], with the magnetic
unit cell being identical to the crystallographic unit cell. Although this magnetic
order is coplanar in nature, Dzyaloshinskii-Moriya-type interactions [87, 217] in real
materials can induce an out-of-plane component. In fact, such out-of-plane spin

canting has already been reported in kagome systems [218-220].

5.5.1 Model details

Most previous studies of non-coplanar magnetic order are based on the Kondo lat-
tice model, in which conduction electrons interact with localized magnetic moments
through an exchange coupling. The theoretical treatment depends strongly on the
magnitude of this coupling. In the strong-coupling limit, Ohgushi et. al. [88] em-
ployed a double-exchange framework, where the electron hopping amplitude ac-
quires both a Peierls-like phase and a cosine factor determined by the relative angle
between neighboring spins. In contrast, in the weak-coupling regime, the exchange
interaction can be treated perturbatively [211]. We are interested in the intermediate
regime, which cannot be solved analytically and requires numerics [221]. While
bulk QAH phases driven by NCL order have been extensively investigated, the
corresponding edge state dispersion and the role of SOC remain unexplored. We
therefore explore the interplay between NCL magnetic order and SOC effects in this

section.

77



5 Kagome quantum anomalous Hall state
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Figure 5.9: Kagome bulk band with NCL order is plotted for a range of (a,c) KMSOC
and (b,d) RSOC coupling parameters. Top and bottom panels correspond to the
subcritical (J/t = 0.3) and supercritical (J/t = 2) regimes of the exchange param-
eter [/t, with a critical value of |/t ~ 1.51.

We consider a minimal QAH Hamiltonian
Hncr = Hr + Hxw + Hj, (5.13)

where the first two terms refer to RSOC and KMSOC Hamiltonian [see Eq. (2.15)
and Eq. (2.17)]. The last term denotes the magnetic Hamiltonian

Hy=-Jo Y ch(c,-Sicy, (5.14)

. /
o
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where S; describes the magnetic moment of i-th localized spin in spherical coordi-

nhates

S; = S (sin 6 cos ¢;, sin 0 sin ¢;, cos 0). (5.15)

In this expression, ¢; € (0,277/3, —271/3) take three values depending on sublattice
atom, 0 € [0, 7] is the polar angle, and we define | = oS as the exchange parameter
for compactness. Taillefumier ef. al. [221] showed that 6 sets a critical value | = J,

where Chern number of bands changes. The relation between ], and 6 is given by

2
(0 =t 5.16
J(6)/t v1-+3cos?6 (5.16)

Now the parameter 0 can vary a lot and is typically motivated by experiments. It is
directly related to spin canting angle 7 via the relation 6 = 71/2 — 1. Some kagome
compounds exhibit # = 7/6 [222], and thus we take § = /3 without losing any
generality. This yields a critical coupling parameter J./t ~ 1.51 from Eq. (5.16).

First, we address the bulk properties of the QAH Hamiltonian in Eq. (5.13). With-
out SOC, the bulk remains gapless for small values of J/t. As ]/t increases, a
bulk gap appears due to the lifting of point-like degeneracies [221]. The situation
becomes more straightforward in the presence of SOC. To gain a clearer understand-
ing, we plot the bulk bands for a range of RSOC and KMSOC values from 0 to 0.5,
while keeping the exchange field fixed [see Fig. 5.9]. We consider two representative
regimes of the exchange coupling J: one below the critical value J. (J/t = 0.5) and
one above it (J/t = 2). These regimes are physically realistic. For instance, smaller
values of |/t are typical in Fe-based kagome materials [223], where the Hund’s cou-
pling lies in the range Ji/t ~ 0.25-0.37. On the other hand, kagome heavy-fermion
systems [224] with f electrons are expected to exhibit higher J/t values. Among the
two types of SOC, we find that KMSOC modifies the band structure more signifi-

