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English abstract

Topological materials and their disorder-robust edge states have captured significant at-
tention, finding applications beyond fundamental physics. The dimensionality of the edge
plays a paramount role in the nature of these edge modes. One dimensional (1D) topological
materials, when coupled with a proximate superconductor, are capable of hosting the elusive
Majorana bound states, whose non-Abelian nature holds great promise for applications in
quantum computing. In this thesis, we studied such a quasi 1D system resembling a lad-
der made of coupled nanowires. We found that within tight binding description, the ladder
with periodic boundary condition realizes topological phase with the topological invariant in
range [—3, 3]. We show that this is a direct result of the coupling between the nanowires and
the topological phase can altered by tuning the coupling strengths between wires. Further-
more, the finite system hosts the Majorana bound modes within the superconducting gap
for appropriate parameters.

The two and three dimensional (2D and 3D) topological materials on the other hand
have garnered interest due to the gapless states they manifest in the Brillouin zone. These
gapless states behave like quasi particles which have the characteristics of the Dirac and
Weyl fermions, naturally classifying their host with Dirac and Weyl semimetals (DSM and
WSM) respectively. These materials are highly promising for next-generation electronics
and spintronics due to their high electron mobility and potential for low-power, high-speed
devices. In order to better understand the edge states we study an interface of an insulator
and a WSM. We use the low energy effective model description of a time reversal WSM
which hosts four Weyl nodes (gapless states). Choosing the parameters which lead to desired
interface we solve the problem numerically. Employing the spectral function, we discuss

various observations and properties of the edge states of the interface.



Abstrakt w jezyku polskim

Materialy topologiczne i ich odporne na nieporzadek stany brzegowe wzbudzily duze
zainteresowanie, znajdujac potencjalne zastosowania wykraczajace poza badania podsta-
wowe. Wymiarowos¢ krawedzi odgrywa kluczowa role w naturze tych standéw. Jednowymi-
arowe (1D) materialy topologiczne, sprzezone z pobliskim nadprzewodnikiem, sa zdolne do
tworzenia stanéw zwiazania Majorany, ktorych nieabelowa natura stwarza potencjal do ich
zastosowarn w komputerach kwantowych. W niniejszej rozprawie badaliémy taki quasi-1D
uktad, w postaci drabinki zawierajacej dwa réwnolegle sprzezone taricuchy. Stwierdzilismy,
w ramach modelu ciasnego wiazania, ze uklad z periodycznymi warunkami brzegowymi re-
alizuje faze topologiczna z niezmiennikiem topologicznym w zakresie [—3, 3]. Wykazujemy,
ze jest to bezposredni wynik sprzezenia miedzy nanodrutami, a faze topologiczna mozna
zmieni¢ poprzez dostrojenie wartosci tego sprzezenia. Co wiecej, skoniczony uktad zawiera
stany zwiazane Majorany w przerwie nadprzewodzacej w pewnych zakresach parametrow.

Z drugiej strony, materialy topologiczne dwu- i trojwymiarowe (2D i 3D) wzbudzity zain-
teresowanie ze wzgledu na stany bezprzerwowe, ktére manifestuja sie wewenatrz strefy Bril-
louina. Te stany bezprzerwowe zachowuja sie jak quasi-czastki posiadajace cechy fermionow
Diraca i Weyla, naturalnie klasyfikujac bazowy material jako pétmetal Diraca i Weyla (DSM
i WSM). Materialy te sa wysoce obiecujace dla elektroniki nowej generacji i spintroniki ze
wzgledu na wysoka ruchliwosé elektronéw i potencjat dla urzadzen o maltej mocy i duzej
szybkosci. Aby lepiej zrozumieé stany krawedziowe, badamy interfejs pomiedzy izolatorem i
WSM. W tej czesci, wykorzystujemy nieskoenergetyczny model efektywny WSM z symetrig
odwrocenia w czasie, ktory zawiera cztery wezty Weyla (stany bezprzerwowe). Wybierajac
parametry prowadzace do pozadanego interfejsu, rozwiazujemy problem numerycznie. Wyko-
rzystujac funkcje widmowa, omawiamy rézne obserwacje i wtasciwosci stanéw krawedziowych

interfejsu.
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Chapter

Introduction

The field of condensed matter physics has undergone significant evolution, characterized
by groundbreaking experimental and theoretical advancements that have profoundly shaped
our understanding of matter. At the turn of the 20" century, Max Planck introduced the
concept of quantized energy levels to address the problem of blackbody radiation. His work
marked the beginning of quantum mechanics. Max Plank with his idea of quanta revolu-
tionized physics which ultimately led to formulation of Matrix mechanics by Heisenberg and
Schrodinger’s wave formulation. These formulations became a powerful tool in understanding
the electronic and structural properties of solids, forming the basis of solid state physics.

While early condensed matter research primarily focused on symmetry-breaking phe-
nomena, the integration of topology introduced a paradigm shift. Topology, a branch of
mathematics dealing with properties invariant under continuous deformations, offered a novel
framework for analyzing quantum systems. This transition began with the discovery of quan-
tum Hall effect (QHE), discovered by Klaus von Klitzing in 1980 [1, 2]. This was the first
experimental observation of the quantization of the electrical conductance and the discovery
was awarded the 1985 Nobel Prize in Physics. The underlying topological phenomenon was
put forth by Thouless et. al [3| in 1982. This marked the first instance that certain ma-
terial properties are governed by topological invariants rather than conventional symmetry
considerations.

This insight kick-started an extensive theoretical and experimental exploration into sys-
tems dominated by topology. Unlike traditional phases of matter characterized by local order
parameters, topological phases are defined by global wavefunction properties. The interplay
between topology and quantum mechanics has emerged as a central theme in condensed
matter physics, leading to the identification of novel materials and phenomena [4-8].

The 1980s and 1990s saw extensive studies of the fractional quantum Hall effect

9
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(FQHE) [8], where electrons in high magnetic fields form correlated states with fractional
charge excitations. The FQHE was pivotal in introducing the concept of topological order,
characterized by long-range quantum entanglement rather than symmetry-breaking [9]. The
discovery of the FQHE, which is an even more complex version of the QHE. While it is not
always explicitly listed under topological materials, the exotic quantum fluid they discovered
is a prime example of a state of matter with topological order earning Robert B. Laugh-
lin, Horst L. Stérmer, and Daniel C. Tsui the 1998 Nobel Prize. Xiao-Gang Wen’s seminal
work further elucidated how topological order manifests through ground-state degeneracy
and quasi-particles excitation.

The early 21st century witnessed a renaissance in topology with the theoretical prediction
and subsequent experimental realization of topological insulators (TIs) like BisSes. Pioneer-
ing contributions by Charles Kane, Shou-cheng Zhang, and collaborators established the Zs
topological invariant as the fundamental quantity behind these phases, which are insulat-
ing in the bulk but exhibit robust surface states protected by time-reversal symmetry |[5,
10]. Experimental confirmations using angle-resolved photoemission spectroscopy (ARPES)
revealed Dirac-like surface states in materials such as BisSes, validating theoretical predic-
tions [11]. The 2016 Nobel Prize was awarded to David J. Thouless, F. Duncan M. Haldane,
and J. Michael Kosterlitz for their foundational work in the field of topological materials.

Topological superconductors and Weyl semimetals (WSM) expanded the scope of topo-
logical physics. The potential observation of Majorana zero modes in hybrid superconducting
structures [12], and the observation of Weyl fermions in TaAs crystals [13] highlighted the

potential for novel quasiparticles in condensed matter systems.

1.1 Layman’s approach to topology in Condensed Matter
Physics

Topology, at its core, concerns itself with the qualitative properties of objects that are
preserved under smooth deformations such as stretching or bending, but not tearing or
sticking. The central idea of this field are concepts such as continuity, connectedness, and
compactness. These notions enable the classification of spaces and structures in ways that
generalize the traditional geometric metrics such as distance or angles. In the context of
condensed matter physics, these topological ideas find natural applications in the analysis of

phase transitions, quantum states, and wavefunctions.

A quantum system, described by a wavefunction, often resides in a parameter space that
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can be treated as a topological manifold. For instance, consider the parameter space of a
one-dimensional (1D) quantum system with a Hamiltonian dependent on momentum. The
topology of the eigenstates, as momentum varies, encodes critical physical information about

the system, such as the presence of edge states or quantized conductance.

We will review some of the key fascinating interplay between bulk and boundary prop-
erties is central to phenomena like the integer quantum Hall effect (IQHE) in Sec. (1.1.1),
where quantized resistance arises from chiral edge modes in a two-dimensional (2D) electron
gas subjected to a strong magnetic field. The principles of the IQHE, and the notion of
robust boundary states, have since been generalized to a wider class of materials. We review
the current research in 1D topological materials (Sec. (1.1.3)) with protected edge modes,
and 2D and three-dimensional (3D) topological materials (Sec. (1.1.2)), which host unique
conducting surface or edge states protected by time-reversal symmetry. These exotic states

promise fault-tolerant quantum computing and low-power electronics.

1.1.1 Integer Quantum Hall Effect

The classical Hall effect, discovered by Edwin Hall in 1879, describes the emergence of a
voltage perpendicular to both an applied current and a magnetic field in a conductor as shown
in Fig. 1.1. This Hall voltage (Vi = V) arises due to the Lorentz force acting on the charge
carriers. The Hall resistance (ratio of Hall voltage to current, V,/I,) is typically proportional
to the magnetic field and inversely proportional to the carrier density. However, under
extreme conditions of low temperatures (typically below 1 K) and strong magnetic fields
(typically above 10 T), 2D electron systems exhibit a remarkable deviation from classical
behavior known as the IQHE. This effect, first observed by Klaus von Klitzing in 1980 [1],
reveals a precise quantization of the Hall conductance, providing profound insights into the
quantum nature of electronic transport.

The IQHE is typically observed in high-mobility 2D electron system formed at the in-
terface of semiconductor heterostructures, such as GaAs/AlGaAs. These structures confine
electrons to a thin layer, effectively creating a 2D system. The experimental setup involves
cooling the sample to temperatures, ranging in the mK to K range, to minimize thermal
fluctuations. A strong magnetic field is applied perpendicular to the plane of the electron
system as shown in Fig. 1.1. A constant current is then passed through the system, and
both the longitudinal voltage (along the direction of current flow, V) and the Hall voltage
(perpendicular to the current flow, V,)) are measured using a four-terminal measurement con-

figuration to eliminate the effects of contact resistance on the measured voltages. The Hall
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conductance, o, is given by
Opy = —— (1.1)

where [ is the current and Vi is the Hall voltage (in this case V), is found to be quantized in
integer multiples of the fundamental constant e?/h, where e is the elementary charge and h
is Planck’s constant. The quantization of the Hall conductance in integer multiples is termed
as IQHE. It is customary to report the Hall resistance as a function of magnetic field which

displays the plateaus making the quantization a central theme as shown in Fig. 1.2

To elucidate this better, consider a semiclassical picture of an electron system confined
in the zy-plane subjected to a uniform magnetic field B = BZ along the z-direction. The
Hamiltonian for a single electron with charge —e and mass m* (effective mass) is given by:

= 2;* (p +eA)? (1.2)

where p = (pg,py) = (—ihd/0x, —ih0/0y) is the momentum operator and A is the vector
potential such that B =V x A. We can choose the Landau gauge: A = (0, Bx,0). In this

gauge, the Hamiltonian becomes:

I 9 2
H = 5 [p; + (py + eBx)?] (1.3)

Since the Hamiltonian does not depend on y, the momentum in the y-direction, p, = hk,, is

Figure 1.1: The setup shows a slab of material with six contact points to measure the voltage
and current across the slab. The external magnetic field B points in z-direction.
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a good quantum number. Substituting this into the Hamiltonian, we get:

1 2 2
H = Sy [p2 + (hky + eBx)?| (1.4)
This can be rewritten as:
2
1
H = 2]:;;* + §m*w3(x — 20)* (1.5)

where w, = eB/m* is the cyclotron frequency and xg = —(hk,)/(eB) is the center of the har-
monic oscillator. This Hamiltonian describes a one-dimensional harmonic oscillator centered
at xg with frequency w.. The energy eigenvalues of a 1D harmonic oscillator are quantized

and given by:
1
E, = hw. <n+2) , n=0,1,2,.. (1.6)

Such quantized energy levels are called Landau levels (LL). Each Landau level is highly
degenerate thus for a sample of area L;L,, the degeneracy of each Landau level is given by

N =eBLyLy/h = ®/®(, where & = BL,L, is the total magnetic flux through the sample

8001
2 o0}
=
%

o 400F E
2001 -
. . L. \

L s "
0 2 ’ b 6
MAGNETIC FIELD (T)

Figure 1.2: Experimental result adopted from Ref. [1], depicts the Hall resistivity as the
function of perpendicular magnetic field. The plot shows the famous quantized Hall resistivity
plateaus.
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and ®y = h/e is the magnetic flux quantum. We can now incorporate the effect of a weak
electric field E = E,2 applied perpendicular to the magnetic field. The Hamiltonian now

becomes:

1
H = 2m*(p—|—eA)2—|—eEmw (1.7)

In the Landau gauge A = (0, Bz, 0), this is:

1
H = 5 [p2 + (py + eBz)*] + eEyx (1.8)

The electric field introduces a drift velocity for the center of the Landau orbits. The energy

of the Landau levels is shifted by the electric field. For a given nth LL, the energy becomes:

1 ek, m* E?
1 h m* E;
= hwe S —eBky, (=) - e 1.1
Fuw <n—|— 2) ebky (eB) 5 B2 (1.10)
1 m* E2

where ¢ — eE,/(m*w?) is the z-coordinate corresponding to the center of the orbit (related
to ky in a different gauge), and vp = E,/B is the drift velocity in the z-direction. Consider
a situation where the Fermi level lies within the gap between two Landau levels. If v LLs are
completely filled, the total number of electrons is Nyoy = v(eBLyLy/h). When an electric
field E, is applied, these filled Landau levels contribute to the Hall current. The current
density in the y-direction (J,) is given by the product of the electron density, charge, and

drift velocity:
Jy = n(—e)vp=—en— (1.12)

where n = Niot /(LyLy) = veB/h is the electron density. Substituting this into the expression
for J,:

J, = <1/€B) (—e)&:—uiEy (1.13)

The Hall current I, flowing in the y-direction (perpendicular to the applied electric field)
is I, = JyL,. The Hall voltage Vj, is related to the electric field by V,, = E,L,. The Hall

conductance o, is defined as the ratio of the Hall current density to the applied electric field
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(a) Hall Effect (b) Anomalous Hall Effect (c) spin Hall Effect

o )

T~ B — M __4~ soc
(d) Quantum (e) Quantum (f) Quantum spin
Hall Effect anomalous Hall Effect Hall Effect

o & ;
OO0 OO0 m O Osec
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Figure 1.3: Schematic depicts the emergence of states around the edge stemming from the
Landau orbits. (a) Show the classical picture and (b) portrays the QHE in quantum me-
chanical regime in presence of external magnetic feild B. The second column however is for
magnetized materials in (b) classical and (e) quantum mechanical regime. Finally, the effect
of spin-orbit coupling (SOC) is shown in last column (c) and (f). Adopted from Ref. [16].

in the y-direction (or equivalently, the ratio of the current in the y-direction to the voltage

in the z-direction)

Jy e?
oy = L =—v— 1.14
7y B, 'h (1.14)

Conventionally, the Hall conductance is defined with the current and voltage directions con-
sistent with a positive charge carrier under the Lorentz force. If we consider the current
flowing along the y-direction due to an electric field in the y-direction and the resulting

voltage in the z-direction, or vice versa, the magnitude remains the same. Therefore, the

absolute value of the Hall conductance is

g™}

lowy| = v (1.15)

This leads exactly to the resistance plateau we see in Fig. 1.2. The plateaus in the Hall resis-
tance observed experimentally occur at these quantized values, demonstrating the remarkable
precision of the IQHE. The single-particle picture of electrons occupying quantized Landau
levels provides a good description. However, at the extreme conditions with temperature in
mk and a large magnetic field strength the Hall conductance plateaus appear at fractional
multiples of e2/h, such as 1/3,2/5,3/7,... [8, 14, 15]. The emergence of fractionalised
plateaus has been termed as Fractional Quantum Hall Effect (FQHE). The key distinction
between the IQHE and the FQHE lies in the dominant role of electron-electron interactions
in the latter. These strong interactions drive the system into novel correlated quantum states

that cannot be understood by considering individual electrons alone.
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The above provides a basic understanding of the quantization based on LL. A more com-
plete picture requires considering the role of edge states, which are crucial for the robustness
of the quantized conductance against impurities and disorder. In a real sample with edges,
the Landau levels bend near the boundaries, giving rise to 1D chiral edge states that prop-
agate without backscattering as shown in Fig. 1.3(d). These edge states carry the current
and are responsible for the unhindered transport observed in the IQHE. The number of
these edge channels corresponds to the integer filling factor v, providing an alternative and
more robust explanation for the quantization of the Hall conductance. It was in 1982 that
Thouless et al., 3| presented this explanation, and the filling factor v was termed as TKNN
invariant named after Thouless, Kohmoto, Nightingale, and Nijs. It was later showed by M.
Kohomoto [17] that TKNN invariant is the Chern number of a 2D topological system with a
broken time reversal symmetry. The topological interpretation based on the Chern number
further reinforces the understanding of the IQHE as a topologically protected phenomenon,
hence weaving, topological phenomenon with condensed matter physics. The IQHE requires
a strong external magnetic field, which explicitly breaks time-reversal symmetry.

The search for a system with topological properties without an explicit dependence on
external magnetic field led to topological insulators. Kane and Mele in 2005 [5] proposed
spin quantum Hall insulators (with Quantum Spin Hall effect) which preserved time reversal
symmetry of the electronic states. These insulators had a bulk electronic band gap and
supported the transport of spin and charge by gapless edge modes as shown in Fig. 1.3(f).
They also showed that the topological invariant of such insulators relies upon a Zs invariant.
The simplest forms of topological insulators preserve time-reversal symmetry and do not
require an external magnetic field for the existence of their protected surface states. The
topological order in these materials originates from the intrinsic band structure modified by
spin-orbit coupling. The first experimental realization of a 2D topological insulator exhibiting
the Quantum spin Hall (QSH) effect came in 2007 [18]. They demonstrated the existence
of robust edge states in HgTe/CdTe quantum wells with a specific thickness, confirming the
theoretical predictions. Since then the field has seen a rapid development on theoretical and

experimental fronts.

