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Abstract

In the intricate realm of hadron spectroscopy, this thesis embarks on an insightful intellectual
journey intricately connected to the exploration of meson resonances. The heart of this work
lies in meticulous analyses of photoproduction processes and inelasticity phenomena, aimed
at shedding light on the enigmatic complexities inherent in these remarkable occurrences.

The whole thesis consists of two parts, the first segment delves deeply into the domain
of two-pion photoproduction, offering profound insights into comprehending meson reso-
nances within the ππ system. Guided by the Regge formalism and the Drell-Söding-Deck
approach, the model seamlessly integrates the established “Deck Mechanism” background,
with a particular emphasis on the pivotal ρ(770) resonance. This resonance encapsulates the
P -wave contribution, driven by the interplay of pomeron and f2 exchanges. Extending the
model’s scope, scalar mesons σ and f0(980) impact the S-wave behavior. Additionally, non-
resonant P and S components are introduced. Consequently, model fitting against a subset
of moments precedes the comparison of predictions with experimental data from CLAS.

Moreover, the second part of the thesis focuses around identifying JPC = 1−− excited ρ
resonances, delving into the ongoing discourse surrounding ρ(1250) versus ρ(1450). Addi-
tionally, a forward-looking perspective is taken by forecasting insights within the πω channel.
The analysis embarks on a journey through elastic P -wave ππ phase shifts and inelasticities,
reaching up to 2 GeV. This study utilizes a sophisticated approach based on a unitary and
analytic three-channel S matrix, skillfully aligned with complex-energy pole positions. No-
tably, the enforcement of maximum crossing symmetry is facilitated through once-subtracted
dispersion relations known as GKPY equations. The channels considered for these analyses
encompass ππ, ρ2π, and ρρ.

The thesis concludes by addressing predictions within the ωπ channel. Theoretical am-
plitudes are forecasted while analyzing their mass distributions. These forecasts span the
domains of ππ, ρρ, and ωπ interactions. The analytical strategy presented draws strength
from a flexible separable potential method for three coupled channels, finely adjusted through
the dynamic interplay of both non-relativistic and relativistic propagators. This study is un-
dertaken by considering varying positions of the ρ(1450) meson within the ωπ interactions,
extending insights into the broader particle dynamics.



Overview

The following sections outline the structure and content of the thesis, presenting a road map
for the subsequent chapters:

• Chapter1: Introduction and Historical Review
This chapter provides a comprehensive introduction to the theory of strong interactions
and hadrons, which lays the necessary foundation for comprehending the detailed anal-
yses presented in this thesis. Commencing with an exploration of the fundamental prin-
ciples of the Standard Model, including the quark model for mesons and baryons, the
chapter establishes the fundamental concepts of Quantum Chromodynamics (QCD).
Furthermore, it provides an in-depth examination of mesons and their distinctive char-
acteristics. The chapter concludes by elucidating the motivations behind the present
work. This chapter provides information at a popular science level.

• Chapter 2: Theoretical Background
Given the central focus on resonances in this thesis, Chapter 2 establishes the scatter-
ing framework by briefly introducing the scattering S-matrix formalism in the context
of quantum field theory. Special emphasis is placed on the dispersion theory frame-
work, which harnesses the fundamental laws of physics to enable the non-perturbative
evaluation of hadronic processes. Additionally, the chapter highlights the indispensable
theory in photoproduction research, namely Regge theory. This includes an exploration
of Regge amplitudes, Regge trajectories, and a concise introduction to the pomeron.

• Part I - Photoproduction of Light Mesons
The first part of this thesis delves into the phenomenological studies of meson photopro-
duction, with a specific focus on 2→ 3 processes. Accordingly, this section provides a
concise review of meson photoproduction, encompassing both pseudoscalar and vector
meson photoproduction.

– Chapter 3: Double Pion Photoproduction This chapter delves into a com-
prehensive investigation of the intriguing double pion photoproduction process,
focusing specifically on scenarios involving virtual pion exchange within the Deck
Mechanism [1]. In this pursuit, classic relations have been carefully adapted to
enhance the precision of the analysis.

Section 3.1 provides a concise overview of the employed model, presenting two pri-
mary components and describing the kinematics and notations adopted through-
out the study.

Section 3.2 initiates with the non-resonant component (Deck) model, establishing
the gauge-invariant Deck amplitude. Subsequently, the virtual pion-proton scat-
tering amplitude (π±∗p) is presented in section 3.2.1, accompanied by a study of
the partial wave behavior at the threshold for a virtual pion. The necessity of
a correction factor is thoroughly examined, ultimately determining that such an
addition is unnecessary.



In Section 3.3, the research introduces two preferred frames of reference, each
accompanied by its corresponding kinematics, further enriching the study.

Section 3.4 introduces the second component of the model, presenting the ampli-
tude for the vector resonance (i.e., ρ meson) contributing to the P -wave through
both pomeron (P) and f2 exchanges in section 3.4.1. Additionally, the section
explores scalar resonances (i.e., f0(500) and f0(980)) governing the S-wave con-
tribution in section 3.4.2.

The chapter concludes with a brief summary, setting the stage for the subsequent
chapter.

– Chapter 4: Cross Section and Angular Distribution
This chapter offers insights into the experimental aspects related to the data
source, primarily focusing on the CLAS experiment conducted at the Thomas
Jefferson National Accelerator Facility (Jefferson Lab, also known as “JLab”) in
Newport News, Virginia.

In Section 4.1, a detailed presentation of the formulation for the differential cross
section, with a particular emphasis on deriving the projected P -wave differential
cross section is provided.

Section 4.2 introduces various approaches to computing angular momentum mo-
ments, while Section 4.3 delves into the methods used for exploring these mo-
ments. The outcomes following the establishment of the necessary framework
and the introduction of fundamental concepts essential for moment calculations
are provided.

Moving on to Section 4.4, the methodology employed for the initial fit below 1 GeV
is examined. The section presents the results, including the fitted parameters
obtained during this process.

Section 4.5 explores the incorporation of non-resonant contributions, which arise
from the partial waves associated with the process under study.

Finally, Section 4.6 provides insights into the moments resulting from the final fit,
which encompasses all the aforementioned components. Variations in the fitted
parameters are also analyzed and discussed.

The chapter wraps up by summarizing key insights and conclusions gleaned from
the study, all while acknowledging the ever-evolving nature of research within this
domain.

• Part II - Spectroscopy of Light Vector Mesons
The second part of this thesis focuses on the comprehensive evaluation of the light
vector meson spectroscopy. The experimental status of the mesonic resonances below
2 GeV is carefully assessed, with particular attention given to the contentious ρ′ within
the Particle Data Group (PDG). The relationship between the S matrix and the phase
shift is elucidated, along with the definition of various pole structures. Notably, the
primary focus of this section revolves around the general formalism of the S matrix for
the N-coupled channel scenario.



– Chapter 5: Multichannel Elastic Scattering Analysis
This chapter conducts an extensive investigation of elastic P -wave ππ phase shifts
and inelasticities up to 2 GeV, aiming to unveil the associated JPC = 1−− excited
ρ resonances and address the ρ(1250) versus ρ(1450) conflict. In section 5.1.1, the
selection criteria used to identify the three effective channels that predominantly
manifest ρ excitations are explained. These channels include ππ, ρ2π, and ρρ.
Section 5.2 delves into an enhanced parametrization approach, utilizing a unitary
and analytic three-channel S matrix with complex-energy pole locations, thereby
achieving a more robust framework. The fitting procedures are extensively de-
scribed in section 5.2. Section 5.3 presents and comprehensively discusses the
outcomes of the fits. Finally, this chapter concludes with a concise summary in
section 5.4, emphasizing the significance of ρ(1250) and its inclusion in the PDG
tables.

– Chapter 6: Predictions for the ωπ Channel

Chapter 6 delves into forecasting insights within the πω channel. Through the
adept application of theoretical frameworks and precise analytical techniques, this
chapter advances the understanding of particle dynamics, carrying implications
beyond the boundaries of this channel’s context.
Section 6.1 introduces the central theme of the chapter, outlining the objective
of predicting intricate interactions in the πω channel. This involves exploring
untested theoretical aspects of ωπ interactions and closely scrutinizing mass dis-
tributions, while considering varying positions of the ρ(1450) meson.
Section 6.2 presents a comprehensive model that captures the interplay among
ππ, ωπ, and ρρ channels. This theoretical foundation serves as a cornerstone for
subsequent analytical inquiries.
In Section 6.3, an elaborate methodology is disclosed, meticulously designed to
decipher complex interactions. Moreover, it dissects fitting procedures with pre-
cision, seamlessly aligning theoretical concepts with empirical data as outlined in
6.3.1. Finally, in 6.3.2, the fruits of this analytical endeavor are unveiled, revealing
the attained outcomes.
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Chapter 1

Introduction and Historical Review

The journey to unravel the fundamental structure of matter has ancient roots, dating back
over 2500 years to ancient Greece. This enduring quest in particle physics continues to be
driven by the pursuit of ever more precise theories that lay the foundation for comprehending
a vast spectrum of physical phenomena. These phenomena span from the intricate behaviors
of atomic nuclei to the dynamics governing the entire cosmos.

In the present day, our comprehension of the physical universe rests on two distinct
pillars: Einstein’s General Relativity, which offers insight into the behavior of gravity on
cosmic scales, and the Standard Model of particle physics. The Standard Model, a quantum
field theory, provides a comprehensive framework for understanding the microscopic and
subatomic realms. It stands as a testament to human ingenuity, granting us profound insights
into the fundamental laws governing the natural world.

1.1 Standard Model

The Standard Model (SM) classifies matter into twelve elementary particles, categorized into
three groups: spin-1/2 quarks (up, down, charm, strange, top, bottom) and leptons (electron,
electron neutrino, muon, muon neutrino, tau, tau neutrino), and spin-1 gauge bosons (gluon,
photon, W, Z). This arrangement is illustrated in Figure 1.1.

According to this model, the electromagnetic, weak nuclear, and strong nuclear inter-
actions govern the dynamics of these recognized subatomic particles. The electromagnetic
force is responsible for the binding of atoms and molecules, mediated by the exchange of
photons. The strong force holds quarks together within protons and neutrons, as well as
attracting protons and neutrons within atomic nuclei, and is conveyed through the exchange
of gluons. The weak force is responsible for certain types of radioactive decays, such as beta
radiation, and it is mediated by the massive vector bosons W+, W−, and Z.

A notable extension of the Standard Model was the Higgs boson, introduced by physicist
Peter Higgs to elucidate particle mass origins. Initially, particles were massless, but the
Higgs boson’s detection in 2012 by the ATLAS [2] and CMS [3] collaborations unveiled the
mechanism responsible for imparting mass to particles.
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Figure 1.1: The Standard Model of Particle Physics. Figure adapted from [4].

In essence, the Standard Model represents the amalgamation of two separate theories:
Quantum Chromodynamics (QCD), which describes the strong force, and the Electroweak
theory, which unifies the electromagnetic and weak forces, accounting for a wide range of
everyday physical phenomena.

1.1.1 Quark Model

The quark model, independently developed by Murray Gell-Mann and George Zweig [5, 6, 7,
8], provided valuable insights into the nature of hadrons. According to this model, hadrons
are composite particles composed of quarks. The quark model categorizes hadrons into two
types: mesons, which consist of a quark and an antiquark, and baryons, composed of three
quarks each. Baryons and mesons naturally organize into multiplets, which contain hadrons
with comparable properties and degenerate masses. This approximate flavor symmetry is
the consequence of these multiplets, as depicted in Figure 1.2. The need for an additional
quantum number specific to the strong interaction was addressed by the quark model, leading
to the introduction of a “color charge” by O.W. Greenberg [9]. This hypothesis postulates
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Figure 1.2: Vector and pseudoscalar meson nonets (left and right). The labels Y and I
represent the hypercharge and isospin quantum numbers. All these particles have masses
less than 1 GeV, with fluctuations of a few hundred MeV within each nonet.
Figure adapted from [10].

that quarks possess a color charge, which comes in three variations, and is entirely symmetric
across all three colors, despite the different masses of various quarks. This color symmetry
is described by the Lie group SU(3). The inclusion of color charges distinguishes quarks
from other particles, enabling them to participate in strong interactions as well as weak and
electromagnetic interactions with other fermions.

However, the quark model fails to explain the absence of free quarks in the natural world
or the binding mechanism that holds quarks together. These limitations were overcome with
the development of Quantum Chromodynamics (QCD), a quantum field theory that describes
the strong interactions between quarks and gluons (the carriers of the strong force) [11, 12].

Hypercharge: In the context of the Standard Model of particle physics, hypercharge is
a quantum number that characterizes the strong and weak forces acting on a particle. It is
related to the third component of weak isospin and the electric charge of the particle. The
hypercharge (Y) is defined as:

Y = 2(Q− I3), (1.1)

where Q is the electric charge and I3 is the third component of weak isospin. The hy-
percharge of a particle determines its interactions via the strong and weak forces. While
hypercharge is conserved in all strong and electromagnetic interactions, it is not conserved
in weak interactions.
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1.1.2 Quantum Chromodynamics

Quantum Chromodynamics (QCD) is a theory aimed at comprehending the properties and
interactions of protons and neutrons, originating from nuclear physics [11]. QCD is an
extension of Quantum Electrodynamics (QED), which describes the interaction between
charged particles through the exchange of photons [13]. In QED, physical processes are
computed using Feynman diagrams.

QCD Lagrangian

The complete QCD Lagrangian is given by:

LQCD = ψ̄[i/∂ −m]ψ − 1

4
[∂µA

b
ν − ∂νAb

µ][µAν
b − ∂νA

µ
b ]− 1

2a
∂µAb

µ∂
νAb

ν

+
g

2
ψ̄λaγµAa

µψ −
g

4
[∂µA

a
ν − ∂νAa

µ]fabcAµ
bA

ν
c −

g2

4
fabcfadeAa

µA
b
νA

µ
dA

ν
e

− ∂µc−a∂µc
a + gfabcAc

µ∂
µc−acb ,

(1.2)

where fabc is the structure constant of the SU(3) algebra. The Lagrangian in Eq. (1.2) can
be interpreted as follows:

• The first term represents the quark field i.e. can be used to derive the quark propagator.

• The second and third terms can be used to derive the gluon propagator defined by
eight four-potentials Ab

µ.

• The fourth term represents the interaction between quark and gluon fields.

• The fifth term represents an interaction between three gluon fields.

• The sixth term represents an interaction between four gluon fields.

• The seventh term can be used to derive the ghost propagator,

• while the eighth term represents an interaction between ghost and gluon fields, where
ca,b represents the ghost field and c−a,−b represents the antighost field.

It is important to note that the gauge-fixing Lagrangian in Eq. (1.2) is not gauge invariant.
Details of the Lagrangian are described in [14, 15].
Quantum chromodynamics (QCD) provides an explanation for two intriguing properties of
quarks, namely “asymptotic freedom” and “confinement.”

The concepts of asymptotic freedom and confinement are fundamental in the field of
quantum chromodynamics (QCD) [16, 17, 18, 19]. Asymptotic freedom refers to the phe-
nomenon where the strength of the interactions between quarks diminishes at short distances.
This occurs because static quarks emit virtual gluons, causing their color charges to spread
into the surrounding vacuum. Consequently, the color force between quarks weakens as the
distance between them decreases. On the other hand, confinement refers to the persistence
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Figure 1.3: An illustration demonstrating color confinement in a meson. Figure adapted
from [20]

of strong force between quarks even as they are separated. This leads to the formation of
bound states, known as hadrons, composed of either a quark and an antiquark (mesons) or
three quarks (baryons). Confinement, which arises from the strong interaction at long dis-
tances, explains the inability to observe free quarks. Although confinement lacks analytical
proof, it is widely accepted due to its simple representation in lattice QCD.

To illustrate the concept of confinement, consider Figure 1.3, which depicts the confine-
ment of color charges in a meson.

1.2 The World of Mesons

Mesons, a subset of hadrons, are composed of one quark and one antiquark. The confirmation
of the existence of mesons came with the discovery of the π meson (pion) by English physicist
Cecil Frank Powell and his research team in 1947. This discovery validated the initial
theoretical work by Japanese physicist Yukawa Hideki in 1935, who had postulated the
existence of mesons. Mesons exhibit a wide range of masses and typically have relatively
short lifetimes, ranging from 10−8 to less than 10−22 seconds. The more massive mesons
tend to be less stable than their lower mass counterparts, making the latter more suitable
for study in cosmic ray experiments and particle accelerators.

Mesons are notable for their participation in both weak and strong interactions, with
charged mesons additionally engaging in electromagnetic interactions. They generally have
lower masses compared to baryons, making them more accessible for experimental creation
and increasing the chances of observing high-energy phenomena. Consequently, mesons serve
as valuable tools for investigating quark interactions, gaining insights into the role of gluons,
and delving into the mechanisms of color confinement.
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1.2.1 Groups and Symmetries

Isospin

The concept of isospin plays a fundamental role in the study of hadronic states, representing
a symmetry arising from the compatibility between the two lightest quarks. This symme-
try corresponds to the SU(2) group and leads to a distinct arrangement of hadronic states.
Isospin was initially introduced to explain the nearly identical masses of the proton and
neutron, which are indistinguishable under the influence of the nuclear force. The isospin
quantum number I measures the strength of the strong interaction between nucleons and is
projected onto the z-direction as I3 = +1/2 and −1/2 for the proton and neutron, respec-
tively. In the case of mesons, the isospin quantum number I assumes a value of 1, while
the z-component I3 can take on values of −1, 0, or 1, corresponding to the π−, π0, and π+

mesons, respectively.

Parity, Charge-Conjugation, G-Parity

In the realm of meson classification, a comprehensive understanding hinges on multiple
facets, including quark content, total angular momentum (J), parity (P ), and other dis-
cerning properties like charge parity (C) and G-parity. The magnitude of the total angular
momentum (J) serves as a fundamental descriptor, encompassing both orbital and spin
angular momentum contributions. It spans a range from |l − s| to |l + s|.

In this classification framework, discrete finite symmetry groups come into play, each
having eigenvalues of ±1. Three fundamental symmetries, namely Parity (P ), Charge Con-
jugation (C), and G-parity, assume pivotal roles in characterizing mesons and their behavior:

• Parity (P ): The P operator represents a spatial mirror reversal, a transformation
preserved under both strong and electromagnetic interactions. Its action is elegantly
captured by the expression:

P = (−1)l+1 . (1.3)

• Charge Conjugation (C): C involves the intriguing transformation of a particle
into its corresponding antiparticle by flipping the sign of its charge and magnetic
moments (q → q̄ and vice versa). This transformation is encoded in the form:

C = (−1)l+s . (1.4)

• G-Parity (G): The G-parity, a more intricate symmetry, combines charge conjugation
with a 180-degree rotation around the second axis of the isospin vector I2. Its behavior
is intricately expressed as:

G = (−1)I+l+s . (1.5)

These above equations encapsulate the relationships between these essential symmetries,
angular momentum, and spin, providing a foundational framework for the systematic clas-
sification of mesons in the vibrant landscape of particle physics. The spin configuration of a
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qq̄ system can be either 0 or 1 for anti-parallel or parallel quarks, respectively. Mesons are
categorized into different types based on their spin configuration, as presented in Table 1.1.
These classifications offer insights into the dynamics of mesons by shedding light on the
behavior and interactions of quarks.

State s l J P C JPC Mesons Type

1S0 0 0 0 − + 0−+ π η η′ K pseudo-scalar

3S1 1 0 0 − − 1−− ρ ω ϕ K∗ vector

1P1 0 1 1 + − 1+− b1 h1 h′1 K1 pseudo-vector

3P0 1 1 0 + + 0++ a0 f0 f ′
0 K∗

0 scalar

3P1 1 1 1 + + 1++ a1 f1 f ′
1 K1 axial vector

3P2 1 1 2 + + 2++ a2 f2 f ′
2 K∗

2 tensor

Table 1.1: The mesons states as a function of l, s and J and their corresponding meson
types.

The lightest mesons, known as pseudo-scalar mesons, weakly decay into lepton pairs
or electromagnetically into two photons [21]. Additionally, if their mass is sufficient, they
can undergo strong interaction-induced disintegration into hadrons. Vector mesons, despite
having a greater mass, have a shorter average lifespan compared to pseudo-scalar mesons
due to their predominantly strong interaction-mediated decay.

1.2.2 Hybrids

Quantum Chromodynamics allows for the existence of meson states that possess unconven-
tional quantum numbers, such as 0+−, 1−+, and 2+−, as depicted in Figures 1.4 and 1.5.
These spin-exotic states suggest the presence of particles comprising more than two quarks
or gluonic excitations. Topics related to such states predominantly include hybrids, glue-
balls, or multi-quark states like tetraquarks and pentaquarks [22, 23, 24], as well as mesonic
molecules and hadrocharmonium, which are commonly referred to as exotics, as illustrated
in Figures 1.4, 1.5, and 1.6.

According to QCD, “glueballs,” which consist solely of gluons, are predicted to exist as
additional isoscalar mesons. Lattice gauge theories indicate that the ground state glueball
is 0++, with a mass of (1730± 80 MeV/c2), while the first excited state is 2++, with a mass
of (2400 ± 120 MeV/c2) [25, 26]. Hybrid states, believed to be mesons formed by binding
excited gluons to qq̄ pairs, are expected to fall within the mass range of 1.9 GeV. The lightest
hybrid, an exotic 1−+ state, with a mass ranging from 1.8 to 1.9 GeV, is also predicted by
lattice QCD [27],[28].
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Figure 1.4: Isovector meson spectrum obtained from Lattice QCD. Figure from [29]

1.3 Motivation

The intricate domain of quantum chromodynamics (QCD) continues to grapple with a mul-
titude of unresolved intricacies, encompassing the enigmatic nature of the strong interaction
binding quarks and gluons, the elusive internal structure of hadrons, and the perplexing
phenomenon of confinement. Within this context, the study of light meson spectroscopy
assumes paramount importance, as it serves as a linchpin for unraveling the enigmatic low-
energy structure of QCD, wherein the existence of gluonic excitations represents a captivating
facet.

Recent experimental breakthroughs, exemplified by the manifestation of structural diver-
sity and multiquark states [30, 31, 32, 33] observed at particle colliders, have bestowed upon
us the tantalizing prospect of unearthing further exotic hadrons, particularly those bearing
explicit gluonic content [34]. These unconventional hadrons furnish a unique vantage point
from which to glean insights into the intricate characteristics of gluons, the mechanisms gov-
erning color confinement, and the dynamics of the strong interaction, thus rendering them
an indispensable subject of scholarly pursuit.

Photoproduction processes emerge as a fertile realm for the creation of exotic mesons,
and unraveling the underlying mechanisms governing non-exotic meson photoproduction
serves as an auspicious springboard for exploring and comprehending the phenomenology
surrounding “exotic hybrid states” engendered by such processes. It is noteworthy that
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Figure 1.5: Expected meson spectrum. Figure from [35]
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Figure 1.6: Illustration of meson substructure models, with black and white colors repre-
senting particles and antiparticles, respectively. Figure adapted from [36]

these photoproduction-induced exotic hybrid states, typified by ηπ and ωπ photoproductions,
assume particular significance within the confines of Jefferson Laboratory (JLab). These
processes occupy a paramount position in the quest for detecting exotic states at JLab,
their comprehensive study proving pivotal in shedding light on the nuanced characteristics
of gluons, the mechanisms orchestrating color confinement, and the tenets of the strong
interaction.

Amongst photoproduction channels, ππ photoproduction reigns supreme as the most
prominent process, rendering it the optimal “non-exotic” candidate for delving into the
multifaceted features pervading the meson resonance spectrum. However, the intricacies
of the production mechanism underpinning larger momentum transfers remain shrouded in
ambiguity. Moreover, a contentious debate persists regarding the true nature of the pomeron,
thereby endowing this avenue of inquiry with a tantalizing allure.

In concert with the photoproduction process, the arena of final-state interactions assumes
great significance, wherein a meticulous examination of resonance properties encompassing
phase shifts, widths, and inelasticities can facilitate the identification of latent exotic mani-
festations.

While antecedent research has addressed resonances within the ππ channel, attaining
precise results has been impeded by the unfavorable phase shift behavior observed at the
ππ threshold, primarily attributable to the lack of crossing symmetry. Consequently, this
investigation endeavors to analyze P -wave resonances employing a coupled channel separable
potential approach, thereby proffering projections pertaining to πω characteristics. Accu-
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rate measurements of scattering amplitudes bestowed by this study hold immense potential
for advancing analyses at JLab, where the subtle repercussions of predicted exotic states
necessitate the precise estimation of amplitudes.

Notational Convensions

In this thesis, the following notations will be used:
The general contravariant four-vector in the Bjorken and Drell notation:

pµ : (p0, p1, p2, p3), . (1.6)

With the metric tensor convention:

gµν =


1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1

 , (1.7)

the covariant four vector reads:

pµ : (p0,−p1,−p2,−p3) = gµνp
µ, . (1.8)

The notation /p = γµpµ is used, where γµ represents the Dirac matrices (See Appendix A).
The thesis calculations will utilize the following mass and width values, measured in GeV/c2,
while adhering to the convention of setting ℏ and c to unity:

mp = 0.93827 , (1.9)

mπ = 0.13957 , (1.10)

mρ = 0.775 , (1.11)

mσ = 0.5 , (1.12)

mf0 = 0.98 , (1.13)

Γρ = 0.149 , (1.14)

Γσ = 0.5 , (1.15)

Γf0 = 0.1 . (1.16)

where mp, mπ, mρ , mσ, mf0 are the proton, pion, ρ meson, σ ≡ f0(500), f0(980) masses

respectively, with e =
√

4π
137

as the electric charge. Also, “pomeron” exchange will be included

within the study and it will be defined in 2.2.
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Chapter 2

Theoretical Background

Scattering theory serves as a fundamental framework for analyzing particle reactions without
requiring a specific definition of the underlying particle interaction. Rooted in fundamental
principles such as probability conservation, unitarity, and causality, it enables the construc-
tion of amplitude models that can be analytically extended to extract the underlying physics
of the reaction. This chapter elucidates the concept of the S-matrix and its intrinsic char-
acteristics, along with dispersion relations that establish connections between the overall
transition amplitude and its discontinuities. Additionally, it explores resonances within the
complex plane and delves into Regge theory, encompassing trajectories and poles.

2.1 The S Matrix

The scattering process can be delineated into three stages: the pre- and post-collision phases,
where particles can be described in terms of their free states, and an intermediate stage
characterized by particle interactions. The notion of the S-matrix, first proposed by Wheeler
[37] in 1937, encapsulates an operator that transforms an initial state into a final state.
Subsequently, in 1942, Heisenberg postulated that this matrix encompassed all the requisite
information for calculating physical observables, including cross sections and bound state
energies [38].

Even today, S-matrix theory remains a potent tool in hadronic physics, particularly for
probing meson-meson interactions. This formalism yields model-independent, robust, and
accurate results while maintaining simplicity of implementation.

The construction of the S-matrix is founded upon essential principles governing the
nature of the underlying interaction. These principles encompass relativistic covariance,
Lorentz invariance, and the unitarity condition.

Relativistic covariance guarantees that theoretically computed observables yield consis-
tent results, irrespective of the chosen inertial frame of reference. It serves as a broader
concept encompassing the preservation of physical laws under various transformations in rel-
ativistic physics. In contrast, Lorentz invariance specifically focuses on preserving equations
under Lorentz transformations within the framework of special relativity.
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Conversely, the unitarity condition is a crucial requirement for probability conservation.
It ensures that the total probability remains constant at one, representing the likelihood of
all potential outcomes in an interaction.