cantly than RSOC. This remains true regardless of the |/t regime. More specifically,
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Figure 5.10: (a) Kagome bulk bands with subcritical exchange field J/t = 0.3 and
KMSOC (Axm/t = 0.03). Same parameters are used to show ribbon bands with
(b) armchair-flat and (c) zigzag-cove termination. (d) Phase diagram describing
anomalous conductance oy, (in terms of e*/h) against chemical potential u/t and
KMSOC Axm/t. Closed regions denote quantized phases characterized by an
integer Chern number C, while icons relate specific points in the phase diagram
to the bulk topological energy gap. Furthermore, a horizontal dashed line marks
the KMSOC parameter used in band structure plots. We have use the following
parameters yu/t = 0,60 = /3, and J.(0)/t ~ 1.51.
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KMSOC facilitates the opening or closing of gaps at the K point, which may in-
duce a topological transition. Based on this, we focus exclusively on the effects of

KMSOC.

5.5.2 Subcritical exchange coupling

Let us first consider the subcritical exchange regime corresponding to | < J.. We
display the bulk bands under KMSOC for this case in Fig. 5.10(a). KMSOC opens
multiple global gaps, which are further spin-split by the presence of the exchange
field. These gaps are topological in nature. In fact, from Eq. (2.28), we estimate
that the gaps marked by the triangle and star symbols exhibit C = =2 and C = —1,
respectively. This is consistent with the number of edge states in the ribbon spec-
trum [see Fig. 5.10(b,c)]. We find that the gap corresponding to the triangle is large
enough that its gapless edge modes are well separated from the bulk continuum.
However, the chiral edge modes located in the gap denoted by the green star un-
dergo hybridization with the bulk due to the smaller gap size, making them less

distinct.

To obtain a complete picture of the topology, we compute the conductance phase
diagram, similar to the FM case, and present it in Fig. 5.10(d). For small values
of Axm/t, the phase diagram reveals two distinct Chern phases: one with Chern
number C = —2 (magenta triangle) and another with C = —1 (green star). Notably,
the C = —2 phase can already be realized in the absence of KMSOC, whereas the
C = —1 phase emerges only at finite KMSOC. It is useful to note that KMSOC
introduces helical-like characteristics to edge states, which cannot be fully captured
by the Chern number (or anomalous conductance). Therefore, further increasing
KMSOC generally leads to a vanishing Chern number. We restrict ourselves to
Axm/t < 0.3 in the phase diagram, beyond which no quantization is observed. This

upper bound is motivated by the scale of J/t. Overall, when compared to the FM
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Figure 5.11: (a) Kagome bulk bands with supercritical exchange field [/t = 2 and
KMSOC (Axm/t = 0.03). Same parameters are used to show ribbon bands with
(b) armchair-flat and (c) zigzag-cove termination. (d) Phase diagram describing
anomalous conductance 0y, (in terms of ¢?/h) against chemical potential j/t and
KMSOC Axm/t. Closed regions denote quantized phases characterized by an
integer Chern number C, while icons relate specific points in the phase diagram
to the bulk topological energy gap. Furthermore, a horizontal dashed line marks
the KMSOC parameter used in band structure plots. We have use the following
parameters u/t = 0,0 = 7/3, and J.(0)/t ~ 1.51.
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phase diagram, we observe that NCL Chern phases mostly exist at small values
of Axm/t, while the gap corresponding to the triangle symbol undergoes a sign

change.

5.5.3 Supercritical exchange coupling

On the other hand, when the system enters the supercritical regime | > |, the strong
exchange field leads to a decoupling of the bands. This behavior is captured in the
bulk band structure [see Fig. 5.11(a)], where we set |/t = 2. From this spectrum, we
identify three global gaps, highlighted by green stars and yellow square markers.
These marked gaps are topological in nature and each marker corresponds to a

distinct Chern phase.

This can be further verified from the ribbon spectrum [see Fig. 5.11(b,c)], where the
same gaps persist and each hosts a one gapless chiral edge mode. Comparing the
propagation direction of these chiral modes across the topological gaps, we observe
that the direction reverses between the star- and square-marked regions. This rever-
sal is directly linked to a change in the sign of the Chern number, indicating distinct

topological phases that can be accessed via band filling.