1.1.2 Edge states of Bulk Topological materials

Topological edge modes are a class of electronic states that exist robustly at the bound-
aries or interfaces of materials with non-trivial topological properties, meaning their existence

is guaranteed by the fundamental symmetries and band structure topology of the bulk mate-
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Figure 1.4: Schematic (a) shows the components of STM, with a sharp tip which scans across
the sample measuring slight change in the conductance. (b) Illustrates how light produces
photoelectron across the sample. The hemispherical analyzer then resolves these beams of
photoelectron using the an internal electric field. These resulting beams is used to make a
map of intensity corresponding to a planar cross-section in momentum space. Adopted from
Refs. [19] and [20], respectively.

rial. This makes them inherently robust against various forms of disorder and imperfections,
unlike conventional electronic states. Real-space imaging via scanning tunneling microscopy

(STM) has proven particularly revealing in directly visualizing these states.

STM is a powerful analysis technique that allows for atomic scale imaging of conductive
surfaces by scanning with a sharp metallic tip across the sample and measuring the tunneling
current that flows between the tip and the surface as shown in Fig. 1.4(a). This current is
exquisitely sensitive to the local electronic structure. The differential conductance which
essentially plots the local electronic density of states as a function of position by measuring
the (differential conductance) derivative of current with respect to voltage (dI/dV') - clearly
resolved 1D edge channels. These channels exhibited distinctive spatial decay profiles, show-
ing an enhanced local density of states (LDOS), a measure of available electronic states at
a specific energy and position, that persisted within (approximately 2 nm) the sample edge
before smoothly merging with the bulk states. These measurements provided the first direct
visualization of how topological protection manifests at atomic scales. Topological protection
refers to the inherent robustness of these states against perturbations that do not break the
underlying symmetries, ensuring their coherence and preventing back-scattering. Crucially,
the edge states remain coherent even in the presence of non-magnetic defects, which would
typically localize or scatter conventional electronic states, highlighting their remarkable re-

silience.

Complementary angle-resolved photoemission spectroscopy (ARPES) studies have elu-
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cidated the intricate electronic structure underlying these edge modes. ARPES is a spec-
troscopic technique that directly probes the energy and momentum of electrons within a
material, providing a “band structure map” of the electronic states. By analyzing the kinetic
energy and emission angle of photoemitted electrons [c.f. Fig. 1.4(b)|, ARPES can reveal how
electron energy varies with momentum, which is crucial for understanding material proper-
ties as shown in inset of Fig. 1.4(b). The landmark doped BisSes measurements by Hsieh
et al. [21] (c.f. Fig. 1.5) revealed not just the characteristic Dirac cone dispersion of surface
states, but crucially showed these states crossing the bulk band gap without hybridization.

A Dirac cone describes a unique linear relationship between an electron’s energy and its mo-

Low B = High Tuning through bulk doping

EgeV)

Intensity (arb. units)

01 0.0 0.1 01 00 0.1 01 00 01 , 01 00 o

K A'1) K A'1) crystal vac

Figure 1.5: (a)-(d) are the ARPES result for Bis_;CasSes for different doping of Ca across
(a)-(c). (e)-(g) Shows the momentum distribution curves corresponding to (a)-(c), red dashed
line is the guide to eye. (i)-(k) Shows the bulk conduction band and bulk valance band in dark
while the surface states are shown in red. The downwards shift of Fermi energy with varying
doping is clear. Whereas (d) is the ARPES result of a typical sample 18h after cleaving and
(h) is the corresponding momentum distribution curves and (1) shows the surface states. The
evolution of the conduction band minimum (CBM) and valance band maximum (VBM) over
time in (1) called surface band bending. Adopted form Ref. [21].

mentum, resembling the energy-momentum dispersion of massless relativistic particles (like
photons or neutrinos). In a material’s electronic band structure, a Dirac cone appears as two
cone-shaped bands (one for valence electrons and one for conduction electrons) that meet at
a single point, known as the Dirac point. At this point, the electrons effectively behave as

massless Dirac fermions, leading to high mobility and unique transport properties. Further-
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more, the spin-resolved ARPES data provided the smoking gun evidence for spin-momentum
locking, a key characteristic of topological insulators where the spin direction of an electron is
uniquely coupled to its momentum direction. The absence of hybridization means these edge
states maintain their distinct identity and do not mix with the bulk electronic states. This
retention of separate identity leads to separation between edge and bulk states, later quan-
titatively confirmed in WTey monolayers by Wu et. al [22], explains why edge conduction
can dominate overall transport even when substantial bulk carriers are present. This was
demonstrated by showing opposing spin polarizations (+4/2, where & is the reduced Planck
constant) for the two branches of the Dirac cone, meaning electrons moving in opposite

directions have opposite spins.

0.9
(a)
0.8
0.7
Gl
B 06
«A
0.5 &1 High
0.4 N
0.3
. +
Low
-0.2 -01 0.0 0.1 0.2 -0.2 0.0 0.2 0.4 0.6

Kk, (n/a) K, .(n/a)

Figure 1.6: Spin polarised Fermi surface texture for the crystal of TaAs using (a) spin resolved
ARPES along I' — Y. The direction of the red arrow points in the direction of in-plane spin
polarization. (b) The calculated Fermi surface texture with arrow point in the direction
in-plane spin polarization. Adopted from Ref. [23].

Fermi arcs represent one of the most striking manifestations of topology in quantum
materials. Unlike conventional metals where Fermi surfaces form closed loops in momentum
space, these open contours directly connect topologically protected Weyl (massless Dirac
fermions) or Dirac nodes, creating a new paradigm for electronic structure. The experimental
verification of Fermi arcs has relied on sophisticated spectroscopic and transport techniques
that reveal their unique properties. ARPES has provided the most direct visualization of
these unusual states. In the seminal work on TaAs by Lv et. al [24], the ARPES intensity
maps clearly showed open-ended Fermi contours bridging pairs of Weyl nodes projected to the
surface Brillouin zone. These arcs as shown in Fig. 1.6 exhibited several remarkable features
like their length precisely matched the separation between bulk Weyl nodes in momentum

space, their spectral weight remained intense right up to the termination points, and they
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persisted across multiple cleavage planes. The transport signatures of Fermi arcs are equally

distinctive.

The chiral anomaly, first observed in TaP through negative magnetoresistance measure-
ments as shown in Fig. 1.7, occurs when parallel electric and magnetic fields creates popu-
lation imbalance between Weyl cones of opposite chirality. The quadratic field dependence
of conductivity (Ac o< B?) and its strict orientation requirements provide an unambiguous
fingerprint of this topological phenomenon.

Quantum oscillation measurements in CdsAsy revealed complementary evidence through
the coexistence of two distinct frequencies. A higher frequency corresponding to bulk Dirac
states and a lower frequency originating from Fermi arc surface states. The angular de-
pendence of these oscillations mapped out the predicted “bowtie” shaped orbits formed by

arc-connected Weyl nodes. More recent experiments have uncovered even richer behavior in
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Figure 1.7: Longitudinal magnetoresistance for TaP at multiple different temperature. The
measurement is made with the configuration where (A) I||B||c and (B) I||Bl||a, the inset
shows the schematic of the experimental setup. Adopted from Ref. [25].

these systems. In type-II Weyl semimetal WTey, STM [26, 27] is used to visualize the real-
space structure of Fermi arc states through quasiparticle interference patterns (QPI) [28].
When electrons scatter off defects, they create a ripple-like standing wave pattern that STM
can detect, serving as a real-space map of the electronic states. By using a Fourier transform

to analyze these QPI patterns, scientists can move from a real-space picture to a momentum-



CHAPTER 1. INTRODUCTION 21

space map, revealing the material’s electronic band structure. The key discovery in WTes
was the presence of “missing scattering vectors” in the Fourier transform, which directly
proves that the electrons on its surface Fermi arcs are spin-polarized. This unique prop-
erty, known as spin-momentum locking, means that an electron’s spin is inextricably linked
to its direction of motion, a hallmark feature of a topological state of matter (as shown
in Fig. 1.6). Meanwhile, nonlocal transport measurements demonstrated that Fermi arcs
can mediate electrical currents over micrometer-scale distances, with the signal persisting to

higher temperatures than bulk conduction.

The unique connectivity of Fermi arcs leads to several fundamental consequences. First,
they enable new forms of electron orbits in magnetic fields that combine bulk and surface
trajectories. Second, their spin-momentum locking creates protected conduction channels
that are robust against backscattering. Third, their termination at Weyl nodes means they
can mediate transitions between bulk states of opposite chirality. These properties have
been quantitatively verified through the combination of ARPES, quantum oscillations, and

magnetotransport experiments across multiple material systems.

Transport measurements have quantified the remarkable robustness and unique conduc-
tive properties of these edge states. The measurement of quantum spin Hall effect in HgTe
quantum wells [18] provided compelling evidence. The quantum spin Hall effect is a topolog-
ical phase of matter characterized by the presence of spin-polarized edge currents that flow
without dissipation in the absence of a magnetic field as shown in Fig. 1.3(f). The experi-
ments showed a 2¢?/h conductance plateau. This plateau persists and shows independence
from the sample width pointing to it being the edge modes. This width directly corresponds
to the bulk bandgap, unequivocally confirming that transport occurs exclusively through
in gap edge channels, meaning the conduction pathways exist within the energy gap of the
bulk material. Later quantum anomalous Hall experiments [29] achieved even more striking
results [c.f. Fig. 1.3(e)]. The quantum anomalous Hall effect is a topological phase where
an intrinsic magnetic order leads to quantized Hall conductance even without an external
magnetic field, unlike the conventional quantum Hall effect. In these experiments, the Hall
resistance was quantized to h/e?. These exceptionally low resistance values, maintained over
millimeter-scale distances, powerfully demonstrate the true dissipationless nature of chiral

edge modes, which are one-way conducting channels that are immune to backscattering.
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Figure 1.8: (a) Local density of states of a nanowire with proximity induced superconductiv-
ity. It shows the presence of superconducting gap along with Majorana zero modes localised
at £ = 0 at the ends of the nanowire. (b) The differential conductance as the function of
applied voltage across the ends of the wire. While each line corresponds to a different value
of external in-plane magnetic field. The peak for the zero bias voltage appears for a criti-
cal value of magnetic field marking the emergence of Majorana zero modes. Adopted from
Ref. [30].

1.1.3 Edge modes of 1D topological materials

The combination of the advanced experimental techniques and theoretical understanding
has revealed a nuanced hierarchy of protection in topological edge states. While all topo-
logical edge states are inherently immune to backscattering from non-magnetic disorder, as
shown by STM, only systems where time reversal symmetry is broken (e.g., in quantum
anomalous Hall systems) show complete suppression of dissipation, as confirmed by the ul-
tra low longitudinal resistance in transport data. Time reversal symmetry dictates that
the laws of physics are the same whether time flows forward or backward; breaking this
symmetry can lead to unique transport phenomena. This distinction becomes crucial when
considering advanced applications, particularly in quantum computing, where the stricter
protection and inherent chirality of chiral Majorana modes. Exotic quasiparticles that are
their own antiparticles and are predicted to exist at the edges of certain topological super-
conductors. These modes constitute half of an ordinary electron, appearing as zero-energy
excitations bound to defects or edges that obey non-Abelian statistics, a mathematical prop-
erty allowing quantum operations through braiding in space rather than conventional gate
manipulations. Their potential for topological quantum computation stems from this inher-
ent protection against local decoherence mechanisms, offering a path toward fault-tolerant
quantum computing. The pursuit of chiral Majorana edge modes represents a fundamental
quest in quantum materials physics, where the exotic quasiparticles emerging in topological

superconductors (TSCs) could revolutionize quantum information science.

Majorana modes emerge as solutions to the Bogoliubov-de Gennes equations in systems
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exhibiting a confluence of specific physical conditions. These conditions typically include
p-wave pairing symmetry, which can be either intrinsic to the material or proximity-induced
from an adjacent conventional superconductor, strong spin-orbit coupling, which links an elec-
tron’s spin to its momentum, and time-reversal symmetry breaking, often achieved through
an applied magnetic field or intrinsic magnetism. When these criteria are met, they col-
lectively create a topological superconducting gap that hosts protected edge states, whose
behavior can be described by theoretical models such as the Kitaev chain [4]. A key signa-
ture of these modes is the emergence of zero-energy excitations at the system boundaries [c.f.
Fig. 1.8(a)], with wavefunctions satisfying the unique Majorana condition v = 1, signifying
that these quasiparticles are their own antiparticles. In 2D systems, these zero-energy modes
manifest as chiral edge currents, circulating either clockwise or counterclockwise depending

on the direction of the applied magnetic field.

Compelling experimental evidence for Majorana modes has primarily emerged from
two distinct material classes: intrinsic topological superconductors and hybrid nanostruc-
tures. In the realm of intrinsic topological superconductors, the iron-based superconductor
FeTeg 555€0.45 has garnered significant attention due to its inherent properties that fulfill all
the theoretical requirements. This material exhibits a bulk superconducting gap (A ~ 1.8
meV) and possesses topological surface states. STM studies like [31], have provided telltale
signatures of Majorana modes. Specifically, these experiments revealed quantized 2e?/h zero
bias peaks at the cores of magnetic vortices, indicating the presence of zero-energy states.
These peaks were characterized by strict spatial localization, typically less than 3 nm, and
a notable absence of other states at finite energies within the superconducting gap, a char-
acteristic expected for isolated Majorana bound states. In parallel, hybrid nanostructures
have offered a highly tunable platform for the exploration of Majorana physics. Semicon-
ductor nanowires, particularly those made of InSb and proximity-coupled to conventional

superconductors, have demonstrated the ability to host these exotic excitations.

A primary experimental signature for the existence of Majorana zero modes (MZMs), is
the zero-bias peak observed in tunneling spectroscopy [c.f. Fig. 1.8(b)]. This measurement
is typically performed on a hybrid device, such as a semiconductor nanowire coupled to a
superconductor, where a normal metal lead probes the local density of states. The differntial
conductance (dI/dV’) is measured as a function of voltage. A sharp peak at zero voltage
indicates the presence of a state precisely at zero energy, the MZM. While this zero-bias
peak is a crucial piece of evidence, its identity is muddled by the fact that similar peaks can

arise from topologically trivial effects, such as accidental zero-energy Andreev bound states or
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disorder. Consequently, additional confirming characteristics, including the peak’s robustness
against magnetic fields and its quantized height are required, to distinguish a true MZM
from a trivial one. Transport measurements on these systems [12], have yielded significant
insights. These studies showed the appearance of half-quantized e?/2h conductance plateaus,
a hallmark signature predicted for Majorana zero modes, which remained robust against
variations in external parameters such as gate voltage and magnetic field.

The most definitive proofs of Majorana modes, particularly their unique quantum prop-
erties, have come from phase-sensitive experiments. A prime example is the observation of
the 4m-periodic Josephson effect, which directly demonstrates the parity-switching nature of
Majorana states [32]. This phenomenon, contrasts with the conventional 27 periodicity of
ordinary superconductors and provides strong evidence for the fractional charge of the car-
riers involved. Beyond this, experiments demonstrating nonlocal crossed Andreev reflection
have further supported the concept of non-local fermion parity storage, where the quantum
information encoded in Majorana pairs is distributed across spatially separated locations.
While still in their nascent stages, recent braiding experiments are beginning to show pre-
liminary signatures of non-Abelian statistics, which would be the ultimate confirmation of
their utility for fault-tolerant quantum computation.

The emergence of distinct topological phases of matter, exemplified by IQHE and QSH
effect, necessitates a systematic framework for their classification. While both phenomena
exhibit protected conducting states at their boundaries despite a bulk insulating gap, the
underlying physical mechanisms and the symmetries at play differ significantly. This calls
for a classification scheme that organizes these phases based on fundamental symmetries
of the Hamiltonian. The “Tenfold Way” provides such a classification for non-interacting

fermionic systems.

1.2 Classification of topological materials

The tenfold classification is also called Cartan classes because the classification scheme
originated from the work of mathematician Elie Cartan. His work on Lie groups, symmetric
spaces, and their algebraic structures laid the foundation for the classification of gapped
quantum systems. Specifically, the tenfold way is a direct application of his classification
of symmetric spaces, which themselves are based on the properties of Lie algebras. Cartan
showed that these geometric spaces could be organized into a finite number of classes based
on their algebraic and topological properties. Decades later, Alexander Altland and Martin

Zirnbauer in the field of random matrix theory, which they applied to mesoscopic systems



CHAPTER 1. INTRODUCTION 25

and disordered superconductors led to the modern tenfold classification [33]. This is of course
accomplished by identifying the symmetries of the Hamiltonian which describes the system.
Based upon these symmetries, the Hamiltonian exhibits topological invariant. Calculation
of the topological invariant hinges upon the representation of the Hamiltonian. A symmetry
of a Hamiltonian H is a transformation that leaves the Hamiltonian invariant. For a unitary
symmetry, this transformation is represented by a unitary operator U. The defining property

of such a symmetry is that it commutes with the Hamiltonian:

UHU' = H, (1.16)

UH = HU, (1.17)

since U™! = UT. This commutation relation allows the symmetries to lead to a block di-
agonal representation of the Hamiltonian (as we demonstrate below). The mathematical
consequence of two operators commuting, especially a Hermitian operator like H and a uni-
tary operator like U, is that they can be simultaneously diagonalized. This means there
exists a common basis of eigenstates for both H and U. Let’s consider the eigen spectrum

of H namely [¢,), hence

H‘wn> = EnW)n) (1.18)

Now the application of the unitary operator leads to

UHW}n> = UEnI%% (1.19)

This quite obviously implies that if the Hamiltonian has an energy eigenstates |¢,) with
energy E,, then, Uy, is also an eigenstate with energy E,. There are two possible scenarios
based on the degeneracy of the energy eigenstates of the Hamiltonian. If FE, is a non-
degenerate eigenvalue, meaning |¢,) is the unique eigenstates (up to a phase) corresponding
to E,, then U|y,) must be proportional to |¢,). That is, U|¢y,) = A|¢b,). Since U is unitary
matrix its eigenvalues must be of unit magnitude, implying A = €*® for some phase ¢. Hence
implying that U and H share the eigenstate. On the other hand, if F, is degenerate, there
exists an eigen subspace of states ([¥n1), |¥n2), [¥n3), -, [¥nk)) which share the eigenstate
with energy FE,. In this case, U maps states within the k—dimensional subspace with each

other. It is always possible to form a new orthonormal basis for the degenerate subspace such



CHAPTER 1. INTRODUCTION 26

that U is diagonal in this new basis. Consequently, we can find a basis of eigenstate of H
that are simultaneous eigenstates of U. The above leads us to conclude that the Hamiltonian
can be diagonalised alongwith the unitary matrix U. Chossing an orthonormal basis for U

implies that the Hamiltonian can be represented as follows

H 0 0
0 Hy 0 ---
H = . . ' (1.21)
0 0 H,,
here m is the number of unique and distinct eigenvalues of U given by €1, ¢¥2, ...e!0m,

The orthonormal choice of basis which makes the representation of U diagonal will allow us
to block diagonalize H as given above. This can be extended to all set of unitary operators

representing the symmetries of the system leaving us with a final block diagonal Hamiltonian.