As previously mentioned, the S-matrix describes the transition from asymptotic initial
states |i⟩ to asymptotic final states |f⟩, allowing for the definition of the matrix element
⟨f |S |i⟩. These matrix elements must be scalars, given that S is expected to be Lorentz in-
variant1. Consequently, if particles are described solely by their 4-momentum, the amplitude
will depend solely on scalar variables such as pµi pjµ.

The S matrix finds its concise representation in two distinct terms:

S = I + iT . (2.1)

In this formulation, the identity matrix, denoted as I, signifies the state of non-interacting
particles. On the other hand, the T -matrix encapsulates the intricacies of the interaction
process and can be articulated as:

⟨f |T |i⟩ = i(2π)4δ4(pi − pf )Tfi . (2.2)

In Eq. (2.2) δ4(pi−pf ) established the four-momentum conservation pi = pf with pi = p1+p2
and pf = p3 + p4.

In the realms of nuclear, atomic, and particle physics, the differential and total scattering
cross sections stand as paramount observables. They serve as a means to describe the
likelihood of a particular scattering event occurring. These cross sections encapsulate the
essence of two-body scattering measurements and play a crucial role in understanding the
intricacies of hadronic physics, as resonances often manifest as distinctive peaks or bumps
within these cross sections. With dimensions of an area, the total cross section for the
12→ 34 scattering process can be defined as:

σ12 =
1

4|p1|
√
s

∑
j

(2π)4δ4(pf − pi)|⟨f |T |i⟩|2 , (2.3)

Here, the sum over “j” represents the summation over all possible final states ‘j” that are
consistent with the initial state “i” and the scattering process.

In this thesis, the S-matrix formalism plays a prominent role in investigating resonance
properties in meson-meson scattering processes, encompassing phase shifts and inelasticities.
The ππ and πω channels will be the primary focus, with detailed discussions in Chapters 5
and 6.

1The Lorentz invariance of the S matrix stems from the Lorentz invariance of the scattering amplitudes,
which are themselves Lorentz invariant quantities. The S matrix, which describes the probability of a scatter-
ing process occurring, remains unchanged in all inertial reference frames related by Lorentz transformations.
This property arises from the fundamental symmetry of the laws of physics under Lorentz transformations.

14



2.1.1 Unitarity

The principle of unitarity ensures the conservation of particle flux, implying that the total
probability of all possible final states must sum up to one:∑

n

Pn = 1, (2.4)

where Pif represents the transition probability from an initial state |i⟩ to a final state |f⟩,
given by:

Pif =
∣∣∣⟨f | Ŝ |i⟩∣∣∣2. (2.5)

Rearranging Eq. (2.4) using the completeness identity
∑

n |n⟩ ⟨n| = I yields:∑
n

|⟨n|S |i⟩|2 = 1. (2.6)

Further manipulation, employing algebraic transformations, leads to the unitarity conditions:

S†S = SS† = I, (2.7)

T − T † = iT †T = iTT † . (2.8)

By substituting Eq. (2.2) into (2.8), we obtain:

⟨f |T |i⟩ − ⟨f |T † |i⟩ = (2π)4δ4(pf − pi)(Tfi − T ∗
if ) . (2.9)

Due to the time reversal symmetry in strong interactions, i.e., Tfi = Tif , Eq. (2.9) can be
expressed as:

ImTfi =
Tfi − T ∗

if

2i
. (2.10)

The unitarity condition for the transition amplitude is expressed as follows:

2 ImTfi = (2π)4
∑
N

δ4(pn − pi)TfnT ∗
in, (2.11)

Here, the summation
∑

N represents both a phase-space integral and a sum over all potential
intermediate states. This summation is defined as:∑

N

=
∑
n

∫ n∏
j=1

d3pj
(2π)32Ej

. (2.12)
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Figure 2.1: Representation of the AB → CD scattering process in the center of mass frame.
Figure from [36]

2.1.2 Crossing Symmetry

Consider a scattering processA(pa,ma)+B(pb,mb)→ C(pc,mc)+D(pd,md), where pi = (Ei, p⃗i).
In this context, one can establish the following relationships:

∑
i

pµi = 0⇒ pa + pb = pc + pd conservation of 4-momentum, (2.13)

p2i = m2
i on-shell condition. (2.14)

To conveniently describe the scattering process, the Mandelstam variables, which are
Lorentz invariant kinematic variables can be introduced as:

s = (pa + pb)
2 = (pc + pd)

2 ,

t = (pa − pc)2 = (pb − pd)2 , (2.15)

u = (pa − pd)2 = (pb − pc)2 .

Using Eqs.(2.13),(2.14), and (2.15), one can derive the following relation:

s+ t+ u =
4∑

i=1

m2
i . (2.16)

It is important to note that the Mandelstam variables in Eq.(2.16) are not independent.
Therefore, one of them can be expressed in terms of the other two, meaning that two in-
dependent kinematic variables are sufficient to describe the two-body scattering process.
Specifically, in the s-channel center of mass frame of the initial particles (as depicted in
Fig.2.1), thus the Mandelstam variables can be expressed as:

s = m2
a +m2

b + 2(EaEb − |p⃗a||p⃗b| cosπ) ,

t = m2
a +m2

c − 2(EaEc − |p⃗a||p⃗c| cos(π − θs)) , (2.17)

u = m2
a +m2

d − 2(EaEd − |p⃗a||p⃗d| cos θs) .
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Figure 2.2: The crossing channels of the AB → CD scattering process. Figure from [36]

The momenta in the center of mass frame can be expressed as:

|p⃗a|2 = |p⃗b|2 =
λ(s,m2

a,m
2
b)

4s
=

(s− (ma +mb)
2)(s− (ma +mb)

2)

4s
, (2.18)

|p⃗c|2 = |p⃗d|2 =
λ(s,m2

c ,m
2
d)

4s
=

(s− (mc +md)
2)(s− (mc +md)

2)

4s
, (2.19)

where λ(a, b, c) is the Källen function defined as:

λ(a, b, c) = a2 + b2 + c2 − 2(ab+ bc+ ca) . (2.20)

By expressing the energies in terms of the three-momenta, E2
i = |p⃗i|2 + m2

i , the energies in
the center of mass frame can be determined as:

Ea =
s+m2

a −m2
b

2
√
s

, Eb =
s+m2

b −m2
a

2
√
s

, (2.21)

Ec =
s+m2

c −m2
d

2
√
s

, Ed =
s+m2

d −m2
c

2
√
s

. (2.22)

From Eqs.(4.12),(2.19),(2.21), and (2.22), it is evident that s alone determines the en-
ergies and momenta of the particles in the center of mass frame. The scattering angle θs,
which is the angle between the directions of motion of particles C and D (see Fig. 2.1), can
be expressed as:

cos θs =
s(t− u) + (m2

a −m2
b)(m

2
c −m2

d)

4spapc
. (2.23)
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The crossing channels of the process, as shown in Fig. 2.2, are represented by the following
analytic expressions:

s− channel : A(pa) +B(pb)→ C(pc) +D(pd) , (2.24)

t− channel : A(pa) + C̄(−pc)→ B̄(−pb) +D(pd) , (2.25)

u− channel : A(pa) + D̄(−pd)→ B̄(−pb) +D(pd) . (2.26)

The antiparticles of B,C, and D are represented by B̄, C̄, and D̄, respectively, with
reverse 4-momentum compared to the s-channel kinematics. The concept of crossing sym-
metry asserts that the amplitude characterizing the scattering in the s-channel is related
to the amplitudes of the t-channel and the u-channel. By exchanging the kinematic vari-
ables, the scattering amplitudes in the s-, t-, and u-channels can be obtained through the
same analytical function. Therefore, for an elastic scattering process with equal masses, the
following relations can be defined:

T (s, t, u) =


Ts ≡ T (s, t, u) sth ≥ 4m2, t ≤ 0, u ≤ 0 ,

Tt ≡ T (t, s, u) tth ≥ 4m2, s ≤ 0, u ≤ 0 ,

Tu ≡ T (u, t, s) uth ≥ 4m2, t ≤ 0, s ≤ 0 .

(2.27)

Here, the subscript (th) represents the threshold energy, i.e., the minimum energy needed
for the scattering process to be allowed. The relations in Eq. (2.27) are referred to as the
Mandelstam hypothesis [39, 40], which is essential in describing hadronic processes.

2.1.3 Partial Wave Expansion

The preservation of total angular momentum in all scattering processes is a fundamental
requirement for maintaining rotational invariance. As a consequence, the amplitudes can be
decomposed into a series of scalar functions with well-defined angular momentum, commonly
known as partial waves. These partial waves play a crucial role in the analysis of resonances,
as resonant behavior is typically associated with specific partial waves. This underscores
the significance of performing a partial wave analysis to extract valuable information about
resonance parameters.

For a spinless amplitude, the partial wave expansion can be expressed as:

T (s, t, u) = 16πN(2l + 1)fl(s)Pl(cos θs) . (2.28)

Here, N takes the value of 2 when dealing with scattering of identical particles, and 1
otherwise. The term Pl(cos θs) corresponds to the Legendre polynomials of the first kind,
which satisfy the following orthogonality condition:∫ +1

−1

Pl(x)Pl′(x)dx =
2

2l + 1
δll′ . (2.29)
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By utilizing the orthogonality property described in Eq. (2.29), the partial waves fl(s),
which depend solely on the variable s, can be determined as follows:

fl(s) =
1

32πN

∫ +1

−1

dzsPl(zs)T (s, t, u),̇ (2.30)

In this equation, zs = cos θs represents the cosine of the scattering angle within the
physical region. It is important to note that this approach can be applied to other channels,
such as the t- and u-channels, in a similar manner.

2.1.4 Analyticity and Dispersion Relation

The fundamental property of analyticity in the S-matrix asserts that the scattering am-
plitude remains an analytic function of the kinematic variables when continued into the
complex plane. This property is of utmost importance for maintaining the validity of cross-
ing symmetry. To facilitate analytical continuation, a small imaginary part, denoted as iϵ,
is introduced to the kinematic variables, which are originally real. It is noteworthy that
the original physical amplitude can be retrieved by taking the limit as ϵ approaches zero, as
expressed by:

fl(s) = lim
ϵ→0+

fl(s+ iϵ) . (2.31)

The unitarity relation, as presented in Eq. (2.11), indicates the existence of a non-zero
imaginary component beyond the initial threshold, which occurs at s = (m1 + m2)

2 in the
case of unequal masses. Furthermore, the opening of new intermediate inelastic channels may
generate additional imaginary parts, each associated with their respective inelastic thresh-
olds. It is important to note that the Mandelstam hypothesis suggests that the imaginary
components of the crossed channels will also manifest in the s-channel when shifting the
variables from the s-channel physical region to the t- or u-channel physical regions. For the
case of two unequal masses, the expression in Eq.(2.16) can be written as:

s+ t+ u = 2(m2
1 +m2

2) . (2.32)

A noteworthy observation arising from the preceding discussion is that the imaginary
parts persist from (m1 +m2)

2 to∞ due to the presence of the s-channel cut, as well as from
(m1−m2)

2− t to −∞ due to the u-channel cut. Consequently, the amplitude is real on the
real axis between these two thresholds.

The Cauchy theorem provides a dispersion relation that illuminates the analytic proper-
ties of the scattering amplitude, and it can be expressed as the Cauchy representation for
f(s)2:

f(s) =
1

2πi

∮
C

ds′
f(s′)

s′ − s
. (2.33)

2For simplicity, the orbital angular momentum index will be omitted
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Figure 2.3: Integration contour in the s-plane, where the real-axis is indicated in red and
the first left- and right-hand cut are labeled as sl and sth respectively. Figure from [36]

To simplify the analysis, the amplitude tends to zero as s approaches infinity, and the
curved portion of the circular contour shown in Figure 2.3 becomes negligible as the radius R
goes to infinity. Consequently, the contribution from the circular paths becomes insignificant.
Hence, Eq. (2.33) can be simplified to:

f(s) =
1

2πi

[∫ sl

−∞
ds′

f(s′ + iϵ)− f(s′ − iϵ)
s′ − s

+

∫ ∞

sth

ds′
f(s′ + iϵ)− f(s′ − iϵ)

s′ − s

]
. (2.34)

The Schwarz reflection principle, a significant theorem in complex analysis, states that
an analytic function f(z) defined in a domain C in the complex plane, with real values in a
segment of C, can be extended analytically to the entire complex plane:

f(z∗) = f ∗(z) . (2.35)

Consequently, the imaginary part of the amplitude can be related to its discontinuity as:

Im f(s) =
f(s+ iϵ)− f(s− iϵ)

2i
, (2.36)

where ϵ → 0 and is positive. Thus, Eq.(2.34) can be expressed in terms of the imaginary
part of the amplitude as:

f(s) =
1

π

[∫ sl

−∞
ds′

Im f(s′)

s′ − s− iϵ
+

∫ ∞

sth

ds′
Im f(s′)

s′ − s− iϵ

]
. (2.37)
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In case where the amplitude does not satisfy the condition lims→∞ f(s) = 0, then the
convergence of the dispersion relation can be maintained through subtraction:

f(s) =
1

π

∫
ds′

Im f(s′)

s′ − s
(s′ − s) + (s− s0)

s′ − s0
, (2.38)

f(s) = f(s0) +
s− s0
π

∫
ds′

(s′ − s0)
Im f(s′)

(s′ − s)
. (2.39)

The first equation represents the unsubtracted dispersion relation, also known as the
Kramers-Kronig relation. The second equation corresponds to the once-subtracted disper-
sion relation, which is obtained by subtracting the pole contribution at s = s0 from the
unsubtracted dispersion relation. Here, f(s0) is determined as:

f(s0) =
1

π

∫
ds′

(s′ − s0)
Im f(s′) . (2.40)

The incorporation of subtractions into dispersion relations is an effective approach to
improving convergence at high energies (s); however, it requires the determination of ad-
ditional parameters fi(s0), either from the final observable or by matching them to other
theories such as Chiral Perturbation Theory (ChPT). It should be noted that dispersion
relations may contain more subtractions than the minimum necessary for convergence (i.e.,
over-subtracted), which reduces sensitivity to the high-energy region and can be rectified.

In summary, this section has demonstrated the power of dispersion relations in recon-
structing the total amplitude from the S-matrix’s discontinuities by leveraging its analyticity,
unitarity, and crossing symmetry.

2.1.5 Resonances

Understanding the profound implications of line shapes within experimental data poses an
exceedingly intricate challenge in the realm of particle physics. Observable features, such as
peaks, bumps, and dips, serve as signatures of underlying physical processes. These distinc-
tive structures can manifest in two distinct forms: as consequences of scattering kinematics
or as manifestations of particle states, including resonances or bound states.

Bound states, also recognized as hadronic molecules, materialize as poles situated along
the real axis of the primary physical Riemann sheet, positioned just below the first threshold.
Within the confines of unitarity and causality, the first Riemann sheet admits only branch
cuts and bound states. In contrast, a pole residing on the second unphysical Riemann sheet
characterizes a resonance, characterized by a negative imaginary component beyond the
threshold. Refer to Fig. 2.4 for a visual representation.

To encapsulate their behavior, resonances are commonly described by the Breit-Wigner
(BW) propagator, an amplitude representation widely employed in particle physics. Specif-
ically, for P -wave resonances, the BW propagator can be elegantly expressed as:
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Figure 2.4: The complex plane where a single resonance generates a pole in the unphysical
Riemann sheet (yellow plane). The proximity of the pole to the physical region (red line in
the green plane) reflects the extent of its influence on the physical sheet. Figure adapted
from [41].

BW (s) =
1

m2
ρ − sππ − imρΓ

. (2.41)

In this equation, mρ denotes the mass of the ρ meson, sππ represents the squared energy of
the pion-pion system (sππ = m2

ππ), and Γ signifies the decay width, which exhibits an inverse
proportionality to the resonance’s lifetime, denoted by τ . The decay width governs the
sharpness of the resonance’s peak and its positioning along the real axis, thereby indicating
its proximity to the physical region.

Introducing an energy-dependent decay width Γ(s) within the Breit-Wigner propaga-
tor necessitates comprehensive knowledge of all alternative decay channels and their corre-
sponding coupling constants. This, however, introduces a level of model dependency to the
representation of the Breit-Wigner function.

To thoroughly investigate the impact of P -wave contributions within the current model
(as expounded further in Chapter 3), a meticulous analysis was conducted on the Breit-
Wigner amplitude for ρ meson production. Both energy-dependent and energy-independent
widths were considered in this examination. Remarkably, the adoption of an energy-dependent
width, as visually depicted in Fig. 2.5, elicited a noticeable shift in the resonance peak to-
wards lower values of sππ. Consequently, this intensified the Breit-Wigner response to the
left of sππ = m2

ρ, ultimately resulting in a diminution of the amplitude. Incorporating this
approach substantially enhanced the overall model.
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Figure 2.5: Comparison of the P -wave Breit-Wigner amplitude with energy-dependent and
energy-independent widths as a function of sππ.

2.2 Regge Theory

Regge theory, named after Tullio Regge [42, 43], provides a theoretical framework for char-
acterizing hadronic cross-sections based on fundamental assumptions in scattering theory.
Developed in the 1950s and 1960s prior to quantum chromodynamics (QCD), Regge theory
posits that strong forces are mediated by the correlated exchange of entire hadron fami-
lies, known as orbital excitations, over extended distances, rather than individual hadrons.
These exchanges are described by interpolating between resonances in the complex angular
momentum and mass plane, referred to as Regge trajectories.

2.2.1 Scattering Amplitude in the Regge Limit

In the physical region (s > 0 and t < 0), the scattering amplitude can be expanded as a series
of Legendre polynomials Pℓ(cos θ), where θ represents the scattering angle in the center-of-
mass frame and depends on s and t through cos θ = 1 + 2t

s
. For the process a + c → b + d,

the scattering amplitude takes the form:

A(s, t) =
∞∑
ℓ=0

(2ℓ+ 1)fℓ(s)Pℓ(1 +
2t

s
) . (2.42)

Here, the partial wave amplitudes fℓ(s) are used to expand the scattering amplitude in terms
of Legendre polynomials Pℓ(cos θ) in the physical region. By considering the t-channel and
utilizing crossing symmetry, the amplitude in Eq. (2.42) can be expressed as:

A(s, t) =
∞∑
ℓ=0

(2ℓ+ 1)fℓ(t)Pℓ(1 +
2s

t
) . (2.43)
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Applying the Sommerfeld-Watson transformation [44], Eq. (2.43) can be reformulated as a
contour integral in the complex l-plane:

A(s, t) =
(−1)ℓ

2i

∮
C
dl

(2ℓ+ 1)

sin πℓ
fℓ(t)Pℓ(1 +

2s

t
) . (2.44)

In Eq. (2.44), the functions fℓ(t) and Pℓ(1 + 2s
t

) represent the analytically continued partial
wave and Legendre polynomial functions, respectively. This equation captures the contribu-
tions from the poles on the real l-axis through integration along the contour C.

2.2.2 Regge Trajectories

Most hadrons are phenomenologically organized into linear Regge trajectories, which can be
parameterized as:

αR(t) = αR(0) + α′
Rt . (2.45)

Here, αR(t) is the trajectory for a specific hadron family R, and α′
R (GeV−2) is the slope for

the Regge trajectory R. The Regge trajectory intercept αR(0) is the value of αR(t) at t = 0
and determines the mass of the lowest-lying hadron on the trajectory. The leading Regge
trajectories in Regge theory include the Pomeron (P), the ρ trajectory (R = ρ), and the ω
trajectory (R = ω), among others.

Regge trajectories are believed to exhibit degeneracy, implying the absence of a shared
dispersive characteristic among them, thereby establishing clear distinctions between each
trajectory. For a thorough and informative exploration of Regge theory, please refer to the
sources [45, 46, 47].

2.2.3 Reggeization

Reggeization stands as a fundamental concept within Regge theory, particularly concerning
certain hadronic amplitudes. It postulates that scattering amplitudes associated with ex-
change processes occurring in the t-channel, encompassing particles of varying spin, can be
effectively described through the exchange of a Regge trajectory. This essential property
facilitates the development of Regge-like amplitudes even for particles possessing higher spin
values. Consequently, it plays a pivotal role in the extension of Regge theory to encompass
processes involving particles beyond those with spin 1.

2.2.4 Regge Pole

In Regge theory, a Regge pole signifies a singularity within the scattering amplitude located
in the complex angular momentum plane. These poles give rise to specific terms, known as
pole terms, in the partial wave amplitudes denoted as fℓ(t) in Eq. (2.44). The position of a
Regge pole is indicative of both the intercept and slope of the associated Regge trajectory.
Simultaneously, the residue at the pole serves as a determinant of the coupling strength
between the relevant particle and the exchanged trajectory.
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2.2.5 Regge Factorization

In Regge theory, Regge factorization is a fundamental property of scattering amplitudes that
facilitates the disentanglement of a process into distinct kinematic and dynamical compo-
nents. This property asserts that the scattering amplitude can be effectively split into two
parts:

1. A kinematical factor, contingent upon the Mandelstam variables s, t, and u.

2. A dynamical factor, reliant on the Regge trajectory and the particles’ coupling to that
trajectory.

Regge factorization streamlines the analysis of high-energy scattering events, enabling the
extraction of valuable physical insights from experimental data.

2.2.6 Applications

Regge theory has proven its utility across a spectrum of scientific domains, including particle
physics, nuclear physics, and high-energy physics. Its versatility shines in its applications
to hadron-hadron scattering, meson spectroscopy, diffractive scattering, total cross-section
measurements, and the behavior of scattering amplitudes at elevated energies. Moreover,
Regge theory has catalyzed the emergence of advanced theoretical frameworks like the dual
resonance models and string theory.

Overall, Regge theory furnishes a valuable tool for unraveling the dynamics of strong
interactions. It complements the more fundamental description furnished by QCD, fostering
deeper insights into the strong force and its manifestations in particle physics. Researchers
continue to rely on its concepts and techniques, expanding their use to further our grasp of
these fundamental phenomena.

2.2.7 The Pomeron Phenomenon

At high energies, hadronic cross-sections exhibit an intriguing consistency that hints at the
involvement of a distinct mechanism. This phenomenon prompted the introduction of the
concept of Reggeon exchange, necessitating a Regge trajectory with an intercept surpassing
unity. However, none of the known hadronic families met this requirement. As a result, a new
trajectory, termed the pomeron trajectory (P), was postulated to elucidate the dynamics
at high energies. The term ”pomeron” is a tribute to the physicist Isaak Pomeranchuk
[48]. Donnachie and Landshoff derived the standard parameters for the pomeron trajectory
by analyzing scattering cross-sections in proton-proton and proton-antiproton interactions
[49, 50]. Their analysis yielded the following trajectory form:

αDL
P = 1.0808 + 0.25 t . (2.46)

It is important to note that slight variations in the parameters were considered in subsequent
calculations [51], leading to the following representation:

αP = 1.08 + 0.2 t . (2.47)
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Beyond its intercept and slope, the pomeron possesses distinguishing characteristics, includ-
ing:

• The pomeron trajectory relates to color-singlet states that exhibit negligible isospin
effects.

• Parity and charge conjugation transformations are applicable to the pomeron.

• The cross-sections for particle-particle and particle-antiparticle exchanges involving the
pomeron exhibit remarkable equality, highlighting its phenomenological implications.

Incorporating the pomeron trajectory into the framework of Quantum Chromodynamics
(QCD) holds great appeal, as it represents a manifestation of the strong interaction. One
possible avenue involves establishing a connection between the pomeron trajectory in the
resonance zone and glueballs [52]. While experimental evidence for glueballs remains scarce,
their mass spectra can be determined through lattice QCD calculations [53] or classical
potential model techniques [54, 55].

In this thesis, Regge theory, which includes Reggeon exchanges, is employed to examine
the contributions of P -wave amplitudes in the πN → πN process, as described in Chapter 3.
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PART I Photoproduction of Light
Mesons

Preface

The realm of photoproduction, where photons interact with hadrons, offers a unique av-
enue for exploring the structural and spectroscopic characteristics of these particles. This
phenomenon provides insights into the quantum properties of photons as they traverse the
proton’s field, undergoing transformations into quark-antiquark pairs. The intricate dynam-
ics of this process are governed by a delicate interplay among factors such as the energy of
the incident photon, the momentum transferred to the proton, and the quantum attributes
of the resulting meson.

In the domain of photoproduction, two fundamental scenarios come into play. In the
first scenario, the incident photon can be absorbed by a meson, leading to the creation of
a final-state meson—an event known as the “t-channel process.” Alternatively, the incident
photon can induce the radiative excitation of the target proton into a baryon resonance,
which subsequently decays into a meson and a proton. This sequence of events is termed
the “s-channel process.”

This preface outlines the following explorations:

1. Pseudoscalar Meson Photoproduction: The dynamics of pseudoscalar meson
photoproduction are captured through a scattering matrix comprising four complex
amplitudes. While cross-section measurements provide information about these am-
plitudes, understanding phase details and interference effects arising from overlapping
processes necessitates knowledge of the eight real parameters that characterize these
four complex amplitudes. Polarization observables offer a means to decipher the an-
gular distribution of decay particles resulting from either a polarized photon beam or
a polarized target.

2. Vector Meson Photoproduction: The involvement of additional spin compo-
nents in vector meson photoproduction gives rise to a plethora of amplitudes. An
effective approach involves treating the quantum system as an ensemble of states de-
scribed by a density matrix, which, in fact, is constructed using these numerous ampli-
tudes. This approach allows for the determination of “spin density matrix elements”
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(SDMEs) for spin polarization states. Schilling [56] extensively discusses the applica-
tion of this method in the study of vector meson photoproduction. The Vector Meson
Dominance (VMD) model, proposed by Sakurai [58] prior to the advent of Quantum
Chromodynamics (QCD), remains widely accepted in this domain. According to this
model, the incident photon can become a vector meson, subsequently participating in
diffractive scattering off the proton through Pomeron exchange [59]. The photon and
vector mesons share identical quantum properties, including spin, parity, and charge
conjugation. Within this framework, the photon is portrayed as a superposition of
light vector mesons [60].

In the past, hadron beams were the predominant method for investigating exotic mesons.
However, the advantages of using photoproduction for studying these resonances have become
increasingly apparent, primarily because of its broader cross-section [61]. Recent research,
carried out through ηπ photoproduction experiments utilizing the CLAS facility at Jefferson
Lab, has achieved successful detection of exotic mesons [62].
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Chapter 3

Double Pion Photoproduction

Hadronic photoproduction serves as a valuable avenue for experimental observations that
yield crucial insights into the spectroscopic and structural properties of hadrons in quantum
chromodynamics (QCD). By employing protons as target hadrons, researchers can ana-
lyze the spectrum of excited nucleons at low energies. Meanwhile, at higher energies, the
dominance of t-channel Reggeon exchanges, as predicted by Regge theory, allows for the
exploration of the process and extraction of information about the exchanged Reggeons.

This chapter presents a comprehensive exploration of the intriguing phenomenon of dou-
ble pion photoproduction, denoted as γp→ π+π−p. The investigation involves the utilization
of the model, which incorporates the Drell-Söding-Deck Mechanism [1]. Section 3.1 intro-
duces the kinematic notations used throughout the analysis. In Section 3.3, two different
frames of reference are introduced, providing alternative approaches to construct the pho-
toproduction amplitude. Furthermore, the construction of both the background amplitude
(Deck) in Section 3.2 and the signal in Section 3.4 are meticulously discussed. These sec-
tions particularly emphasize the creation of various resonances, with the dominant ρ meson
contributing to the P -wave, and the scalar resonances σ and f0(980) influencing the S-wave
through a Regge t-channel exchange mechanism (Sections 3.4.1 and 3.4.2, respectively).

p (p1, λ1)

γ (q, λq)

p (p2, λ2)

π−( k2)

π+ (k1)

p (p1, λ1)

γ (q, λq)
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π+( k1)

π− (k2)

p (p1, λ1)

γ (q, λq)
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π+ (k1)

π− (k2)

Figure 3.1: The Deck Mechanism for two pion photoproduction.
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3.1 Model Description

The theoretical framework employed in this study is based on the renowned Drell-Söding-
Deck approach, which was initially proposed by Drell [63] and later extended by Deck [1] to
describe hadroproduction. Building upon these foundations, Söding [64] further developed
the model by incorporating the resonant contribution of the ρ(770) meson, which dominates
at small invariant masses, into the continuous component. Consequently, a combined ap-
proach emerged, often referred to as the “Drell-Söding Mechanism” or “Deck Mechanism”,
that effectively captures the essential aspects of the angular moments.