To clarify this further, we present the conductance phase diagram in Fig. 5.11(d). The
dashed line indicates the KMSOC parameter corresponding to the band structure
calculation. Along this cut, we observe a phase with C = —1 below zero energy
and two additional phases with C = 1, consistent with the band structure results.
However, the band plots do not fully capture the evolution of the topological gaps
as Axm/t is varied. To address this, we increase Axn/t up to 1, following the same
large-scale regime as J/t. We find that two of the three Chern phases present at
small A/t disappear at larger values. Instead, a new phase with C = 2 emerges
and coexists with the topmost C = —1 phase. For comparison, the C = 2 phase

is unique to the supercritical regime and does not appear in the subcritical regime.
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Existence of the C = 2 phase at large KMSOC is particularly noteworthy, as such

high values eliminate all Chern phases in the subcritical regime.
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6 Conclusions

In summary, this thesis investigates pristine and topological edge states and their
realization in kagome platforms. Distinct from bulk states, edge states refer to elec-
tronic states that are localized at the boundary. Over the years, edge states have
become increasingly important due to their promise of topological immunity. This
immunity arises from topological bulk order, which depends on global details in-
stead of Landau-like local order parameters. In device applications where dissipa-
tionless transport or disorder-agnostic electronic state design is the main priority,
such topological immunity is highly sought for. A contemporary example is the
race to use Majorana edge states as a building block to realize noise-resilient quan-
tum computing architecture. Therefore, study of edge states and their manipulation
at the material level is a fundamentally important and timely topic. In this thesis,
we demonstrate that kagome materials can be a fertile playground to explore the

physics of edge states.

In Chapter 1, we describe main experimental signatures in kagome materials from
an electronic perspective and lay out the goal of the thesis. Discussion of recent
progress makes it clear that, while providing a honeycomb-like electronic structure,
kagome materials exhibit rich charge and spin orders. This includes phenomena like
charge density wave, superconductivity, spin-orbit coupling, Weyl phase, breathing
distortion, complex magnetism, and Kondo physics. Effects like these may lead to
the opening or closing of bulk bands, dimerization of bonds, Fermi arcs, pairing at

Fermi level, or renormalization effects — all of which significantly affect edge state
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properties. Motivated by this, we focus on rudimentary factors like lattice termina-
tion, spin-orbit coupling effects, and magnetism and see how they manipulate edge

states in kagome systems.

We discuss key theoretical details in Chapter 2. We start by discussing concepts
of second quantization and tight-binding framework. Tight-binding approach lets
us write effective Hamiltonians on a discrete lattice to describe bands. While this
captures essential physics, the numerical expense stays fairly low compared to other
sophisticated numerical methods. We explain how to model terms such as Zeeman
field and spin-orbit coupling using this methodology. We also provide a brief in-
troduction to topological band theory and discuss recurring themes such as band

touchings, Hamiltonian symmetries, Berry curvature, and topological invariants.

We investigate pristine edge states of kagome lattice in 3. These states originate from
a lack of periodic crystal potential in finite geometries. Originally known as Shock-
ley states, we show how these states arise in Schordinger’s equation with their first
realization in Cu(111) slab. This is followed by a discussion of graphene nanorib-
bons, where armchair and zigzag-type terminations lead to significantly different
results. Motivated by this, we identify four terminations in kagome lattice that are
possible due to a line cut: armchair, flat, zigzag, and cove. By virtue of kagome
geometry, armchair and flat terminations occur at fixed y direction, whereas zigzag
and cove terminations are possible along fixed x direction. Overall, we find that ter-
minations control number of edge states and strongly affect edge dispersion. Effect
on edge dispersion is particularly non-trivial for flat termination, resulting in a com-
plete suppression of edge state, and the ribbon bands behave similarly to bulk. We
additionally unfold that zigzag and cove terminations exhibit valley-mixing effect
due to projection from bulk to ribbon Brillouin zone, resulting in momenta where K
and K’ points are superimposed. Subsequently, Brillouin zone projection leads to ad-
ditional edge states at I' point. These effects are absent in armchair-flat terminations