This block diagonalization effectively decomposes the entire system into independent,
non-interacting subsystems. Instead of characterizing the topology of the full system de-
scribed by H, the problem is reduced to classifying the topology of each individual block
Hj. Unitary symmetries, by their very nature of commuting with the Hamiltonian, impose
conservation laws. These conservation laws merely partition the Hilbert space. They do not
introduce additional structural constraints within each irreducible block that would alter its
inherent topological nature. The topological properties of the entire system are then simply
the aggregate of the topological properties of its constituent, decoupled blocks. This is akin
to analyzing a composite system by studying its independent components; no fundamentally

new physics or constraints arise from their mere aggregation.

The classification is determined by most generic symmetries namely, particle-hole/charge
conjugation (PHS) P, time reversal (TRS) 7, and chiral symmetry (CS) C o« P7. They
form the fundamental discrete symmetry of a quantum mechanical system and consequently
condensed matter physics. It is crucial to realize that the both 7 and P are inherently
anti-unitary and C is a unitary operator. Let’s discuss each of these symmetries in detail,
starting with 7. The second quantised Hamiltonian when acted upon by 7 is considered to

time-reversal invariant if and only if
T'HT = H (1.22)

It follows from Wigner’s theorem which extends to condensed matter systems that the time
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reversal operator is represented by anti-unitary operator. This anti-unitary operator can
be written as 7 = Ur K, here Ur is a unitary operator and K is the complex conjugation
operator. The time reversal operator comes in two flavors given the Hamiltonian is time
reversal invariant which is particularly captured by 72 which itself is a unitary. We can

summarize the different possibilities as follows

0 Hamiltonian is not time reversal invariant
T = +1 Hamiltonian is time reversal invariant and 72 = 1 (1.23)
-1 Hamiltonian is time reversal invariant and 72 = —1

here we use T as a short hand to describe the different possibilities. It is well known that
7?2 = 1 describes the systems which are bosonic or with integer spin. On the other hand,
72 = —1 describes the fermionic system with half-integer spins. This also leads to the
Kramers degeneracy which demands two-fold degeneracy for every eigenstate of the system.
The above impose different conditions on the structure of the block-diagonal Hamiltonian
hence segregating different classes of systems from each other. The particle-hole symmetry is
another symmetry which plays a classifying role for the block-diagonal Hamiltonian similar
to the time reversal symmetry. The Hamiltonian is said to be invariant under particle-hole

symmetry if
PHP = —-H (1.24)

the minus sign ensures that for a given eigenstate with energy FE there exists another state
with energy —FE. Particle-hole symmetry similar to time reversal symmetry has an antiu-

nitary representation. This allows particle-hole symmetry to have its own classification of

Hamiltonian
0 Hamiltonian is not particle-hole invariant
P = +1 Hamiltonian is particle-hole invariant and P? = 1 (1.25)
-1 Hamiltonian is particle-hole invariant and P? = —1

The classification would constitute of total 3 x 3 = 9 classes but there happens to exist one
more class of symmetry namely, chiral symmetry which demands a chiral invariant Hamilto-

nian to follow

c'oc = -H (1.26)
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Chiral symmetry C which is not independent of particle-hole and time reversal symmetry (if
they are present). Chiral symmetry is given by composition of the other two hence C = P-T.
This implies that absence of one of P or T, leads to absence of C. It is important to note
that as C is a product of two anti-unitary representations, making it unitary. Contrary to
the other two symmetries, C is either absent or present due to its unitary nature. The classes
of classification based on P, and T were 9 with one of them being the absence of both, this
possibility now gets altered due to the C which has 2 different possibility hence the total
classes are 3 x 3 — 14+ 2 = 10. All these 10 possibilities are listed in the Tab. 1.1.

The classification shown in Tab. 1.1 lists different set of values the topological invariants
can acquire for different symmetry classes. The entry ‘0’ for a certain class signifies its trivial
topological nature or absence of an invariant. These systems being topologically trivial are
equivalent from this perspective. The entry Z stands for the set of integers and hence such
systems will have a topological invariant which can take any value from set of integers.
Tab. 1.1 also shows example of such system, which happens to quantum Hall effect.

27 implies that the topological invariant will be an even integer. A quantum dot with
spinfull time reversal symmetry is an example of such a system. The Kramer’s degeneracy
restricts the number of filled energy levels to be even. Lastly, Zs is the set of {—1,1} which
results in topological phase of only two kind. Topological invariant for a nanowire is a
Zo invariant. Another example is a 3D topological insulator with protected time reversal
symmetry.

W have set the stage with a broad overview of the current experimental landscape in
condensed matter physics. We began by introducing the QHE, demonstrating how the emer-
gence of LLs leads to the quantization of conductance. This discussion then expanded to
show how anomalous and spin quantum Hall effects are also rooted in the topological prop-
erties. We further explored how 1D topological materials can host exotic edge modes, and
we detailed the experimental techniques used for their detection. The unifying framework
for all of these diverse phenomena is the tenfold classification, which serves as the scaffolding

for this thesis.

1.3 Aim and scope of the thesis

Topological materials are crucial because their electronic properties are not determined by
local symmetry but by a global topological invariant, making them remarkably robust against
disorder and local imperfections [34, 35]. This principle manifests across different dimensions,

leading to a variety of groundbreaking applications. In 1D systems, this protection allows
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Class | TRS | PHS | CS | 0D | 1D | 2D | 3D | Example Systems

A 0 0 0 Z 0 7 0 | Quantum Hall systems

Al +1 0 0 Z 0 0 0 Spinless bosons

All -1 0 0 27 0 Zo | Zo | Topological insulators

ATl 0 0 1 0 Z 0 Z | Systems like graphene

BDI +1 +1 1 Lo Z 0 0 1D superconductors

C 0 -1 0 0 0 27 | 0 Spin-singlet superconductors

CI +1 -1 1 0 0 0 27 | Spin-symmetric superconductors

CII -1 -1 1 0 27 0 Zo | Quantum spin Hall systems

D 0 +1 0 Lo | Zs Z 0 Majorana fermions in superconductors
DIII -1 +1 1 0 Lo | Zo Z | Helical Majorana edge states

Table 1.1: Cartan’s classification of symmetry classes with topological invariants in various
spatial dimensions of the boundary.

for the existence of exotic zero energy quasiparticles like Majorana bound states, which are
promising candidates for building fault-tolerant topological quantum computers [36]. In 3D
materials such as Weyl and Dirac semimetals, the bulk-boundary correspondence ensures that
the gapped bulk hosts gapless, topologically protected surface states [24, 37]. These states,
which can exhibit high electron mobility and unique spin properties, are being explored for
next generation low power electronics, spintronics [38], and optoelectronics [39], representing

a new frontier in materials science and technology.

The goal of this thesis is to explore topological properties of some solid state systems. In
first case, we investigate system similar to the nanowire with the anitiferromagnetic order (the
Chapter 3). In such type structure the topological properties are manifested by emergence of
Majorana bound states. We present analyses of similar problem in the ladder with spin block
chains. This study is motivated by the quasi-1D BaFeyS3, containing spin block ladders of Fe

atoms. On the other hand, it is well known that the topological states can also arise in the
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different type of interfaces. Current advancements in experimental techniques and theoretical
understanding of topological behavior of such topological heterostructure have resulted in
discovery of Dirac and Weyl semimetals. Naturally, the other center of attention in this
thesis is a topological heterostructure or an interface of an insulator and Weyl semimetal
with four nodal points (the Chapter 5). We focus on understanding the edge states of the
interface, the spectral function and properties of such edge states. The thesis is organized such
that Chapters 3 and 5 present the original results for investigated systems, while Chapters 2
and 4 present the extensive introductions.

In the chapters to come, we will dive deeper using the tight-binding framework to study
topological properties. The Chapter 2 dedicated to 1D topological materials will introduce
the notion of topological invariants using the key models like Su-Schrieffer-Heeger, Kitaev
chain, e.t.c which have ended up forming the bedrock for the study of topological materials.
The discussions will be directed towards introducing the rise to the edge modes like Majorana
bound modes in these systems. Using the techniques developed in the Chapter 2 we will
present the results of our study on a system of coupled nanowires to probe the topological
phases and corresponding edge states of such a system in the Chapter 3. We will then revisit
2D and 3D topological materials in the Chapter 4 to review the source of their topological
behavior. Focusing on band inversion in pioneering models of topological insulators like Kane-
Mele model, Bernevig-Hughes-Zhang model, e.t.c, we will introduce the 3D Dirac and Weyl
semimetals. Finally in the Chapter 5 employing our understanding of topological materials
and heterostructures, we will show our results related to the investigation of an interface.
More specifically, we will demonstrate the rich physical possibilities the continuum model of
an interface holds. We will focus on the interface made up of an insulator and a topological

material (Weyl semimetal), and analyze the nature of the edge states of the interface.
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1D topological materials

1D topological materials represent a fascinating frontier in condensed matter physics,
hosting unique quantum states at their boundaries, namely at their ends [40-42|. Unlike con-
ventional materials, these systems possess a topological invariant which remains unchanged
even under external perturbation, deformations or disorder as long as the systems funda-
mental symmetries are preserved [43|. The topological invariant changes for the finite sys-
tem at the ends leading to localized edge modes directly resulting from topological phase
transition which are as robust as the topological invariant. These systems, often realized
as nanowires [12]| or assembled atomic chains [40], derive their topological properties from
specific symmetries and interactions within their electronic structure. Nanowire(s) possess
robust boundary states that are protected against local perturbations and disorder by the
underlying topology of their bulk band structure, a phenomenon encapsulated by the bulk-
boundary correspondence [44, 45]. The experimental exploration of these materials has
unveiled novel phenomena, most notably the potential for hosting Majorana bound states
(MBS), which are exotic quasiparticles that are their own antiparticles [46]. These non-
Abelian anyons, localized at the ends of topological superconductors, hold profound implica-
tions for fundamental physics due to their unique exchange statistics and offer a promising
avenue for fault-tolerant quantum technologies, as their non-local nature provides inherent
protection against decoherence [47-49].

In this chapter we aim to introduce the fundamental theoretical tools required to quan-
tify the topological invariant. Moreover, we will review the extensive literature from both
theoretical and experimental front on the topological phases of nanowire with different prop-
erties and the edge modes they host. To provide a clear illustration of how symmetries can
lead to non-trivial topological phases and protected boundary states, we will use the Su-

Schrieffer-Heeger (SSH) model as a conceptual bridge in Sec. 2.1. We will shift our focus
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from SSH model to Kitaev chain in Sec. 2.2, demonstrating the origin of MBS (Sec. 2.2.1)
and discuss the modern theoretical tools like Bogoliubov—de Gennes equations used to study
them (Sec. 2.2.2) along with the experimental possibilites of the realization of MBS. Finally,
we explore the spinfull nanowire (Sec. 2.3) and their topological phases (Sec. 2.3.1) and the

corresponding experiments on finite nanowire searching for MBS (Sec. 2.3.2)

2.1 Topology of SSH model

SSH model [50] offers a foundational understanding that can be extended to analyze more
complex and experimentally relevant 1D topological materials. It stands as a cornerstone in
the understanding of topological phases of matter, particularly in 1D. Originally proposed
to describe the electronic properties of polyacetylene, a conjugated polymer characterized by
alternating single and double bonds, it serves as an elegant and intuitive minimal model that
captures the essential physics of topological insulators in 1D. Its simplicity lies in its ability to
demonstrate the emergence of topological phases solely through the interplay of dimerization
and sublattice symmetry, leading to distinct trivial and topological phases separated by a
quantum phase transition. This model effectively bridges the gap between simplified theoret-
ical constructs and more complex real materials, providing a pedagogical framework to grasp
the core principles of topological protection and the existence of zero-energy edge states. The
model describes a 1D chain of atoms or molecules with alternating hopping amplitudes. This
staggered hopping creates two distinct sublattices, typically labeled A and B, within each
unit cell. The physical system is characterized by two hopping parameters: the intra-cell
hopping amplitude ¢ — ¢, and the inter-cell hopping amplitude ¢t + §t. These alternating
hopping(s) are responsible for the topological properties of the system. The Hamiltonian for

the SSH model in real space can be written as

H = Z [(t + ot) cl.L’Aci,B + (t —ot) CLFLACZ"B:| + h.c. (2.1)

i

here cj 4 and cj p are creation operators for sublattices A and B in the ith unit cell, re-

spectively. The term h.c. refers to the Hermitian conjugate, ensuring the Hamiltonian is
Hermitian. For simplicity we have considered spinless electrons. In order to progress fur-
ther we assume an infinite lattice sites with periodic boundary condition. This allows us to
perform the Fourier transform of the operators and move to momentum space labeled by k.

t 1 kea; t
c = — E e %, 2.2
k,A /;27_[_ - i, A ( )
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here a; is the lattice lattice vector. As the system is 1D, a; = an where, n points in the
direction of chain with a being the lattice constant. After substitution a summation furnishes

the following Hamiltonian in momentum space

o is the Pauli’s spin vector given as (oq, 0y, 0y, 0;). Along with

dy = (t+6t)+ (t—dt)coska, (2.4)
dy = (t—dt)sinka, (2.5)
d, = 0. (2.6)

Note that we have suppressed the momentum dependence on the component of vector d(k).
Evidently, the Brillouin zone (BZ) for the system is of length 27 /a and thus k € (—7/a, 7/a).
Shifting our attention towards the symmetries of the Hamiltonian we note that H (k) respects

the following

e Time reversal symmetry 7: Given by an anti-unitary operator K satisfies 71TH,T =

H,.

e Sublattice symmetry: The unitary operator given by & = o, anti-commutes with the

Hamiltonian.

e The above permits an anti-commuting anti-unitary operator C = ST

This positions the SSH model in class A, AIII, AI, BDI and D. The choice of class is made
based upon the additive terms we allow in the model. The energy spectra for the this system

is given by

E, = ﬂ:\/d%-i-dg (2.7)

and the corresponding energy eigenvectors are given by

+e
+) = (2.8)
1
where tan¢ = dy/d,. For a set of parameters t and ¢t, every momenta k in BZ has a

corresponding eigenvector. This vector field is smooth and continuous as momentum changes.

Consider that 0t < 0, this makes it possible for the existence of a real momentum kg for which
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d, = 0. Hence, choice of dt < 0 leads to degeneracy of the energy eigenvalues in the BZ.
As the momentum k changes the vector d loops around the origin [c.f. Fig. 2.1(b)]. This is

called the winding number and it is the topological invariant for this system.

2.1.1 Edge states of SSH model

The chiral symmetry C anti-commutes with the Hamiltonian and hence maps states with
positive energy to states with negative energy. As discussed previously there exist degenrate
point in the spectra. The effects of such a degeneracy can be probed better with a low energy
effective model. To construct such a model we first assume that 6t < ¢ and we focus near the
momentum where the degenerate point exists. The approximations enforce the degeneracy
near k = m/a + ¢, here ¢ is a small momentum about which we expand the Hamiltonian

which gives us

H = 2§to, +taqoy, (2.9)

redefining 20t = m and ta = vp as done conventionally in literature. The energy spectrum

(@) (®) a,

Ly ()|
6t<0

m = m(x)

6t>0

Figure 2.1:  Schematic presents (a) the edge state superimposed with a spatially changing
mass term of a general functional such that m(x) changes monotonously changes sign from
x = —00 to = 0o. (b) The winding of components of Pauli basis for trivial (6t > 0) and
non-trivial (6¢ < 0) topology.

is given by E = 4,/ ’U%q2 + m?2. To describe the zero mode we allow the m to spatially vary
such that m < 0 when  — oo and m > 0 when x — —oo. This spatial variation of m breaks
the homogeneity of the continuum Hamiltonian. In effect producing an edge or a boundary

in the system. We want the wave function for the zero mode hence we demand H|u) = 0.
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This os a first order partial differential equation and it can be resolve as following

(—wpoyOy + m(z)og)(z) = 0 (2.10)

W(z) = exp <— /0 " (') op d:p’) ) (2.11)

here |+) are the eigenvectors of o, with eigenvalue £1. Independent of the functional form of
m the zero mode is a localized states near the boundary of the model [c.f. Fig. 2.1(a)|. Note
that the chirality operator gives the partner state which has energy with opposite signature.
The above result verifies the fundamental nature of topological insulators— Bulk boundary

correspondence.

2.2 Superconducting nanowire

While the SSH model provides a foundational understanding of the connection between
bulk topological invariants and protected edge states in insulators. Demonstrating how
dimerization can lead to robust, localized electronic states at boundaries, superconduct-
ing systems host an even more exotic possibility namely, Majorana bound states (MBS).
These elusive zero-energy quasiparticles emerge as Bogoliubov excitations in topological su-
perconductors, where the inherent particle-hole symmetry, a fundamental characteristic of
superconducting systems, plays a central and crucial role in their existence and protection.

To bridge the conceptual gap between the simpler SSH model and the more complex
reality of topological superconductors hosting MBS, we introduce the Kitaev chain model.
Proposed by Alexei Kitaev in 2001 [4], this 1D model of spinless fermions with p-wave
superconducting pairing serves as a exemplary example of a topological superconductor and
provides an elegant, exactly solvable framework for understanding the emergence of Majorana

bound states. The Kitaev chain Hamiltonian is given by
H = - Zuc}cj + Z (—t cL_lcj - Ac;[+1c;[ + h.c.) . (2.12)
J J

where p is the chemical potential, A is the superconducting order parameter for the p-wave
superconducting pairing, and ¢; are fermionic annihilation operators.