In accordance with the Deck mechanism [1], the double pion photoproduction process
can be conceptualized as a dynamic interplay between two distinct processes, as illustrated
in Figure 3.1. The first two diagrams, denoting the continuum (Deck), and the final diagram,
representing resonant contributions, collectively describe this intricate phenomenon. In this
framework, the Deck contribution arises from the complementary processes involved in the
diffractive dissociation of the photon off the nucleon target. These processes are primarily
governed by long-range interactions, such as one-pion exchange.
Furthermore, in this work the virtuality of the exchanged pion is fully taken into account. To
yield a parameter-free representation of the non-resonant continuous background within the
2 → 3 process of double pion photoproduction, the Deck Mechanism establishes a linkage
to πN elastic scattering. When a photon encounters a proton, resulting in the generation of
two pions, a multifaceted set of processes unfolds. Among these processes is the excitation
of the ρ meson, which can subsequently undergo decay into two pions. Consequently, this
allows for the adoption of a conventional Breit-Wigner parameterization for the resonant
production component, encompassing the ρ resonance.

Kinematics

The four components of the helicity-dependent nucleon Dirac spinors are defined as follows:

u(p) =
√
Ep +mp

 1

σ⃗·p⃗i
Ep+mp

⊗ χλ(θ, φ) , (3.1)

where Ep represents the proton energy, θ and φ denote the spherical angles of the 3-momenta
vector, and σ⃗ stands for the Pauli matrices (see Appendix A).

The two-component Pauli spinors χλ, corresponding to an arbitrary direction θ and ϕ,
can be explicitly expressed as:

χ1/2(θ, φ) =

 cos(θ/2)

eiφ sin(θ/2)

 , χ−1/2(θ, φ) =

−eiφ sin(θ/2)

cos(θ/2)

 . (3.2)

Furthermore, the z-projection of the Pauli matrices is given by:

χ1/2(0) =

0

1

 , χ−1/2(0) =

0

1

 . (3.3)
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It is important to note that these nucleon spinors satisfy the orthogonality and complete-
ness conditions. The following notations will be utilized in the description of the studied
process:

• The incoming photon γ:

1. Four-vector momentum qµ, with qµ : (Eγ, q⃗),

2. Helicity λq, where λq = ±1,

3. Polarization vector ϵq:

ϵq = − λq√
2

(cos θq, iλq sin θq). (3.4)

It is noteworthy that the polarization vector must adhere to the transversity
condition:

qµϵ
µ = 0. (3.5)

• The target proton p1:

1. Four-vector momentum pµ1 : (E1, p⃗1),

2. Helicity λ1 = ±1/2.

• The recoiling proton p2:

1. Four-vector momentum pµ2 : (E2, p⃗2),

2. Helicity λ2 = ±1/2.

• The final pions:

1. Four-vector momentum of π+ denoted as kµ1 : (Ek1 , k⃗1),

2. Four-vector momentum of π− denoted as kµ2 : (Ek2 , k⃗2),

• The intermediate exchanged virtual pion denoted as π∗±.

• The pion virtuality denoted as tπ.
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Figure 3.2: Some of the double pion photoproduction relevant invariants

The relevant set of invariants for the photoproduction process depicted in Fig. 3.2 can be
defined based on the general description of the Mandelstam variables s, t, and u discussed
in Chapter 2:

s = (p1 + q)2 = (p2 + k1 + k2)
2 , (3.6)

t = (p1 − p2)2 = (k1 + k2 − q)2 , (3.7)

u = (q − p2)2 = (p1 − k1 − k2)2 , (3.8)

s1 = (p2 + k1)
2 , (3.9)

t1 = (p1 − k1)2 , (3.10)

u1 = (q − k1)2 = (p1 − k2 − p2)2 , (3.11)

s2 = (p2 + k2)
2 , (3.12)

t2 = (p1 − k2)2 , (3.13)

u2 = (q − k2)2 = (p1 − k1 − p2)2 , (3.14)

sππ = (k1 + k2)
2 = (p1 − p2 + q)2 . (3.15)

Here, s represents the total center-of-mass energy squared, t denotes the total four-
momentum transfer, and sππ is the invariant mass of the ππ system squared. Moreover, s1,
t1, u1, s2, t2, and u2 are the invariants corresponding to the π∗+N → π+N and π∗−N → π−N
scattering processes, respectively.

3.2 Deck Model

The objective of this section is to offer a comprehensive explanation of the two-pion photo-
production process within the framework of the Deck Mechanism. In the realm of hadronic
physics, the Deck Mechanism serves as a theoretical model designed to elucidate the diffrac-
tive disintegration of a photon when it interacts with a nucleon target. This model primarily
revolves around long-range interactions, particularly one-pion exchange. Its principal utility
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lies in providing a description of the continuous, non-resonant background in certain scat-
tering phenomena, such as double pion photoproduction, without the need for additional
parameters.

At its core, the Deck Mechanism establishes a link between the initial interaction of the
photon with the proton and the subsequent generation of two pions. This often entails the
intermediate excitation and subsequent decay of the ρ meson, a resonance particle.

To provide a deeper insight into the Deck Mechanism, it can be envisioned as a two-
step process. Initially, the incoming photon undergoes decay, resulting in the creation of
two pions, with one of them being off-shell. Subsequently, this off-shell pion elastically re-
coils towards the nucleon target, leading to the formation of the ππN final state. Despite
the off-shell nature of the involved pion, it is reasonable to approximate its amplitude with
the physical πN scattering amplitude, especially in cases of small pion virtuality. This
approximation establishes a connection between the 2 → 3 process and πN elastic scatter-
ing, ultimately offering an effective and parameter-free representation of the non-resonant
continuous background.

The Deck amplitude was initially introduced in [1], where the pion pole was identified as
a consequence of the nearest singularity at low tπ. One-pion exchange amplitudes in double
pion photoproduction may not satisfy current conservation due to potential violations of
gauge invariance. To rectify this, “gauge invariance restoring terms” are introduced, ensur-
ing the preservation of current conservation principles in electromagnetic interactions. These
additional terms are crucial for accurately calculating the double pion photoproduction am-
plitude while adhering to the laws of physics. Gauge invariance was subsequently established
by adjusting the pion pole in [65].

To derive the gauge invariant Deck amplitude, follow this procedure:

MDeck
λ1λ2λq

(s, t, sππ,Ω) = e

[
− ϵ(q, λq) · k2

q · k2
M+

λ1λ2
(s1, t)

+
ϵ(q, λq) · k1

q · k1
M−

λ1λ2
(s2, t)

]
.

(3.16)

Here, M±
λ1λ2

represents the scattering amplitude for the process p + π∗± → p + π±. The
relative minus sign between the two terms arises from the photon’s coupling to both pos-
itive and negative charged pion states. It is important to note that this binary amplitude
depends on three kinematic invariants due to the virtuality of the initial pion. In the limit
where tπ → m2

π, these amplitudes can be related to elastic π±p scattering, for which there
exists abundant experimental data. However, it should be emphasized that the amplitudes
presented here are given in the charge basis and should not be mistaken for the t-channel
isospin basis of elastic πN scattering, which will be discussed in Sec.3.2.1. Furthermore, the
amplitude given in Eq.(3.16) does not satisfy gauge invariance. Gauge invariance, defined by
the Ward-Takahashi identity, requires the amplitude to vanish upon the substitution ϵ→ q,
i.e., ϵ(q, λq) · q = 0. However, this assertion does not hold true. To address this limitation,
a methodology developed by Pumplin [65], which has been in use for decades, is employed.
This methodology introduces a contact term ϵ(q, λq) · V into the matrix element. To ensure
the comprehensive nature of V µ, the most general form is utilized:
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V µ = apµ1 + bqµ + cpµ2 + dkµ1 + ekµ2 , (3.17)

where the coefficients a, b, c, d, and e are functions of the five independent kinematic
variables. It is important to note that the electromagnetic interaction of the pion has been
already included in Eq.(3.16), thus the gauge invariance restoring term lacks four-vectors for
the charged pions. Furthermore, the dependence on q can be disregarded, as it is unrelated
to the physical amplitude. Hence, the expression simplifies to:

V µ = apµ1 + cpµ2 . (3.18)

To satisfy the conservation of total momentum (p1 − p2 = k1 + k2 − q), the coefficients a
and b are subject to a single constraint. Pumplin’s choice is to adopt:

V µ = (p1 + p2)
µv, (3.19)

where v is a scalar function of the five independent kinematic variables. With this modifi-
cation, the gauge invariant Deck amplitude can be defined as:

MDeck,GI
λ1λ2λq

(s, t, sππ,Ω) = e

[
− ϵ(q, λq) · k2

q · k2
β(tπ2)M+

λ1λ2
(s1, t)

+
ϵ · k1
q · k1

β(tπ1)M−
λ1λ2

(s2, t) + ϵ(q, λq) · (p1 + p2)v

]
,

(3.20)

where β(tπi
) = exp

(
(tπi
− tmin

πi
)/Λ2

π

)
, where tπi

= (q − ki), represents the hadronic form
factors with Λπ = 0.9 GeV, which are introduced to suppress the Born Term pion propagator
for one-pion exchange at large tπi

. The minimum pion virtuality is defined as:

tmin
π1

= m2
π −

1

2s

[
(s−m2

p)(s− s2 +m2
π)− λ1/2(s, 0,m2

p)λ
1/2(s, s2,m

2
π)

]
, (3.21)

tmin
π2

= m2
π −

1

2s

[
(s−m2

p)(s− s1 +m2
π)− λ1/2(s, 0,m2

p)λ
1/2(s, s1,m

2
π)

]
. (3.22)

By applying gauge invariance, the scalar function v can be expressed as:

v =
M+

λ1λ2
(s1, t)−M−

λ1λ2
(s2, t)

q · (p1 + p2)
, (3.23)

where q · (p1 + p2) can be written in terms of s and u as q · (p1 + p2) = 1
2
(s− u). Notably, for

the given conditions s > 0 and u < 0, this term does not contribute to a pole. Consequently,
the gauge invariant Deck amplitude can be written as:
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Figure 3.3: Effect of β(tπ) on the moments ⟨Y 0
0 ⟩ for the Deck amplitude.

MDeck,GI
λ1λ2λq

(s, t, sππ,Ω) =
√

4πα

×
[(

ϵ(q, λq) · k1
q · k1

− ϵ(q, λq) · (p1 + p2)

q · (p1 + p2)

)
β(tπ1)M−

λ1λ2
(s2, t)

−
(
ϵ(q, λq) · k2

q · k2
− ϵ(q, λq) · (p1 + p2)

q · (p1 + p2)

)
β(tπ2)M+

λ1λ2
(s1, t)

]
,

(3.24)

with α = e2/4π. The impact of the introduced factor β(tπ) on the moment ⟨Y 0
0 ⟩1 of the

Deck amplitude is depicted in Figure 3.3. These calculations were conducted for specific
values of the beam energy (Eγ = 3.4 GeV) and momentum transfer (t = −0.45 GeV2). The
CLAS detector utilized in this study detected photons with energies ranging from 3.2 GeV to
3.8 GeV and momentum transfers ranging from t = −0.45 to t = −0.95 GeV2 in increments
of −0.1 GeV2. This additional term was incorporated to enhance the model’s agreement with
experimental data, and further discussions on it will be presented in subsequent sections.

In the following section, the πN elastic amplitude will be presented to complete the spec-
ification of the continuum model.

1The moments will be discussed deeply in Chapter 4, Sec. 4.2
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Figure 3.4: Pictorial representation of π−∗p→ π−p (left) and π+∗p→ π+p (right).

3.2.1 Scattering Amplitude of Pion-Proton Interaction

The process of πN scattering has been extensively studied, including the study of multiple
meson production. This section focuses on the scattering between an intermediate pion and
a proton, resulting in a final state with two pions. The standard parametrization of the π±N
scattering amplitude, expressed in terms of scalar functions A and B [66], is given by:

Mλ1λ2 = ū(λ2, p2)

[
A+

1

2
( /k2 + /k1)

µB

]
u(λ1, p1) . (3.25)

It is important to emphasize that this equation applies exclusively to real exchanged pions.
In scenarios involving virtual exchanged pions, Eq. (3.25) can still be utilized; however,
certain adjustments are required to accommodate the virtual nature of the exchanged pion.

Upon adapting the equation to the conditions of the study, the scattering amplitude for
virtual pion-proton interaction can be expressed as follows:

M±
λ1λ2

(sj, t, tπi
) = u(p2, λ2)

[
A±(sj, t; tπi

) +
1

2
(/q − /Ki + /kj)B

±(sj, t; tπi
)

]
u(p1, λ1) . (3.26)

Here, i and j take values of 1 and 2, where i ̸= j. It is noteworthy that as the pion
virtuality tπi

approaches m2
π, the amplitude of virtual pion-proton scattering converges to

the on-shell scattering amplitude.
In particular, the amplitude for π−p and π+p, as depicted in Fig. 3.4, can be written as:

M−
λ1λ2

(s2, t, tπ2) = u(p2, λ2)

[
A−(s2, t; tπ2) +

1

2
γµ(q − k1 + k2)B

−(s2, t; tπ2)

]
u(p1, λ1) ,

(3.27)

M+
λ1λ2

(s1, t, tπ1) = u(p2, λ2)

[
A+(s1, t; tπ1) +

1

2
γµ(q − k2 + k1)B

+(s1, t; tπ1)

]
u(p1, λ1) .

(3.28)
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Here, the pion virtualities are defined as tπ1 = (q − k1)2 and tπ2 = (q − k2)2 for negative
and positive virtual pions, respectively.

In the given approach, the scattering amplitudes for the πN → πN process are expressed
in terms of isospin amplitudes in the s-channel and t-channel. The isospin amplitudes in the
s-channel are denoted by A(1/2) and A(3/2) for isospin I = 1/2 and I = 3/2, respectively. In
the t-channel, the isospin amplitudes are denoted by A(+) and A(−) for isospin I = 0 and
I = 1, respectively.

The relationship between the isospin amplitudes in the two channels is given by:

Aji
ba(s, t) = δbaδ

jiA(+) + iϵabc(τc)
jiA(−) , (3.29)

where δba and δji are Kronecker delta symbols, and ϵabc is the Levi-Civita symbol. Here, a,
b, i, and j represent isospin indices.

Using this relation, the isospin amplitudes in the s-channel can be expressed in terms of
the amplitudes in the t-channel as follows:

A(1/2) = A(+) + 2A(−) , (3.30)

A(3/2) = A(+) − A(−) . (3.31)

Similarly, the scalar amplitude B can be decomposed in terms of isospin amplitudes in
the same way.

In the t-channel, the isospin amplitudes are further decomposed into reduced helicity
amplitudes f±

1 and f±
2 . These are related to the isospin amplitudes as follows:

1

4π
A± =

√
s+mp

Z+
1 Z

+
2

f±
1 −

√
s−mp

Z−
1 Z

−
2

f±
2 , (3.32)

1

4π
B± =

1

Z+
1 Z

+
2

f±
1 −

1

Z−
1 Z

−
2

f±
2 , (3.33)

where mp is the proton mass, Z±
i =

√
ECM

i ±mp, and ECM
i is the nucleon energy in the

s-channel center-of-mass frame.
The reduced helicity amplitudes f±

1 and f±
2 are expanded [67] in terms of Legendre

polynomials, and they depend on the scattering energy s and the scattering angle z = cos(θs)
in the s-channel:

f±
1 =

1√
|pCM

1 ||pCM
2 |

∞∑
l=0

f±
l+(s)P ′

l+1(z)− 1√
|pCM

1 ||pCM
2 |

∞∑
l=2

f±
l−(s)P ′

l−1(z) , (3.34)

f±
2 =

1√
|pCM

1 ||pCM
2 |

∞∑
l=1

[
f±
l−(s)− f±

l+(s)
]
P ′
l (z) . (3.35)

Where pCM
1 and pCM

2 are the momenta of the two particles in the s-channel center-of-mass
frame, Pl(z) are Legendre polynomials, and P ′

l (z) represents the first derivative of the Leg-
endre polynomials with respect to z. The partial wave amplitudes fl±(s) are SAID ampli-
tudes [68] with parity (−1)l+1 and total angular momentum J = l ± 1/2.
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3.2.2 π∗N Kinematics

In the pion proton center of mass frame the energies and scattering angle corresponding to
π∗N are:

ECM
1 =

s+m2
p − ti

2
√
si

, (3.36)

ECM
2 =

s− sππ +m2
p

2
√
si

, (3.37)

ECM
k1

= ECM
k2

=

√
sππ
2

, (3.38)

cos(θs) =
2si(t− 2m2

p) + (si − ti +m2
p)(si −m2

π +m2
p)√

λ(si, ti,m2
p)
√
λ(si,m2

π,m
2
p)

. (3.39)

The momenta can be calculated using E2 = |p⃗|2 + m2 as follows, where ECM
1 and ECM

2

represent the energies of the initial and recoiling protons, respectively, and ECM
k1

and ECM
k2

represent the energies of the two final pions. Hereby, the momenta can be expressed as:

p1 =

√
λ(si, ti,m2

p)

4si
, (3.40)

p2 =

√
λ(si,m2

π,m
2
p)

4si
, (3.41)

k1 = k2 =

√
sππ − 4m2

π

2
. (3.42)

3.2.3 Investigating Partial Waves

An important consideration in the analysis of πN scattering is the behavior of scattering
amplitudes in the on-shell limit (tπ = m2

π), where constraints can be applied based on
known on-shell πN scattering data. However, beyond this limit, the form of the scattering
amplitudes remains unknown. In a broader context, the cosine of the scattering angle,
denoted as z, can be expressed as:

z = cos θs =
t− 2m2

N + 2E1E2

2|p1||p2|
. (3.43)

For the case where |p1| = |p2| = p, a relation can be simplified as:

z = 1 +
t

2p2
. (3.44)

As the scattering energy approaches the threshold value sth = (mN +mπ)2, the momen-
tum p(s) approaches zero. Consequently, z exhibits a singularity since it scales as 1/p2.
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However, in the physical region, z remains within the range [−1, 1] as it represents the phys-
ical scattering angle. Therefore, it is expected that the partial wave amplitudes exhibit a
similar behavior near the threshold to ensure finiteness.

To further investigate the behavior of the partial waves, let’s consider the Legendre
polynomial Pl(z). It’s important to note that Pl(z) diverges for large values of z. Specifically,
zl behaves as 1/q2l, with the most singular term represented by P ′

l (z) ∼ zl−1 ∼ (q2)1−l. To
ensure the scattering angle equation remains finite when extended to the off-shell limit
near the threshold, a correction factor must be introduced and applied to the partial wave
amplitude.

Two threshold adjustment factors have been proposed. The first one, referred to as R1,
is defined as:

R1 =

(
|p1|off-shell

|p1|on-shell

)l

, (3.45)

here l represents the orbital angular momentum. The second choice, denoted as R2, is based
on the partial wave expansion presented in Hoehler’s Appendix [69], which takes the form:

Re fl±(s) = a0±q
2l + a2±q

2l+2 + . . . (3.46)

Im fl±(s) = b0±q
4l + b2±q

4l+2 + . . . (3.47)

Therefore:

f
(±)
l±

(s) ∼ aq2l+1 . (3.48)

Using these factors, the amplitudes A and B for different waves, such as L = 0, 1, 2, and 3,
were computed for the pure on-shell case, the pure off-shell case, and the off-shell case with
both threshold factors included. The results are shown in Figures 3.5 and 3.6.

Upon examining the real and imaginary parts of the P -wave amplitudes A+ and A− at
t = −0.1 GeV2, depicted in Figures 3.5 and 3.6, it is evident that applying R2 as a correction
factor to the off-shell amplitudes significantly reduces the discrepancies between the off-shell
and on-shell results compared to R1.

However, it is noteworthy that the amplitudes do not exhibit any divergences near the
threshold in the pure off-shell scenario, raising questions about the necessity of a correction
factor in the first place.

After extensive investigations and studies, it has been concluded that the calculations
can proceed without the addition of any correction term to the partial waves.

It is important to note that the study will consider a pure off-shell case without
the inclusion of any corrective terms.
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Figure 3.5: The Real (upper figure) and Imaginary (lower figure) values of A+ amplitude for
L = 1 and at t = −0.1 GeV2
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Figure 3.6: The Real (upper figure) and Imaginary (lower figure) values of A− amplitude for
L = 1 and at t = −0.1 GeV2
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3.3 Photoproduction frames

In the ππ channel, two distinct reference frames are of interest, namely the s-channel he-
licity frame and the Gottfried-Jackson frame. The subscripts H and GJ will be utilized to
differentiate between the two frames.

3.3.1 Helicity Frame

In the helicity frame, the direction of the recoiling proton (p2) defines the negative z-axis as
follows:

ẑ =
−p⃗2

|p⃗2|
, (3.49)

ŷ =
p⃗2 × q⃗

p⃗2 × q⃗
, (3.50)

x̂ = ŷ × ẑ . (3.51)

The three aforementioned invariants (s, t and sππ) as well as the two angles ΩH = (θH, ϕH)
of the π+ in the (π+π−) rest frame can be used. The momenta three vectors are written as:

pH
1 = |p⃗1|(sin θ1, 0, cos θ1) , (3.52)

pH
2 = |p⃗2|(0, 0,−1) , (3.53)

kH
1 = |k⃗1|(sin θH cosϕH , sin θH sinϕH , cos θH) = −k⃗2

H
, (3.54)

qH = |q⃗|(− sin θq, 0, cos θq) . (3.55)

With:

cos(θq) =
E2

1 − E2
2 − E2

q

2qp2
, (3.56)

cos(θ1) =
2m2

p − 2E1E2 − t
2p1p2

, (3.57)

sin(θq) =

√
1− cos(θq)

2 , (3.58)

sin(θ1) =

√
1− cos(θ1)

2 . (3.59)

3.3.2 Gottfried-Jackson Frame:

In the Gottfried-Jackson frame, the same invariants as in the helicity frame can be used,
along with ΩGJ = (θGJ, ϕGJ) as the angles of the π+ in the (π+π−) rest frame. The direction
of the photon is parallel to the z-axis in the GJ frame, and thus the production plane can
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be defined as:

ẑ =
q⃗

|q⃗|
, (3.60)

ŷ =
p⃗2 × q⃗

p⃗2 × q⃗
, (3.61)

x̂ = ŷ × ẑ . (3.62)

Consequently, the three momentum vectors can be expressed as follows

pGJ
1 = |p⃗1|(− sin θ1, 0, cos θ1) , (3.63)

pGJ
2 = |p⃗2|(− sin θ2, 0, cos θ2) , (3.64)

kGJ
1 = |k⃗1|(sin θGJ cosϕGJ , sin θGJ sinϕGJ , cos θGJ) = −k⃗2

GJ
, (3.65)

qGJ = |q⃗|(0, 0, 1) . (3.66)

Where:

cos(θ2) =
2sππ(sππ − s− t+m2

p) + (sππ − t)(s− sππ −m2
p)

(sππ − t)
√
λ(s, sππ,m2

p)
, (3.67)

sin(θ2) =

√
1− cos(θ2)

2 . (3.68)

The corresponding energies in both frames are expressed as:

E1 =
s+ t−m2

p

2
√
sππ

, (3.69)

E2 =
s− sππ −m2

p

2
√
sππ

, (3.70)

Eq = q =
sππ − t
2
√
sππ

, (3.71)

Ek1 = Ek2 =

√
sππ
2

. (3.72)

3.4 Resonance production

To accurately describe the threshold behavior in resonance processes, an energy-dependent
width Breit-Wigner function for each upcoming resonance has been employed. This method
follows the parameterization provided by the Particle Data Group (PDG) [70]. The energy-
dependent Breit-Wigner function is defined as follows:

BWdep(s, l) =
n(s)

m2
BW − s− imBWΓtot(s)

, (3.73)
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where

n(s) =

(
q

q0

)l

Fl(q, q0) , (3.74)

with l being the angular momentum of the resonance and Γtot denotes the total width, given
by the sum of partial widths Γb.

For example, in the specific case of the exclusive process involving the decay of a ρ meson
into a ππ system, where l = 1 and b = ππ, the energy-dependent Breit-Wigner function can
be expressed as:

BWdep(sππ, 1) =

(
q

q0

)
F1(q, q0)

1

m2
ρ − sππ − imρΓππ(sππ)

, (3.75)

here, F1(q, q0) represents a phenomenological form factor known as the Blatt-Weisskopf form
factor. The momentum q of the pion in the ππ system is given by:

q = q(sππ) =
1

2

√
sππ − 4m2

π, (3.76)

while q0 is defined as:

q0 = q(m2
ρ) =

1

2

√
m2

ρ − 4m2
π. (3.77)

The width Γππ of the ππ system in the ρ decay is given by:

Γππ(sππ) = Γ0

(
m2

ρ

sππ

)1/2 √
sππ − 4m2

π√
m2

ρ − 4m2
π

[(
q

qR

)
F1(q, q0)

F1(qR, q0)

]2
, (3.78)

where Γ0 is a constant and qR = q0. Simplifying the expression for Γππ when qR = q0, thus:

BWdep(sππ, 1) =

(
sππ − 4m2

π

m2
ρ − 4m2

π

)1/2

F1(q, q0)
1

m2
ρ − sππ − imρΓππ(sππ)

, (3.79)

with

Γππ(sππ) = Γ0

(
m2

ρ

sππ

)1/2 [
sππ − 4m2

π

m2
ρ − 4m2

π

]3/2 [
F1(q, q0)

F1(q0, q0)

]2
. (3.80)

Using the property of the Blatt-Weisskopf form factor, specifically F1(z) =
√

1
1+z

with

z = q/q0, it can be derived that F1(1) = 1/
√

2. Thus, the complete expression for Γππ is:

Γππ(sππ) = Γ0

(
m2

ρ

sππ

)1/2 [
sππ − 4m2

π

m2
ρ − 4m2

π

]3/2
2

[ √
m2

ρ − 4m2
π√

m2
ρ − 4m2

π +
√
sππ − 4m2

π

]
(3.81)

Furthermore, the energy-dependent Breit-Wigner function can be written as:
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BWdep(s, l = 1) =

(
sππ − 4m2

π

m2
ρ − 4m2

π

)1/2[ 2
√
m2

ρ − 4m2
π√

m2
ρ − 4m2

π +
√
sππ − 4m2

π

]1/2
×
[

1

m2
ρ − sππ − imρΓππ(sππ)

]
.

(3.82)

It is important to note that the Regge propagator describes the resonance production on
the proton, while the Breit-Wigner represents the description of the resonance propagation
and decay.