and valleys remain pure.
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Our discussion of topological kagome edge states begins in Chapter 4. Particularly,
we discuss how pristine edge states in Chapter 3 turn into topological helical states
when intrinsic spin-orbit coupling (SOC) is used. Helical edge states are a conse-
quence of time-reversal protected quantum spin Hall (QSH) phase, which depicts
the bulk state of a 2D topological insulator. As a first step, we explain the origi-
nal QSH platforms, effective theoretical models, and topological characterization of
bulk to give an overview. Following the Kane-Mele model for the QSH in graphene,
we investigate the impact of an analogous term in a kagome lattice. Our analy-
sis of bulk bands indicate opening of two global gaps near Dirac point (DP) and
flat band (FB). We confirm that both these gaps are topological from Wilson loop
analysis. Finally, ribbon bands highlight bulk gaps that host counter-propagating,

spin-polarized edge states at these fillings, which confirms their helical nature.

In Chapter 5, we discuss realization of chiral edge states primarily from intrinsic
magnetism. Specifically, we investigated chiral edge states as a boundary effect of
a quantum anomalous Hall (QAH) bulk, in which a Hall effect emerges without
a magnetic field. We first give a historical overview of QAH by discussing early
developments, experimental breakthrough, and the microscopic model. Motivated
by ferromagnetic kagome materials, we then propose a minimal QAH kagome plat-
form with Zeeman field and Rashba SOC. This combination leads to the opening of
two bulk gaps, which consequently host gapless edge states in the ribbon spectrum.
Compared to helical states, these edge states are unidirectional and do not neces-
sarily come in pairs, which confirms their chiral nature. Topological chiral character
is also apparent since anomalous Hall conductivity becomes quantized for insulat-
ing fillings. Here, finite Kane-Mele SOC increases band gaps and makes topological

gaps more distinct.

In the same chapter, we also investigate QAH phase arising from non-coplanar mag-
netism and discuss SOC effects. The non-coplanar texture is given by 120° antiferro-

magnetic order with out-of-plane canting of spins. Our main results show that the
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canting angle defines a critical exchange field, where Chern numbers of QAH phase
change. Moreover, while Rashba SOC has a negligible impact on the band topology,
Kane-Mele SOC strongly reconstructs the bulk spectrum by opening and closing
gaps across a wide energy range, thereby driving topological phase transitions in
both subcritical and supercritical regimes. In the subcritical regime, Kane-Mele
SOC initially promotes Chern insulating phases with C = —2, —1, but with increas-
ing strength, these phases are progressively suppressed, ultimately yielding a trivial
state. By contrast, in the supercritical regime, it induces multiple topological gaps
with C = %1 and, at higher values, stabilizes an additional C = 2 phase, leading to
the coexistence of distinct topological phases. This highlights that KMSOC not only
tunes but also qualitatively reorganizes the topological phase diagram depending

on the exchange coupling strength.
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Appendix A
Mirror symmetry-protected edge states

Consider the boundaries of a semi-infinite slab geometry are structurally equiv-
alanet, then the edge states are connected by mirror symmetry. For an example, if
the slab is finite along x axis then left (or right) edge state is mapped to the right (or

left) edge state by virtue of mirror operator M,

ML) = [¥r). (A1)

Here, eigenstates are projected on a subspace spanned by {|yr), |¢r)}. If we con-
sider |¢y) is the left eigenstate satifying H|y.) = E|i1), then operating H on |¢r)

shows
Hl|yr) = HM|¢) = M H|pr) = EMy[pr) = E|¢r). (A2)

We see that right eigenstate occurs with same energy E. Here, we have used the

relation: [H, M| = 0. Therefore, the Hamiltonian is given by

H= , (A.3)
A* E
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Appendix A Mirror symmetry-protected edge states

where E = (Y /r|H|¢r/r) and A = (¢ |H|pr). Physically, A quantifies the tunnel-
ing amplitude between the left- and right-localized edge states. For an edge mode
whose wavefunction is peaked at the boundary and decays exponentially into the
bulk, this overlap is exponentially suppressed. In particular, A ~ e~L/¢ where L de-
notes the slab length and ¢ is the localization length. Thus, increasing L suppresses
the off-diagonal coupling, A — 0, and the two edge states become effectively decou-

pled. In this limit, their energies converge, which ensures a twofold degeneracy.
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