From a symmetry perspective, the addition of superconductivity breaks particle-number
conservation but preserves particle-hole symmetry. The Kitaev model exhibits two distinct
phases namely, a topologically trivial phase and a topologically non-trivial phase, separated

by a quantum phase transition. To understand how these phases arise, we can diagonalize
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the Hamiltonian using the Bogoliubov-de Gennes (BdG) formalism. First, we transform the
real-space Hamiltonian into momentum space by introducing the Fourier transform of the

fermionic operators

1 ki
ci = — e'“e 2.13

where N is the number of sites and k represents the momentum. To analyze the Kitaev
chain in momentum space, we introduce the Nambu spinor U = (CL c,k> and the finally

the Hamiltonian in BAG basis is H = (1/2) Y, ¥IH, ¥ and H is given by

Hr = —(p+2tcosk)o, —2Asinkoy, (2.14)
—u—2tcosk  2Asink
_ _ (2.15)
—2tAsink  p+ 2tcosk

Here oy, and o are the Pauli matrices. The eigenvalues of this matrix determine the energy

spectrum, i.e. quasiparticle energy spectrum.

E, = i\/(,u + 2t cosk)? + (2A sin k)? (2.16)

The system is gapped when Ej # 0 for all k. A topological phase transition occurs when
the energy gap closes because the gap closing point signifies a qualitative change in the bulk
band structure’s topology. A topological phase transition occurs when the energy gap closes,
i.e., By = 0 for some momentum k. This happens when both terms under the square root

are simultaneously zero hence
p+2tcosk =0, and 2Asink =0 (2.17)

From the second condition, sink = 0, which implies K = 0 or K = 7. If £ = 0, the first
condition becomes 2t + pu = 0, or u = —2t. If k = m, the first condition becomes —2¢+ 1 = 0,
or ;4 = 2t. Thus, the quantum phase transitions occur at p = £2t. In the trivial phase,
typically characterized by |u| > 2t, the system behaves as a conventional insulator, and no
zero-energy edge states are present. However, when the system enters the topological non-
trivial phase, defined by |u| < 2t and a finite A, the bulk becomes superconducting with a
finite energy gap, but remarkably, two zero-energy Majorana bound states emerge, localized
at the ends of the chain. These MBS are robustly protected by the bulk energy gap and

the inherent particle-hole symmetry of the Hamiltonian. The existence of these zero-energy
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modes leads to a twofold degeneracy in the ground state, a hallmark of topological order.
This bulk-boundary correspondence, where the topological properties of the bulk dictate the
existence of boundary states, is a central concept in topological phases of matter. The Kitaev
model’s simplicity allows for a clear demonstration of how tuning system parameters (like p)
can drive a transition between these topologically distinct phases, making it an invaluable

theoretical tool for understanding more complex real-world systems.

2.2.1 Emergence of Majorana zero modes in Kitaev chain

The existence and localization of Majorana zero modes depend critically on the parame-
ters of the Hamiltonian. When the parameters are such that |p > 2¢, the system enters the
topologically trivial phase. In this regime, the energy gap closes and reopens, but the system
now has no zero-energy modes. The topological phase is defined by the condition |u| < 2t,
within this phase, the system has a bulk energy gap and hosts Majorana zero modes at its
ends. The essence of the Kitaev chain’s topological phase lies in a change of basis from
conventional fermions to Majorana operators. Each fermionic operator can be decomposed
into a pair of real, Hermitian Majorana operators:

_ 1 P L
¢ = 5(%‘,1 +1yj2), and ¢; = 5(%’,1 —17j,2) (2.18)
By substituting these expressions into the Hamiltonian (Eq. (2.12)) and considering the
topological regime, the Hamiltonian can be rewritten in a remarkably simple form. For the

specific case where t = A and p = 0, the Hamiltonian simplifies to

N
H=Y v+ (2.19)

J
here N is the number of sites in the chain. This form reveals the core mechanism of local-
ization. The Hamiltonian consists of terms that pair up a Majorana mode from site j with
the mode from site j + 1. However, the very first Majorana operator, 1,1, and the very last
one, yn,2, are left unpaired and are not present in the Hamiltonian. Since these operators
do not contribute to the system’s energy, they form the zero-energy modes. Because they
are only present at the ends of the chain, their existence is localized to the boundaries. This
zero-energy, and spatially separated state are the Majorana zero mode, which is protected
from local perturbations as long as the system remains in its topological phase.

We can analyze the zero-energy eigenstate of the system. Consdering the Majorana mode

is given by the state (¢1,--- ,¥nN,¢1,--- ,¢n), the equation for a zero-energy state at site
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j,in the BdG basis is given as:

—t(Yj41 +j-1) — phy — A(gj+1 — ¢j-1) =0 (2.20)

—t(Bjt1 + Gj—1) — pej + AYj41 — 1) =0 (2.21)

as the Majorana zero modes are their own antiparticle 1); = cb;f. This is a second-order recur-
rence relation. The solution has the form 1); o 7, using this this form yields a characteristic
equation for r, whose roots are:

2 AN 42
ry = _MEVET (2.22)

(t+ A)

The true solution of the Majorana modes turn out to be linear combination of 4 and r_. In
the topological phase, where || < 2t, the solutions are complex with an amplitude less than
one, |r| < 1. This means the wavefunction decays exponentially as it moves away from the
boundary. The amplitude of the left-end mode at site j is proportional to e /¢, and similarly
for the right-end mode. £ is the localization length or correlation length of the system. The
correlation length depends on the parameters of the Hamiltonian. This splitting is described

by the energy of the coupled state, which decays exponentially with the length of the chain:
E o« e N (2.23)

For the topological phase, the value of £ remains finite, and as long as the chain is much
longer than this length (¢ < N), the energy splitting becomes negligible, and the modes
are effectively at zero energy. This exponential suppression of the energy splitting is the
crucial element of topological protection, as it makes the modes highly robust against local

perturbations and noise.

2.2.2 Majorana bound states

The theoretical foundation for MBS lies in the Bogoliubov transformation, a canonical
transformation that fundamentally differs from the unitary transformations typically em-
ployed in the SSH model. For a superconducting system characterized by a pairing potential
A, this transformation elegantly mixes electron and hole operators to create new, independent
quasiparticle excitations [c.f. Fig. 2.3(c)-(d)|. In experimental realizations of 1D topological
superconductivity, particularly in semiconductor nanowire and atomic chains, the supercon-

ducting pairing potential A is typically introduced via the prozimity effect. This phenomenon
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occurs when a non-superconducting material, such as a semiconductor nanowire with strong
spin-orbit coupling, is brought into intimate contact with a conventional s-wave superconduc-
tor (e.g., Al or Nb) [51]. The Cooper pairs from the conventional superconductor leak into
the adjacent non-superconducting material, inducing a superconducting gap and effectively
imbuing it with superconducting properties. This induced superconductivity, combined with
a Zeeman field (to break time-reversal symmetry and open a topological gap) and strong
spin-orbit coupling inherent to the semiconductor, can drive the system into a topological

superconducting phase.

Semiconductor-superconductor hybrid structures, often involving InAs or InSb nano wires
grown epitaxially with superconducting shells, have been a prominent platform for these
investigations. Early seminal works, such as those by Mourik et al. [12] and Deng et al. [52],
demonstrated zero-bias conductance peaks in such devices, interpreted as signatures of MBS.
Similarly, in atomic chains, superconductivity is introduced by depositing magnetic atoms
(e.g., Fe) on a superconducting substrate (e.g., Pb). The magnetic moments of the atoms,
coupled with the proximity-induced superconductivity from the substrate, can create the
necessary conditions for topological superconductivity and the emergence of MBS at the
chain ends, as explored in experiments by Nadj-Perge et al. [40]. The strength and nature
of this induced pairing potential are critical parameters that dictate the topological phase

and the properties of the resulting MBS. Specifically, the electron annihilation operators c;;
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Figure 2.2: 1D metallic chain of MgXg (M=Mo, and W; X=S, Se, and Te) shows two
different phase for a finite chain with length of 20 unit cells. (a) Is the topologically trivial
phase with the corresponding (b) energies levels. Phase B however, is topologically non-
trivial and shows (c) zero energy modes in the energy levels. (d) These zero energy modes
indeed lead to MBS localised at the ends of the nanowire (red). Adopted from Ref. [53].

and c¢;| are expressed as linear combinations of new quasiparticle operators 7y, and their
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T

conjugates 7y,

Cit = Z (Uim"}/n + U%T')’L)

n

Gy = Z (uim'yn - v;‘m’yﬂ;) (2.24)

n

where u and v represent the electron and hole components, respectively, of the quasiparticle
wavefunctions. A key condition for a quasiparticle operator to represent a self-conjugate
Majorana fermion is v = ~f. This unique condition is naturally fulfilled at zero energy
within the topological phase of superconductors, leading to MBS (as shown in Fig. 2.2(d))
that robustly localize at boundaries or defects of the material.

Unlike the electronic edge states found in the SSH model, MBS exhibit a remarkable
property of it having a non-local entanglement. A pair of MBS can share quantum infor-
mation while being spatially separated, meaning their quantum state is distributed across
the physical ends of the topological superconductor. This intrinsic non-locality makes them
exceptionally robust against local perturbations and decoherence, rendering them highly
promising candidates for the realization of fault-tolerant topological quantum computing.
However, their experimental identification presents significant challenges, as it requires care-
ful distinction from trivial zero-energy states, such as Andreev bound states, which can
mimic some of their signatures. This necessitates the application of multiple complementary

measurement techniques to unequivocally confirm the presence of Majorana states.

2.2.3 Bogoliubov—-de Gennes equations

The BAG Hamiltonian provides a mean-field description of superconducting systems, ef-
fectively transforming the many-body problem of interacting electrons into a single-particle
problem of quasiparticles. In momentum space, the minimal model for 1D topological su-
perconductors, often realized in semiconductor nanowires, can be elegantly captured by the

following BAG Hamiltonian [12, 52] :
Hpge = (exp — p)7 + A1y + Mko, 1, + Boy . (2.25)

Each term in this Hamiltonian plays a critical role in shaping the electronic and supercon-
ducting properties that ultimately lead to topological phases. The first term, (e — p)7s,
describes the normal state kinetic energy and the chemical potential. Here, €, = —2tcoska
represents the tight-binding dispersion for electrons hopping between sites with amplitude ¢

on a lattice with spacing a. The Pauli matrix 7, acts in particle-hole space, ensuring that



CHAPTER 2. 1D TOPOLOGICAL MATERIALS 41

this term contributes with opposite signs for particles and holes, a fundamental aspect of
the BdG formalism. The second term, A7, introduces the s-wave superconducting pair-
ing potential, A [c.f. Fig. 2.3]. The Pauli matrix 7, is responsible for mixing particle and
hole components, which is the essence of Cooper pair formation in a superconductor. This
term opens a superconducting gap in the bulk excitation spectrum, a prerequisite for the

emergence of protected zero-energy modes.

b E(p)

Figure 2.3: The energy bands of an infinite nanowire. (a) The bands split due to spin-orbit
coupling (Agp) into spin-up (blue) and spin-down (magenta). (b) Introduction of a Zeeman
field spilts the energy of bands near the band crossing point (p = 0) and a gap opens up
(2E7). (c) As superconductivity is induced in the system there appear energy bands for
holes (light) and opening a superconducting gap. (d) Shows the effect of further increasing
the Zeeman field which broadens the gap near p = 0. Adopted form Ref. [54].

The remaining two terms are vital for engineering the topological phase. The third
term, A\ko,7,, represents the Rashba spin-orbit coupling (SOC), with X as its strength [c.f.
Fig. 2.3(a)]. This interaction arises from structural inversion asymmetry and couples the
electron’s momentum £ to its spin, specifically through the o, Pauli matrix in spin space.
The 7, matrix again ensures its particle-hole symmetric nature. Rashba SOC is crucial
as it lifts the spin degeneracy of the electronic bands and creates a helical band structure,
where spin and momentum are locked. Finally, the Bo, term accounts for the Zeeman energy
induced by an external magnetic field B. This term acts purely in spin space via o, explicitly
breaking time-reversal symmetry and further splitting the spin-degenerate bands created by
SOC. The interplay of strong spin-orbit coupling and a sufficiently strong Zeeman field is

paramount for driving the system into a topological superconducting phase, as it effectively
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creates an analogue of a p-wave superconductor from a conventional s-wave one.

A defining characteristic of the BAG Hamiltonian in this context is its particle-hole sym-
metry, implemented by the anti-unitary operator P = 7, K, where K denotes complex con-
jugation. As we saw in the Chapter 1, this symmetry dictates that for every eigenstate of
the Hamiltonian with energy F, there exists a corresponding eigenstate with energy —F.
Mathematically, this is expressed as {Hpqg(k), P} = 0. This fundamental symmetry is the
bedrock upon which Majorana bound states are built, as it guarantees that if a zero-energy
solution exists, it must be its own anti-particle, i.e., a Majorana fermion (y = ') (as shown
in FlIg. 2.2(c)-(d)). The topological phase transition occurs when the bulk energy gap, which
separates the positive and negative energy quasiparticle excitations, closes at specific points
in momentum space (typically & = 0 or k& = 7) and then reopens. This gap closing signi-
fies a change in the topological invariant of the system, leading to the emergence of robust,

non-degenerate zero-energy states at the system’s boundaries in a finite-sized wire.

2.3 Spin-full Nanowires

Two primary platforms have emerged, semiconductor nanowires exhibiting proximity-
induced superconductivity and meticulously engineered atomic chains on superconducting
surfaces. Semiconductor nanowires, typically fabricated from materials possessing strong
spin-orbit coupling (e.g., InSb, InAs) and interfaced with a conventional superconductor
(e.g., NbTiN, Al), are designed to host a topological superconducting phase when subjected
to an external magnetic field. This configuration aims to foster a regime where the interplay
of spin orbit coupling, superconductivity, and Zeeman splitting facilitates the emergence of
MBS at the nanowire terminals. Concurrently, atomic chains, comprising magnetic atoms
(e.g., Fe, Co) precisely manipulated on the surface of a superconductor (e.g., Pb, Nb), present
an alternative and highly controllable environment for MBS formation [40, 55-57]. In these
systems, the intrinsic magnetic ordering of the atoms can induce a topological phase in the
underlying superconductor, leading to the manifestation of zero-energy states at the ends
of the chain. This methodology offers the distinct advantage of atomic scale precision in
fabrication and the capacity for direct probing of the spatial characteristics of these edge
states via STM.

We consider a generalized Hamiltonian framework, often rooted in the tight-binding ap-
proximation. This offers a powerful and intuitive platform for understanding and predicting
topological phenomena. We begin with a 1D chain, with s-type superconductivity resulting

from proximity-induced effects. We consider an external magnetic field along with Rashba
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spin-orbit coupling (SOC) [58]. While an external magnetic field is a common ingredient for
breaking time-reversal symmetry and driving a system into a topological superconducting
phase.

Building on the understanding of the role of the magnetic field, Klinovaja et. al[59] proposed
an alternative mechanism where Majorana zero modes could be stabilized by helical nuclear
spin order instead of an external magnetic field. This implies that the effective Zeeman-
like term in the generalized Hamiltonian could originate from internal material properties
rather than an applied field. Extending this, the framework also accommodates other com-
plex magnetic orderings, such as ferromagnetic ordering, and anti-ferromagnetically ordered
chain, subjected to an external magnetic field oriented along the nanowire. The low-energy

physics of this system is captured by the following Hamiltonian

H = Ho+ Hsc+ Hpyjarm (2.26)

Here, Hy describes the Rashba nanowire, Hgc represents the induced superconductivity, and
Hparapar accounts for the ferromagnetic or antiferromagnetic order within the nanowire.

This Hamiltonian can be presented in the tight binding formalism as follows

Hy = > [=t5 = (1 +ho)s;dslel,civ
ij,88' 0
—A Y el 40l icipor + ClpaY  civia0] + hic. (2.27)
i,0,0"

where c}sg(ciw) is the creation (annihilation) operator for electron with spin o in sublattice
s € {A, B} in the ith unit cell (incase of AFM). We only have nearest neighbor hopping
hence, tf;, =t = 1 for the adjacent sites and zero otherwise. p is the chemical potential and
h is the external Zeeman field. A denotes the strength of SOC. Additionally, the induced

superconductivity is of BCS-type with A being the superconducting order parameter and

Hgc is given by

Hse = A Z (CszTC;[si + Cz’sicisT) (2.28)

1S

The antiferromagnetic (AFM) ordering is given by

Hapn = —moy o (CZ AoCido — CZTBUcz'Ba) (2.29)
s
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here, mg is the amplitude of the AFM order. Moreover, the ferromagnetic term is given as

J
HFM = 5 Z CZU(Si . O'UU/)CZ‘(7 (2.30)
ioo’!
S; is the site dependent magnetic moment with the assumption that the governing dynamics
are much slower than electron. J is the magnitude of the magnetic moment. This forms the
real space representation of the tight binding model for a nanowire with Rashba SOC and

AFM order.

2.3.1 Topological phases of nanowire

Lutchyn et. al[58], and Oreg et. al [60], independently proposed that a 1D semiconductor
nanowire with strong spin-orbit coupling, such as InAs or InSb, in proximity to a conventional
s-wave superconductor and subjected to an external magnetic field can host Majorana zero
modes at its ends. This concept was further extended the theory to different type of hybrid
system by Dumitrescu et. al [61], and proposed the realization of Majorana fermions in chiral
topological ferromagnetic nanowires, highlighting the role of induced superconductivity in
ferromagnetic systems. Similarly, Alicea [62] demonstrated that Majoranas could potentially

exist in 1D quantum wires even without a long-range superconducting order. Ferromagnetism
A\
\ﬁ/
1
\\Q/
1

Figure 2.4: (a) Shows the energy bands of a class D topological nanowire. The original bands
are influenced by the spin-orbit coupling in the system creating degenrate bands which is
lifted by an external Zeeman field (as marked by red arrows). When the Fermi level lies in
the pink shaded region, an induced superconductivity can create a Majorana zero modes at
the ends of the wire. (b) Shows the bands for the multichannel ferromagnetic nanowire. An
induced superconductivity of p-type transforms the system to BDI class widening the range
of parameters which allow topological phase of nanowaire. As p is increased the number of
Majorana zero modes increase as shown in the shaded region. Adopted from Ref. [61].

Energy

and superconductivity are typically at odds, as a ferromagnet’s internal magnetic field breaks
the Cooper pairs necessary for superconductivity. However, in a 1D system, this very conflict

can create a new, topologically non-trivial state. This phenomenon is analogous to the
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Kitaev chain, where the spinless fermions with p-wave with superconducting pairing give
rise to topological phase. In hybrid nanowires, the key principle is that the spin-polarized
band structure, created by the ferromagnetic exchange field, can effectively split into two sub-
bands [c.f. Fig. 2.4]. Each of these sub-bands behaves like a separate Kitaev chain, which can
lead to chiral topological superconductivity [61]. 1D nanowire made from metallic transition
metal monochalcogenide, MgXg (M = Mo, and W; X = S, Se, and Te) have been synthesized
experimentally. Jin et. al [53], using the extended version of SSH model (reinforced by
the first principle calculations) showed that the boundary is inhabited by Dirac fermions.