3.4.1 Vector Resonance (P-wave contribution):

The prevailing intermediate state in π+π− photoproduction is the ρ meson. This resonance
primarily decays into π+π− pairs, sharing a similar quark composition with pions but distin-
guished by its spin-1 characteristics. The principal mechanism responsible for this production
is the pomeron exchange, exhibiting vector-like behavior at low momentum transfer, t ∼ 0,
with its trajectory passing through J = 1 [71, 72]. However, it is anticipated to shift to
J = 2 as t becomes larger and positive, a transition that might be linked to the tensor
glueball[73, 74]. Additionally, it has been suggested in [75] that an additional contribution
from f exchange may exist, particularly noteworthy due to its matching quantum numbers
with the pomeron. To account for the P -wave amplitude, both pomeron exchange, denoted
by P , and f2 exchange are considered, as depicted in Fig. 3.7.

Figure 3.7: Pictorial representation for ρ meson production via pomeron i.e. P and f2
exchanges.
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3.4.1.1 Production Model:

Following the P -wave amplitude definition from [76] one can write:

AP
λ,λ1,λ2

= ū(p2, λ2)γ
µu(p1, λ1)ν

λ
µ , (3.83)

where
νλµ = kµϵ

λ · (k1 − k2)− q · (k1 − k2)ϵλµ . (3.84)

The objective is to evaluate Eq. (3.83) in the s-channel frame and investigate its behavior
in the high-energy limit for comparison with the normalization demonstrated in [77]. The
s-channel reference plane can be defined with respect to different momentum vectors, as
depicted in Fig. 3.8. Within this context, the momentum of the ρ meson aligns with the
z-axis. Following the labelling from Eq.(3.52)-to-(3.59), the center of mass momenta can be

Figure 3.8: s-channel reference plane.

expressed as:

qµ = qs(1,− sin θs, 0, cos θs) , (3.85)

kµ = (Es, 0, 0, ps) , (3.86)

ϵµ =
−λ
2

(0, cos θs, iλ, sin θs) . (3.87)

Here, the subscript (s) denotes the s-channel kinematics. Expanding Eq. (3.83), the expres-
sion becomes:

AP
λ,λ1,λ2

= ū(p2, λ2)γ
0ν0λu(p1, λ1)− ū(p2, λ2)γ⃗ν⃗λu(p1, λ1) (3.88)

where ν0λ = −Esϵ⃗λ · (k⃗1 − k⃗2) , (3.89)

and ν⃗ = k⃗ ϵ⃗λ · (k⃗1 − k⃗2)− q · (k⃗1 − k⃗2)⃗ϵλ . (3.90)
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Modeling the decay of ρ into ππ (ρ→ ππ) involves constructing the following expression:

⟨ρ|ππ⟩ = 2gkD1∗
m (Ω) = 2gk

√
4π

3
Y 1
M(Ω) , (3.91)

where D is the Wigner D-matrix (see Appendix B). The amplitude for pomeron exchange is
defined in [77] as:

Mλ,M/P
λ1,λ2

= −i s
s0
βγρ
P e

βP tδλ,Mδλ1,λ2 . (3.92)

Combining the equations (3.91) and (3.92) results in:

Mλ,M/P
λ1,λ2

= −i s
s0
βγρ
P e

βP tδλ1,λ2

∑
M=−1,1

δλ,M2k

√
4π

3
Y 1
M(Ω) . (3.93)

Finally, after applying an appropriate normalization and restoring the Regge propagator,
the complete model for ρ production, represented by the P -wave amplitude, is defined as:

MN
λ,λ1,λ2

=
−1

s
gρπβ

γρ
N e

βNtBW (s)R(s, t)ū(p2, λ2)γ
µu(p1, λ1)ν

λ
µ , (3.94)

where the subscript (N) represents the Natural Reggeon exchange, which can be either
pomeron i.e. P or f2 exchanges.

3.4.1.2 Regge Propagator:

The Regge propagator can be expressed as follows:

R(s, t) =
αN(t)

αN(0)

1 + eiπαN(t)

sin(πα(t))

(
s

s0

)αN(t)

, (3.95)

where αN(t) denotes the linear trajectory for both pomeron and f2 exchanges, as previously
determined in [51, 77]. Specifically, the trajectory equations are given by:

αP(t) = 1.08 + 0.25 t , (3.96)

αf2(t) = 0.5 + 0.9 t . (3.97)

3.4.1.3 Couplings:

This section introduces the relevant couplings along with their corresponding values, de-
rived from prior analyses in [77]:

• The decay coupling gρπ = 5.96 encapsulates information pertaining to resonance widths
and the branching ratio corresponds to ρ→ ππ.

• The Reggeon-photon-resonance couplings, obtained from the CLAS analysis, are de-
fined as follows:
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– βγρ
P = 2.506 [77], signifying the coupling between the pomeron (P), photon, and

proton (P-γ-p coupling).

– βγρ
f2

= 2.47 [77], representing the coupling between the f2 meson, photon, and
proton (f2-γ-p coupling).

• The proton-proton-Reggeon couplings, obtained via factorization from other reactions,
are defined as:

– βP = 3.6 [77], indicating the coupling between protons (p-p) and the pomeron
(P).

– βf2 = 0.55 [77], representing the coupling between protons (p-p) and the f2 meson.

• The scaling parameter s0 is assigned a value of 1 GeV2.

By integrating these couplings with the Regge propagator, a comprehensive model can
be developed to investigate the production process of the ρ meson.

3.4.2 Scalar Resonances (S -wave contribution):

In the realm of double pion photoproduction, two scalar resonances, namely the σ meson or
f0(500) and the f0(980), play a central role.

In this section, the computational analysis of the γ + p → p + (S → π + π) process is
conducted within a one-particle exchange model, with the primary focus on exploring the
properties of the scalar resonance. Within this process, two crucial vertices are encountered:
the V V S vertex, representing interactions involving the vector boson γ, the Reggeon (as-
sumed to exhibit vector characteristics, denoted as P), and the scalar resonance, including
entities like σ, f0(980), and more. Additionally, the SPP vertex describes interactions be-
tween the scalar resonance and the two pseudoscalar pions, with its strength characterized
by a coupling constant.

In a manner analogous to the Reggeized formulation of the vector resonance amplitude
discussed in the previous section, the Reggeized amplitude for the scalar resonances can be
expressed as follows:

iMS = gR(s, t)BW (s)u(p2, λ2)γ
µu(p1, λ1)vµ(λγ) . (3.98)

The parameter g governs the strength of the interaction and will be treated as a free param-
eter, subject to fitting with the data in the subsequent chapter. R(s, t) represents the Regge
propagator, while BW (sππ) denotes the Breit-Wigner distribution defined in Eq. (3.82). The
interaction term vµ(λγ) is given by:

vµ(λγ) = qµϵ · (p1 − p2)− q · (p1 − p2)ϵµ . (3.99)
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Starting from Eqs.(1) and (2), and considering l = 0, taking into account the phenomeno-
logical form factor F0(z) = 1[70], the Breit-Wigner formula for scalar resonances representing
the S-wave contribution can be expressed as follows:

BWdep(s, l = 0) =
1

m2
f0
− s− imf0Γππ(sππ)

, (3.100)

where the total decay width is given by:

Γππ(sππ) = Γ0

[
sππ − 4m2

π

m2
f0
− 4m2

π

]1/2
. (3.101)

The Regge propagator used for these scalar resonances is taken from [78] and is expressed
as:

R(s, t) =

(
s

s0

)αS(t)−1
πα′

S

sin παS(t)

−1 + e−iπαS(t)

2

1

Γ(αS(t))
, (3.102)

where α(t) is the Regge trajectory, and s0 is the scale parameter taken to be 1. To describe
the trajectory of both resonances, the ρ Regge trajectory given in [78] was used:

ασ ∼ αf(980) ∼ αρ = 0.55 + 0.8 t . (3.103)

3.5 Summary

In this chapter, an extensive examination is conducted on double pion photoproduction,
denoted as γp → π+π−. The primary objective is to comprehensively analyze the intricate
dynamics and underlying physics governing this reaction.

To achieve this goal, a well-established model is adopted, which encompasses the Drell-
Söding-Deck Mechanism. This model incorporates partial wave contributions, particularly
focusing on the S and P -waves, elucidating the production and participation of resonances
such as σ, f0(980), and ρ. Regarding the Deck component, while it contributes minimally
to the overall cross section and is considered a background, it offers two notable advantages.
Firstly, it serves as the foundation for intriguing interference effects. Secondly, its strong
dependence on available data bolsters its reliability and practicality.

As this chapter concludes, the study stands at the threshold of the next phase. The sub-
sequent chapter will introduce fundamental quantities such as the cross section and moments
of angular distribution. These essential measures will facilitate a more rigorous analysis of
the photoproduction process, allowing for deeper insights into its intricate dynamics.

Moreover, the following chapter will detail the fitting methodology employed in the model,
followed by the presentation of the fitted results at each step of the analysis. Armed with
these rigorous techniques and insights, the concealed intricacies of double pion photopro-
duction will be unveiled, advancing the understanding of strong interactions in the realm of
subatomic physics.
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Chapter 4

Cross Section and Angular
Distribution

In the previous chapter, a comprehensive model was developed to describe double pion
photoproduction, encompassing both P and S wave contributions. This chapter represents
a continuation of the investigation, focusing on the analysis of data from the CEBAF Large
Acceptance Spectrometer, specifically the CLAS and GlueX experiments at the Thomas
Jefferson National Accelerator Facility in Newport News, Virginia.

The CLAS experiment involved the scattering of an electron beam with an energy range
of 0.5 to 12 GeV on nuclei targets (protons and neutrons) positioned at the center of CLAS.
CLAS is well-suited for meson spectroscopy, allowing the measurement of exclusive reaction
channels and the determination of the JPC quantum numbers of generated states through
partial wave analysis (PWA).

On the other hand, the GlueX experiment employs photoproduction, where a real photon
with an energy of 12 GeV scatters on a nucleon to produce mesonic states. Its primary mis-
sion is to gain a deeper understanding of confinement in quantum chromodynamics (QCD),
with a focus on identifying a spectrum of hybrid and exotic mesons resulting from the exci-
tation of the gluonic field binding the quarks, as discussed in section 1.2.2.

To elucidate recent advancements in the investigations carried out by CLAS and GlueX,
this analysis begins in section 4.1 by emphasizing the formalism of the cross-section. It in-
cludes a comparison between the expected distribution, particularly for the well-established
variable t (dσ/dt), and the model’s predictions. Section 4.2 provides conventions for com-
puting angular momentum moments, followed by section 4.3, which explains the methods
used to probe these moments and presents the outcomes following the establishment of the
necessary framework and key concepts for moment calculations.

Subsequently, section 4.4 delves into the methodology employed to perform the initial fit,
particularly focusing on data below 1 GeV, and provides the results obtained, including the
fitted parameters. In section 4.5, the incorporation of non-resonant contributions arising from
the partial waves associated with the process is explored. Finally, section 4.6 offers insights
into the moments resulting from the ultimate fit, which incorporates all the aforementioned
components, along with variations in fitted parameters.
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The chapter concludes with a concise summary, consolidating key findings and conclusions
drawn from the study. It also acknowledges ongoing work in this field, highlighting the
evolving nature of this research.

4.1 Cross Section

The differential cross section for double pion photoproduction processes plays a pivotal role
in quantifying the probability of a photon’s interaction with a target hadron, leading to the
production of two pions. Additionally, the energy-dependent behavior of the cross section
reveals resonant structures and threshold effects, shedding light on the underlying interaction
dynamics.

The differential cross section, denoted by dσ, can be expressed as:

dσ = (2π)4
1

2(s−m2
p)
dΦ3

∑
λqλ1λ2

|Mλqλ1λ2(s, t, sππ,Ω)|2 , (4.1)

where dΦ3 is the 3-body phase space, and it can be written as:

dΦ3 = δ4(p1 + q − p2 − k1 − k2)
d3k1
(2π)3

1

2Ek1

d3k2
(2π)3

1

2Ek2

d3p2
(2π)3

1

2E2

. (4.2)

Consequently, the resulting four-fold differential cross section can be defined as:

dσ

dtdmππdΩ
=

1

2
(2π)κ

∑
λqλ1λ2

|Mλqλ1λ2(s, t, sππ,Ω)|2 , (4.3)

with

κ =
1

(2π)3
1

4π

1

2π

λ1/2(sππ,m
2
π,m

2
π)

16
√
sππ(s−m2

p)
2

1

2
. (4.4)

4.2 Moments of Angular Distribution

The investigation of moments of angular distributions in photoproduction processes holds
paramount importance for several reasons. Firstly, these moments provide a model-independent
analysis of the angular dependence, allowing for direct comparisons between theoretical pre-
dictions and experimental measurements. By quantifying the relative strengths of partial
waves, they offer valuable insights into the underlying dynamics governing the photopro-
duction process. Additionally, moments of angular distributions enable the discrimination
between different production mechanisms, thereby illuminating the specific contributions
and their angular dependencies. These moments serve as critical guidelines for theoreti-
cal models, imposing constraints on resonance structures and driving the refinement of our
understanding of the strong interaction at the subatomic level.
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In the formalism introduced by Mathieu et al. [79], the most general expression for the
differential cross section of the ππ system is given as follows:

dσ

dtd
√
sππdΩdΦ

= I(Ω,Φ)

= I0(Ω)− PγI
1(Ω) cos 2Φ− PγI

2(Ω) sin 2Φ , (4.5)

where 0 < Pγ < 1 is the degree of linear polarization of the photon beam and Φ is the angle
between the photon polarization vector and the production plane. I(Ω,Φ) = (I0, I1, I2)
represents the intensity vector which can be expressed as:

I0(Ω) =
κ

2

∑
λ,λ1,λ2

Mλ;λ1λ2(Ω)M∗
λ;λ1λ2

(Ω) , (4.6)

I1(Ω) =
κ

2

∑
λ,λ1,λ2

M−λ;λ1λ2(Ω)M∗
λ;λ1λ2

(Ω) , (4.7)

I2(Ω) = i
κ

2

∑
λ,λ1,λ2

λM−λ;λ1λ2(Ω)M∗
λ;λ1λ2

(Ω) , (4.8)

with the phase space factor κ given in (4.4).
The moments of angular distribution may be extracted from the experimental intensity
I(Ω,Φ), in which the dynamical dependency on the polarized angle in Eq. (2.2) with a linearly
polarized beam enable us to define the unpolarized moment H0(LM) and the polarized
moments H1,2(LM) as follows:

H0(L,M) =
1

2π

∫ π

0

∫ 2π

0

∫ 2π

0

∫ 1

−1

I(Ω,Φ)dLM0(θ) cosMϕd(cos θ)dϕdΦ , (4.9)

H1(L,M) =
1

Pγπ

∫ π

0

∫ 2π

0

∫ 2π

0

∫ 1

−1

I(Ω,Φ)dLM0(θ) cosMϕ cos 2Φd(cos θ)dϕdΦ , (4.10)

ImH2(L,M) =
1

Pγπ

∫ π

0

∫ 2π

0

∫ 2π

0

∫ 1

−1

I(Ω,Φ)dLM0(θ) cosMϕ sin 2Φd(cos θ)dϕdΦ . (4.11)

Where L is the total angular momentum of the ππ system and M is its z-component, and
the small Wigner-d function dLM0(θ) may be computed with the use of DDJMNB function
from CERNLIB.

The unpolarized moment is of particular interest since it characterizes the cross section
for an unpolarized beam. An alternative convention for computing the moments of angular
distributions was introduced in [80] i.e.

⟨YLM⟩ (s, t,mππ) =
√

4π

∫
dΩ

dσ

dtdmππdΩ
ReYLM(Ω) , (4.12)

this normalization ensures that

⟨Y00⟩ (s, t,mππ) =
dσ

dtdmππ

. (4.13)
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Both moments represented in Eqs. (4.9) and (4.12) can be related according to the following
relation:

⟨YLM⟩ = (2π)
√

2L+ 1H0(LM) . (4.14)

4.3 Fitting Procedure:

In this section, the fitting procedure employed in the study is outlined, involving a com-
prehensive analysis of the amplitudes within the model through a redefinition of their t-
dependence. Building upon the discussions presented in the preceding chapter, expressions
for the various amplitudes involved are introduced:

1. Deck Amplitude:

MDeck,GI
λ1λ2λq

(s, t, sππ,Ω) =
√

4πα

×
[(

ϵ(q, λq) · k1
q · k1

− ϵ(q, λq) · (p1 + p2)

q · (p1 + p2)

)
β(tπ1)M−

λ1λ2
(s2, t; tπ1)

−
(
ϵ(q, λq) · k2

q · k2
− ϵ(q, λq) · (p1 + p2)

q · (p1 + p2)

)
β(tπ2)M+

λ1λ2
(s1, t; tπ2)

]
.

(4.15)

2. ρ meson production amplitude via pomeron exchange:

MP
λ1λ2λγ

(s, t, sππ,ΩH) =
−1

s
gρπβ

γρ
P e

βP tBW (s)RP(s, t)ū(p2, λ2)γ
µu(p1, λ1)ν

λ
µ . (4.16)

3. ρ meson production amplitude via f2 exchange:

Mf2
λ1λ2λγ

(s, t, sππ,ΩH) =
−1

s
gρπβ

γρ
f2
eβf2

tBW (s)Rf2(s, t)ū(p2, λ2)γ
αu(p1, λ1)ν

λ
α . (4.17)

4. Scalar resonances i.e. σ and f0(980) mesons production amplitudes:

MS
λ1λ2λγ

(s, t, sππ,ΩH) =
1

s
gR(s, t)BW (s)u(p2, λ2)γ

µu(p1, λ1)vµ(λγ) . (4.18)

The Regge propagators RP(s, t) and Rf2(s, t) account for both pomeron and f2 exchanges,
as defined in Equations (3.95), (3.96), and (3.97), with further details regarding coupling
constants available in Section 3.4.1. Whereas, R(s, t) is associated with both σ and f0(980)
and is detailed in Equation (3.103).

Summarily, the current model distinguishes itself as comprising two fundamental com-
ponents. The first component, termed “Fixed,” encapsulates elements such as the Deck
amplitude, and the amplitude associated with ρ meson production via pomeron exchange.
The second component, known as the “Free” component, introduces specific adjustments
designed to effectively accommodate contributions arising from f2 exchange, in addition to
addressing the production of both σ and f0(980) mesons, as well as the non-resonant back-
ground components arising from both S and P -waves, which will be further discussed in
Section 4.5.
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4.3.1 Adjusting the Free components

As previously discussed, the “Free” components of the model encompass the ρ production
amplitude via f2 exchange, along with the two scalar meson production amplitudes. The
term “Free” denotes that the t-dependence within these amplitudes will be redefined and
treated as novel free parameters. Consequently, these adjusted parameters will serve as the
new t-dependent couplings. Achieving this entails essential modifications to the amplitudes.
Begining with the ρ production amplitude, the approach involves a representation of the
four-vectors, which inherently exhibit t-dependence, through the lens of spherical harmonics
corresponding to the distinct partial waves, namely P+, P−, and P0. More specifically, the
relevant spherical harmonics are:

1. P + (P -wave, L = 1,M = +1):

Y11(θ, ϕ) = − 1√
2

(
3

4π

)1/2

sin θ(cosϕ+ i sinϕ) , (4.19)

2. P − (P -wave, L = 1,M = −1):

Y1−1(θ, ϕ) =
1√
2

(
3

4π

)1/2

sin θ(cosϕ− i sinϕ) , (4.20)

3. P0(P -wave, L = 1,M = 0):

Y10(θ, ϕ) =

(
3

4π

)1/2

cos θ . (4.21)

After performing some algebraic manipulations, one can obtain the following expression

Y1−1(θ, ϕ)− Y11(θ, ϕ) =
√

2

(
3

4π

)1/2

sin θ cosϕ , (4.22)

Y1−1(θ, ϕ) + Y11(θ, ϕ) = −i
√

2

(
3

4π

)1/2

sin θ sinϕ . (4.23)

This allows us to express sin θ cosϕ, cos θ, and sin θ sinϕ in terms of these spherical harmonics
as follows:

sin θ cosϕ =
1√
2

(
4π

3

)1/2[
Y1−1(θ, ϕ)− Y11(θ, ϕ)

]
, (4.24)

cos θ =

(
4π

3

)1/2

Y10(θ, ϕ) , (4.25)

sin θ sinϕ =
i√
2

(
4π

3

)1/2[
Y1−1(θ, ϕ) + Y11(θ, ϕ)

]
. (4.26)
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Now, consider the four-vector ν given by:

νµ(λq) = kµϵ(q, λ) · (k1 − k2)− q · (k1 − k2)ϵµ(q, λ) , (4.27)

d′ = (k1 − k2) represents the adjusted version of the pion momenta difference and can be
expressed as:

d′ = 2kH
1

= 2|kH
1 |(sin θH cosϕH, sin θH sinϕH, cos θH)

=
√

2|kH
1 |
(

4π

3

)1/2(
Y1−1(θH, ϕH)− Y11(θH, ϕH),

iY1−1(θH, ϕH) + iY11(θH, ϕH),
√

2Y10(θH, ϕH)

)
.

(4.28)

After mathematical operations, a new three-vector d and the corresponding four-vector
Dλq = (0,dλq) can be constructed. This allows the introduction of three independent cou-
plings associated with the three helicity amplitudes. For λq = +1, λq = −1, and di repre-
senting the components of the original three-vector i.e. (k1 − k2), the new formulations of d
are as follows:

• For λq = +1:

d+ =

(
1

2

[
a+(t) + a−(t)

]
d1 +

i

2

[
a+(t)− a−(t)

]
d2,

i

2

[
− a+(t) + a−(t)

]
d1 +

1

2

[
a+(t) + a−(t)

]
d2, a0(t)d3

)
,

(4.29)

• For λq = −1 we need to exchange the definitions of the plus and minus amplitudes so:

d− =

(
1

2

[
a−(t) + a+(t)

]
d1 +

i

2

[
a−(t)− a+(t)

]
d2,

i

2

[
− a−(t) + a+(t)

]
d1 +

1

2

[
a−(t) + a+(t)

]
d2, a0(t)d3

)
.

(4.30)

This leads to the emergence of three t-dependent couplings: a+(t), a−(t), and a0(t), aligning
with the P+, P−, and P0 waves, respectively. An important step of this fitting procedure
entails the treatment of these free coupling parameters as complex entities, achieved by
introducing an imaginary component to each ai(t), denoted as ai(t) + ibi(t). The equations
for ωµ

+(λq = 1) and ωµ
−(λq = −1) are updated accordingly:

• For λq = +1:

ω+
µ(λq = 1) = kµϵ(q, λq = 1) ·D+ − q · d+ϵµ(q, λq = 1) , (4.31)
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• For λq = −1:

ω−
µ(λq = 1) = kµϵ(q, λq = −1) ·D− − q · d−ϵµ(q, λq = −1) . (4.32)

Therefore, with the inclusion of complex coupling parameters, Eqs. (4.31) and (4.32) are
adapted to accommodate these new complex quantities. Thus the modified formulation of
the amplitude for f2 exchange reads:

Mf2,Free
λ1λ2λγ

= −1

s
BW (sππ)Rf2(s, t)ū(p2, λ2)γµω

µ(λq)u(p1, λ1) . (4.33)

Shifting the focus to another aspect of the “Free” component, attention is directed towards
the contributions arising from S-wave scalar resonances. This involves a straightforward
procedure for redefining the t dependence, where the strength coupling represented by g
is replaced with a complex free parameter capable of accommodating this t dependency.
Consequently, Eq. (3.98) undergoes a transformation, yielding the following formulation:

iMS =
1

s
(asj + ibsj)R(s, t)BW (s)u(p2, λ2)γ

µu(p1, λ1)vµ(λγ) . (4.34)

Notably, it’s essential to highlight that an Energy-Independent decay width is employed in
the Breit-Wigner distribution for the scalar resonances. Consequently, the overall model1

can be expressed as:

MJPAC
λ1λ2λγ

(s, t, sππ,Ω
H) =MFix

λ1λ2λγ
+Mf2,Free

λ1λ2λγ
+Msj ,Free

λ1λ2λγ
, (4.35)

whereMFix
λ1λ2λγ

encompasses both the Deck and ρ production via pomeron exchange compo-
nents.

4.3.2 Analysis Method

This analysis entailed parameter adjustments to effectively align with the current experi-
mental data acquired by the CLAS detector. The data were collected across various t bins,
spanning from −0.45 GeV2 to −0.95 GeV2, with increments of −0.1 GeV2. The primary
emphasis was placed on moments strongly influenced by P -wave contributions, specifically
⟨Y00⟩, ⟨Y20⟩, ⟨Y21⟩, ⟨Y22⟩, alongside S-wave contributions, denoted by ⟨Y10⟩ and ⟨Y11⟩.

The parameter adjustment process involved employing the χ2 test for individual moment
components at specific fixed values of t. As an illustration, the χ2 value for the moment
⟨Y00⟩ at each selected t can be expressed as follows:

χ2
⟨Y00⟩ =

(⟨Y00⟩th − ⟨Y00⟩exp
∆⟨Y00⟩

)2
. (4.36)

1The model is denoted as the JPAC model in recognition of the collaborative research efforts with the
Joint Physics Analysis Center (JPAC) group.
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Here, the superscripts “th” and “exp” refer to the theoretical (calculated) moments and the
experimental values obtained from CLAS, respectively, while ∆⟨Y ⟩ represents experimental
errors. The overall χ2 at each value of t is computed as the sum of these components, each
corresponding to a specific moment in the angular distribution being analyzed. Therefore,
χ2
Tot is expressed as:

χ2
Tot =

L=2∑
L=0

M=L∑
M=−L

(⟨YLM⟩th − ⟨YLM⟩exp
∆⟨YLM ⟩

)2
. (4.37)

The total number of free parameters varied from one fit to another, depending on the specific
contributions taken into account. The degrees of freedom were subsequently determined as:

n.d.f = number of experimental data− number of free parameters .

To compute the relevant moments for fitting, a dedicated FORTRAN program was devel-
oped based on the theoretical framework of the moment formalism, as detailed in Eq. (4.12).
For the fitting process, this program made use of the CERN library program MINUIT,
employing SIMPLEX and MIGRAD functions to locate the global minima of the χ2

Tot.

4.4 Establishing the Initial Fit

The preliminary investigations covered the energy range below 1 GeV, encompassing con-
tributions from both ρ and σ mesons. This initial fit involved 8 free parameters, with 6
corresponding to the ρ(770) meson and the remaining 2 related to the σ meson, also known
as the f0(500) meson. Subsequent fits focused on the energy range of mππ = [0.4−0.9] GeV,
with each t bin analyzed individually, spanning t values from −0.45 to −0.95 GeV2 in incre-
ments of −0.1 GeV2. The photon energy utilized in this analysis was Eγ = 3.3 GeV. The
principal aim of this study is to optimize concordance and faithfully represent the contours
of the data within the stipulated fitting domain. Table 4.1 presents the derived values of all
eight parameters resulting from the initial fit, while a graphical representation is available
in Fig. 4.1.

The fitting outcomes are visually delineated in figures spanning from 4.2 to 4.7. These
figures reveal that the model performs well for specific moments within certain t bins, demon-
strating substantial alignment with the data within the fitting energy range. Nevertheless, it
is essential to acknowledge noticeable disparities, which were expected due to the influence
of other partial waves, particularly higher resonances (as elaborated in Appendix D), and
the presence of background contributions beyond Deck in the data. These supplementary
contributions primarily stem from non-resonant effects generated by various partial waves.

A closer examination reveals that the additional moments associated with the S-wave,
specifically ⟨Y10⟩ and ⟨Y11⟩, exhibit promising characteristics that closely match the corre-
sponding experimental data. Remarkably, ⟨Y10⟩ exhibits excellent agreement with experi-
mental results for t = −0.55,−0.65,−0.95 GeV2 (as depicted in Figs. 4.3, 4.4, and 4.7).
Even the outcomes for other t bins demonstrate noteworthy resemblance to the empirical
data.
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Figure 4.1: Variation of fitted parameters corresponding to the P -wave and σ meson contri-
bution’s as function of t bins at Eγ = 3.3 GeV.
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Figure 4.2: Fitted moments with Deck, ρ and σ contributions for t = −0.45 GeV2 at
Eγ = 3.3 GeV
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Figure 4.3: Fitted moments with Deck, ρ and σ contributions for t = −0.55 GeV2 at Eγ =
3.3 GeV
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Figure 4.4: Fitted moments with Deck, ρ and σ contributions for t = −0.65 GeV2 at
Eγ = 3.3 GeV

61



0.4 0.6 0.8 1.0 1.2 1.4
m  [GeV]

2

4

6

8

Y0 0 [
b/

Ge
V3 ]

JPAC
CLAS

0.4 0.6 0.8 1.0 1.2 1.4
m  [GeV]

2.5

2.0

1.5

1.0

0.5

0.0

Y1 0 [
b/

Ge
V3 ]

JPAC
CLAS

0.4 0.6 0.8 1.0 1.2 1.4
m  [GeV]

0.8

0.6

0.4

0.2

0.0

0.2

0.4

0.6

Y1 1 [
b/

Ge
V3 ]

JPAC
CLAS

0.4 0.6 0.8 1.0 1.2 1.4
m  [GeV]

0.8

0.6

0.4

0.2

0.0

0.2

0.4

0.6

0.8
Y2 0 [

b/
Ge

V3 ]

JPAC
CLAS

0.4 0.6 0.8 1.0 1.2 1.4
m  [GeV]

0.2

0.0

0.2

0.4

0.6

0.8

Y2 1 [
b/

Ge
V3 ]

JPAC
CLAS

0.4 0.6 0.8 1.0 1.2 1.4
m  [GeV]

1.0

0.5

0.0

0.5

Y2 2 [
b/

Ge
V3 ]

JPAC
CLAS

Figure 4.5: Fitted moments with Deck, ρ and σ contributions for t = −0.75 GeV2 at
Eγ = 3.3 GeV
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Figure 4.6: Fitted moments with Deck, ρ and σ contributions for t = −0.85 GeV2 at
Eγ = 3.3 GeV
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Figure 4.7: Fitted moments with Deck, ρ and σ contributions for t = −0.95 GeV2 at
Eγ = 3.3 GeV
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t GeV2 a− a0 a+ as b− b0 b+ bs

−0.45 76.436 −4.0476 −10.395 −29.298 −5.5655 −19.516 5.7729 39.824

−0.55 −57.939 −9.6181 −9.2397 64.357 118.50 −2.2659 −11.114 27.782

−0.65 67.519 −9.6406 2.7564 282.67 96.036 −1.0783 −6.0882 154.32

−0.75 −2.3078 5.0981 7.1335 248.83 25.771 −13.587 8.1905 −21.672

−0.85 35.782 −11.848 −0.095983 −31.082 64.949 −6.7605 7.8642 −88.109

−0.95 15.171 −14.134 −3.6972 −21.498 83.723 −4.0271 10.555 −58.334

Table 4.1: The eight fitted parameters of the moments with Deck, P -wave, and σ meson
contributions for each t at Eγ = 3.3 GeV.

Furthermore, Appendix D elucidates that fitting ⟨Y20⟩ poses significant challenges due
to intricate wave interferences prevalent in the current modeling framework. Additionally,
an examination of the ⟨Y11⟩ and ⟨Y21⟩ moments reveals prominent peaks within the mππ

spectrum, notably in the intervals [0.9-1] and [1.2-1.4] GeV. These conspicuous features
underscore the substantial influence of higher resonances, including the scalar f0(980), direct
D-wave resonance (represented by the tangible tensor f2(1275)), and the scalar f0(1370).
Consequently, the inclusion of these resonances, coupled with meticulous consideration of
additional background contributions, holds the potential for significant improvements in the
fitted moments, ultimately resulting in a more profound alignment with empirical data.

4.5 Non-Resonance Background

In the context of modeling resonant and non-resonant contributions, it is common to en-
counter distinct features in the cross-section data. Resonances typically exhibit characteris-
tic peak structures associated with their specific energies and decay widths. However, when
dealing with non-resonant background contributions, the situation becomes more complex.
To effectively account for these non-resonant backgrounds, arising from both P and S-wave
contributions, a more versatile and generalized approach is required. This approach involves
using a simplified parameterization with minimal parameters, allowing for a flexible descrip-
tion of the background behavior.
This parametrization can be expressed as follows:

Fbkg(sππ) ≡ [(sthππ − sππ)(smax
ππ − sππ)] , (4.38)
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where

sthππ = 4m2
π (4.39)

smax
ππ = s+m2

p −
1

2m2
p

[
(s+m2

p)(2m
2
p − t)− λ1/2(s,m2

p, 0)λ1/2(t,m2
p,m

2
p)

]
. (4.40)

Consequently, the non-resonant component within the P -wave contribution is expressed as:

Mnr
P = Rf2(s, t)

1

s
Fbkg(sππ)u(p2, λ2)/w

′(λγ)u(p1, λ1) , (4.41)

where in the context of the non-resonant P amplitude, the associated parameters are desig-
nated as follows: anr+ (t), anr− (t), and anr0 (t). Likewise, the non-resonant S-wave contribution
can be formulated as follows:

Mnr
S =

1

s
(anrsj + ibnrsj )R(s, t)[(sthππ − sππ)(smax

ππ − sππ)]u(p2, λ2)γ
µu(p1, λ1)vµ(λγ) . (4.42)

4.6 Full Energy Range Fit

In this section, the model is extended to include the second scalar meson (f0(980)) and two
non-resonant components stemming from both the analyzed contributions, namely the P and
S waves. This expansion results in an increase in the number of free parameters from 8 to
18. These parameters can be categorized into 10 that represent the resonance contributions
(6 for ρ and 4 for σ and f0(980), two for each), and 8 that represent the non-resonance
contributions (6 for non-resonant P and 2 for non-resonant S denoted by NRP and NRS

respectively).
The new fit covers the entire energy range, specifically mππ = [0.4 − 1.4] GeV. Similar

to the previous fit, this study focuses on analyzing the moments within each t bin, ranging
from −0.45 to −0.95 GeV2 in increments of −0.1 GeV2, all at the same photon energy of
Eγ = 3.3 GeV.

The total χ2 values for these fits at each t bin, as presented in Table 4.2, exhibit remark-
able consistency. This consistency underscores the stability and reliability of the results
obtained. Additionally, Tables 4.3 and 4.4 present the resulting parameters associated with
the resonance contributions and non-resonant contributions, respectively. For a more com-
prehensive understanding, graphical representations are available in Figs. 4.8 and 4.9.

t GeV2 −0.45 −0.55 −0.65 −0.75 −0.85 −0.95

χ2
Tot 576 576 576 576 576 576

χ2
Tot/n.d.f 1.0093 1.3279 1.3680 1.2580 1.1974 1.2017

Table 4.2: Values of total χ2 for the fits of the full model at each t with Eγ = 3.3 GeV.
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Figure 4.8: Variation of Fitted Parameters corresponding to the resonant pieces of the model
as function of t bins at Eγ = 3.3 GeV.
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Figure 4.9: Variation of Fitted Parameters corresponding to the non-resonant pieces of the
model as function of t bins at Eγ = 3.3 GeV.
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Figure 4.10: Fitted moments for model with Deck, P , S, NRP and NRS contributions for
t = −0.45 GeV2 at Eγ = 3.3 GeV
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Figure 4.11: Fitted moments for model with Deck, P , S, NRP and NRS contributions for
t = −0.55 GeV2 at Eγ = 3.3 GeV
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Figure 4.12: Fitted moments for model with Deck, P , S, NRP and NRS contributions for
t = −0.65 GeV2 at Eγ = 3.3 GeV
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Figure 4.13: Fitted moments for model with Deck, P , S, NRP and NRS contributions for
t = −0.75 GeV2 at Eγ = 3.3 GeV
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Figure 4.14: Fitted moments for model with Deck, P , S, NRP and NRS contributions for
t = −0.85 GeV2 at Eγ = 3.3 GeV
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Figure 4.15: Fitted moments for model with Deck, P , S, NRP and NRS contributions for
t = −0.95 GeV2 at Eγ = 3.3 GeV
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t GeV2 anr− anr0 anr+ anrs bnr− bnr0 bnr+ bnrs

−0.45 8.919 34.605 1.653 −19.672 30.202 6.934 −17.756 36.78

−0.55 28.754 −20.26 −1.79 52.303 136.432 −13.794 9.237 70.115

−0.65 31.1 4.605 −16.421 76.54 36.813 19.77 0.583 102.01

−0.75 109.062 6.27 −6.927 −57.883 11.149 14.51 14.155 −21.147

−0.85 87.911 24.463 4.29 −22.674 −83.216 4.670 15.97 10.101

−0.95 −18.24 24.23 −18.94 −11.067 −193.6 14.752 14.21 8.72

Table 4.4: The 8 fitted parameters representing the non-resonant contributions for each t at
Eγ = 3.3 GeV.

4.6.1 Discussion of the results

The results presented in Figs. 4.10 to 4.15 are derived from the fitted model. An analysis of
these results reveals the following key observations:

• Moment ⟨Y00⟩:
An examination of this moment, which represents the differential cross-section, demon-
strates that the ρ(770) meson contributes the most to the overall cross-section.

• ⟨Y10⟩ and ⟨Y11⟩ :
In the figures for ⟨Y10⟩, the S-wave contributions begin to emerge. This is evident
by a dip in the presence of the ρ(770) resonance, indicating the scalar resonance σ.
Additionally, a small bump around mππ ∼ 0.98 GeV signifies the scalar f0(980) meson.
Regarding ⟨Y11⟩, besides the presence of both scalar mesons σ and f0(980), a bump
at mππ ∼ 0.77 GeV is observed. This feature results from the interference between
the S-wave and the dominant P+ wave. The peak at mππ > 1.2 GeV suggests the
contribution of other resonances, primarily the tensor f2(1275) representing the D-
wave and the scalar f0(1370). Consequently, the S-wave contribution is maximized in
⟨Y10⟩ and ⟨Y11⟩, influencing the interference with the P -wave.

• ⟨Y20⟩,⟨Y21⟩, and ⟨Y22⟩:
In these moments, the interplay between the P -wave contribution and other wave
components significantly shapes the results. At low t, scalar resonances may not be
distinctly visible in the figures. However, they become more pronounced in ⟨Y21⟩ and
⟨Y22⟩ for t = −0.55 → −0.95 GeV2, along with contributions from f0(1370) and
f2(1275).

A comparison of these fitting results with those presented in the previous section (Sec. 4.4)
highlights substantial improvements in all moments across each t bin. Some moments even
exhibit a striking resemblance to empirical data, approaching near-perfect alignment.
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Nonetheless, it’s crucial to acknowledge the remaining disparities. These differences can
be attributed to contributions from other partial waves, indicating the presence of novel
resonances and non-resonant components. Therefore, the inclusion of the remaining S-wave
scalars, specifically f0(1370), and the D-wave tensor meson f2(1275) is highly likely to rectify
these remaining discrepancies.

4.7 Summary

In summary, this chapter has provided valuable insights through a comprehensive exami-
nation of double pion photoproduction moments. By redefining the t-dependence within
specific components of the full amplitude, including the Deck, scalar mesons σ and f0(980)
production amplitudes representing the S-wave, as well as ρ(770) production amplitudes via
pomeron and f2 exchanges, alongside backgrounds from both wave contributions, a com-
prehensive analysis was conducted. All moments ⟨YLM⟩ with L,M ≤ 2 were fitted to ex-
perimental data, with results presented in Figs. 4.10→4.15 for Eγ = 3.3 GeV and fixed t:
0.45 ≤ |t| ≤ 0.95 GeV2. The stability of the χ2

Tot value at 576 and the value χ2
Tot/n.d.f close

to 1 across all fits indicate the reliability of the obtained results, as evident in the figures,
particularly for mππ < 1 GeV. Notably, the P -wave contribution emerges as predominant,
emphasizing its crucial role. This prominence was demonstrated through the thorough anal-
ysis of the moment ⟨Y00⟩, as depicted in the mentioned figures, where the prominent ρ(770)
meson peak is evident. Furthermore, the classification of the Deck component as background
has been clarified. A meticulous examination reveals that both Deck and S-wave contribu-
tions have minimal impacts on the model, underscoring their auxiliary roles. However, the
presence of S-wave contributions is still discernible, particularly in moments ⟨Y10⟩ and ⟨Y11⟩,
where peaks from the resonances σ and f0(980) are evident. Importantly, this study has shed
light on the existence of other partial wave contributions, though not exhaustively discussed
in this thesis, which significantly enrich the overall model. It is essential to recognize that
these contributions collectively form a cohesive whole, emphasizing that none of them, re-
gardless of their individual modesty, can be dismissed. Their intricate interplay and mutual
influence are integral to achieving a comprehensive representation of experimental data.

As this thesis approaches its conclusion, the focus shifts towards the integration of addi-
tional components and refinement of the fitting process. These additions involve contribu-
tions from the f2(1275) tensor meson, representing the D-wave, and another scalar meson
from the S-wave contribution, namely f2(1370). These new elements introduce 12 more free
parameters (10 for f2(1275) and 2 for f2(1370)), supplementing the 18 parameters discussed
earlier in Tables 4.3 and 4.4, as depicted in Figures 4.8 and 4.9. Consequently, the model
becomes overparametrized, necessitating an examination of their relationships with t to re-
duce their number. The ultimate goal is to return to the original amplitude form with fixed
couplings. This phase represents the peak of the study, thoroughly exploring parameter in-
terdependencies with the goal of simplification for fixed tt dependencies. This advancement
enables the prediction of moments at higher CLAS energies, such as Eγ = 8.5 GeV.
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PART II
Spectroscopy of Light Vector Mesons

Preface

According to the Particle Data Group (PDG), the experimental status of meson resonances
with masses ranging from 1 to 2 GeV is relatively poor, as many states predicted by the
quark model have yet to be seen [81]. Furthermore, several seemingly typical resonances
reported in the PDG tables do not even fit into conventional quark theories, such as Godfrey
and Isgur’s (GI) relativized meson model [82]. Some of the most glaring inconsistencies were
covered briefly in a previous work [83], such as the enormous number of observed f2 states
(with JPC = 2++) versus the much fewer expected in the GI model, as well as the very low
mass of the strange vector meson K⋆(1410), the first radial excitation of K⋆(892), which is
anticipated to be about 200 MeV greater in the GI and related quark models. The PDG lists
ρ′, the first radial excitation of ρ(770), as ρ(1450) [81], which is difficult to reconcile with a
lighter K⋆(1410), as the latter state includes one strange quark and one light quark rather
than two light quarks. However, under the ρ(1450) item in the PDG meson listings, one
may find a wide range of experimental findings with masses ranging from 1208–1624 MeV,
depending on the specific strong decay mode. In fact, there have been several indicators of
a lighter ρ′ in the range 1.25–1.3 GeV [81].

In this part of the thesis, a reexamination and attempt to resolve the ρ′ meson paradox
will be conducted in Chapter 5 by reanalyzing the elastic P -wave scattering data. The
investigation will be extended in Chapter 6, where the three channels separable potential
approach will be included to provide some predictions for the πω channel phase shifts and
inelasticities. The formalism and fundamental principles for the next study will be illustrated
below.

S -matrix and phase shifts

The phase shift δℓ is a fundamental quantity for characterizing the scattering amplitude, as
has been established in various standard textbooks on quantum mechanics. Generally, the
phase shift can be evaluated from measurable quantities such as the differential cross sec-
tion dσ/dΩ, or alternatively, through the formalism of the S-matrix. The scattering phase

78



shift encodes significant physical information, which can be utilized to investigate resonant
phenomena in the data, leading to a deeper understanding of the underlying physical mech-
anisms of a given scattering process. Consequently, the determination of the phase shift (or
amplitude) may yield additional insights into the kinetics of the scattering process, the prop-
erties of resonances, and related phenomena. In summary, the phase shift parameterization
serves as a valuable tool for the analysis and interpretation of scattering data. Using the
unitarity feature of the S- matrix, demonstrated in 2.1.1, one can relate each partial wave
Sℓ matrix element to the real phase shift δℓ and inelasticity ηℓ as:

S(k) = ηℓ(k)e2iδℓ(k) . (4.43)

The invariant scattering amplitude can be represented using the phase shift parameterization
as follows:

Mℓ(k) = F (k)

(
1

cot δℓ(k)− i

)
, (4.44)

where the singularities in the denominator ofMℓ(k) provide information about the angular
momentum of the intermediate states. F (k) is a form factor that represents the internal
structure of the scattering particles and their coupling to the external field2. These singular-
ities, which are known as poles, can be categorized into resonant states, anti-resonant states,
bound states, and anti-bound states (virtual) based on their positions in the momentum/en-
ergy complex planes, as shown in Fig. 4.16.

Pole Structures Illustrated in Fig. 4.16:

• Permissible Poles:

– Bound States: These correspond to particles with poles situated on the real
energy axis of the physical sheet, positioned below the threshold (s = (m1+m2)

2)
marked by the red circles.

– Virtual Bound States or Anti-Bound States: poles on the real axis of
the unphysical sheet, lying beneath the threshold. These are marked by △ in Fig.
4.16.

– Poles situated above the threshold but positioned away from the real axis of the
unphysical sheet are indicative of both Resonant Poles and Zeroes. They are
symbolized by ◦ (4th quadrant) and □ (1st quadrant) respectively in Fig. 4.16,
occurring as complex conjugate pairs. Our primary focus is on resonant poles,
which correspond to resonances and hold significant importance in the analysis of
resonance phenomena in scattering experiments.

2The specific form of F (k) depends on the details of the scattering system and the interaction under con-
sideration. In general, F (k) is a complex function of the momentum transfer k, which can be experimentally
determined from measurements of the differential cross section or other observables
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Figure 4.16: The different classifications of the S-matrix poles and their positions in the
complex energy plane where the scattering states with real momentum and positive energy
are shown by the blue solid arrows. The filled symbols represents the poles on the physical
sheet. Figure from [84]

• Prohibited Poles:

– Poles exceeding the threshold on the real axis of the physical sheet are disallowed
due to their violation of unitarity.

– Poles situated off the real axis of the physical sheet contravene causality and are
therefore not permitted.

General form of the N-coupled channel S -matrix

The S-matrix element for a single channel can be expressed using the Jost function as

S(k) = e2iδℓ(k) =
d(−k)

d(k)
. (4.45)

The S function can be parameterized in terms of poles at kj and zeroes at −kj (which
correspond to zeroes of d(k) and d(−k), respectively).

d(k) =
n∏

j=1

(k − kj)(k + k∗j ) =
n∏

j=1

|d(k)|eiαeiβ , (4.46)

d(−k) =
n∏

j=1

(k + kj)(k − k∗j ) =
n∏

j=1

|d(k)|eiγeiω . (4.47)
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Figure 4.17: One channel poles i.e. p and p′ and zeroes i.e. z and z′ in both complex mo-
mentum and energy planes. Figure from [85]

In the above equations, the index j ranges from 1 to n, which corresponds to the number
of poles being investigated. The second component of d(±k) in Eq.(4.47) is introduced to
satisfy the unitarity constraint of the S-matrix, which is why one resonance has two poles
and two zeroes, as illustrated in Fig. 4.17. The phase shifts corresponding to the poles and

zeroes may be easily calculated for kj = a + ib using angle = arctan

(
−b
k−a

)
. Therefore, the

total phase shift can be expressed as:

δ =

(
−α− β + γ + ω

2

)
, (4.48)

due to the symmetry of poles and zeroes.
The Riemann sheets of the S-matrix are labeled with numbers corresponding to the imag-

inary sign of the channel momenta. In systems with N-coupled channels, a total of 2N

Riemann sheets exist. For each matrix element Sij where (i, j = 1, 2, ..., N), two cuts are
present: a right-hand cut originating from the threshold on the real energy axis of the relevant
channel, and a left-hand cut representing the crossed channels. Resonances are associated
with poles and zeros located on these Riemann sheets as shown in Fig. 4.18. Analytic contin-
uation formulas of coupled process matrix elements to the unphysical sheets of the Riemann
surface provide a representation for these resonances [86]. The diagonal elements of the
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Figure 4.18: The four Riemann sheets of two channels. Figure from [85]

S-matrix of the N-coupled channels case are given by:

Sii =
d(k1, .., ki−1;−ki, ..., ki+1, ..., kN)

d(k1, ....., kN)
, (4.49)

whereas the non-diagonal elements can be calculated using the following expression:

SiiSjj − S2
ij =

d(k1, .., ki−1,−ki, ..., ki+1, kj−1,−kj, kj+1, kN)

d(k1, ....., kN)
. (4.50)

The Jost function d(k) can be decomposed into two components: dres(k), representing the
resonant part, and dbgr(k), representing the background part corresponding to neglected
channels and resonances.
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Chapter 5

P -wave elastic scattering analysis

Within this chapter, a comprehensive reexamination of historical data relating to ππ scat-
tering has been carried out. Specifically, the focus has been on the elastic phase shifts and
inelasticities up to an energy threshold of approximately 2 GeV. The central objective of
this investigation is to shed light on the status of higher vector ρ excitations, particularly
the ρ′. To achieve this purpose, an analytical model has been employed – a well-established
three-channel S-matrix parametrization, as expounded in section 2.1. This model provides
a clear representation of the complex pole locations of numerous ρ resonances, employing
extended Breit-Wigner-type expressions. Moreover, the preservation of convenient crossing
symmetry has been addressed by minimizing disparities between experimental and theoret-
ical real amplitude components derived from dispersion relations, as detailed in section 5.2.
The units employed throughout this analytical endeavor are in terms of energy/mass and
expressed in MeV.
The analysis presented in this chapter has been published in September 2020 [87].

5.1 Introduction

The introductory section’s discourse underscores the importance of achieving a more pro-
found grasp of the masses attributed to ρ′ and K⋆′ particles. The paradigms of quark models,
underpinned by the conventional Coulomb-plus-linear interquark potential, propose an esca-
lation in radial splittings for lighter quarks, concomitant with a dynamically evolving strong
coupling constant in the Coulombic component [88]. Consequently, if the ρ′ mass were to
deviate considerably from the predictions established by models such as GI and similar coun-
terparts, it would pose a formidable challenge to these theoretical frameworks. Hence, the
ongoing exploration of these particles, coupled with the amelioration of our comprehension
of their characteristics, remains a primary task.

The exact mass determination of a broad resonance, like ρ′, significantly relies on the man-
ner in which pertinent scattering data are treated. Notably, the conventional employment
of Breit-Wigner (BW) parametrizations can render results uncertain, potentially leading to
variations on the order of 10 MeV for ρ(770) and surpassing 100 MeV for ρ′ [89]. This
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discrepancy could, to some extent, emanate from the intricacies of attaining unitarity in
multi-BW parametrizations, particularly within the ambit of profoundly inelastic processes
entailing ρ′.

Furthermore, the traditional static methodology applied to mesonic resonances in most
quark models often treats them as stable composite states comprised of a quark and an anti-
quark. However, the potential impact of coupled-channel effects stemming from meson loops
can be substantial. Illustratively, the unitarized multichannel quark model expounded in [90]
underscores the influence of interconnected channels on the ρ′ mass. This model effectively
mitigates a bare mass of 1.48 GeV by approximately 190 MeV, yielding a realized mass of
1.29 GeV. It is important to note that the utilization of different confinement interactions
within this model raises inquiries regarding the universality of unitarization effects in the
realm of widely employed quark models. Furthermore, substantial shifts in mass may emerge
within ground states and higher radial excitations, necessitating a comprehensive parameter
recalibration upon the unitarization of any given model.

Recent insights from lattice-QCD simulations have further enriched the understanding
of such topics. An unquenched simulation centered on antiquark interpolators exclusively
culminated in a genuinely representative spectrum in [91], facilitating estimations of light
and strange hadron masses. The primary radial excitation of K⋆(892) was appraised to
slightly surpass 1.6 GeV. In a complementary vein, the same lattice collaboration probed
P -wave Kπ scattering through the deployment of both quark-antiquark and meson-meson
interpolators in [92]. Employing Lüscher’s technique [93], discrete energy levels were dis-
cerned and subsequently utilized to derive Kπ phase shifts for diverse lattice dimensions.
Upon extrapolation to the actual pion mass, the inferred phases exhibited commendable
agreement with empirical data, encompassing not only the K⋆(892) mass but also its width.
Notably, the revelation emerged that the initial radial excitation of K⋆(892) exhibited a
mass of 1.33± 0.02 GeV, notably lower by approximately 300 MeV than the earlier lattice
simulation devoid of meson-meson interpolators. It is worth acknowledging that this com-
putational approximation hinges on the portrayal of solely the Kπ decay channel and, as
such, treats the K⋆′ as a purely elastic resonance. The overarching significance of embracing
unitarity as a pivotal aspect for achieving quantitatively precise spectroscopic outcomes is
emphatically emphasized.

5.1.1 Channels of interest

The most recent confirmation of the ρ(1250) resonance was achieved in [94] through a dis-
persive analysis of amplitudes in three interconnected P -wave decay channels. This analysis
incorporated a built-in crossing-symmetry requirement within the ππ channel. This val-
idation is strongly supported by both physical and mathematical considerations. In this
investigation, the chosen channels were selected to replicate the main two-body decay pro-
cesses of ρ excitations.

Alongside the ππ channel, which was a robust candidate for inclusion in the analysis
due to the wealth of experimental data on phase shifts and inelasticities, two additional
efficient channels were considered. The higher ρ resonances possess numerous observable
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decay routes, which cannot be comprehensively accounted for using the S-matrix method
due to the increasing complexity of Riemann sheets and complex poles. Consequently, for
the higher ρ excitations, the decay modes listed in the PDG [81], channel couplings, and
ππ phase shifts were closely examined to select the two supplementary channels from the
multiple potential decay paths.

For the PDG entry ρ(1450), the following modes were identified: a1(1260)π, h1(1170)π,
π(1300)π, and ρ(2π) in the S-wave configuration. All of these were encompassed in the
4π decays. Moreover, the first three channels primarily led to ρπ decay, resulting in three
relatively close decay channels for an excited ρ vector state. Consequently, all these channels
yielded a quasifinal state of ρ2π, with 4π serving as the ultimate final state. In contrast,
the fourth decay channel, ρ(2π) in the S-wave configuration, was dominated by the f0(500)
resonance. To simulate these decays, a single ρ2π channel with a threshold of 1055 MeV
was introduced. Despite the central thresholds for the aforementioned four channels being
195-385 MeV higher [81], considering the notably broad nature of the relevant resonances,
opening the effective channel at the ρ2π threshold seemed appropriate.

Regarding the third effective channel in this study, it is observed that an isovector vector
state strongly couples to a P-wave state through spin, isospin, and orbital angular momentum
recoupling coefficients. The ρρ decay mode is prominent among the ρ2π decays in the
PDG ρ(1700) entry, alongside the previously mentioned a1(1260)π, h1(1170)π, and π(1300)π
modes. While the PDG indicates a ρρ threshold of 1550 MeV, a threshold value of 1512 MeV
was reported in [95] through fitting P -wave phase shifts. This latter value is adopted as the
threshold in this analysis, justifying the decision to open this channel at a lower energy level.
Therefore, ρρ is considered a more suitable designation for the third effective decay channel,
replacing the previous ρσ designation used in [95, 96].

These three channels were previously examined in [95, 94, 96]. However, when investigat-
ing ρ(1250) decays, particular attention must be paid to the ωρ decay mechanism observed
in various experiments [81]. As a result, two analyses will be conducted: the first utilizing
the three channels ππ, ρ2π, and ρρ, and the second substituting the ρ2π channel with the
ωπ channel and setting the threshold at 922 MeV by fitting it to the data, leading to a more
comprehensive assessment.