Opening a gap at the Dirac point leads to emergence of edge modes in the system.

In order to uncover the topological phases of the nanowire with AFM order, we begin
with Fourier transforming the Hamiltonian to represent it in the momentum space which

gives following

Hy(k) = Z €k (CchAockBU +hec)— Z (1 + ho) czsgcksg

k,o k,s,o

+ 3 (e 40l ko + hc) (2.31)

k,o,0’

here, €, = —2tcosk, and A\ = —2:Asin k. Additionally,

Hsc(k) = AZ(CZSTCT—ksi—’_C—kSiCkST) (2.32)
ks
Happ(k) = —mo Y olchypcna0 — chpycnno) (2.33)

we now define the Nambu spinor 1/1,1 = (CkAT CkBt CkA| CkBJ CT—kAT ch_kBT CT—kA¢ CT—kBJ,)' The
Hamiltonian can now be written as H(k) = ), @ZJ};’H;a/Jk, here Hy is the BdG Hamiltonian

which has the following form

He = e1o0'pt — ;n'30'0p0 — hr3a3p? + N30 p!

~AT%0%p" — meriaip? (2.34)

The Pauli matrices 7, o, p signify the subspace of the Hamiltonian associated with particle-
hole, spin and sublattice subspace respectively. The BdG Hamiltonian inherently possesses
particle-hole symmetry. This is a fundamental symmetry for superconductors. It is described
by the anti-unitary operator P = 7'6%p K, where K is the complex conjugation operator
and as usual the operator satisfies P~'H, P = —H_;. We can define another operator say

T = ™6%p°K. The Hamiltonian follows 7 'H, 7 = H_j and 72 = 1. Although the
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Hamiltonian lacks physical time reversal symmetry, this new operator replaces it as a pseudo
time reversal symmetry of BAG Hamiltonian. Lastly, the Hamiltonian possess the chiral or

in this case the sublattice symmetry. The symmetry is given by operator & = PT.

Given the presence of particle-hole symmetry and chiral symmetry, but the absence of
time-reversal symmetry, this Hamiltonian belongs to Symmetry Class BDI in the tenfold
classification. For 1D systems in Class BDI, the topological invariant is a Z invariant, meaning
it can take any integer value. A gapped BdG Hamiltonian Hy in Class BDI (which includes
Class D as a special case where chiral symmetry is absent), the topological invariant can be
related to the sign of the Pfaffian of the Hamiltonian evaluated at specific high-symmetry
points in the Brillouin zone. For 1D systems, these crucial points are k = 0 and k = 7/2. The
Pfaffian of an antisymmetric matrix A is defined such that Pf(A4)? = det(A). To utilize the
Pfaffian, the BAG Hamiltonian it is typical to transform the BdG Hamiltonian into the chiral
form where is takes a completely off-diagonal form. For the system under consideration it can

be done via unitary rotation by U = i o%p". The BAG Hamiltonian takes the following

form
. 0 A(k)
Hiy = U'HU = (2.35)
Af(=k) 0
here
Ak) = eo’pt — pop® — ho3p® + 10,02 p! + 1862 p° — myo®p? (2.36)

The Zy topological invariant of the BdG Hamiltonian is captured by the Pfaffian. This
invariant captures the change in the sign of the Pfaffian as k crosses the topological phase

transition, which corresponds to the closing and reopening of the bulk energy gap. If the

w=0 w=-1 w=2
G L L

(a) ®) ©

Figure 2.5: A schematic representation of closed path traversed by z; shown by the arrow as
k changes within BZ. (a) Winding number w = 0 as the origin excluded gives no contribution
in the Eq. (2.39). However, (b) has w = —1,, and (c) has w = 2.
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non-trivial topological phase is captured by a quantity say @ = —1 and topological trivial

phase with @ = 1 then
Q =sgn[Pf(W(k = 0))] - sgn[Pf(W(k = 7/2))] (2.37)
here W = H;,S, using the fact that det(U) =1

PfW(k)) = PHUHUS]
= PHUTH,USUTU]
= det(UNPIHLUSUT]
= Pfl~Hpm?0%p"

= det(A(k)) (2.38)

The full Z topological invariant is given by the winding number. The winding number w
is defined based on the topological information captured by the off-diagonal block A. The
winding number is given by (63, 64]

1 T dz

w fry —_—
21

2.39
T (2.39)

here, z;, = det(A). In essence, the integral measure the 'winding’ of the 4 matrix as the
momentum spans the Brillouin zone. More specifically, it quantifies the number of times the
determinant encircles the complex plane [c.f. Fig. 2.5]. A non-zero integer value for w signifies
a topologically non-trivial phase, directly correlating with the presence of zero-energy MBS
at the system’s boundaries. This general formulation provides a robust way to calculate the
topological invariant even for more complex multi-band systems that can be reduced to this

block off-diagonal form.

It is important to distinguish this from the topological classification of the SSH model.
While systems like Kitaev chain or nano wires and the SSH model host zero-energy edge
states, their underlying physics and the nature of these states differ fundamentally. The
SSH model describes dimerization in a non-superconducting chain. Dimerization refers to
the alternating bond strengths within the 1D lattice, effectively breaking the translational
symmetry of a uniform chain into a two atom unit cell. This was typically captured by
the different sign of d¢ in the hopping parameters (say t; and t2) as we saw in previous
section. The hopping ¢; connects atoms within the same unit cell (e.g., A to B), while

to connects atoms between adjacent unit cells (e.g., B in cell n to A in cell n + 1). The
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Figure 2.6: In a nanowire with an external Zeeman field the induced superconductivity
produces both an s-type (A1) and p-type (Ag). (a) The topological phase diagram for the
case where A1 > 0y and (b) A; = Ag. Adopted from Ref. [65].

relative strengths of ¢; and to determine the topological phase. When [¢1| > |t2|, the chain is
effectively “dimerized” with strong bonds within the unit cell, leading to a trivial insulating
phase. Conversely, when |¢t;| < [t2], the strong bonds are between unit cells, resulting in a
topologically non-trivial phase characterized by zero-energy fermionic edge states that are
protected by chiral (sublattice) symmetry and characterized by an integer winding number

related to sublattice polarization.
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Figure 2.7:  The topological phase diagram for a dimerized nanowire (SSH like) with hopping
parameters given by t(1 £ §) with external magnetic field h, Rashba SOC and proximated
superconductivity. The blue region signifies a non-trivial topological region of the phase
space. (a) 6 = 0.2 and (b) § = 0.8 clearly show that the dimerization reduces the topologically
non-trivial region of the phase. Adopted from Ref. [66].

In the much more versatile case of nanowires there are multiple parameters that are in-
volved. Winding number phase diagram involves systematically varying two parameters of
the Hamiltonian and calculating the winding number for each combination. This process re-
veals distinct regions of the topological phase where the winding number maintains a constant

integer value, separated by phase boundaries where the bulk energy gap closes. The com-
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parison of these phase diagrams, generated by varying different potentials, offers profound
insights into the mechanisms driving topological superconductivity. Chemical potential (u)
vs. Zeeman field (h) is a foundational type of phase diagram for topological superconductiv-
ity in nanowires. It typically illustrates the transition from a trivial to a topological phase
as the Zeeman energy (h) surpasses a critical value, often forming a parabolic-like region
in the p — h plane where MBS are expected. The chemical potential (u) is typically con-
trolled experimentally by gate voltages, and the Zeeman energy by an external magnetic field
(h). Fig. 2.6 shows the phase diagram by marking different winding numbers separated by
colored lines. The nanowire under study is composed of 1D lattice sites with each having
two sublattices. The system is under an external Zeeman field and has a proximity induced
superconductivity of s type. They further consider the superconducting amplitude to be Ay

between the sites within same lattice site and Ay between sites from adjacent lattice sites.

On the contrary, a system with a homogeneous s type superconductivity given by A and
a dimerized hopping like the SSH model was studied by Kobialtka et. al [66]. Fig. 2.7 plots
the topological phase of a dimerised nanowire with Rashba SOC. It is evident how small

variations in the parameters can drastically change the topological phase of the system.

Kobialka et. al [67] studied a nanowire with proximity induced s type superconductivity.
The nanowire is subjected to an external magnetic field along with an internal antiferromag-
netic order parametrized by mg. The nanowire also has a Rashba SOC, and the topological
phase is shown in Fig. 2.8. Additionally, Crawford et. al [68] studied a nanowire with an
antiferromagnetic order. Although the underlying mechanism for spin orbit coupling and
AFM order is different from [67] the phase diagrams show remarkable similarity as shown in

Fig. 2.9.

2.3.2 Edge modes of nanowire

We adopt the Bogoliubov—de Gennes (BdG) representation, as the formalism is a standard
theoretical framework for describing superconductivity in systems where a single-particle
Hamiltonian is known. This formalism is particularly well-suited for studying topological
superconductors as it naturally incorporates the pairing of electrons and holes, which is fun-
damental to the superconducting state. In BdG basis, cise = ), (uisgnvn — Jv;‘san’y};),
here ~, are the fermionic operators. Diagonalizing the BdG Hamiltonian yields the quasi-
particle energy spectrum of the superconducting system. The BdG formalism is crucial
for identifying the conditions under which zero-energy Majorana modes appear. Majorana

modes correspond to zero-energy eigenstates of the BAG Hamiltonian that satisfy the Majo-
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Figure 2.8: Topological phase diagram for a Rashba nanowire with proximated superconduc-
tivty (A) and a Zeeman field (h). The chain has an AFM ordering (my) and the topological
phase demonstrate the effect of topological region in (a)-(d). Increasing the strength of AFM
introduces new region of non-trivial topological phase which end up connecting the parabolic
regions of (a) mg = 0 as shown in (c¢) and (d). Adopted from Ref. [67].
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Figure 2.9: The topological phase for an AFM nanowire based on magnetic adatoms on
Nb-inspired superconducting substrate. Phase diagram are made for chemical potential u vs.
Zeeman strength J for (a) (A, \) = (1.2t, 0.8t), (b) (A, A) = (0.3t, 0.2t), and (¢) (A, \) =
(0.1¢, 0.01¢). A begin the Rashba SOC and A is the superconducting order parameter.
Adopted from Ref. [68].

0

JE

rana condition, meaning they are their own antiparticles which mathematically translates to

Tm = ’Yin-

The theoretical framework for Majorana Bound States in one-dimensional systems, partic-
ularly nanowires, hinges on the delicate interplay of several fundamental physical ingredients:

strong spin-orbit coupling, a magnetic field, and proximity-induced superconductivity. In a
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Figure 2.10: The panel depicts the energy spectrum of a finite nanowire with 200 sites.
The superconducting order parameter A = 0.1t and SOC XA = 0.15¢. The panel has been
adopted from Ref. [67].

typical nanowire, the intrinsic spin-orbit interaction effectively couples the electron’s spin
to its momentum, leading to a helical band structure. When an external magnetic field is
applied along the nanowire’s axis, it introduces a Zeeman splitting that can, under specific
conditions, invert the energy bands [c.f. Fig. 2.10(e) and (f)]. This band inversion is crucial
for establishing the topological phase. Subsequently, by bringing this nanowire into intimate
contact with a conventional s-wave superconductor, a superconducting energy gap is effec-
tively induced in the nanowire through the proximity effect. The critical condition for the
emergence of MBS occurs when the chemical potential of the nanowire lies within this in-
duced superconducting gap, and the Zeeman energy surpasses a critical threshold determined
by the induced gap and the strength of the spin-orbit coupling [c.f. Fig. 2.10(a),(c) and (d)].

In this precise regime, the system undergoes a topological phase transition, and a pair of
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MBS are theoretically predicted to emerge and localize at the nanowire’s ends.

These boundary states are the elusive Majoranas, characterized by their zero-energy na-
ture meaning their energy lies precisely at the Fermi level, within the superconducting gap.
Crucially, their topological origin endows them with robustness against local perturbations,
making them resilient to disorder and noise that would typically decohere conventional quan-
tum states. From the perspective of the local density of states (LDOS), the presence of MBS
manifests as a sharp, quantized peak at zero energy, specifically at the ends of the topological
segment. In an ideal scenario, this zero energy peak in the LDOS would correspond to a con-
ductance peak of 2¢2/h in tunneling measurements, reflecting the unique Andreev reflection
properties facilitated by the Majorana states. The spatial confinement of these zero-energy
states to the boundaries, with an exponential decay into the bulk of the nanowire, is a di-
rect consequence of the topological protection and a key characteristic for their experimental

identification.

The diagonalization of Hamiltonian leads to the energy spectrum as shown in Fig. 2.10.
The panel shows the effect magnetic field has on the energy spectrum. The magnetic field
breaks the time reversal symmetry of the Hamiltonian which is necessary for the emergence
of uncoupled Majorana modes. Ideally, Majorana zero modes at the ends of a topological
superconductor are at exactly zero energy. However, due to their spatial overlap in finite
nanowires, they can hybridize and develop a small energy splitting. This splitting can be
influenced by the magnetic field. As the magnetic field is varied, the energy splitting between
the Majorana modes can oscillate. If this splitting becomes significant, the modes are no
longer at precisely zero energy, which can be seen as a form of unpairing from the ideal
zero-energy state. The critical value of the magnetic field at which this topological phase
transition occurs depends on other parameters such as the chemical potential and the induced
superconducting gap. Furthermore, the orientation of the applied magnetic field relative
to the nanowire and its SOC vector can also significantly influence the topological phase
diagram. Therefore, both the magnitude and the direction of the magnetic field are crucial
parameters in the theoretical and experimental investigation of topological superconductivity

in 1D nanowires.

As shown in the Fig. 2.10(a) for a given strength of AFM ordering the energy bands
cross the £ = 0 (marked by red arrow), but they do not lead to non trivial MBS. As seen in
Fig. 2.10(c) and (e) that the Zeeman field closes the gap leading to MBS for a critical value
of p. As the Zeeman field is increased the gap reopens leading to trivial phase. The second

column of Fig. 2.10 reaffirms this only for a higher value of mg. One of the ways to visualize
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these Majorana modes is to look at the local density of states in the BdG framework it is

given as

1 _
pis(w) = _;Zlm<ci80|(w_H) 1|C;'rsa>

_ 1 > ImGigo(w +207) (2.40)
T

A key experimental signature for the presence of Majorana bound states is the observation of a
zero-bias conductance peak (ZBCP) in tunneling spectroscopy measurements. Theoretically,
a quantized ZBCP with a conductance value of 2¢?/h is predicted when a single spin-polarized
channel is available for tunneling into a Majorana mode [69]. This precise quantization stems
from perfect Andreev reflection, a process where an electron incident from a normal metal
lead is retro-reflected as a hole, simultaneously accompanied by the absorption of a Cooper
pair by the superconductor. This mechanism is uniquely augmented by the presence of a

zero-energy MBS.
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Figure 2.11: A contour plot of dI/dV for voltage V' and magnetic field B. The green dashed
circle shows the zero bias peak around ~ —0.25 T, additionally, the green lines are the gap

edge states. The topologically trivial states appear at ~ 0.6 T, crossing the ZBP marked by
yellow dashed lines. Adopted from Ref. [12].

In practical experimental observations, the ZBCP observed in nanowire devices displays
several characteristic attributes that are indicative, though not conclusive, of MBS. These
peaks frequently exhibit remarkable resilience to variations in gate voltage, suggesting that
their zero energy character is largely insensitive to minor electrostatic potential fluctuations

which is considered a hallmark anticipated for topologically protected states [52|. Mourik
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et al. [12] marked a pivotal achievement with the initial observation of a robust ZBCP in
InSb nanowires mounted on NbTiN a superconductor. The device architecture employed
an InSb nanowire with superconducting contacts, and critically, a ZBCP emerged when the
external magnetic field surpassed a specific threshold, hinting at a potential transition into a
topological phase as shown in Fig. 2.11. Furthermore, the ZBCP typically diminishes above
a critical magnetic field, which aligns with the theoretical phase diagram predicting the clo-
sure of the topological gap and the system’s reversion to a trivial superconducting state
as depicted by yellow dashed line in Fig. 2.11. The temperature dependence of the ZBCP
also commonly adheres to anticipated scaling laws, with the peak amplitude decreasing as
temperature rises, consistent with thermal broadening of a zero-energy state [70]. While
these features are necessary conditions for MBS, they are, in isolation, insufficient to provide
unequivocal confirmation of their topological origin. Deng et al. [71] offered deeper insights
by designing a nanowire incorporating a deliberate quantum dot region. This configuration
facilitated the exploration of quantum dot-Majorana hybridization, allowing the discrete en-
ergy levels of the quantum dot to be tuned into interaction with the putative MBS. Their key
finding revealed the coalescence of Andreev bound states into a zero mode as the quantum
dot level was brought into resonance, a behavior consistent with the formation of a Majorana
state at the interface between the quantum dot and the topological superconducting segment.
These compelling experiments, however, also underscored the inherent difficulties in unam-
biguously interpreting ZBCPs. The most formidable challenge lies in differentiating trivial
explanations for ZBCPs from those of genuine topological origin. Disorder-induced Andreev
bound states (ABS) can also appear at zero energy in conventional superconductors, par-
ticularly in the presence of impurities or structural inhomogeneities [72]. These zero-energy
states can mimic the ZBCP characteristic of MBS, rendering their distinction paramount.
Similarly, gradual confinement potentials at the ends of a finite-length superconducting wire
can give rise to quasi Majorana states, which, while not topologically protected, can exhibit
features resembling true MBS [73]. Additionally, prevalent trivial explanation, especially
associated to devices integrating quantum dots, is the Kondo effect. In a quantum dot with
an odd electron count, strong electron correlations can lead to a Kondo resonance at zero
energy, which manifests as a ZBCP in tunneling spectroscopy |74]. Discriminating the Kondo
effect from MBS necessitates meticulous analysis of temperature dependence, magnetic field

response, and gate voltage characteristics.