5.2 Methodology

The investigation involves a comprehensive examination of the S-matrix poles of various
resonances on distinct Riemann sheets of the complex energy plane. The determination
of the complex pole positions is achieved by fitting the amplitude’s free parameters to the
experimental data and the dispersion relations known as GKPY equations [97]. This results
in model-independent outcomes. Furthermore, as the pole locations are established directly
in the fits, the search for poles by analytically extending the amplitudes into the complex
energy or momentum plane is not required. As a result, full unitary and analytical amplitudes
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are utilized, which can be expressed as:

Aij(s) =
1

2i

Sij(s)− δij
1− 4m2

π

s

, (5.1)

where s is the effective two-pion mass squared, Sij denotes the S-matrix elements as men-
tioned before and δij represents the Kronecker delta. Thus, in the case of the ππ channel,
such an element reads

S11(s) = η11(s)e
2iδ11(s) , (5.2)

with phase shift and inelasticity denoted by δ11 and η11 respectively.
In Section 4.7, it was mentioned that in the case of three coupled channels, the possible

locations of poles are spread over eight Riemann sheets. To simplify this eight-sheeted
Riemann surface, a uniformizing variable w is introduced, which can be expressed as:

w =

√
s− s2 +

√
s− s3√

s3 − s2
, (5.3)

where s2 and s3 are the thresholds of the second and third channel, i.e. ρ2π and ρρ respec-
tively. The resonant pole can be determined using the following expression:

√
sr = Er − i

Γr

2
, (5.4)

with Er as the resonance mass and Γr its full width.
So for s = sr:

wr =

√
sr − s2 +

√
sr − s3√

s3 − s2
. (5.5)

Elements of an S-matrix are expressed as follows:

S = SresSbgr , (5.6)

where Sres and Sbgr represents the resonant and background parts of the S-matrix respec-
tively, and the ππ channel S-matrix element reads:

S11 = Sres
11 S

bgr
11 =

d∗res(−w∗)

dres(w)

dbgr(−k1, k2, k3)
dbgr(k1, k2, k3)

, (5.7)

note that dres encodes all the dynamics of the interacting particles, both in individual chan-
nels and between them. The momenta in a given channel will be denoted by ki, where k1
represents the first channel which is ππ, k2 represents the second channel ρ2π, and so on.
The resonance contributions Sres are defined as:

dres(w) = w
−M
2

M∏
r=1

(w + w∗
r) , (5.8)
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where M is the number of all poles. The background Jost function has the form:

dbgr(k1) = exp

2ia− 2b

(
k1
m1

)3

Θ(s, s2)

 , (5.9)

the mathematical framework outlined above involves the utilization of the Heaviside function
Θ(s, s2), which takes a value of 1 when s ≥ s2 and 0 when s < s2, where s and s2 are real
numbers. Additionally, real numbers a and b are used in the framework. This entire math-
ematical approach was published in the research conducted by [95, 94], wherein the poles
that correspond to a specific resonance and lie on distinct Riemann sheets were categorized
into clusters. As mentioned in sec. 4.7 Riemann sheets are numbered according to the signs
of the imaginary components of the momenta. As a result, the eight Riemann sheets of the
studied three channels are numbered as: I (+,+,+), II (−,+,+), III (−,−,+), IV (+,−,+),
V (+,−,−), VI (−,−,−), VII (−,+,−) and VIII (+,+,−).

Fits to data for phase shifts and inelasticities in the ππ channel below 2 GeV [95] revealed
five resonances lying on different Riemann sheets, namely ρ(770), ρ(1250), ρ(1450), ρ(1600),
and ρ(1800).
These amplitudes were employed in association with three significant modifications in [94,
96]:

1. Removing the limits on pole movement as a function of channel coupling, resulting in
large variations in pole locations for two of them, connected with the ρ(770) cluster.
These locations change by several hundred MeV, leading to extremely tiny phase shifts
and inelasticity, as expected from a weak background. These would be referred to as
“background poles”. Two other ρ(770) poles and all of the higher ρ states move by
merely a few MeV or less.

2. Applying a threshold expansion with four parameters below 640 MeV.

3. The measured amplitudes in S, P , D, and F waves were restricted by satisfying crossing
symmetry (which is briefly introduced in sec. 2.1.2) in the ππ channel up to roughly
1100 MeV. This was done by incorporating a χ2

CS component in χ2
Total which corre-

sponds to the specified crossing symmetry (CS):

χ2
CS =

N∑
i

[ReA(in)(Ei)−ReA(out)(Ei)]
2

ϵ
. (5.10)

The terms presented in Eq. (5.10) can be explored in greater detail:

• N = 26 represents the number of the chosen energies between the ππ threshold and
1100 MeV at which χ2

CS is calculated,

• ϵ is normalization constant and is fixed at 0.01 in order to make the size of χ2
CS com-

parable with χ2
data, the other component of χ2

Tot.
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• ReA(in)(E) corresponds to the real part of the amplitude used in the fitting of the data
and the GKPY equations.

• ReA(out)(E) is the same quantity to be calculated through the dispersion relation, as
follows:

ReA
I(out)
ℓ (s) =

2∑
I′=0

CII′

st a
I′

0 +
2∑

I′=0

4∑
ℓ′=0

−
∞∫

4m2
π

ds′KII′

ℓℓ′ (s, s′) ImA
I′(in)
ℓ′ (s′) + dIℓ(s) . (5.11)

Where

• CII′
st represents the crossing matrix between the ππ channels with isospin I and I ′,

• aI
′

0 is the S-wave scattering length vector for isospin I ′,

• KII′

ℓℓ′ (s, s′) are the kernels associated with once-subtracted dispersion relations with
enforced crossing symmetry.

The first term of Eq. (5.11) called the “Subtraction term” in which it is a linear combi-
nation of the S-wave scattering length. While the second term is denoted by the “Kernel
term” in which they are constructed for the partial wave projected amplitudes with s←→ t
crossing symmetry condition. Finally the third term called the “Driving term” in which
they have the same structure as the second term except the fact that they are not related

to the phenomenological input amplitude A
I′(in)
ℓ′ (s′). The driving term is determined by

Regge parametrization. Additionally, these dispersion relations create considerably less un-
certainties in the calculated real parts of the amplitudes from Eq. (5.11) than the well-known
Roy [98] dispersion relations with two subtractions, as proved in [97]. In reality, the integrals
in Eq. (5.11) are performed from the threshold up to around 2 GeV because data at higher
energies are absent and so-called driving terms are utilized thereabove.
Although the amplitudes yield inaccurate ππ scattering lengths in [95], resulting in poor
threshold behavior, this did not prohibit getting very acceptable findings for the resonance
pole locations of the distinct ρ mesons for lying much beyond the threshold. Whereas, the fits
to the GKPY in [94, 96] are heavily reliant on the amplitude’s threshold behavior (i.e. the
threshold behavior of the amplitude became extremely relevant) as the integrals in Eq. (5.11)
begin at threshold and the amplitudes there are least restricted by the kernels’1 dependency
on s.
To improve the amplitudes near-threshold behavior in [95], a polynomial was introduced
below 640 MeV by modifying the original amplitudes in Eqs. (5.7)→(5.9) based on fits to
the data and the GKPY equations, as discussed earlier in point 2. This polynomial is a
generalized expansion in pion momentum k powers, specifically designed for near-threshold
calculations for both S0 and P1 wave amplitudes.

ReA(s) =

√
s

4k
sin 2δ = mπk

2
[
a+ bk2 + ck4 + dk6 +O(k8)

]
. (5.12)

1for explicit formulae of the kernels, see the Appendix of Ref. [97]
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In this study, the parameters a and b, commonly known as the scattering length and effective
range, respectively, were employed. These parameters are referred to as the slope parameter
and can be established or tailored to suit the data and dispersion relations. For the purpose of
this calculation, a2 was fixed at 0.0381 m−3

π and b3at 0.00523 m−5
π . These particular values

were chosen based on previous experimental data and theoretical calculations, and were
further optimized through a fit to the data and dispersion relations to obtain the best possible
agreement with the observed phase shifts. Furthermore, the values of c and d were permitted
to vary during the fitting process for the data and GKPY equations. These parameters were
employed to seamlessly integrate the polynomial-derived phase shifts, including their values
and first derivatives, with the multichannel phase shifts defined by Eqs. (5.7)→(5.9). To
achieve this, a matching energy of roughly 640 MeV was utilized, which was determined by
fitting the free matching energy parameters for both the S and P waves to the phase shifts.
The optimal value of 640 MeV was discovered to provide the most satisfactory description
of the P wave data and is still lower than the pole mass of the ρ(770), indicating that the
effective range approximation may be employed. The ππ P -wave is therefore concurrently
fitted to the dispersion relations and the experimental data. The χ2

Total is defined by:

χ2
Total = χ2

CS + χ2
Data , (5.13)

where χ2
CS defined in Eq. (5.10) includes input from all 6 important partial waves (JI:

S0, S2, P1, D0, D2 and F1) while χ2
Data contains only phase-shifts and inelasticities of the

P1-wave (will be denoted by P -wave) as follows:

χ2
Data =

Nℓ
δ∑

i=1

(δexpi − δthi )2

(∆δexpi )2
+

Nℓ
η∑

i=1

(ηexpi − ηthi )2

(∆ηexpi )2
. (5.14)

Where δexpi and δthi are the phase shifts experimental and theoretical (calculated) values in
the considered channel of the different waves respectively. Similarly for ηexpi and ηthi which
denotes the experimental and calculated inelasticity values. All the changes observed during
the fits in ReA

I(out)
ℓ (s) in Eq. (5.11) are caused by only modifying the P -wave.

The maximum number of the free parameters was set to be 50, and they can be demonstrated
as:

• mass and width of all poles that contributes to each resonance of the P wave:

- 8 parameters for ρ(770),

- 16 parameters for ρ(1250),

- 8 parameters for ρ(1450),

2The scattering length a characterizes the low-energy behavior of the scattering process and describes the
effective range of the interaction between particles. Previous experimental data and theoretical calculations
have established the value of a for pion-pion scattering to be around 0.1 m−3

π .
3The effective range b describes the short-range behavior of the interaction and is related to the curvature

of the phase shift. The value of b is typically much smaller than that of a.
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- 8 parameters for ρ(1600),

- 8 parameters for ρ(1800),

• the matching energy,

• the background parameter of Eq. (5.9) a, while the other parameter b was fixed at
−0.85× 10−4 to avoid violating unitarity above 1700 MeV for inelastisities.

The fitting process was conducted successively with an increasing number of free parameters
to prevent convergence to local minima, rather than the global minimum. Subsequently, a
detailed description of the fitting methods employed in this study is given below.

• First step: only matching energy, background parameter and ρ(770) i.e 10 free param-
eters,

• Second step: like in the 1st step plus ρ(1250) i.e. 26 free parameters,

• Third step: like in the 2nd step plus ρ(1450) i.e. 34 free parameters,

• Fourth step: like in the 3rd step plus ρ(1600) i.e 42 free parameters,

• Fifth step: like in the 4th step plus ρ(1800) i.e. 50 parameters.

In this study, the fits were performed at each step with a changing number and value of
the new pole’s starting parameters. In each stage, the fitted parameters served as the
starting parameters for the following step. The matching energy and background parameter
a were also taken at varied beginning values in the first phase. The overall number of
parameters used and their corresponding numbers for each resonance were the least, resulting
in satisfactory values of χ2

Total. However, further increasing their number no longer resulted
in a noticeably better χ2

Total.
As previously mentioned, in addition to the discussed ρ2π channel decay mode, there is

another significant mode, ωπ, classified in the PDG [81] under ρ(1450) and ρ(1700) entries
with resonance mass ranges of 1250–1624MeV and 1550–1800 MeV, respectively. Therefore,
the study was rerun using the ωπ instead of the ρπ, dropping the threshold value to 922 MeV
from 1055 MeV. The fits to the experimental data and the GKPY equations were repeated,
resulting in only slight variations in the masses of all resonances (i.e., the real parts of the
poles), which were observed to be ρ(770) by +0.1MeV, ρ(1250) by +9.7MeV, ρ(1450) by
+6.5MeV, ρ(1600) by +2.4MeV, and ρ(1800) by -7.5MeV. However, the quality of the fits,
as indicated by the values of χ2, was nearly identical, as shown in Table5.1, indicating the
stability and reliability of the obtained results. Note that the number of degrees of freedom
(n.d.f) in the fits was 297 i.e.

(n.d.f.) = Exp. data points + D.R. energy points− free parameters

= 191 + (6× 26)− 50 . (5.15)
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channel χ2
total χ2

total/n.d.f χ2
Data χ2

CS

ρ2π 403.1 1.357 294.1 109.0

ωπ 406.4 1.368 296.0 110.4

Table 5.1: Values of χ2 for the fits with different second channel.

The expression 6 × 26 indicates that there are 6 partial waves with 26 energies each. The
discussion was resumed with the consideration of ρ2π as the second channel. The adjustments
made previously ensured that the amplitude satisfied the crossing-symmetry criterion from
the threshold up to approximately 1100 MeV, while also maintaining its unitary and analytic
character. The resulting modified amplitude was then used to fit the data in [94] as well as
the GKPY equations, resulting in a set of pole clusters. Table 5.2 presents the resonance
poles, which have the greatest influence on the overall amplitude, obtained from these pole
clusters. In order to consider the impact of all higher ρ resonances that were not included in

Resonance Riemann Sheet Er , Γr/2 (MeV)

ρ(770) II 765.2± 0.4 , 73.1± 0.3

ρ(1250) III 1264.1± 33 , 146.7± 12

ρ(1450) III 1424.7± 26 , 104.9± 24

ρ(1600) IV 1595.1± 5 , 69.5± 4

ρ(1800) VI 1779.2± 14 , 121.9± 16

Table 5.2: Pole positions on various Riemann sheets, for
√
sr = Er − iΓr/2, of the unitary

amplitude fitted to experimental data and GKPY equations.

dres(w) of Eq.(5.8), the background introduced in Eq.(5.9) was fitted to the data as well as
the GKPY equations. The obtained results consisted of a constant with a relatively small
phase shift of about 20◦, and small inelasticity with a smooth increase (see Figs. 5.2 and 5.4).
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5.3 Results and Discussion

The results presented in Figs. 5.1→5.5 are based on the fits carried out in [94, 96].

Discussion:

• Figure 5.1:
From a thorough examination of both Fig.5.1 and Table5.1, it becomes apparent that
the fitted curves closely replicate the experimental data, taking into account the phase
shift errors, over the relevant energy ranges, up to approximately 2 GeV. It should be
noted that the experimental data used for the phase shifts were obtained from[99, 100,
101, 102, 103, 104], while those for the inelasticity were taken from [99, 100, 101, 102,
104].

• Figure 5.2:
Figure 5.2 clearly shows that ρ(770) has the largest impact on the overall phase shift,
as expected. The contributions from the ρ excitations are overpowered by ρ(770). The
second most influential resonance is ρ(1250), while ρ(1450) has the least effect. The
plot effectively conveys the relative strengths of the different resonances in shaping the
phase shift. It is worth noting that the expected threshold behavior, predicted by a
polynomial with constant scattering length and effective range, is only observed in the
overall phase shift and not in the individual resonances.

• Figure 5.3:
In this figure, it is evident that ρ(1250) has a greater impact than ρ(1450), which is
consistent with the previous analysis. The influence of ρ(1250) is significant between
1.0 GeV and 1.5 GeV and is comparable to that of ρ(1600) and ρ(1800). On the other
hand, the contribution of ρ(1450) is relatively small throughout the entire energy range.
This finding supports the previous conclusions about the importance of the different ρ
resonances in the overall behavior of the amplitude.

• Figure 5.4:

- One can observe by analyzing Fig. 5.4, that below 1.5 GeV i.e. near the ρρ thresh-
old the inelasticity of the ρ(1250) amplitude considerably differs than 1, and that
coupled with the part of the inelasticity due to the ρ(770) nearly totally controls
the inelasticity of the full amplitude.
Between the ρ2π and ρρ thresholds, contributions from ρ(1450) and ρ(1600) ba-
sically cancel each other out.

- Above about 1.5 GeV, ρ(1800) nearly fully controls the energy dependence of η,
interfering with the still huge but already quite unstructured ρ(1250) component
equivalent in size to that of ρ(770).

- Above 1.5 GeV, the contribution of ρ(1450) to η is negligible, also it exhibits a
modest maximum at around 1.4 GeV, as predicted.

92



500 1000 1500 2000

E [MeV]

0

45

90

135

180

δ π
π

1000 1200 1400 1600 1800 2000

E [MeV]

0

0,2

0,4

0,6

0,8

1

1,2

η π
π

Figure 5.1: The ππ phase shifts and inelasticities fitted to the data and the GKPY dispersion
relations.
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Figure 5.2: Upper figure: phase shift due to individual resonances, as well as full phase and
background; lower figure: enlarged fragment from the upper figure.
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Figure 5.3: Upper figure: phase shift from full amplitude (dashed line) and the same but
without ρ(1250) and ρ(1800); lower figure: as upper figure but enlarged over a reduced
energy interval and also without ρ(1450) and ρ(1600).
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Figure 5.4: Inelasticity due to individual resonances, full amplitude, and background.
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Figure 5.5: Inelasticity due to full amplitude and same without individual resonances.
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- The considerable decline in complete inelasticity at roughly 1.6 GeV is mostly
influenced by ρ(1600), which occurs following the opening of the ρρ channel. The
background has a little part in the construction of η, resulting in a gradual and
smooth ascent.

• Figure 5.5:
In Fig.5.5, the inelasticity curve is shown after removing different ρ resonances from
the amplitude. The largest shift is caused by eliminating ρ(1250), followed by ρ(770),
compared to the curve generated by the entire amplitude. Omitting ρ(1600) or ρ(1800)
results in a considerable change but only at 1600 MeV or above. Removing ρ(1450)
leads to only a slight shift in η over a narrow energy range below 1.5 GeV, with no
impact on the form of the inelasticity curve. These findings demonstrate the varying
contributions of the different ρ resonances to the behavior of the inelasticity curve.

5.4 Conclusion

The findings from the combined analysis provide compelling evidence for the inclusion of
the ρ′ resonance at approximately 1.26 GeV. Moreover, the stability of the fitted pole posi-
tions, as well as the demonstrated fulfillment of multichannel unitarity and optimal crossing
symmetry, offer strong support for the reliability of the identified excited states, including
those situated around 1.42 GeV, 1.60 GeV, and 1.78 GeV. In light of these results, it is
recommended that ρ(1250) be reinstated in the PDG tables as a distinct entry.
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Chapter 6

Predictions for the ωπ Channel

6.1 Introduction

The purpose of constructing and analyzing photoproduction amplitudes is to investigate
resonances, specifically mesons, that appear in final state interactions. This analysis aims to
complete and refine the spectroscopy of these states using the standard qq̄ model or identify
exotic states. To achieve this, it is essential to have amplitudes of final state interactions
that are unitary and preferably available in multiple coupled channels across a wide range
of effective mass.

In this chapter, the creation and analysis of such unitary amplitudes for interactions in
three coupled channels in the P wave will be illustrated, spanning from the ππ threshold to
approximately 1800 MeV. Referring back to the previous chapter, these channels will be ππ,
ωπ, and ρρ, and the analysis aims to:

1. Creating theoretical amplitudes that have not been experimentally tested in the ωπ
channel and analyzing their mass distributions while considering different positions of
the ρ(1450) meson (hereafter referred to as ρ′).

2. Providing a fairly universal method that can be directly applied to various channels in
the P wave, as well as adaptable to other partial waves.

In the future, the analysis described in point 1 will offer the opportunity to experimentally
test the ωπ amplitudes, providing irrefutable evidence of the true location of a pole of the
amplitude associated with the ρ′.

However, calculating the ωπ amplitudes is challenging due to the presence of at least two
ρ mesons associated with several poles on different Riemann sheets [105, 87]. Additionally,
this channel is coupled with other channels, such as the lower ππ and higher ρρ channels,
which further complicates the analysis. The latter is rather an effective channel representing
basically several other channels that have thresholds around 1400-1600 MeV (e.g. a1(1260)π,
π(1300)π, ηρ). Nevertheless, by predicting the ωπ phase shift and inelasticity, one can better
understand the behavior of the scattering amplitude, which is a key quantity in describing
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the photoproduction process. This can lead to more accurate predictions of the cross-sections
and other observables that can be measured or extracted from experiments.

Furthermore, this analysis will help in identifying the resonances and their properties in-
volved in the ωπ photoproduction process. Such knowledge is fundamental for understanding
the dynamics of strong interactions in the hadron spectrum and for testing different theo-
retical models.

The determination of amplitudes in all three aforementioned channels will be undertaken
through the judicious employment of separable potentials featuring both non-relativistic and
relativistic propagators. These potentials have been already successfully used many times
as a valuable tool for studying, for example, the spectroscopy of scalar-isocalar mesons in
the two coupled channels ππ and KK̄ [106] as well as the three channels ππ, KK̄ and 2π2π
[107]. They also work very well in the parameterization of two-body interactions in final
states in heavy meson decays, where they replace the often used non-unitary isobar models
[108] by one single unitary model.

The use of these potentials offers simplicity and requires a relatively small number of free
parameters to describe multiple channels across a wide range of effective mass. For example,
in the work on spectroscopy of scalar mesons [107], only 14 parameters were needed for three
coupled channels in the energy range from the ππ threshold to 1800 MeV (representing
four resonances). In contrast, unitarized isobar models would require more than 30 free
parameters (including the number of poles on various Riemann sheets, multiplied by two for
mass and width).

For further details on these potentials, refer to [106, 109]. The following sections will
outline their most important general features and discuss their properties for the P wave in
more detail.

6.2 Model of three coupled channels

The matrix of scattering amplitudes T satisfies a system of coupled Lippmann-Schwinger
equations in the momentum space:

⟨p|T |q⟩ = ⟨p|V |q⟩+

∫
du

(2π)3
⟨p|V |u⟩ ⟨u|G |u⟩ ⟨u|T |q⟩ , (6.1)

where, for the interactions considered here in three coupled channels, V and G are 3 × 3
matrices, that serve as the interaction (potential) matrix and the diagonal matrix of channel
propagators respectively. Vectors p, q and u are three-dimensional momenta (u is relative
momentum between interacting particles in the center of mass). The diagonal matrix of
these propagators is written as:

⟨u|Gαγ |u⟩ = Gαδαγ (where α, γ = 1, 2, 3 number the channels) , (6.2)

where

Gα(E,u) =
1

E1(kα) + E2(kα)− Eα1(u)− Eα2(u) + iϵ
, ϵ→ 0(+). (6.3)
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Here energy El(kα) =
√
m2

αl + k2
α (l = 1, 2 numbers the particles in given channel α) in

relativistic approach and El(kα) = mαl + k2
α

2mαl
in nonrelativistic one1 is the energy of a

particle in given channel. The total energy of two interacting particles l is given by

E = 2Eπ = Eπ + Eω = 2Eρ. (6.4)

Energy Eαl(u) =
√
m2

αl + u2 (Eαl(u) = mαl + u2

2mαl
) is the energy of individual particle l

with relative momentum u in a given two-body channel α. Of course for α = 1 or 3 masses
of interacting particles are identical so Eq. (6.3) reduces to

Gα(E,u) =
1

E − 2Eα(u) + iϵ
, ϵ→ 0(+) . (6.5)

The on-shell momenta kα in individual channels are connected with the total energy by

k1 =

√
E2

4
−m2

π (k1 =
√

2Emπ − 2m2
π),

k2 =
1

2E

√
[E2 − (mω +mπ)2][E2 − (mω −mπ)2] (k2 =

√
2mωmπ

mω +mπ

√
E −mω −mπ),

k3 =

√
E2

4
−m2

ρ (k3 =
√

2Emρ − 2m2
ρ). (6.6)

The general form of separable potential has the following form:

⟨p|Vαγ |q⟩ =
n∑

j=1

λαγ, j gα, j(p)gγ, j(q), α, γ = 1, 2, 3 , (6.7)

where n is rank of the potential and λαγ, j are coupling constants in channels (α = γ) and
between channels (α ̸= γ).

Form factors that have the Yamaguchi form

gα, j(p) =

√
4π

mα

p

(p2 + (βα, j)2)2
, (6.8)

depend on the relative centre of mass meson momenta p in the final channel or q in the
initial channel (see Eq. 6.1). Consequently, βα, j are the range parameters and the reduced
masses mα are given as:

m1 =
mπ

2
, m2 =

mωmπ

mω +mπ

, m3 =
mρ

2
. (6.9)

As described in the upcoming section, in order to accurately represent the experimental
data and generate a pole associated with ρ′, it is necessary to use second-order potentials

1Hereafter expressions for approach with nonrelativistic propagator will be given in the text in paratheses
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in the ππ and ωπ channels. For a better distinction of indices in these potentials, in all
subsequent formulas the index j will be numbered by a or b. In the channel ρρ the first
order potential is sufficient.

Thus the diagonal separable potentials for each channel are given as (for channel 3 the
subscript j is unnecessary and has been omitted):

⟨p|V11 |q⟩ = λ11,ag1,a(p)g1,a(q) + λ11,bg1,b(p)g1,b(q),

⟨p|V22 |q⟩ = λ22,ag2,a(p)g2,a(q) + λ22,bg2,b(p)g2,b(q), (6.10)

⟨p|V33 |q⟩ = λ33g3(p)g3(q).

The transition potential matrix elements read (to indicate between which terms in the po-
tentials of channels 1 and 2 there is a given coupling, the coupling constants are numbered
with two indices j = a, b):

⟨p|V12 |q⟩ = λ12,aa g1,a(p)g2,a(q) + λ12,bb g1,b(p)g2,b(q)+

λ12,ab g1,a(p)g2,b(q) + λ12,ba g1,b(p)g2,a(q),

⟨p|V13 |q⟩ = λ13,a g1,a(p)g3(q) + λ13,b g1,b(p)g3(q), (6.11)

⟨p|V23 |q⟩ = λ23,a g2,a(p)g3(q) + λ23,b g2,b(p)g3(q).

Following the formalism developed in [106, 110] the Jost function is defined as:

D(k1, k2, k3) = det(1− λI), (6.12)

where, in presented here analysis, λ is a symmetric 5× 5 coupling constants matrix:

λ =



λ11,a 0 λ12,aa λ12,ab λ13,a

0 λ11,b λ12,ba λ12,bb λ13,b

λ12,aa λ12,ba λ22,a 0 λ23,a

λ12,ab λ12,bb 0 λ22,b λ23,b

λ13,a λ13,b λ23,a λ23,b λ3


(6.13)

and I is a symmetric 5× 5 matrix

I =



I1,aa I1,ab 0 0 0

I1,ab I1,bb 0 0 0

0 0 I2,aa I2,ab 0

0 0 I2,ab I2,bb 0

0 0 0 0 I3


(6.14)
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consisting of the integrals:

Iα,ij(kα) =

∫
du

(2π)3
gα,i(u) Gα(E,u) gα, j(u). (6.15)

As in the previous expressions, here the symbol α represents the channel under consideration,
while the variables i and j correspond to the specific second-order potential elements labeled
as a and b, respectively. In the third channel, the explicit labeling of the potential elements
is omitted when using integrals.

The form factors gα,i(kα) appearing in the integral in the Eq. (6.15) and presented in
the expresion (6.8), have a form different from that used to describe the interactions in a
similar model for the S wave [106, 107, 110]. In the case of the P wave examined here, the
denominator (p2 + (βα, j)

2) is squared and the numerator is multiplied by p. The greater
power in the denominator guarantees the convergence of the integrals 6.15 and the term in
the numerator ensures the correct behavior of the amplitudes at the thresholds, which should
be

δ(k) = aPk
3 + bPk

5 +O(k7), (6.16)

where aP is the ππ scattering length in the P -wave.
Model for the P wave presented here and defined by potentials (6.10),(6.11) and integrals

(6.14) contains 18 parameters in total: 13 coupling constants λαγ, j and 5 parameters βα, j
For simplicity a dimensionless coupling constants in further calculations will be used:

Λαα, j =
λαα, j

2 (βα, jβα, j)
5/2
, Λαγ, ij =

λαγ, ij

2 (βα, iβγ, j)
5/2

, (6.17)

and the redefined integrals:
Jα,ij = 2 (βα, iβα, j)

5/2 Iα,ij . (6.18)

As previously mentioned in the preface of part two, the S-matrix elements Sαγ (α, γ =
1, 2, 3) can be written as a ratio of the same Jost functions but with different signs of some
arguments in numerator and denominator, for example for the ππ channel it reads

S11 =
D(−k1, k2, k3)
D(k1, k2, k3)

. (6.19)

Expressions for other elements can be found in [109]. The scattering matrix defined in this
way satisfies the unitarity condition: S+S = 1, which guarantees obtaining results without
unnecessary contributions from e.g. the background, unnecessary interference between the
amplitude components and which significantly increases the unambiguity and reliability of
the results.

In Eq. (6.19), the full Jost function for three coupled channels is, in fact, a function of
the product of three independent Jost functions that describe the dynamics in each channel
separately, along with the Jost function F (k1, k2, k3) that describes the couplings between
the channels:

D(k1, k2, k3) = Dπ(k1)Dωπ(k2)Dρ(k3)− F (k1, k2, k3) , (6.20)
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where

Dπ(k1) = 1− Λ11,aJ1,aa(k1)− Λ11,bJ1,bb(k1) + Λ11,aΛ11,b d1(k1), (6.21)

Dωπ(k2) = 1− Λ22,aJ2,aa(k2)− Λ22,bJ2,bb(k2) + Λ22,aΛ22,b d2(k2), (6.22)

Dρ(k3) = 1− Λ3J3(k3), (6.23)

and
dα(ki) = Jα,aaJα,bb − J2

α,ab . (6.24)

All these Jost functions include all couplings within channels Λαα,j, between channels Λαγ,ij,
all the integrals Jα,ij and have a very long arithmetic form not presented in this thesis.2

All integrals in matrix (6.14) defined in Eq. (6.15) and redefined in Eq. (6.18) can be
calculated analytically for nonrelativistic propagator. The analytical form of these integrals
and their derivations are presented in Appendix E.

Integrals with relativistic propagator can be calculated analytically only for channels 1
and 3 where interacting particles have the same masses. Integrals for channel 2 with different
masses mω and mπ have beed calculated numerically. Explicit expressions for the integrals
in channels 1 and 3 and details of the method of calculating the integrals in channel 2 are
presented in Appendix F

6.3 Analysis Method

According to the unitary condition of the scattering matrix S all matrix  LB element elements
can be parameterized in terms of the channel phase shift δα and inelasticity ηα. The simplest
form have expressions for diagonal matrix elements:

Sαα = ηαe
2iδα , (6.25)

while others are determined by the unitarity condition. Thus, by definition of the S matrix
in Eq. (6.19), δα and ηα can be directly related to all free potential parameters appearing in
the Jost function D(k1, k2, k3).

In this analysis these parameters were fitted to the current experimental data on the ππ P -
wave isovector phase shifts and inelasticity up to almost 1900 MeV. There is no data for
interactions in the ωπ and ρρ channels, so the phase shifts and inelasticities in these channels
were only determined theoretically. However, in order to impose greater constraints on the
tested amplitudes (and thus better define them), limitations resulting from the occurrence
of the ρ′ resonance and the imposed, quite well-known, value of the scattering length in the
ππ channel were introduced in the analysis. The fitting were performed using the χ2 test
and its components for the phase shitfs and inelasticites were of the form:

χ2
δj

=

Nδ∑
l=1

∣∣∣∣∣e2iδ
th
j − e2iδ

exp
j

∆δj

∣∣∣∣∣
2

, (6.26)

2Available after prior inquiry to Nadine.Hammoud@ifj.edu.pl
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χ2
ηj

=

Nη∑
l=1

(
ηthj − η

exp
j

∆ηj

)2

. (6.27)

Where δj, ηj are the phase shifts and inelasticity in channels j = 1, 2, 3 (in fits only j = 1),
∆δj, ∆ηj are the corresponding phase shifts and inelasticity experimental errors respectively
and Nδj and Nηj are the numbers of experimental points. Superscripts “th” and “exp” refer
to theoretical (from presented model here) and experimental values. The third component
related to the occurrence of the ρ′ resonance (pole on a given Riemann sheet) had the form:

χ2
res =

∣∣107(D(k1, k2, k3))
∣∣2 , (6.28)

where the Jost function D(k1, k2, k3) is simply the denominator of all the S matrix elements
(see for example Eq. (6.19)) and the factor 107 only served to increase the weight of this term
and thus force the function χ2

res to zero for a complex energy at the given pole position. The
last fourth component contained information about the scattering length in the ππ channel,
which, according to the results from [111], was assumed aexpP = 38.5 ± 1.2m−3

π /1000. This
component had the form

χ2
aP

=

(
athP − a

exp
P

∆aexpP

)2

. (6.29)

The total χ2 was the sum of all four of these components and the total number of free
parameters was 18 (parameters of potentials). Number of degrees of freedom (hereafter ndf)
was therefore 75 (for δπ) + 47 (for ηπ) + 1 (for aP ) + 1 (for pole ρ′) - 18 = 106. The
choice of the Riemann sheet for the assumed resonance pole was dictated by the indications
in the work [87]. And so, if the resonance mass (real part of the pole) was lower than the
threshold of the third channel (effective ρρ), then it was the (−,−,+) sheet. Above this
threshold, the (−,−,−) sheet was selected. Parameters of the complex ρ′ resonance pole at
Er = Re(Er) − iΓr/2 were not free - they were either not used in the fits or fixed at given
position. The pole on the (+,−,+) sheet mentioned in the work [87] was not taken into
account in this analysis as a sheet of the significant pole because, as shown by the fits, it
has no significant contribution and above the ρρ threshold, the physical momentum of the
particles are real in all channels, so to guarantee the proximity of the pole to the physical
region the complex momenta should have a negative imaginary part. However, in order
to refer to this work and show that, in this analysis, there are no new poles in this sheet
that are relevant to the description of the fitted amplitudes, information about analytical
structure of Jost function on this sheet will be given below - together with information on
sheets (−,−,+) and (−,−,−).

6.3.1 Fitting procedure

The initial investigations encompassed the entire energy spectrum, nearly reaching 1900 MeV,
for both relativistic and nonrelativistic propagators denoted as fit0R and fit0NR respectively.
These analyses were undertaken without imposing any constraints on the position of the res-
onance pole, resulting in a degrees of freedom value of 105. The optimization algorithm
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utilized for this purpose was the CERN library program MINUIT, employing the SIMPLEX
and MIGRAD methods to locate the global minima of the χ2 function.

The cumulative value of χ2 gives 84.2 with 0.8 per degree of freedom (pdf) for fit0R, and
correspondingly, 96.1 for fit0NR with a pdf of 0.9. The outcomes of these fitting procedures
were acquired through an iterative process involving 31 iterations. The initial iteration began
within the energy range commencing from the threshold of ππ interactions, extending up to
400 MeV, encompassing solely two potential parameters within the ππ channel - specifically,
a potential of rank one in this energy domain.

Consecutive fits were executed, incrementing the energy range in increments of 50 MeV.
Each of these fits was initialized using the parameter values obtained from the previous
one. As the energy range expanded, additional terms and parameters were introduced into
the potentials and subsequent channels. This sequential methodology was necessitated by
the limited constraints imposed on the fitted potentials. In scenarios characterized by such
constraints, meticulous guidance is imperative to navigate the fitting procedure toward the
optimal minimum within the multidimensional parameter space.

In all instances of these fitting procedures, the term χ2
aP

, related to the scattering length,
was consistently included.

The values associated with the 18 parameters comprising the fitted potentials for mod-
els denoted as fit0R and fit0NR are meticulously presented in Table 6.1. Notably, the β
parameters characterizing the fit0R model exhibit a discernible range spanning from 300 to
7000 MeV. In contrast, the couplings observed within the various channels uniformly possess
positive values that remain constrained below unity.

Remarkably, the cross-channel couplings manifest negligible magnitudes, consistent with
theoretical predictions. This outcome finds its rationale in the intricate interplay of numerous
couplings, where none is substantially favored due to the lack of data in channels 2 and 3.
Turning attention to the parameters of the fit0NR model, it emerges that the β values fall
within the interval of 300 to 21000 MeV. Unlike the uniformity seen in fit0R, the coupling
constants across channels in the fit0NR model exhibit variable signs, with the coupling
strength in the third channel markedly surpassing others.

A noteworthy mathematical observation involves the reciprocal roles played by terms 1
and 2 relative to their counterparts in the fit0R model. This observation extends to the
coupling constants between channels, which, in the fit0NR model, display distinctive signs
and notably increases the magnitudes compared to those inherent in fit0R.

The profound disparities between the parameter configurations of fit0R and fit0NR be-
come evident upon closer inspection. This contrast becomes particularly salient when consid-
ering the associated χ2 values and the loci of the poles. The pole positions were established
employing an alternative FORTRAN program, leveraging the MINUIT library. The search
for vanishing χ2

res values, as defined in Eq. (6.28), discloses the pole positions as follows: for
the fit0R model, Er = 1627.7−i83.6 on the (−,−,−) Riemann sheet and Er = 1650.5−i67.0
on the (−,−,+) Riemann sheet. In the context of the fit0NR model, these pole positions
shift to Er = 1588.39− i712.2 on the (−,−,−) Riemann sheet and Er = 1628.9− i638.6 on
the (−,−,+) Riemann sheet. The parameters characterizing the poles within the context
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of the fit0R exhibit values that are deemed acceptable and possess a plausible association
with observable physical resonant phenomena. In stark contrast, the poles encompassed
by the fit0NR are situated at considerable distances, rendering them unsuitable as viable
candidates for conceivable physical resonance manifestations.

It is important to highlight that all parameters inherent to the fit0R exhibit a higher
degree of physical realism. Notably, the magnitudes of these parameters are consistent with
those documented in prior investigations pertaining to interactions occurring in the S wave
[107]. This serves to corroborate the assertion regarding the accuracy of the fit0R.

The observed distinctions between the outcomes of fit0R and fit0NR could potentially
stem from the energy regime under scrutiny, where energies surpassing 1000 MeV necessitate
the relativistic treatment of light pions. Evidently, the mathematical formulations govern-
ing Jost functions, when predicated upon a relativistic propagator, exhibit an enhanced
adaptability, thus affording a more extensive latitude for alignment with empirical data.

Given the substantial disparities between outcomes yielded by fits utilizing relativistic
and non-relativistic propagators, the subsequent analysis within this section, as well as the
succeeding sections, will exclusively revolve around outcomes derived from the utilization of
the relativistic propagator.

Important step in the next fits was the inclusion of position of a pole for the ρ′ resonance
at a given complex energy and on a given Riemann sheet. The first such fits started with the
final parameters of amplitudes for the fit0R (see Table 6.1) and with the pole on the sheet
−,−,+ at energy Er = 1150.0 − 150.0 MeV. Successive fits were performed for increasing
value of Re(Er) (i.e. resonance mass) with a step of 50 MeV and with the same value of
Im(Er)= −150.0 MeV (i.e. half of the resonance width). As in the previous procedure, each
fit started with the potential parameters from the previous fit. For Re(Er) below the third
threshold 2mρ ∼ 1550 MeV this pole was ”manually” placed on the (−,−,+) sheet and
above this value on the (−,−,−) sheet.

For the completeness of the examined fits, the influence of changes in the width of the
fixed resonance (i.e. Im(Er)) on the values of the total χ2 and on potential parameters was
also examined. Both reducing and increasing the −150.0 MeV value adopted in the above-
mentioned fits for relativistic propagator by a few MeV did not significantly affect χ2 (the
changes were about 5-10 i.e. 6-12%). On the other hand, larger changes (above 20 MeV),
led to much larger increase in χ2. Thus, the value Im(Er) = −150.0 MeV has been kept as
physically real (comparable to the values in Table II in the work [87]) and as mathematicaly
acceptable - corresponding to a fairly wide minimum.

6.3.2 Analysis of results from performed fits

Table 6.2 presents the dynamic variations of the aggregate χ2 values as they correspond
to the manipulation of the manually assigned Re(Er) values. Within all of these fitting
instances, the χ2

res component concerning the resonance position (as expressed in Equation
6.28) amounted to approximately 10−3. This conferred a precision of approximately 0.5 MeV
for the resonance position subsequent to fitting, in contrast to its pre-fitting imposition.
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parameter β1,a β1,b β2,a β2,b β3

value for fit0R (MeV) 276.4 6113.7 6632.0 1222.7 2334.7

value for fit0NR (MeV) 21005.6 278.4 5101.3 1927.1 1725.5

parameter Λ11,a Λ11,b Λ22,a Λ22,b Λ3

value for fit0R 6.5× 10−4 0.931 0.709 0.154 0.973

value for fit0NR -0.994 −2.472× 10−5 -1.827 0.818 7.494

parameter Λ12,aa Λ12,bb Λ12,ab Λ12,ba Λ13,a Λ13,b Λ23,a Λ23,b

value for fit0R ×100 6.72 -29.18 −5.30 30.21 2.64 3.99 1.70 −4.58

value for fit0NR ×100 -84.16 16.59 71.62 -84.16 -27.51 -6.53 1363.96 -1132.93

parameter Re(Er) Im(Er) Riemann sheet

value for fit0R 1627.7 MeV (free) -83.6 MeV(free) (−,−,−)

value for fit0NR 1588.39 MeV (free) -712.2 MeV(free) (−,−,−)

χ2
total χ2

δ χ2
η χ2

aP

value for fit0R 84.2 51.4 32.8 0.06

value for fit0NR 94.2 54.3 39.8 0.01

Table 6.1: Values of fitted parameters in first fits for relativistic and nonrelativisitc propa-
gators (fit0R and fit0NR respectively).
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As can be seen from the tabulated data, the χ2 values exhibit minimal sensitivity to
alterations in the resonance positions. This observation suggests that the ensemble of these
positions are acceptable and aligns greatly with the data concerning phase shifts and inelas-
ticity within the ππ channel.

Noteworthy is the observation that the distinctions between χ2 values across individual
fits are insufficient to definitively select the optimal outcome corresponding to the placement
of the manually introduced pole. The only definite declaration that can be made is that the
mass of ρ′ should not fall below approximately 1250 MeV.

To probe which pole (and by extension, which Riemann sheet) should be proximate to
the third threshold as enumerated in Table 6.2, two results emerge for the same predeter-
mined resonance mass (1550 MeV), each corresponding to poles residing on distinct Riemann
sheets. While the parameters characterizing the artifact poles exhibit similarity, a slightly
superior χ2 is achieved with the fitting that encompasses a manually inserted pole on the
(−,−,+) Riemann sheet. The 6.2 table also contains other important information - namely
the position of another pole generated automatically in each fit. It is not a simple projection
of a manually imposed pole onto another Riemann sheet but completely new pole which, in
each obtained result, lies in such an energy range and on such a Riemann sheet that it has
a significant impact on the fitted amplitudes. For each fit its position has been found after
careful examination of the analytical structure of the obtained Jost function D(k1, k2, k3) in
the complex energy plane for 1000 < Re(Er) < 2000 MeV and 0 < −Im(Er) < 500 MeV.
Such new pole is necessary to describe the dynamics of interactions in the channels studied
here above 1500 MeV what agrees very well with other detailed analyses. For example ac-
cording to the data in the Tables of Elementary Particles [105] and according to the results of
the work [87] there should be at least two ρ resonances in the energy range of 1200-1800 MeV
(ρ′ and ρ”).

In addition to this new pole, there is one more pole lying on the same sheet as it, but
in the energy range that it is far from the physical region. This pole just a projection of a
manually imposed pole onto another sheet and does not play an important role in shaping
the fitted amplitudes.

Due to the rich analytical structure of the Jost function, it is very instructive to study
the three-dimensional distributions of its modulus for different positions of the assumed pole
and on different Riemann sheets. Illustrated in Figure 6.1 is an array of such distributions,
charting the course of fits incorporating a manually introduced ρ′ on the (−,−,+) sheet.
This sequence spans a continuum of masses, ranging from 1150 MeV to 1550 MeV. Beyond
this threshold, the same pole finds its placement on the (−,−,−) sheet, as elucidated in
the subsequent Figure 6.2. Distributions on three Riemann sheets (−,−,+), (−,−,−) and
(+,−,+) are presented on these figures and clearly show two poles: of the imposed resonance
and that new one being the artifact. That new one changes the parameters in accordance
with the requirements imposed by the fits to experimental data for subsequent masses of
manually inserted the pole. In each of the figures one can see two poles on a given Riemann
sheet. Comparing them with those in the table 6.2 one can see that there is always one of
them in this table and it is the one that significantly affects the fitted amplitudes (on the
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Re(Er) (MeV) 1150 1250 1350 1450 1550 1550 1650 1750 1850

χ2 103.3 95.6 94.8 95.1 94.9 95.1 98.7 95.8 94.2

Riemann sheet III III III III III VI VI VI VI

Re(Er) (MeV) 1643 1650 1651 1652 1690 1688 1670 1578 1614

−Im(Er) (MeV) 53 63 75 68 90 70 83 82 106

Riemann sheet VI VI VI VI VI III III III III

Table 6.2: Values of the total χ2 for various positions of imposed resonance pole on Riemann
sheets III: (−,−,+) and VI: (−,−,−) and positions of poles - artifacts at Er (rounded to
1 MeV) - with their Riemann sheets

(−,−,+) sheet below 1500 MeV and on the sheet (−,−,−) above 1500 MeV). The secondary
pole, observed alongside the prominent one, represents a mere projection of the former onto
an alternate Riemann sheet. This secondary pole, however, bears minimal significance in
shaping the dynamics of the ascribed amplitudes. This phenomenon is starkly evident in the
(+,−,+) sheet, where both observable poles are veritable extensions of their counterparts in
the (−,−,+) and (−,−,−) sheets, and they do not play a significant role in the dynamics
of the amplitudes.

Hence, the current analysis unveils the complex mechanism through which a novel reso-
nance emerges in response to the introduction of a primary one, accompanied by the intricate
fitting of amplitudes involving numerous inter-channel couplings.

The existence of these dual resonances is a theoretical necessity, but a relevant question
relates to the attributes of the lighter resonance (ρ′). This query is influenced by discussions
in works like [87] and its cited references, suggesting a mass below 1300-1350 MeV for ρ′, in
contrast to the more prevalent utilization of 1450 MeV.

Although the disparities in χ2 values between the diverse fits detailed here are subtle,
they fall short of providing a conclusive response to this inquiry. Nevertheless, this answer
might be furnished by predicted distributions of phase shifts and inelasticity within the yet
unexplored ωπ channel.

The distributions presented in Figure 6.3 lend themselves to comparison with outcomes
from forthcoming experiments and analyses centered around ωπ interactions. This compar-
ison could serve as a foundation for deducing the parameters of the ρ′ resonance.

Evidently, as the resonance mass undergoes modification, there is a discernible shift in
the pitch of the phase shift. Furthermore, when fixed mass values are relatively small, the
figures distinctly portray two isolated increments in phase shifts. This pattern arises due
to the existence of two separate poles that considerably influence the adjusted amplitudes,
as evidenced by the specific mass values, both fixed and pertaining to the artifact, within
Table 6.2. For the fixed resonance mass of ρ′ lying in the range of 1500-1700 MeV, the
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real components of these two poles are closely aligned. Through positive interference, they
combine to yield a singular elevation in phase shifts, wherein distinguishing two separate
resonances (located on distinct Riemann sheets) becomes challenging.

The sole indicator suggesting the presence of more than one resonance within this interval
is a phase shift increase exceeding 180 degrees. For fixed masses surpassing 1700 MeV,
the reappearance of a phase shift curve featuring two distinct slopes emerges once more,
corresponding to amplitudes associated with two more distinctly separated resonances.

Upon scrutinizing the manifestation of inelasticity, traces of dual resonances become
apparent across all segments except the 1500-1700 MeV region. The pronounced dip around
1600 MeV results from the initiation of the third channel and the interplay of resonances.

Furthermore, the escalating curvature of the inelasticity beyond 1800 MeV in the latter
figures is also attributed to the interaction between these two resonances. However, it ne-
cessitates meticulous analysis, given its occurrence at the boundary of the performed fits.

To validate the accuracy of the fitting process to ππ data, a comparison of phase shifts
and inelasticity against empirical data is displayed in Figure 6.4. Above 970 MeV data are
from experimental works [100, 99, 102, 103, 104]. Below this energy, the values with errors
from work [111] are used. This was done in order to approximate the amplitudes fitted
here to those fulfilling the crossing symmetry condition tested in that work. In addition,
these values, as derived from the model, are more “smooth” ie. devoid of experimental
fluctuations, which allowed the fits to focus on the area of over 1000 MeV, important for
this analysis. This comparison corresponds to a fitting endeavor wherein the mass of ρ′ is
maintained at a constant value of 1350.0 MeV.

The fitting’s notable efficacy is immediately discernible, even upon cursory inspection.
This visual assessment is substantiated by the quantitatively small total χ2 value, amounting
to 94.8 (0.9 pdf).

From Eq. (6.20), it’s evident that the complete Jost function is composed of two com-
ponents: one arising from the individual Jost functions within each channel, and another
originating from the function F that governs the inter-channel interactions.

The function’s behavior, elucidated beneath this equation, reveals that resetting all inter-
channel connections nullifies this function and effectively isolates the individual Jost functions
where the operand sign in both the numerator and denominator of the scattering matrix
elements remains consistent (refer to Eq. (6.19)).

This method offers the advantage of independently testing each individual Jost function
within any given channel. Consequently, it becomes feasible to identify the source channel
of a particular pole whether it’s the manually introduced pole i.e “by hand” or an artifact.
This identification involves identifying which individual Jost function in the denominator
is nullified by a specific pole. It’s important to note that due to the transition from the
complete D(k1, k2, k3) to individual Dα(kα) by eliminating the F function, the pole’s position
will differ.

Moreover, a gradual reduction in inter-channel couplings allows for a systematic explo-
ration of the trajectory that poles traverse in the complex energy plane as couplings decrease.
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Figure 6.1: A series of three-dimensional distributions of the Jost function for various man-
ually inserted pole masses on the (−,−,+) Riemann sheet, up to 1550 MeV. Each mass is
accompanied by distributions on three Riemann sheets: (−,−,+), (−,−,−), and (+,−,+).
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Figure 6.2: Sequence of three-dimensional distributions of the Jost function for successive
masses of manually inserted the poles on the (−,−,−) Riemann sheet above 1550 MeV.
For each mass presented are distributions on three Riemann sheets: (−,−,−),(−,−,+) and
(+,−,+).
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This methodology can be extended to the third resonance in the exhibited amplitudes—the
lighter vector-isovector meson ρ(770).

The trajectories for all three resonances are depicted in figures 6.5, 6.6, and 6.7. Evidently,
changes in coupling between channels yield alterations in the real and imaginary components
of the poles.

This observation underscores the substantial influence of channel couplings—sufficiently
potent to provoke significant changes in pole parameters during coupling variations. The phe-
nomenon of Riemann sheet transitions during inter-channel coupling shifts is well-documented
and finds resonance in other analyses, as exemplified in [107] (Fig. 4).

As anticipated, the ρ(770) resonance emerges within the ππ channel. The ρ′ meson finds
its origin in the ωπ channel, while the ρ′′ meson arises from the ρρ channel.

Evidently, the incorporation of a third channel was imperative to enable the generation of
the three essential singularities i.e. poles associated with the resonances. Analogous fittings
conducted with only two channels yielded solely two resonances: ρ(770) and an effective
ρ(1500). However, the latter presented a notably inferior description of experimental data
beyond approximately 1000 MeV, as opposed to the more accurate portrayal facilitated by
the three-resonance model expounded upon here.

It’s noteworthy that the utilization of rank-two potentials in the ππ and ωπ channels
is substantiated by the considerable i.e. large energy ranges dominated by these channels,
coupled with the complex data-energy variations observable within these regions.

Fittings employing rank-one potentials in all three channels, or with a rank-two potential
exclusively in channel 1 or 2, failed to capture the essence of ππ data, leading to a total χ2

value per degree of freedom surpassing 2 pdf. This underlines that the requirement for
rank-two potentials in channels 1 and 2 is primarily rooted in mathematical necessities,
although these mathematical requirements are inherently intertwined with the dynamics of
interactions.

An interesting illustration concerning the ρ(770) resonance pertains to the discrepancy
in reported meson mass, which is nearly 10 MeV according to [105]. This variation finds
comprehensive explanation in sources like [89], relating it to the interplay of poles and zeros
on the left side of the imaginary axis within the complex momentum of interacting particles.

While these poles and zeros exert limited influence on the overall amplitude, they sym-
metrically mirror the leading poles and zeros positioned to the right of the imaginary axis.
Nonetheless, their presence remains indispensable to uphold the unitarity of interaction am-
plitudes.
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Figure 6.3: ωπ phase shifts and inelasticities distributions for sequence of manually inserted
ρ′ pole. Numbers and names of the Riemann sheets on figures for the phase shift denote
the mass of the ρ′ resonance manually braced on the indicated Riemann sheet in fitted
amplitudes. This information also applies to each inelasticity plot to the right of each phase
shift plot. The red line was used for fits with fixed ρ′ on the (−,−,+) sheet and the green
line on the (−,−,−) sheet. The two figures with the same mass 1550 MeV show results from
two fits with ρ′ on different Riemann sheets.
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Figure 6.4: ππ phase shifts and inelasticities distributions for fit with manually inserted ρ′
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Figure 6.5: Trace of a pole associated with ρ(770) for varying couplings between channels in
fit with fixed mass of ρ′ at 1350.0 MeV (changes in percentage of full coupling), left figure -
trace for energy and right figure - trace for pion momentum.
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Figure 6.6: As in figure 6.5 but for a pole associated with ρ′ and for relaive ω-π momentum
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Figure 6.7: As in figure 6.5 but for a artifact pole associated with ρ” and for ρ momentum

116



Chapter 7

Summary and Outlook

7.1 Summary

This thesis embarks on a captivating journey through the intricate domain of hadron spec-
troscopy, skillfully unraveling the complexities of meson resonances. This comprehensive
exploration revolves around in-depth analyses of photoproduction processes and meticulous
spectroscopy evaluations, with the goal of providing a comprehensive description of various
phenomena in exclusive particle production within hadron-hadron interactions.

The foundational principles underpinning the extensive analyses presented throughout
this thesis are precisely established in its initial chapters. Chapter 1 delivers a comprehensive
introduction to the theory of strong interactions, delving into the essentials of the Standard
Model and Quantum Chromodynamics (QCD). This foundational journey not only imparts
a profound understanding of mesons and their unique characteristics but also elucidates the
motivations driving this academic endeavor.

Moreover, Chapter 2 lays out a robust theoretical framework for investigating resonances.
By introducing the scattering S-matrix formalism within the context of quantum field the-
ory, a pathway emerges for exploring the non-perturbative assessment of hadronic processes.
This framework relies on dispersion theory and the encompassing Regge theory, Regge am-
plitudes, trajectories, and the central concept crucial to this investigation.