Beyond the realm of nanowires, atomic chains assembled on superconducting surfaces

have emerged as a highly promising alternative avenue for realizing and investigating MBS.
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This approach offers distinct advantages, particularly concerning atomic-scale precision and
direct spatial characterization. The fabrication protocols for these systems typically encom-
pass two principal techniques: self assembly and atomic manipulation. Self assembly entails
the controlled deposition of magnetic atoms, such as Fe or Co, onto a meticulously prepared
superconducting surface, like Pb(110) or Nb. Under specific growth conditions, these mag-
netic atoms can spontaneously organize into 1D chains, driven by surface reconstruction and
inter-atomic forces. Atomic manipulation, conversely, leverages the unparalleled precision
of a STM tip to individually position magnetic atoms, enabling the construction of custom-
designed chains with exquisite control over their length and geometric configuration. This
degree of precision represents a significant advantage, facilitating the fine-tuning of system
parameters. The STM serves not only as a fabrication instrument but also as the primary
tool for elucidating the electronic properties of these atomic chains. The characteristic sig-
natures of MBS in atomic chains are predominantly revealed through scanning tunneling
spectroscopy (STS), which quantifies the local density of states. A key signature is the spa-
tial localization of zero-energy states, consistently observed to be precisely confined to the
ends of the magnetic chains [40]. This spatial confinement directly reflects the boundary con-
ditions imposed by the topological phase. Furthermore, the distinctive decay of the Majorana
wavefunction away from the chain terminals can be directly measured, typically conforming
to an exponential decay modulated by an oscillatory term, ¢(z) ~ e~%/¢sin (kpz), here & de-
notes the superconducting coherence length and kp is the Fermi wavevector [75]. This unique
spatial fingerprint aids in differentiating MBS from trivial states that may not exhibit such a
well-defined decay profile. Spin polarization measurements, utilizing spin-resolved STM, pro-
vide supplementary validation by confirming the anticipated spin texture of the zero-energy

states, further bolstering their Majorana character [76].

Several pivotal experiments have showcased the successful realization of MBS in atomic
chains. Nadj-Perge et al. [40] reported the groundbreaking observation of zero-energy states
at the ends of atomic Fe chains grown on a superconducting Pb(110) surface [42]. The cen-
tral finding demonstrated clear spectroscopic peaks at zero energy, precisely localized at the
chain extremities. Crucially, they provided corroboration through the length dependence of
the state splitting: for finite chains, the two MBS at opposing ends hybridize, leading to a
minute energy splitting that diminishes exponentially with chain length, a behavior consis-
tent with theoretical predictions for MBS hybridization [77]. Subsequently, Ruby et al. [7§]
conducted subgap spectroscopy on Co chains on a superconducting surface, unveiling quan-

tized conductance at the chain ends. They further presented vital control experiments by
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comparing magnetic Co chains with non-magnetic counterparts, unequivocally demonstrat-
ing that the zero energy states emerged solely in the presence of magnetic ordering, thereby
precluding trivial origins related to non-magnetic impurities or defects. The atomic chain
platform offers several distinct advantages over semiconductor nanowires. Paramount among
these is the atomic-scale precision in controlling the position and structure of the magnetic
impurities, enabling meticulous engineering of the 1D system. Moreover, the utilization of
STM facilitates direct spatial imaging and spectroscopy of the electronic states, furnishing
a potent diagnostic capability that is challenging to implement in embedded nanowire het-
erostructures. This direct visualization capacity provides a compelling avenue to confirm the

spatial localization and wave-function characteristics of MBS.



Chapter

Topological ladder

We discussed in previous chapter the physics of a 1D nanowire which enables MBS pro-
viding it topological robustness for the potential application in fault tolerant systems. We
saw how Majorana quasiparticles in spinless fermion chain [4] can be extended to several
spinfull systems of various kinds. Some of them are magnetic chains proximatized by a su-
perconductor [55, 56, 77, 79-84]. Some recent setups proposed for the realization of the
Majorana edge modes [30, 85, 86]. We saw how fabrication of nanowire by manipulating
atoms to form the magnetic chain of Fe [40, 42, 76, 87-89] or Co [42] can be deposited on
superconducting surface (like lead) to induce superconductivity.

In the superconducting chain in ambient of magnetic order, the topological phase can
be induced by the external magnetic field [41, 90, 91]. In such situation, the increase of
the external Zeeman field leads to closing of the trivial superconducting gap, and reopen
“new” topological gap. Such setup can be mimicked by the magnetic order realized within
chain, which in simplest case has form of the ferromagnetic (FM) order. Nevertheless, the
realization of the topological phase is not limited to the ferromagnetic chains, but also can
be realized in the presence of anitferromagnetic (AFM) order |67, 92]. The recent progress
of the experimental techniques allow fabrication of the atomic chain via atom-by-atom en-
gineering [89]. Magnetic order realized within ad-atom chain can be controlled e.g. by the
relative position with respect to the surface atoms [93-96]. In such case, the topological
phase depends strongly on the length of the chain [96, 97|. Moreover, in the general case
non-collinear magnetic order can support manifestation of the topological phase due to the
mimicked effect similar to the spin—orbit coupling [55, 56, 77, 79-84].

The compounds BaFe,S3 and BaFesSes represent a unique class with a quasi 1D struc-
ture [98, 99]. These materials, which contain Fe-based “spin-ladders,” offer a simplified

platform for studying the intricate interplay between dimensionality, strong electronic cor-

o7
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relations, magnetism, and superconductivity. In this chapter we focus on the BaFesChs
(Ch=S, Se) compounds [100]. The defining crystal structure consisting a double chains or
ladder with the edges sharing FeSy or FeSe, tetrahedra intercalated with barium (Fig. 3.1).
BaFeyS3 crystallizes in a base-centered orthorhombic structure with the C'mem space group,
while BaFeySes adopts a primitive orthorhombic structure with the Pnma space group [101].
The primary structural difference arises from a tilting of the ladders in BaFesSes, which leads
to an alternation of Fe-Fe distances along the chains, a feature absent in the more symmetric
BaFeySs3 [102]. At room temperature, BaFeSes exhibits multiferroic behaviour [103-105] and
short range magnetic order [106, 107]. The most remarkable property of these compounds
is the emergence of superconductivity under high hydrostatic pressure. External hydrostatic
pressure leads to several structural phase transitions in both cases [102, 108-112]. In BaFeySs,
superconductivity with a critical temperature (7,) up to 24 K is observed for pressures above
10 GPa [99]. Theoretical and experimental studies suggest that as pressure increases, the
system undergoes an insulator to metal transition, and the magnetic moments are suppressed
before superconductivity emerges from this non magnetic metallic state [102]. In BaFesSes,
superconductivity is also induced under pressure (10.2-15 GPa), albeit with a lower T, of
around 10 K [113-115]. Intriguingly, superconductivity in this material appears to emerge
directly from a magnetic phase where large local magnetic moments persist, only vanishing
at much higher pressures (~ 30 GPa) {102, 113]. This indicates that the superconducting
pairing in BaFesSes may be catalyzed by magnetic fluctuations in a manner distinct from

that of its sulfur counterpart.

Figure 3.1: (a) Crystal structure of BaFeyChs (Ch=S, Se) with Pnma symmetry. (b) The
iron ladder has a canonical (7,0) AFM-like order in BaFesS3 hence the magnetic unit cell
contain two pairs effectively forming our system.

At ambient pressure, both BaFesS3 and BaFesSes behave as Mott insulators [116, 117], a
state where electron localization prevents electrical conduction despite an unfilled electronic

band. This insulating behavior is intimately linked to their magnetic ground states. However,
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their magnetic ordering is qualitatively different and provides them intriguing properties, like
block spin magnetic order [113, 118, 119], driven by the correlation [120-122]. BaFeS3 ex-
hibits a stripe-type AFM order below its Néel temperature (T) of approximately 120 K,
where spins are ferromagnetically aligned along the rungs of the ladder and antiferromagnet-
ically along the legs [99]. Additionally, BaFesSes shows a similar Ty of around 140 K and
hosts an AFM order [123]. This magnetic state has also led to predictions and observations
of multiferroicity in BaFeySes, a phenomenon where both magnetic and ferroelectric orders
coexist [103]. Additionally, the magnetic order can be modified by the external hydrostatic
pressure [111, 112, 124].

The magnetic order realized in BaFesS3 and BaFeaSes corresponds to canonical (7,0)
AFM-like order [see Fig. 3.1(b)]. The Fe ladder ties together with FM coupling between
magnetic moments between the rungs coupling two chains ultimately forming the ladder,
which then reflects the same magnetic moment orientation. Additionally, along the chains
an AFM coupling is realized. In the case of BaFeyS3 the magnetic moment changes the
orientation site-by-site [Fig. 3.1(b)|, while in the BaFesSes form the spin block with opposite
magnetic moments (not presented).

Naturally, the presence of AFM-like orders within these ladder structures naturally
prompts questions regarding the potential realization of topological phases. Motivated by
this, our study here provides a comprehensive discussion of the topological properties of the
magnetic ladder system. Previous theoretical investigations of antiferromagnetic chains have
already revealed a rich topological phases [67]. In this context, additional topological re-
gions can be realized in the phase diagram, which, under certain conditions, can lead to the
emergence of a topological phase even in the presence of an extremely small magnetic field.
Furthermore, a topological phase can be anticipated when the Fermi level is shifted away
from the band edges. Here, we specifically focus on the ladder with an AFM-like order, such

as that realized in BaFesS3 |as presented on Fig. 3.1(b)].

3.1 Model and framework

In our study we investigate a theoretical model of a magnetic ladder characterized by
an AFM-like magnetic order. The geometry of this system is visualized in Fig. 3.1(b). The
structure consists of two parallel chains, labeled as « and 3, lying in the xy-plane and
aligned along the Z-direction. The magnetic unit cell contain two pairs of sites with opposite
magnetic moment with spin 1 and |, denoted by A and B, respectively. Additionally, we

assume that the magnetic moments are located along z. The electronic hopping within this
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system is defined by two key pathways: intra-chain hopping along the Z-direction and inter-
chain coupling, which connects the two chains along the g-direction. The system can be

described by the Hamiltonian:
H=Hy+ Hary + Hsc. (3.1)

First term describes the kinetic energy of non-interacting electrons within the ladder and is

given by
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Here, ¢;swo (cJr denotes the annihilation (creation) operator of electron with spin o in

iswo)
sth site of wth wire in 4th unit cell, and h.c. stands for the Hermitian conjugate. The
parameters p and h denotes the chemical potential and external magnetic field, respectively.
The hopping parameters are defined as follows: t is the intra-chain hopping integral along
the Z-direction, which defines the kinetic energy of electrons moving along a single ladder leg.
For simplification, this parameter is used as the energy unit for the entire system. The inter-
chain hopping integral, ¢ | , couples the two parallel chains of the ladder along the g-direction,
enabling electron transport across the rungs. The chemical potential, u, controls the total
electron filling of the system and, consequently, the position of the Fermi level. An external
magnetic field, h, is assumed to be oriented along the Z-direction and couples to the spin of
the electrons, with the spin index o = +1 representing the two spin projections. Finally, the
coefficients for Rashba spin-orbit couplings (SOCs) along the & and g directions are denoted
by A and 7, respectively. These terms introduce a coupling between the electron’s spin and
its momentum. By adjusting the relative values of these hopping and SOC parameters, our
model can effectively navigate between a regime of weakly coupled wires and one where the
wires are strongly coupled. Second term H srj; describes the on-site interaction of electrons

with the AFM order, which naturally introduces two non-equivalent sublattices (A and B)
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with opposite magnetic moments. This term is defined as:

Harpy = —mo Z o (cIAwaciAwg - cIBchiBw(,) . (3.3)

Two
Here, mg corresponds to the magnitude of the magnetic moments. Finally, last term Hgc
represents the superconducting state induced within the ladder. This is assumed to arise
from a proximity effect with a neighboring ordinary superconductor. The term is taken to

have a BCS-like form, describing an s-wave pairing potential:

Hse = A Z(cl.stTchi + Cisw| Ciswt)s (3.4)
1Sw
where A denote superconducting order parameter. To facilitate the analysis of this system,
we employ a periodic boundary condition and transform the Hamiltonian into momentum
space using a Fourier transform. The creation and annihilation operators are transformed as
follows:
1

C; = E exp (—k - R;s) c , and Ciswo = E exp (1k - Ris) Chsweo (3.5
1SwWo /7\7 p ( ) kswo /fN - p ( ) k ( )

) denotes the annihilation (creation) operator of electron with momentum

.|_
where crswo (Cpgpo

k in sth magnetic sublattice of wth wire, while N denotes number of states. The presence
of four sites per magnetic unit cell necessitates the folding of the Brillouin Zone, restricting
the momentum vector to the range k € [—7/2,7/2). In momentum space appropriate terms

of the Hamiltonian can be rewrite as:
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Here, &, = —2tcosk, and L = —21sin k. As we can see, presented model can be also inter-

preted as two-orbital (« and 8 wires) system with hybridization ¢; and 7 between orbitals
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at the same (A and B) sites. In this perspective, the inter-chain hopping parameter, ¢, and
the Rashba SOC term, 7, act as hybridization terms that couple these two orbitals at the
same A and B sites. This dual interpretation offers a valuable alternative for understanding

the system’s band structure and electronic properties.

To analyze the topological properties of the system, we express the Hamiltonian in the
basis of a tensor product of four Pauli matrices. This formalism allows us to compactly
represent the various degrees of freedom of the system namely, particle-hole, sublattice, wire,
and spin. Specifically, we use a basis where the Pauli matrix 7 acts on the particle-hole
subspace, p acts on the sublattice subspace, v acts on the wire subspace, and ¢ acts on the

spin subspace. In such a representation the Hamiltonian is given by
H =" iH, (3.9)
k

where H, is the Hamiltonian in the matrix form for momentum k, while ¢}; is the Nambu

vector for such a representation given by:

T i T i T T T i T
Y = (Ck:AozT CkAal CkApt CkABL CkBat SkBal SkBpt CkBBL

C_kAat C—kAal C—kABt C—kAB| C—kBat C—kBal C—kBBt C—kBgL)- (3.10)

This approach facilitates the application of the BAG formalism to obtain the energy spec-
trum and to identify topological phase transitions. The Hamiltonian in matrix form can be

represented as:

H, = &7°p1%° —t,730%0 60 — 43000060 — pr3 01043

+ WLy plo? + 3 pPvet — Ar?pP00? — mor3 p3le? (3.11)
The superscript labels which range from 0 to 3 for all subspaces represent the identity, x, y,

and z Pauli matrices respectively in their respective subspaces.

Having established the BAG Hamiltonian for the nanowire, we now turn our attention to
the fundamental symmetries it possesses. These symmetries are essential for understanding
the system’s topological properties it manifests. The first key symmetry is the particle-hole
symmetry, which is an intrinsic property of the BAdG formalism. This symmetry is described

by an antiunitary operator, P, which can be expressed as P = 71p%¢°KC, here K is the
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complex conjugation operator. This operator acts on the Hamiltonian,
PIH,P = —-H_;. (3.12)

In addition to particle-hole symmetry, the Hamiltonian exhibits a pseudo time reversal sym-
metry say 7. The pseudo time reversal symmetry is given by an antiunitary operator

T = 1°0°16 K and its action on the Hamiltonian is given by
T'H, T = H_,. (3.13)

Ultimately, the combination of the particle-hole and pseudo time reversal symmetries gives

rise to chiral symmetry given by C = PT having a unitary representation.

3.2 Topological phase

To probe the topological properties of the system, we can now employ a Z topological
invariant, specifically the winding number, as demonstrated in previous studies [64]. This
invariant classifies the different topological phases of the system. To facilitate the calculation
of the winding number, the Hamiltonian must be brought into a block off-diagonal form

0

via a unitary transformation. This transformation, U = eXp(’i%T‘g)pOl/OO’ re-organizes the

Hamiltonian as:

H, = 0 AW (3.14)

Af(=k) 0

The winding number, which is an integer value, can then be computed by integrating the

determinant of the off-diagonal block A(k) over the Brillouin Zone:

1 (=24
w=_— [ =& (3.15)
27 k=—T Zk

here z; = Det(A), The matrix A(k) is an 8 x 8 matrix in the sublattice, wire, and spin basis,

and its structure is given by:

AR) = Ep'P0° —t1 pPv o — pp®1%0° — hp?00?

+1Lpp 0% + vt — mop o + 1A p°1 002 (3.16)
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The winding number is evaluated using the determinant of A(k). Because the determinant of
a matrix is invariant under a change of basis, the winding number itself is independent of the
specific basis chosen for the representation. This inherent invariance provides the freedom to

transform the system into a more convenient basis. We can rewrite A(k) in a different basis

as follows
Ak) = (Ek,oloo +1Lypro? — pp’o® — hplod — mopdod + zApOUQ) 0
—t1 p°c%t + nploti? (3.17)
= Aok —t, p°c%t + npoti? (3.18)

here Ay (k) is the off diagonal term of the block Hamiltonian of a single nanowire as extensively
studied by [67]. det(.A) can be expressed in terms of Ay by applying the properties of block-

diagonal matrices
det(A) = det(Ap)det[Ag— (13 +n*) T A T (3.19)

This expression can be rearranged by applying the property det(A) det(B) = det(AB), which

combines the terms and yields:
det(A) = det[A2 — (2 + ) AT A, ' T (3.20)

here the operator T is defined as T = (—t p°0? — wmpc?!) ti_ +n2. To eliminate the
computationally intensive inverse term Ay ! we can rearrange and arrive at an alternate

form. By utilizing the fact that TTT = p%¢% which gives us the follow:
det(A) = det[AgTT AT — (2 +n?)] (3.21)

This identity provides a simplified and more efficient expression for calculating the determi-
nant. Beyond the computational advantages, this form reveals deeper physical consequences.
To illustrate this, consider the case where the wires are coupled kinetically and the SOC

along the rung is absent i.e. 7 = 0. This simplification yields

det(A) = det[AZ —#3] (3.22)
= det(Ag—ty)det(Ag+t1) (3.23)

= det(Ao(p —t1))det(Aog(p +t1)) (3.24)
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Figure 3.2: Comparison of topological phase of (a) the Rashba nanowire [67] and (b) the
ladder system. Results presented are for mg = —0.3t, A = —0.15¢, and A = —0.15¢, and (b)
the ladder has t; = 0.2t and n = 0.2 resulting in the weakly coupled nanowires.

This result implies that the winding number for ladder is composition of winding number
of two separate nanowires with shifted chemical potential. Consequently, topological phase
for n = 0 is a superimposed topological phase of two nanowires, enabling the ladder to host
topological phases with winding number greater than | + 1].