Advancing to the focal points of inquiry, “Part I - Photoproduction of Light Mesons” ded-
icates its focus to the exact exploration of two-pion photoproduction, with an emphasis on
meson resonances within the ππ system. Chapter 3 leads this endeavor with a comprehensive
investigation of double pion photoproduction, carefully examining scenarios involving virtual
pion exchange. This chapter skillfully adapts classical relations to enhance the precision of
analysis. Section 3.1 uncovers key components and kinematic notations, while Section 3.2
delves deeply into the non-resonant Deck model, successfully deriving a unitary and gauge-
invariant Deck amplitude. This is achieved through a strategic combination of the Deck
model with the SAID parametrization of πN scattering amplitudes, effectively probing the
dominant exchange mechanism of the reaction at forward angles that is given by the one
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virtual pion exchange in the tγπ channel. Notably, the analysis yields both vector and scalar
resonance amplitudes, encompassing ρ(770), f0(500), and f0(980), which play substantive
roles in shaping the behaviors of P - and S-waves, correspondingly. This process entails a
precise utilization of Regge theory, where the selection of specific trajectories was guided by
the inherent nature of the exchanged Reggeon — such as the pomeron and f2 trajectories
for ρ(770) resonance and ρ trajectory for both scalar resonances amplitudes.

This chapter’s critical outcome lies in the comprehensive analysis of the double pion pho-
toproduction process, achieved through the adoption of the Drell-Söding-Deck mechanism,
which elucidates the involvement of resonances and interference effects, despite the Deck
component’s role as a background contributor.

Building upon the foundations established in the preceding chapter, Chapter 4 embarks
on the crucial task of utilizing the derived physical relations and amplitudes to unveil the
underlying physics of the process at hand. The primary focus here lies in the calculation of
cross sections and the analysis of angular distribution moments. Sections 4.1 and 4.2 delve
into the intricacies of the conventions employed for computing these angular moments. The
overarching objective is to ensure that the model meticulously developed in the previous
chapter possesses the capability to faithfully replicate the experimental data gathered by
CLAS. In the subsequent Section 4.3, a pivotal realization emerges: the need to redefine the
dependence on the momentum transfer variable. Specifically, this necessitates a reevaluation
of the couplings within specific components of the model. The section expounds upon the
methodology employed for this redefinition and presents the outcomes of the initial fitting
procedure. Moreover, in Section 4.4 a fit encompasses the contributions of resonances below
1 GeV, most notably the involvement of ρ(770) and f0(500) is presented. Following this,
the narrative shifts to the exploration of non-resonance contributions originating from the
various partial waves under scrutiny is discussed in Section 4.5. Where it becomes evident
that each partial wave, no matter how seemingly minor its individual impact, plays a vital
role in the overall dynamics of the process. Subsequently, in Section 4.6, a novel fitting
approach is introduced, one that spans the entire energy range of interest. This extended
model encompasses not only the Deck piece but also embraces the combined contributions
of resonance and non-resonance components from both P and S waves. Notable among
these contributions are those stemming from ρ, f0(500), and f0(980). The findings of this
fitting procedure reveal an exceptional alignment with the experimental data, surpassing the
performance of the initial fit.

In essence, the profound insight gained from this chapter is the recognition of the collective
significance of all partial waves contributing to each moment. It becomes evident that both
resonant and non-resonant contributions from these partial waves, no matter how seemingly
marginal their individual effects, collectively they actively shapes the experimental data,
ultimately extracting the underlying physics of the observed process. Their intricate inter-
play and interference yield a comprehensive understanding of the phenomenon in question,
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underscoring their collective importance.

Transitioning to “Part II - Light Meson Spectroscopy”, the exploration ascends to an
extensive evaluation of light meson spectroscopy, navigating through the experimental land-
scape of mesonic resonances below 2 GeV. In Chapter 5, a comprehensive analysis of elastic
ππ phase shifts and inelasticities is presented, discerningly identifying the JPC = 1−− excited
ρ resonances while addressing the persistent debate surrounding ρ(1450) versus ρ(1250). A
sophisticated parametrization approach utilizing a unitary and analytic three-channel S ma-
trix forms the bedrock of this analysis, ensuring robust results. The selection criteria for
effective channels are laid out in Section 5.1.1, while the enhanced parametrization approach
is elaborated upon in Section 5.2, showcasing the method’s adaptability to various channels
and its contribution to the stability of fitted pole positions. The analysis reinforces the re-
liability of identified resonances, emphasizing the importance of ρ(1250) and advocating for
its distinct entry in the PDG tables.

Concluding this insightful journey, Chapter 6 offers a forward-looking perspective by
forecasting insights within the πω channel. This chapter embarks on uncharted territory,
attentively crafting theoretical amplitudes for the ωπ channel and scrutinizing their mass
distributions. The methodology developed here is commendably universal, extending its
adaptability to various partial waves and channels beyond the P wave. The analysis method,
fitting procedures, and outcomes are robustly discussed in sections 6.3 6.3.1 6.3.2 respectively.
Thus, shedding light on the significance of this exploration and its contribution to the broader
understanding of particle interactions.

7.2 Outlook and Future Directions

In this journey through the intricate realm of meson spectroscopy, the exploration of the sub-
atomic world has unearthed profound insights and illuminated uncharted territories. Stand-
ing at these crossroads, it becomes evident that this odyssey has only just begun.

The discoveries presented in these pages challenge the boundaries of current understand-
ing, beckoning towards unexplored realms of knowledge. The enigmatic breakdown of SCHC
at higher momentum transfers hints at the need for innovative theoretical paradigms, opening
the door to forging new intellectual frontiers.

The ongoing pursuit of unraveling the mysteries of double pion photoproduction remains a
captivating endeavor. As additional contributions from other partial waves are incorporated,
and as correlations between the fitted parameters are analyzed, the final pieces of the puzzle
are falling into place. This evolving model will serve as the bedrock for the study of even
more intricate and complicated photoproduction processes.

The resounding success of the methodology in locating resonances not only validates the
approach but also inspires further expansion. The promise of additional investigations into
meson systems and diverse categories of hadrons extends the horizon of discovery.

As the environment of hadron spectroscopy burgeons, the landscape becomes ripe for
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exploration. Pioneering experimental techniques, coupled with evolving theoretical frame-
works, tantalizingly hint at the untold secrets concealed within the meson spectrum. The
delicate interplay between spectroscopy, lattice QCD computations, and chiral effective field
theories promises to enrich the comprehension of the enigmatic realm of strong interactions.

In closing, this thesis serves as more than a culmination of knowledge; it acts as a stepping
stone towards a profound understanding of the universe’s most fundamental forces. It is part
of an unbroken chain of exploration and discovery, and the insights gathered here shall guide
the ongoing quest to decipher the cosmos’ deepest mysteries.

In the words of Albert Einstein,“The most beautiful thing that can be experienced is
the mysterious. It is the source of all true art and science.” May the continued pursuit of
knowledge in the domain of meson spectroscopy forever be a testament to the beauty of the
mysterious, and may it lead to ever greater revelations about the universe we call home.
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Appendix A

Dirac Matrices

A.1 Representations of Gamma Matrices in Quantum

Field Theory

In quantum field theory, gamma matrices are commonly represented in several ways, includ-
ing the Dirac, Weyl, and Majorana representations. Here’s a brief overview of each:

1. Dirac Representation

In the Dirac representation, the gamma matrices are 4 × 4 matrices. They can be written
as:

γ0 =

I 0

0 −I

 , γi =

 0 σi

−σi 0

 ,

where I and 0 are the 2×2 identity and null matrices respectively, σi are the Pauli matrices,
and i runs over spatial indices.

2. Weyl Representation

In the Weyl representation, the gamma matrices are 2× 2 matrices, and they can be written
as:

γ0 =

0 I

I 0

 , γi =

 0 σi

−σi 0

 .

This representation is useful when dealing with chiral or left- and right-handed components
of spinors.
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3. Majorana Representation

The Majorana representation is used in the context of Majorana spinors, which are self-
conjugate and real. The gamma matrices in this representation are also 2× 2 matrices, and
they can be written as:

γ0 =

 0 σ2

−σ2 0

 , γi =

σi 0

0 −σi

 .

In this representation, the gamma matrices are all imaginary and antisymmetric. These rep-
resentations are related to each other through unitary transformations. The choice of rep-
resentation depends on the specific context and the convenience for performing calculations
in a particular problem. In this thesis, the gamma matrices were consistently represented
using the Dirac representation. Consequently, the Pauli spin matrices σi are:

σx =

0 1

1 0

 , σy =

0 −i

i 0

 , σz =

1 0

0 −1

. (A.1)

Here are the complete gamma matrices used:

γ0 =


1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −1

, γ1 =


0 0 0 1

0 0 1 0

0 −1 0 0

−1 0 0 0

, (A.2)

(A.3)

γ2 =


0 0 0 −i

0 0 i 0

0 i 0 0

−i 0 0 0

, γ3 =


0 0 1 0

0 0 0 −1

−1 0 0 0

0 1 0 0

. (A.4)

These matrices satisfies the following anti-commutation relation:

{γµ, γν} = γµγν + γνγµ = 2gµν . (A.5)
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We can summarize the Gamma matrices trace identities as:

Tr[γµ] = 0, (A.6)

Tr[γµγν ] = 4gµν , (A.7)

Tr[γµγνγργσ] = 4(gµνgρσ + gµσgνρ − gµρgνσ), (A.8)

Tr[ odd number of Dirac matrices] = 0. (A.9)

The chirality matrix is defined to be:

γ5 = γ5 = iγ0γ1γ2γ3 = − i

4!
ϵµνρσγ

µγνγργσ, (A.10)

and it obeys the following properties:

γ25 = 1, (A.11)

{γ5γµ} = 0. (A.12)

Furthermore, the traces involving the chirality matrix yield:

Tr[γ5] = 0, (A.13)

Tr[γµγνγ5] = 0, (A.14)

Tr[γµγνγργσ] = −4iϵµνρσ. (A.15)

Two useful identities relating γ5 with the Levi-Cevita tensor are:

γ5[γµ, γν ] = iϵµνρσγ
ργσ, (A.16)

1

2
γ5[γδ, [γµ, γν ]] = iϵµνρσγ

σγδγρ, (A.17)

where ϵ0123 = −ϵ0123 = 1.
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Appendix B

Wigner D-matrix

The Wigner D-matrix was proposed by Eugene Wigner in 1927, and it can be defined as
an irreducible unitary matrix representing the groups SU(2) and SO(3). This matrix plays
an important role in quantum mechanical theory of angular momentum, where its complex
conjugate represents the an eigenfunction of the Hamiltonian of spherical and symmetric
rigid rotors.
To define the D matrix [112, 113, 114], one can begin with the three components of the
angular momentum operator J : Jx, Jy, and Jz, also referred to as the generators of the Lie
algebra of SU(2) and SO(3). These operators adhere to the following commutation relations:

[Jx, Jy] = iℏJz [Jy, Jz] = iℏJx [Jz, Jx] = iℏJy , (B.1)

where i is the pure imaginary and ℏ = h
2π

is the Plank’s constant which will be taken equal
to one for simplicity. Then:

J2 = J2
x + J2

y + J2
z , (B.2)

which is known as Casimir operator of the SU(2) group. The eigenfunction and the eigen-
values of both operators J2 and Jz defines:

J2 |jm⟩ = j(j + 1) |jm⟩ , (B.3)

Jz |jm⟩ = m |jm⟩ , (B.4)

where j = 0, 1/2, 1, 3/2.. and m ∈ [−j, j]. We define the rotation operator as:

R(α, β, γ) = e−iαJze−iβJye−iγJz , (B.5)

with α,β, and γ defines the Euler angles.
Consequently one can say that the Wigner D matrix is a square matrix of dimension (2j+1)
and has the following general element:

Dj
m′m(α, β, γ) ≡ ⟨jm′|R(α, β, γ) |jm⟩ , (B.6)

where Dj
m′m(0, β, 0) = ⟨jm′| eiβJy |jm⟩ = djm′m(β) , (B.7)

known as Wigner’s small d-matrix.
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B.1 Some properties of the D-matrix:

• Orthogonality relations:
The Wigner D-matrix elements represents a special case of the Schur orthogonality
relations, in which they form a set of orthogonal functions of the Euler angles:∫ 2π

0

dα

∫ π

0

dβ sin(β)

∫ 2π

0

dγDj′

m′k′(α, β, γ)∗Dj
mk(α, β, γ) =

8π2

2j + 1
δm′mδk′kδj′j (B.8)

Moreover, these matrix elements represents a unitary transformation from one spherical
basis i.e. |lm⟩ to another one i.e. R(α, β, γ) |lm⟩. This property could be represented
by the following relations:∑

k

Dj
m′k(α, β, γ)∗Dj

mk(α, β, γ) = δmm′ , (B.9)∑
k

Dj
km′(α, β, γ)∗Dj

km(α, β, γ) = δmm′ . (B.10)

• Relation to spherical harmonics and Legendre polynomials:
The D-matrix element with zero second index is proportional to both the spherical
harmonics and the Legendre polynomials in which it satisfies the following relation:

Dl
m0(α, β, γ) =

√
4π

2l + 1
Y m∗
l (β, α) , (B.11)

Dl
m0(α, β, γ) =

√
(l −m)!

(l +m)!
P l
m(cos β)e−imα . (B.12)

The small d-matrix elements can be also linked to the Legendre polynomials as defined
in the following expressions:

dlm0(β) =

√
(l −m)!

(l +m)!
P l
m(cos β) , (B.13)

dl00(β) = Pl(cos β) = Dl
00(α, β, γ) (B.14)

• Symmetries and special cases of d matrix:

djm′,m(π) = (−1)j−mδm′,−m , (B.15)

djm′,m(π − β) = (−1)j+mdjm′,−m(β) , (B.16)

djm′,m(π + β) = (−1)j−mdjm′,−m(β) , (B.17)

djm′,m(2π + β) = (−1)2jdjm′,m(β) , (B.18)

djm′,m(−β) = djm,m′(β) = (−1)m
′−mdjm′,m(β) . (B.19)

A list of the d-matrix elements is available in [115].
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Appendix C

Threshold Behavior of PW

In Section 3.2.1, a discussion emerged regarding the necessity of a threshold correction factor
for managing divergences in the amplitude as it approaches the threshold. Two distinct
correction approaches were introduced:

R1 =

(
|p1|off-shell

|p1|on-shell

)l

, (C.1)

R2 =

(
|p1|off-shell

|p1|on-shell

)l+ 1
2

. (C.2)

In Figs.3.5 and 3.6, the P -wave results for both the real and imaginary components of
the A+ and A− amplitudes were presented. These figures focused on a pion virtuality of
tπ = −0.1GeV2. Upon analyzing these results, it was concluded that the second approach
appeared to be more effective. However, the absence of divergences in the pure off-shell
scenario suggested that the off-shell model could proceed without the need for additional
correction elements.

To provide additional support for this conclusion, supplementary figures, namely Fig-
ures C.1,C.2,C.3, and C.4, were prepared. These figures employed a color scheme where
thick and dashed lines represented the real (R) and imaginary (IM) components, respec-
tively, for each case:

• Green indicated the on-shell case at tπ = m2
π.

• Black designated the pure off-shell scenario with no additional terms at tπ = −0.1 GeV2.

• Blue corresponded to the off-shell case with the inclusion of R1 as a correction factor.

• Red represented the off-shell case with the presence of R2 as an additional correction
factor.

The analysis of these results yields the following insights:
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Figure C.1: S-wave results for A− and B+ at t = −0.1 GeV2 and for tπ = −0.1 GeV2
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Figure C.2: P -wave results for B− at t = −0.1 GeV2 and tπ = −0.1 GeV2

✓ For L = 0, the addition of R1 to the partial waves has no discernible impact on the
off-shell results, which remain nearly identical. In contrast, using R2 tends to emulate
the behavior of the on-shell case.

✓ Similarly, for L = 1, the introduction of R1 does not alter the off-shell values signifi-
cantly, while R2 brings them closer to the on-shell behavior.

✓ In the cases of both S and P waves, the outcomes from all scenarios appear to coincide
for energies above s = 2.5 GeV2.

✓ Both correction factors demonstrate efficiency for L = 2. However, it is worth noting
that across the entire energy range, the pure off-shell case closely approximates the
on-shell behavior.

✓ Likewise, akin to the D-wave, the results from all cases exhibit close alignment across
the entire energy spectrum.
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Figure C.3: D-wave results for A+ and B− at t = −0.1 GeV2 and for tπ = −0.1 GeV2
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Figure C.4: F -wave results for A− and B+ at t = −0.1 GeV2 and for tπ = −0.1 GeV2

130



tπ=mπ
2(ℝe)



tπ=-1



inc. R1 (ℝe)



1.0 1.5 2.0 2.5 3.0 3.5 4.0
-10

-5

0

5

10

15

20

s GeV
2

A
+

L
=

0

tπ=mπ
2(ℝe)



tπ=-1



inc. R1 (ℝe)



1.0 1.5 2.0 2.5 3.0 3.5 4.0
-1

0

1

2

3

4

s GeV
2

B
-

L
=

0

Figure C.5: S-wave results for A+ and B− at t = −0.1 GeV2 and tπ = −1 GeV2
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Figure C.6: P -wave results for A+ and B− at t = −0.1 GeV2 and tπ = −1 GeV2
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Figure C.7: D-wave results for A+ and B+ at t = −0.1 GeV2 and tπ = −1 GeV2
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Figure C.8: F -wave results for A± at t = −0.1 GeV2 and tπ = −1 GeV2
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Figure C.9: F -wave results for B± at t = −0.1 GeV2 and tπ = −1 GeV2

135



This preliminary analysis focused on a small tπ. Now, an investigation into the impact of a
larger pion virtuality is undertaken. To this end, Figures C.5, C.6, C.7, C.8, and C.9 present
the A and B amplitudes for S, P , D, and F waves at t = −0.1 GeV2 with tπ = −1 GeV2.
In these figures, a color scheme is employed, with thick lines representing the real (R) parts
and dashed lines denoting the imaginary (IM) parts, with the following color codes:

• Green: On-shell case at tπ = m2
π.

• Black: Pure off-shell scenario with no additional terms at tπ = −1 GeV2.

• Orange: Off-shell case with the addition of R1 as a correction factor.

These figures offer a comprehensive overview of how various factors influence amplitude
behavior under conditions of higher pion virtuality. Observing this data leads to several key
observations:

✓ Similar to the scenario with small virtuality, the utilization of R1 for the S wave appears
unnecessary, as it yields results similar to those without it.

✓ In the case of the P wave, the introduction of R1 enhances the A values, but it has
negligible effects on the B amplitude.

✓ Interestingly, for high virtuality, all scenarios exhibit convergence in both S and P
waves for energies exceeding s = 2.5 GeV2.

✓ Notably, the introduction of a threshold correction factor leads to peculiar behavior in
the D wave amplitude below 2 GeV2, whereas the pure off-shell case maintains a more
stable behavior across the entire energy spectrum.

✓ The unconventional behavior of the amplitudes with the extended correction factor is
vividly demonstrated in Figures C.8 and C.9 for the F wave. In contrast, the pure
off-shell outcomes closely resemble the on-shell ones. Consequently, this discovery
underscores the considerable risks associated with the incorporation of an additional
term, particularly at high pion virtuality.

⇒ Therefore, it is advisable to proceed with the off-shell case without introducing any
supplementary terms, as this approach appears to yield more stable and reliable results,
especially under conditions of elevated pion virtuality.
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Appendix D

Moments and Partial Waves

This appendix offers a detailed presentation of the explicit expressions for the moments
sourced from the reference [cite source]. These moments, as defined in Eq.(4.12), are ex-
pressed in the context of partial waves truncated to the L = 3 (F ) wave:
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Appendix E

JNonRel

Form factors used in this analysis have form

gα, j(p) = c

√
4π

mα

p

(p2 + (βα, j)2)2
(E.1)

where α denotes the channel under consideration, j term in multi-order potentials and c
is constant used for normalization of the Jost function (after integration) to 1 at kα = 0.
Using formalism presented in Section 6.2 for norelativistic energies in propagator one gets
expression for the Jost function:

Jα,aa(kα) = 4 c2 π

∫ ∞

0

dp p4

(k2α − p2)(β2
α, a + p2)4

(E.2)

which after integration and after inserting the value of the constant c gives:

Jα,aa(kα) =
−1 + 4ikα

βa
+ k2α

β2
a

(1− ikα
βa

)4
, (E.3)

Analogous calculations give the result on the integral for the second-order potential (in
Eq. 6.24):

Jα,ab(k) =
−1 + 2i(βa+βb)kα

βaβb
+ k2α

βaβb(
1− ikα

βa

)2 (
1− ikα

βb

)2 . (E.4)

Scattering length for rank-one potential can be calculated analytically and reads:

aP =
−16Λα

β3
α(1 + Λα)

(E.5)

and for the rank-two potential has the form1:

aP = −4
4β3

α,bΛα,a + 4β3
α,aΛα,b + 3Λα,aΛα,b(β

3
α,a − β2

α,aβα,b − βα,aβ2
α,b + β3

α,b)

β3
α,aβ

3
α,b(1 + Λα,a + Λα,b)

. (E.6)

1analytical expressions for the three-channel model described in this paper are very long but can be
obtained after prior inquiry to Nadine.Hammoud@ifj.edu.pl
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Appendix F

JRel

The formula below is for the diagonal element of the Jost function matrix (Eq. 6.14) and for
a channel with two identical particle masses (channels 1 and 3 in this analysis). To increase
the readability of the formula, the channel and term indicator in the rank-two potential
are omitted. This formula takes into account redefinition (6.18) and normalization to 1 for
k = 0.

J =
(1 + a2)−4

3b
√

(1− b2)π + s

(
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)
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(F.1)

where
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a =k/β,

b =m/β,

s =
√

1− b2,

L = log

(
a−
√
a2 + b2

a+
√
a2 + b2

)
, (F.2)

E =
√
a2 + b2,

Lg = log

(
1 + s

1− s

)
,

Ld = log

(
1− b2 + s

−1 + b2 + s

)
.

The formula below is for the non-diagonal element of the Jost function matrix (Eq. 6.14)
and for a channel with two identical particle masses. This formula takes into account redef-
inition 6.18 and normalization to 1 for k = 0.

In order to shorten the expression for the Jost functions, the α = 1 index denoting the
tested channel has been omitted. Here indices 1 and 2 numer the term in the rank-two
potiential in the ππ channel.
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where

a1 =k/β1, a2 = k/β2,

b1 =m/β1, b2 = m/β2,

r =β1/β2,

sa =
√
a1a2 + b1b2,

sb =
√
−1 + b1b2r, (F.4)
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]
,

Lc = log
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]
,

Lb = log
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]
.

Procedure of calculation of the Jost function matrix elements (Eq. 6.14) for the case of
potential with different masses (for this analysis it is channel 2 - ωπ) is presented below.
The integrals can not be expressed by analytical formulae and numerical method has been
applied.

Derivation of the expression for the diagonal elements for real k momentum:

Substitution

y =

√
p2

p2 + 4m2
2

(F.5)

gives

p =
2mωmπy√

(mω +mπ)2(y2 − 1)
(F.6)

where m2 = mωmπ

mω+mπ
.

Thanks to this substitution, the integration in Eq. (6.15) reduces to the area of y: (0, 1)
instead of (0,∞) for p. Due to the singularity in this region (for some real k), however, it
must be a Cauchy integral. This singularity appears at

sing =
k
√
m1 −m2(m1 +m2)√

(m1 −m2)(4m2
1m

2
2 + k2(m1 +m2)2)

. (F.7)
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The residue resulting from the omission of this pole has the form (for readability, the nor-
malisation coefficient for k = 0 has been omitted)

Residue = − k3
√
k2 +m2

1

√
k2 +m2

2

(b2 + k2)4(
√
k2 +m2

1 +
√
k2 +m2

2)
. (F.8)

For the non-diagonal element of the matrix of the Jost function, the singularity is in the
same place as for the diagonal element (does not depend on β parameter), while the residue
is given by

Residue = −
k3
√

(k2 +m2
1)
√

(k2 +m2
2)

(b21 + k2)2(b22 + k2)2(
√
k2 +m2

1 +
√
k2 +m2

2)
. (F.9)

After determining the real parts of integrals (Cauchy(sing)) and imaginary parts (Residue),
the complex value of the Jost function is expressed by the sum of these terms.

J = Cauchy(sing) + iπResidue (F.10)

For complex values of momentum k, one can compute the real and imaginary parts of
the elements of the Jost function matrix, integrate them over y, and add them.

All integrals have been normalized to 1 at k = 0.
In the presented analysis, the scattering length was not calculated analytically due to

the need to numerically count the Jost function in channel 21.
To check procedures of derivations and formulea for singularities and Residues presented

above for real k (for fits to phase shifts and inelasticities) and algoritm for complex k (for
analyses of poles of amplitudes) the same method has been applied for potentials with
two identical masses (channel 1 and 3 in this analysis). Results obtained using analytical
expressions in Eqs (F.1)-(F.4) and numerical values obtained using Cauchy theorem with
residues described above were identical.

1Analytical expressions for rank one potential available after prior inquiry to Nadine.Hammoud@ifj.edu.pl
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“Excited light and strange hadrons from the lattice with two Chirally Improved quarks”,
PoS Hadron 2013, 118 (2013), arXiv:1311.6579 [hep-ph].

[92] S. Prelovsek, L. Leskovec, C. B. Lang, and D. Mohler,
“K π scattering and the K* decay width from lattice QCD”,
Phys. Rev. D 88, 054508 (2013), arXiv:1307.0736 [hep-lat]

151



[93] M. Luscher,
“Two particle states on a torus and their relation to the scattering matrix”,
Nucl. Phys. B 354, 531 (1991)

[94] P. Bydzovsky, R. Kaminski, and V. Nazari,
“Dispersive analysis of the S-, P -, D-, and F -wave ππ amplitudes”,
Phys. Rev. D 94, 116013, (2016), arXiv:1611.10070 [hep-ph]

[95] Y. S. Surovtsev, P. Bydzovsky, R. Kaminski, and M. Nagy,
“Light-meson spectroscopy and combined analysis of processes with pseudoscalar
mesons”,
Phys.Rev. D 81, 016001 (2010), doi:10.1103/PhysRevD.81.016001

[96] V. Nazari,
”Study on Spectroscopy of Light Mesons”,
PhD thesis, Institute of Nuclear Physics, Polish Academy of Sciences, February (2017)
In order to obtain an electronic copy, please send an email to vahabnazari@gmail.com

[97] R. Garcia-Martin, R. Kaminski, J. R. Pelaez, J. Ruiz de Elvira, and F. J. Yndurain,
“The Pion-pion scattering amplitude. IV: Improved analysis with once subtracted Roy-
like equations up to 1100 MeV”,
Phys. Rev. D 83, 074004 (2011), arXiv:1102.2183 [hep-ph]

[98] S. M. Roy,
“Exact integral equation for pion pion scattering involving only physical region partial
waves”,
Phys. Lett. B 36, 353 (1971)

[99] J. R. Batley et al. (NA48/2 Collaboration), Eur. Phys. J. C 54, 411, (2008)

[100] S. Pislak et al. (BNL-E865 Collaboration), Phys. Rev. Lett. 87, 221801 (2011)

[101] S. D. Protopopescu, M. Alston-Garnjost, A. Barbaro- Galtieri, S. M. Flatté, J. H.
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“Dalitz plot studies of D0 → K0

SK
+K− decays in a factorization approach”,

Phys. Rev. D 103, no.11, 114028 (2021), https://doi.org/10.1103/PhysRevD.103.114028

[109] L. Leśniak,
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