The topological phase of ladder quickly diverges from this additive behavior as n takes any
non zero value. Fig. 3.2(a) shows the phase diagram of a topological nanowire and Fig. 3.2(b)
is the topological phase for the ladder system with identical parameters as nanowire with a
t; = 0.2t and n = 0.2\ (which is 0.03¢). The linearity in the composition of the determinants
starts showing up in the topological phase of ladder even with this small 7 as can be seen as
thinned stripes of winding number corresponding to —2 in Fig. 3.2(b) near h = 0 extending
outwards with slope 1. The phase diagram begins to show substantial differences with
changes in the parameters. One such natural choice is to couple the nanowires as strongly as
the rungs are i.e. t =¢; and A = 7. The results shown in Fig. 3.3(a) has no marquee feature
of nanowire except for the parabolic region with topological phase +1. Interestingly, the
phase diagram has these seeming artifact which appears to be like a hairline scratch around
h ~ £1. A closer examination of this region reveals the region having an intricate boundary
and is topological in nature with winding number +3 as shown in Fig. 3.4(a). The region
of +3 winding number is not restricted for these parameters, infact for a relatively small A
the phase diagram shows an more pronounced regions with winding number £3 as shown in
Fig. 3.3(b). Note that coupling is still quite small and as shown in Fig. 3.4(b) which is a
closeup of region with winding number —3, still hosts the rectilinear boundaries between the

topological and trivial region similar to single nanowire.
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Naturally, we probe the topological phase space with a varying A. Fig. 3.5(a) is the
prepared with choice of parameters so that is cuts across the topological phase presented in
Fig. 3.2(b) at h = 0.5¢t. The phase diagram reveals two separate lobes of topological region.
Each of them hosting regions with winding number £+2 which in itself is predominantly due
super imposed regions (as 1 is small). It is clear from phase diagram that as |A| increases
beyond a certain value [c.f. Fig. 3.5] the rest of the parameters are no longer sufficient and
the topological regions are henceforth bounded. Fig. 3.5(b) shows the topological phase
in the absence of magnetic field. The circular regions move closer as the magnetic field is
reduced. These phase diagrams collectively paints a picture of u — h — A phase volume
where topologically rich regions for |h| < 0.5¢ are tube like structure which get distorted
and move apart. Additionally, changing the strength of magnetic moment mg introduces
isolated small regions with winding number +2 as shown in the inset of Fig. 3.5(b). To
better understand the effect of the AFM order and the regions with winding number +3, we
slice across h = —0.975¢ in Fig. 3.3(a) which passes through region with winding number —3.
Fig. 3.6(a) shows a fascinating landscape of topologically non trivial regions even for mgy = 0.
Unlike previous results, Fig. 3.6(a) for the first time provides a substantially larger regions
with winding number +3. Albeit, the boundary of these region is sometimes not smooth and
composed of fringe like patterns as shown in Fig. 3.6(b).

Lastly we probe the effects of magnetic field and the region with winding number +3
while varying mg. In doing so we slice across Fig. 3.3(a) at u = 0.3t shown in Fig. 3.7(a) and
across 1 = —0.9¢ shown in Fig. 3.7(b). Evidently, even in the regime of coupling with ¢ = ¢

and A = 7 the region with winding number +3 only appear for a specific value of magnetic

Winding number Winding number

y

N =

o

<

(a) (b)

Figure 3.3: Topological phase for (a) the ladder with ¢t = ¢; and A = 7 leading to strongly
coupled chains alongwith my = —0.1¢, and A = —0.15¢. (b) Topological phase of ladder with
weakly coupled chains with same parameters as Fig. 3.2 and A = —0.0015t¢.
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Figure 3.4: A close up of the topological phase presented in Fig. 3.3.(a) Shows the boundary
between trivial and non-trivial topological phase around p ~ 0.175¢, and h ~ 0.97¢. (b) On
the other hand shows a clear boundary of topological phase, with a pocket of region with
winding number —3 from Fig. 3.3(b).

field. This sliver of h gets wider as |u| is increased along with mg. Collectively, based on
our observations the topological phase has £3 regions but for a specific and small window
of magnetic field. Although this region can be inflated using other parameters, the value of

magnetic field remains very crucial.

3.3 Probing the finite system

The theoretical study of finite nanowires is an indispensable component which serves as
the crucial bridge between abstract topological theory and the tangible reality of experimental

observation [62]. While idealized models of infinitely long wires provide the foundational
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Figure 3.5: Cross section of topological phase presented in Fig. 3.3(b) along (a) h = 0.5,
and h = 0.
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Figure 3.6: The panel displays winding number for p vs. mg and (b) provides a closer look at
the intricate fringes like pattern from p € (0.4¢,0t) and A € (—0.5¢, 0.5¢) of topological phase
shown in (a). The parameters have been chosen such that t; = ¢, h = —0.975, A = —0.2¢,
and A =n = —0.15¢

understanding of topological phases and the conditions for hosting Majorana fermions, they
are inherently limited in their ability to predict the specific, measurable signatures required
for experimental verification. Experimental devices are, by their nature, finite and subject
to a host of real world constraints such as boundary effects, material inhomogeneity, and
disorder. Consequently, theoretical frameworks that account for these finite size properties
are essential not only for interpreting experimental data but also for guiding the very design
of the experiments themselves.

The core motivation for modeling finite system stems from a fundamental discrepancy
between theory and practice. The prediction of topological phase, where a gapped bulk state

hosts zero energy modes at the system’s boundaries, is a key consequence of infinite system
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Figure 3.7: The topological for h vs. mg for different range. The parameters have been
chosen such that t; =¢, A = —0.2¢t, A =n = —0.15¢, (a) p = —0.3, and (b) x = —0.9
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theory. In such a model, the Majorana bound states are truly degenerate at exactly zero
energy. However, any real nanowire has a finite length, and the Majorana fermions localized
at opposite ends of the wire are not completely decoupled. They exhibit a small but finite
wave function overlap, leading to a minute energy splitting. This effect, known as Majorana
hybridization, causes the zero energy modes to split into two states at a minuscule non zero
energy [58]. This splitting is a direct consequence of the wire’s finite length and is a key
prediction that an infinite model cannot capture. The theoretical calculation of this splitting
as a function of wire length and other parameters provides a direct, quantitative target for
experimentalists, who must resolve these tiny energy scales to confirm the topological nature

of the observed states.

Beyond simply predicting signatures, finite theoretical models are indispensable for help-
ing experimentalists distinguish genuine Majorana signatures from other, more conventional,
zero energy states. Real world devices are never perfect and contain disorder, impurities, and
quantum dot states that can also give rise to zero energy peaks in the conductance spectrum,
leading to trivial zero energy modes [12]. By including disorder and realistic geometries in
their simulations, theorists can study how these trivial zero modes behave compared to their
topological counterparts. For example, a shorter nanowire will exhibit a more easily mea-
surable energy splitting between the Majorana modes, while in a longer wire, the splitting is
exponentially suppressed, making the modes appear to be at zero energy [58|. The theoretical
predictions of these distinct behaviors provide a vital framework for interpreting ambiguous

experimental data and confidently identifying the topological origin of a zero bias anomaly.

In previous sections we saw how periodic boundary condition for the ladder gave topo-
logically diverse characteristics. We now focus our attention to study the finite ladder with
open boundary conditions. The emergence of topology in a finite system is a direct conse-
quence of the bulk-boundary correspondence. As it states that the topological properties of
the bulk material predict the existence of protected, gapless states at its boundaries. In our
case, the ladder’s ends act as physical “domain walls” between the topologically non-trivial
bulk and the surrounding topologically trivial vacuum. We use fermionic operators -, and

T nx 1

Y to diagonalize the real space Hamiltonian using ciswe = Y, (Uls,0Vn — OVim,o¥n). This

transformation leads to a real space BdG equations given as

HY = &U (3.25)

The BAG Hamiltonian which describes the entire ladder with N number of rungs. This struc-

ture accounts for both the ladder’s spatial arrangement and the system’s internal symmetries,
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such as spin and sublattice degrees of freedom. The Hamiltonian takes a block diagonal form
which is given by following form
Hy — pl A
o 0T (3.26)
AT —Hj + plan

here I4n is the identity matrix of size 4N x 4N. The block Hy and A are themselves of a
block diagonal structure. Hy assumes a tri block diagonal form where each diagonal block
(D+ of size 4 x 4) describes ith rung and assuming sublattice ordering to be A, B, --- the

hamiltonian block is given as follows

D, T o --- 0
T D_ T ... 0
Hy = 0 Tt Dy --- 0 (3,27)
0 0 0

since the Hamiltonian accounts for the each sublattice A and B as separate sites in its

structure, the block D4 = —h %03 7T mg %3, As previously, v and ¢ describe the wire and
spin subspace of the system. Additionally, T = —t1%¢° —t| v16? — X120 — nv?el, and
A = 1A TN Y02,

The solution to the eigenvalue problem gives us the energy spectrum of the ladder for
the chosen number of sites i.e. rungs. We choose a ladder with 201 sites/rungs which follows
the sublattice sequence A B A --- A. We exactly diagonalize the Hamiltonian which gives
the energy spectra for system, to obtain the bound states we vary the magnetic field and
the chemical potential as shown in Fig. 3.8. The energy spectrum of the system is gapped
identically for all the cases as evident from Fig. 3.8. The energy spectra can be clearly divided
into two regions which are specifically identified by the absence of the zero energy modes and

the presence of zero energy modes as the energy gap closes.

Closing of the superconducting gap is the pivotal event that separates the trivial and
topological phases. As the tuning parameter (h for Fig. 3.8(a)-(b), and px in Fig. 3.8(c)-(d))
is varied, the bulk quasiparticle energy gap closes completely to zero at the critical point.
This closing of the gap is not just a spectral feature; it is at this value the system’s topological
invariant changes. Thus we designate the region with the superconducting band gap as trivial
and the gap closing marks the beginning of topological region. Fig. 3.8(a) starts out with an

energy gap which decreases with the Zeeman field. Before the gap closes, the system is in a
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Figure 3.8: Energy spectrum for 201 rungs in the ladder. The parameters have been choosen
such that mg = 0.1¢, A\ =n = 0.15¢t, A =0.2t, t;, =t = —1, (a) up = 0.3335¢, (b) u = —0.75¢,
(¢) h =—0.9745¢t, and (d) h = —0.5¢.

trivial superconducting state with a finite gap with the topological invariant being 0. The
two smallest positive energy levels are degenerate in the trivial region and as the magnetic
field is increased the overall spectrum squeezes around the critical point (near h/t ~ 0.69
for Fig. 3.8(a)). The spectrum hereafter transitions from trivial to topological by virtue of
formation of degenerate energy modes at zero energy. The system enters the topological
phase. The topological invariant becomes 1. This change allows for the creation of the zero
energy edge modes. In this gapped region these zero energy modes are cocooned by a pair of
degenerate energy modes in some cases. These in gap energy modes are called the Andreev
bound states (ABS) [44, 71, 125, 126]. In a conventional superconductor, electrons can’t
exist at a specific energy level (the “superconducting gap”). However, if a defect, an interface
or a boundary is present, some quasiparticles can become trapped at that location these are
the ABS. They are formed from a superposition of an electron and a hole, and they exist at
an energy within the superconducting gap. In the ladder system placed in proximity to a
superconductor, ABS can form at the ends of the ladder. This happens due to the proximity
effect. The energy of these states is not zero but is tunable by external parameters like a
magnetic field (Fig. 3.8(a) and (b)) or gate voltage, which change the chemical potential

(Fig. 3.8(c) and (d)). These states are not just generic bound states; they are a direct
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Figure 3.9: Energy spectrum for 202 rungs in the ladder, the inset plot shows the spectrum
for a Hamiltonian corresponding to 201 sites. The parameters have been choosen such that
mo = —0.1¢, A=n=—0.15¢t, A = —-0.2t, t; =t=—1, (a) p = 0.3335¢, and (b) h = —0.5¢.

consequence of the interplay between the semiconducting and superconducting properties
at the ladder’s boundaries, and their behavior is a key indicator of the topological phase
transition to come. ABS themselves are not topologically protected. This means that under
the change of parameters like the magnetic field or chemical potential, the energy of the ABS
will shift. In a topological superconductor, two ABS, one at each end of a 1D system, can

become a single, coherent pair of zero-energy states forming the MZM.

We now discuss the ladder system with even number of sites/rungs resulting in a sequence
A B A --- B. Energy spectra for even number of sites (here we choose 202) is shown in
Fig. 3.9]. The ladder with odd number of rungs sometimes had two pairs of degenerate modes
within the superconducting gap. Changing the ladder from odd rungs to even rungs lifts this
degeneracy pointing to the degeneracy resulting from the geometry of the ladder. Explaining
the degeneracy requires further understanding of how the symmetry of ladder transform after
the introduction of superconductivity. The degeneracy in the limit where N — oo leads to
non-trivial topological phase, which prevents from comment on the topological protection of

such modes in finite limit.

The Local Density of States (LDOS), a quantity typically measured with a STM, serves as
a crucial experimental probe for detecting MZM and confirming their topological characteris-
tics. The LDOS is a measure of the number of available electronic states at a particular energy
and spatial position within a material. The solution to the eigenvalue problem provides us a

direct way to calculate the LDOS which can be formulated in terms of the eigenvectors using
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the following form

1
isw  — T I 1swo + 2
p - go m Ggpo(w +107) (3.28)
= E p?sw = E Hugst’Q(s(w - g'ﬂ) + ”Uzswa‘z(s(w + En)] (329)

here ¢ numerates the site on either wire hence alternating between sublattice A, B and ¢ is
the Dirac delta function. G is the Greens function defined as (¢isyeo|(w — H)_l\c;rsw0>

We now turn our attention towards the LDOS which will shine light on the nature of the
states and their behaviour under different conditions. We plot the LDOS evaluated using
Eq. 3.29 which has two sublattices and two wires. To make comparison natural we plot the
LDOS for both wires on the same plot. LDOS of wire § is inverted and place below LDOS
for wire o as shown in Fig. 3.10.

Fig. 3.10(a) and (b) depicts the LDOS for trivial region of the spectrum of Fig. 3.9(b).
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Figure 3.10: LDOS for even (left column) and odd (right column) number of rungs in the
ladder. (a)-(b)The LDOS is calculated for energy spectrum shown in Fig. 3.9(b) at pu =
—0.35t. The LDOS is calculated in the trivial region of the spectra around or at the degenrate
energy level i.e. w = £0.025¢t. (c)-(d) Show the LDOS for the MBS for Fig. 3.9(a) for
h = —0.8t.
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While Fig. 3.10(c) and (d) are the LDOS for the topological region for the MZM in Fig. 3.8(a).
We immediately note that the LDOS is not symmetric for the even number of rungs. On the
other hand, LDOS for the odd number of rungs is symmetric under inversion. To be specific
the LDOS for wire « is related to LDOS for wire 8 by inversion. This is the result of the
accidental inversion invariance we discussed earlier.

In this chapter we presented our results for the quasi 1D system BaFeyS3. We model the
molecule with two coupled nanowire(s) forming a ladder. We study the topological proper-
ties of the ladder with proximated s-type superconductivity along with a antiferromagnetic
order in both nanowire in presence of a Rashba spin-orbit coupling and external Zeeman
field. We find that in weakly coupled regime where the chains are not strongly coupled
the topological phase of the ladder can be determined by superimposing the topological
phase of single nanowire with shifted chemical potential. This linear superimposition falls
off and non-linearity takes over as the coupling between the chains is increased. This gives
rise to topological phase with winding number +3. For a finite number of rungs the lad-
der hosts Majorana bound states for topologically non-trivial regions found for the infinite
chain. There appear additional degenerate modes in the finite ladder which extend beyond

the superconducting gap. The nature of these degenrate modes remains to be understood.



Chapter

Bulk topological materials

In 2D and 3D, topological insulators are compelling due to their bulk-boundary corre-
spondence, where robust edge modes or surface states emerge as manifestations of topolog-
ical invariants. The field of topological materials emerged from profound developments in
quantum Hall physics, laying the foundation for understanding topological insulators. The
quantum Hall effect (QHE), discovered in 1980, demonstrated quantized Hall conductance
in 2D electron systems subjected to strong magnetic fields. This phenomenon revealed the
critical role of topology in electronic systems. Von Klitzing’s observation of precisely quan-
tized Hall plateaus which led to the Nobel Prize and marked a paradigm shift in condensed
matter physics.

A key theoretical breakthrough came with the work of Thouless, Kohmoto, Nightingale,
and Nijs (TKNN) in 1982 [3], who established a connection between the quantized Hall
conductance and a topological invariant, now known as the TKNN invariant or the first
Chern number. The TKNN invariant is an integer derived from the Berry curvature of
electronic states over the Brillouin zone, encapsulating the global geometric properties of the
wavefunctions. This provided a topological explanation for the robustness of the quantized
Hall conductance against disorder and impurities.

The IQHE and its fractional counterpart FQHE sparked interest in identifying systems
where topological phases could arise without an external magnetic field. Theoretical predic-
tions by Haldane in 1988 demonstrated that a 2D lattice model with complex next-nearest-
neighbor hopping could exhibit a quantized Hall effect in the absence of an external field.
This conceptually paved the way for time-reversal-invariant systems, leading to the prediction
and subsequent discovery of topological insulators [127, 128].

In 2005, Kane and Mele proposed a groundbreaking model for a 2D topological insulator

based on graphene, incorporating spin-orbit coupling. They predicted the existence of the

75
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QSHE, characterized by helical edge states protected by time-reversal symmetry. FExperi-
mental confirmation soon followed in HgTe/CdTe quantum wells [18], where the unique edge
transport properties were observed.

3D topological insulators, such as BiSe [129] and BiTe [130], were subsequently discov-
ered, showcasing insulating bulk behavior with conducting surface states. These materials
exhibit spin-momentum-locked surface states described by Dirac-like Hamiltonians, which
are protected against backscattering and localization by time-reversal symmetry. The bulk-
boundary correspondence, a hallmark of topological phases, ensures the existence of these
surface states as a consequence of nontrivial bulk topology.

Experimental techniques such as ARPES and STM have been instrumental in visualizing
the surface states of 3D topological insulators. Furthermore, transport measurements have
demonstrated their unique properties, including the suppression of backscattering and quan-
tized magnetoelectric effects. The field of topological insulators has since expanded into a
broader study of topological phases of matter, including higher-dimensional systems, super-
conductors, and semimetals. Connections to Dirac and WSM, which host gapless excitations
protected by topology, highlight the unifying framework of topology in quantum materials.

In this chapter we will lay the foundation for the study of topological insulators which
will lead the pathway to introduce the Dirac and Weyl semimetals. We will begin with the
topological invariant (Sec. 4.1) itself with the use of standard mathematical tools like Berry’s
curvature e.t.c (Sec. 4.1.1) along with its nuanced application in Sec. 4.1.2 which will be
applied to a two level toy model in Sec. 4.1.3. Starting with graphene and its prevelent
models in Sec. 4.2.1, we will make our way to models for topological insulators in Sec. 4.2.2-
4.2.3, and eventually introduce the semimetals in Sec. 4.2.4. Finally, we will study the most

vital consequences of the topological insulators and the semimetals in Sec. 4.3.

4.1 Emergence of topological invariant

In crystalline solids, the periodicity of the lattice imposes a periodic structure on the
electronic wavefunctions, leading to the natural definition of momentum space, or reciprocal
space. For 2D materials, the momentum space is topologically equivalent to a torus, while
for 3D materials, it forms a higher-dimensional analogue of a torus. Importantly, momentum
space can serve as the parameter space for the eigenstates of the Hamiltonian. These eigen-
states, or wavefunctions, are defined at every point in momentum space, forming a vector
bundle. It is the topology of this vector bundle which encodes the system’s physical prop-

erties and is captured by topological invariants. We employ the concept of Berry curvature,
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which is the local vector field from which the Berry phase is derived. Analogous to the way a
magnetic field’s integral gives magnetic flux, the integral of the Berry curvature over a closed
surface in the parameter space (like the Brillouin zone) yields the total Berry phase. These
concepts provide the means to asses a material’s topology: adiabatic dynamics creates the
conditions for the Berry phase to emerge, and the Berry curvature provides the mathemat-
ical tool to calculate the topological invariant that classifies the material and predicts the

existence of protected edge states via the bulk-boundary correspondence.

4.1.1 Berry’s gadgets

Consider a material with a space translation symmetry which allows for the momentum
space description of the system with a Hamiltonian H(k), where k is the momentum in the
crystal (serving as the parameter space). Let |¢,(k)) be the eigenstates corresponding to

the nth eigen-energy state

H(E)[¢Yn(k)) = En(k)ltn(k)) - (4.1)

An eigenstate with a particular index (or energy level) varies as the momentum varies. For
each momenta the solution to the above eigenvalue equation gives a local vector space of
eigenstates. In general as a momentum is varied these vector spaces do not have to share any
characteristics. Nevertheless, its the local behavior of parameter space that is, continuity
which allows a comparison of wavefunction as the underlying parameter is varied.

Consider a closed path through the parameter space, one would think that as the momenta
is varied along the closed path we would arrive at the same value of the wavefunction as we
complete traversing the loop. As quantum mechanics has showed time and time again nothing
is ever so straightforward. The above could be true but never a necessity, as seen we saw
in the Chapter 1, where it was the magnetic field which caused a phase shift. There are
numerous experimental results which violate the above. To verify the above we need to
develop some tools namely, an object which can measure the change in phase as one changes
the parameters. As we are interested in the behavior of the eigenstates as the momentum is

varied. This can be achieved by following

Ani(k)|n (k) = 10k[¢n(K)) (4.2)

This quantity is formally known as Berry connection. A,; is the ith component of A,, forming
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a vector field defined over the momentum space. The form of Berry connection makes it clear
that loosely speaking it measures the phase that the eigenstate acquires over an infinitesi-
mal change in momentum. This makes it gauge dependent, under a phase transformation

1 (K)) — e~*9®)|ap, (k), the Berry connection transforms as
Api(k) —  Ani(k) —10k,9(k). (4.4)

Consider a 2D crystal which leads to 2D momentum space (generalization to 3D is natural).
A quantity can be defined which measures the accumulation of the Berry connection as we
move along a closed path ¥ enclosing region I' in momentum space for a band labeled by n.

Formally called Berry phase this can be mathematically written as follow

e = /E A (k) - dk, (4.5)

Yo = /(V X An(k)) -k d*k (4.6)
r

here, k unit vector along I'. Additionally, A,, is the Berry connection for the nth band. As
the path X is a closed one, the Berry phase forms a gauge invariant quantity. It is customary
to define the curl of Berry connection as Berry curvature Q,(k) = V x A, (k). It follows
immediately from the definitions that Berry curvature forms another vector field defined over
the momentum space like Berry connection. Unlike the Berry connection, Berry curvature is
a gauge invariant vector field. Naturally, the Berry curvature can be shown to have different

forms,

Q, = VxA, (4.7)

Q, = 1V X (n|V,) = 1(Vahn| X |[Vby) (4.8)

= 1Y (Vnlthm) X (¥m|Vebn) (4.9)
m#n

using the chain rule on the time independent eigenvalue equation for the energy eigenstates

we get (U |Vn) = (Ym|VH[(n)/(En — Ep). Consequently,

m#n (Em o En)z

Before we move forward we address some subtleties. It is clear that the Berry phase is a
quantity which is only well defined modulo 27. Considering the fact that Berry curvature

is gauge invariant and Berry connection is not, the application of Stokes theorem in Eq. 4.6
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only makes sense for certain gauge. The condition for the choice of gauge for the phase of
|tb,) should be such that it is smooth everywhere within the region I' including the boundary
>.. The poles of the Berry curvature are specific points, typically found at high-symmetry
points in the BZ, where the curvature becomes singular or diverges. These points are of-
ten associated with degeneracies in the energy bands (when E,, = E,). The topological
properties of a material are encoded in the integral of this Berry phase over the entire BZ.
The integral of the Berry curvature gives a quantized integer called the Chern number, a
topological invariant. This invariant is a direct consequence of the presence of these Berry
curvature monopoles (or poles). As long as the system remains gapped, these poles cannot
simply disappear or change their total flux, ensuring the Chern number remains an integer.

This robustness is the defining feature of a topological phase of matter.

The concept of parallel transport provides an intuitive way to understand the geometric
nature of the Berry phase. Consider a vector placed on the surface of a sphere. Now as
we slowly “parallel transport” this vector along a closed path. For instance, starting at the
equator, move north to the pole, turn and move along a line of longitude, and finally return
along a third line of latitude to the starting point. When the vector returns, it will have
rotated relative to its original orientation, even though we tried to keep it “parallel” at every

point. This rotation is a direct consequence of the curvature of the sphere’s surface.

In a quantum system, the eigenstate acts as the vector, and the parameter space (e.g.,
the BZ) is the curved surface. When the system’s parameters are slowly varied, the quantum
state is parallel transported along certain path. The Berry phase is precisely this geometric
angle of rotation that the quantum state acquires after completing a closed loop. The Berry
curvature is the local measure of this 'quantum curvature’ of the parameter space. A non-
zero total Berry phase around a closed loop indicates a non-trivial curvature of the quantum
state’s parameter space, which is the underlying geometric origin of topology in quantum

systems.

4.1.2 Adiabatic dynamics

In the previous section we reviewed tools that allow us to quantify the change of the
phase of the wavefunction as the underlying parameters namely, momentum is smoothly
altered. Although powerful this does not describe the complete picture, in this section we will
examine 'parameter space’ and its ’'smooth change’ with more care and generality. Consider

a Hamiltonian describing a physical system with P, real parameters, A = (A1, --- ,Ap). The
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time-independent eigenvalue equation now reads as
H(A)In(A)) = En(A)[n(X)). (4.11)

Here, as before E,(A) are the energy levels and we assume a system such that they are
non degenerate for all \. We need to choose the gauge for all levels, which must undergo
a smooth transition as we vary A. The time-dependent Schrodinger equation on the other

hand dictates the wavefunction |1, (t)) to follow

HOMn(0)) = 1 (D). (112)

We assume that time ¢ varies from 0 — 7', and the corresponding variation in parameters
A(t) is ’slow’. To be precise, it must be small compared to the frequencies corresponding
to the energy gaps. This adiabatic approximation gives us the recipe for the ansatz for the

time-dependent wavefunction which read
[n(t)) = 7O et do BT (3 (1)) (4.13)

here, |n(A(t))) are the eigenstates of the time-dependent equation at time ¢. A(¢) is a directed
curve in the parameter space whose rate change allows for the application of the adiabatic

approximation. The phase v, (t) satisfies the following equation

Lo = NS D)) (1.14)
Do = ) Van(N) (4.15)
Y = dt‘z‘An(A):/de.An(A). (4.16)

This is a remarkable result which says that the phase appearing in the time-dependent wave
function is independent of the rate at which the path is traversed in the parameter space.
Moreover, it only depends upon the path traced in the parameter space and hence the time
evolution phase only needs to be augmented with the Berry phase in the parameter space.
Although the phase of wavefunction is quantity usually not associated with observable(s) of
the system. The Berry phase is a measurable quantity the experimental setups usually use

the interference of wavefunctions which traverse opposite paths in parameter space.

The adiabatic evolution is generalized by focusing on the entire degenerate manifold of

states. Instead of focusing on the evolution of a single eigenstate, the system evolves within
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the multi-dimensional subspace. The resulting geometric phase is no longer a simple scalar
but a unitary matrix, known as the non-Abelian Berry phase. We will not discuss the

generalization any further as it is beyond the scope of this thesis.

4.1.3 Two-level system

We will analyze a toy model with two energy eigenstates, to understand how and where
topology arises in bulk system. The Hamiltonian describing such a two level system can

always be represented in Pauli basis i.e. o = (09, 04, 0y, 0,) and given by
H(k) = d(k) o (4.17)

here, d(k) are the coefficient of Pauli basis, which we will be addressing as the pseudo spin
basis. We simplify the situation further by assuming a 2D system where dy = 0, d, = kg,

dy = ky, and d, = m. The energy eigenvalues for this system are given by

By = £m?+Ek2+k2. (4.18)

We further perform a change of variables for the ease of handling and a more elegant repre-

sentation, d = \/m? + k2 + k2, m = d cos 0, k, = d sinf cos ¢, and k, = d sin 6 sin ¢. Here,
0 € {0, 7}, ¢ € {0, 27} and it is evident that d > 0. The eigenvectors can be chosen such

that
cos g e sin g
Py = Ak and Yo = . | (4.19)
e sin 5 —COS 5

In terms of the introduced spherical polar variables the eigenvalues are +d and it is natural to
identify the variables (6, ¢) with a point on the surface of a 3D sphere. The spin-1/2 degree
of freedom for a real space spin can be represented using Pauli matrices o, it is natural to
ask if the Hamiltonian at all describes such a degree of freedom. The answer of this question
lies in time reversal symmetry, specifically, the Hamiltonian must be invariant under time

reversal symmetry. The time reversal operator is given by
T = 1oy K (4.20)
here, K is the charge conjugation operator.

TH(K)T' # H(—k) (4.21)
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the Hamiltonian does not preserves the time reversal symmetry and a non-zero m is the reason
for the breaking of time reversal symmetry. The Hamiltonian describes a fermion and owing
to the broken time reversal symmetry the fermion described is not a quasiparticle with real
spin-1/2 but a pseudo-spin. The Hamiltonian becomes time-reversal only for k, = k, = 0,
and m = (0 consequently, the fermion is too. The energy dispersion becomes degenerate at

this same point as we will soon learn there is much more to it.

We employ the tools we derived in previous section namely, Berry connection and Berry
curvature. We will calculate the Berry connection first and for a given value of m we find

that

Ar = (Ag, Ag, Ap) (4.22)
1 9 . 1 0
Consequently, we get
1 0 -

and the Berry curvature is given by

d

T (4.25)

Qr = F

We immediately note that both connection and curvature have poles at d = 0 for which we
must have m = 0. Moreover, the energy spectrum has a degeneracy and the Hamiltonian
is invariant under the time reversal symmetry at this momenta. As the materials are 2D
following our discussion from previous section, we can evaluate the Berry phase over the

entire momentum space for a non-zero m

B /ds-d
’Yi - :F 2d2
m

- :F/qudkk:
2(k? +m?)?

= —msgn(m) (4.26)

It is evident from above that the Berry phase over the entire momentum space comes in
two variety based on the sign of m. In a periodic system, this integral over the entire
Brillouin zone is refereed as the Chern number of the system. The fermion described by the

Hamiltonian for m has a time reversal partner at —m, hence they are separated in parameter
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space. When m = 0 things change and the Hamiltonian can potentially host either of the

fermions, and we will see in later sections how this plays into a condensed matter system.

4.2 Condensed matter models with Weyl and Dirac fermions

Armed with the tools necessary to quantify non-trivial topology of 2D and 3D systems we
now present models which revolutionized the understand of topological behavior of electronic
states in condensed matter physics. Historically this began with the surprising discovery of
massless charge carriers in graphene, whose 2D Dirac cones hinted at a deeper connection
between band structure and geometry. This insight spurred a theoretical leap with the Kane-
Mele model, which demonstrated the vital role of spin-orbit coupling could open a topological
gap and give rise to a new phase of matter: the quantum spin Hall insulator, a theoretical
precursor to the modern topological insulator.

The subsequent development of the Bernevig-Hughes-Zhang (BHZ) model translated this
abstract theory into a realistic and experimentally verifiable prediction in HgTe/CdTe quan-
tum wells, solidifying the existence of 2D topological insulators. The field then expanded
encapsulating 3D material with the 3D BHZ model, which predicted and led to the discovery
of materials with robust, protected surface states. This progression ultimately led to the
exploration of systems where the band gap closes at isolated points or lines in momentum
space, giving rise to topological semimetals such as Dirac and Weyl semimetals. The follow-
ing discussion will trace this remarkable path, exploring how these foundational models have

illuminated the profound role of topology in defining the properties of matter.

4.2.1 Graphene

Graphene is a 2D material composed of carbon atoms arranged in a honeycomb lattice.

The lattice geometry is defined by two primitive vectors [c.f. Fig. 4.1(a)]
a a
a = —5(3, V3), and ay= (3, —V3). (4.27)

Here a is the lattice constant. The honeycomb structure gives rise to unique electronic
properties, as it is not a Bravais lattice but can be treated as such by including the two

sublattices explicitly in the Hamiltonian. The nearest neighbor vectors are given by

o = 3(1, V3), &= g(l, —v3), and & = (1, 0) (4.28)
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(a) (b)
Figure 4.1: (a) Real space lattice configuration of Carbon atoms at site A and B forming

honeycomb structure. (b) Depicts the Brillouin zone in the momentum space along with
energy degenerate points.

The electronic properties of graphene are well described by a nearest-neighbor tight-binding

model. The Hamiltonian is given by

H =t (alb; +he.) (4.29)
()

where t is the hopping parameter between nearest neighbors, a} and bj» are creation operators
for electrons on sublattices A and B, respectively. The summation runs over all nearest-
neighbor pairs. To analyze the system in momentum space, we apply a Fourier transform.

The resulting Hamiltonian in momentum space is given as

0 k
Hk) = -t J(k) , here f(k)=e *0 L7tk 4 kO3 (4 30)

fr(k) 0

Employing the Pauli matrices the Hamiltonian can be represented as

3 3
H(k) = -t (Z cosk - 6,-) op — 1 (Z sink - 61-) Oy (4.31)

This formulation enables us to investigate the electronic structure and its topological features.

The energy eigenvalues are given by

E(k) = =£,/h?+h3 where, (4.32)
3 3
hi = —t [Z cosk - 5i] , and ho = —t [Z sink - 51] (4.33)
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It can be easily verfied that the zeros of the energy are at the corner of the Brillouin zone
at K = (27/3a, 27/3+v/3a) and K’ = K — (0, 47/3+/3a) as shown in Fig. 4.1(b). As these
points are described by a Dirac equation they are called 'massless’ Dirac points or Weyl
points. To investigate further we can expand the Hamiltonian about of one these points upto
linear order in momentum k = K + q. This gives us an effective model for the gapless point
0 qz — 1q
He(q) = vr I (4.34)
Qo + 1y 0

here vp = 3ta/2 is the Fermi velocity. We can now calculate the energy eigenstates which
will eventually let us to compute Berry curvature and Chern number. The eigenstates are

given by
(4.35)

where

6(g) = arctan <%> (4.36)

4z

These states represent the conduction (|i4)) and valence (|1)—)) bands. The Berry connection

and Berry curvature are given as

1 q «
A = goupta) == (%, % 0)

Q) = +50(q) (4.37)

here 0(q) is the 2D Dirac delta function which implies that the Berry curvature vanishes
everywhere except ¢ = 0, the Dirac point. Note that Berry curvature is a vector valued
quantity which points perpendicular to ¢, — ¢, plane. Performing the simple integral for
Chern number we get +1. The Hamiltonian describing the Weyl point is simply q - o,
suggesting that the pseudo-spin o can be either parallel or anti-parallel with g. This is
called the chirality of the Weyl point and for pristine graphene, chirality of Weyl nodes is
tied with the momentum they appear on. The contributions to the Chern number from the
Weyl points cancels out, leading to a total Chern number of 0 in the Brillouin zone. The tight
binding Hamiltonian for graphene preserves the time reversal symmetry where 7 is complex

conjugation operator. Recall from the previous section that the conjugation operator as the
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time reversal operation implies that Hamiltonian describes a pseudo spin. This translates to

the sublattice A and B behaving as a pseudo spin space for graphene.

Haldane in 1988 [131] presented a model based on honeycomb lattice which does not pre-
serves the time reversal symmetry even without an external magnetic field applied. Haldane

introduced the following

Hyoldane = mZ(aIai — b}bi) —t Z ei“b(a;rai + b;rbz-) + h.c. (4.38)
i ((ig))

here m is an onsite potential which has opposite sign for sublattice A and B breaking the

sublattice symmetry. The model has a next to nearest neighbor hoping with a complex phase

of e**? which takes positive or negative sign based on the direction of hopping. Incorporating

the Haldane terms in graphene and using periodic boundary condition we get a additive term

in the Hamiltonian as the coefficient to o, given by

3
hs = m+2tsing ) sink;-a; (4.39)
i=1
here, a3 = —as — a1. The Brillouin zone remains the same and the energy dispersion is

gapless when hy = hy = hg = 0 simultaneously. This requires that if there are gapless states
(degenerate energy states) they will still be located at K and K'. If m > 2t sin ¢ there can
be no gap in the system as there are no real momenta which would satisfy hs = 0. As the

gap closes at K and K’ the condition for which the degenerate states can exist read as follow

hs(k=K) = 0
m+3V3tsing = 0 (4.40)

the above is an essential condition for the gap closing at K which does not imply gap closing
at K’ which requires m — 3v/3t sin¢ = 0. The gap-closing happens for different values of
m at K and K’ except when ¢ = 0, m. To further understand the situation consider the
Hamiltonian near the gap-closing point K. We invoke the spherical polar representation we
introduced in the previous section, the pseudo spin vector for the Hamiltonian points in the

north (south) for hg > 0 (hg < 0).

When the staggered on-site potential (m) is large and positive it breaks inversion sym-
metry and opens a band gap at the Dirac points. The complex hopping term’s influence is
minimal, and while it creates local Berry curvature. The orientation on the Bloch sphere is

largely fixed and even though the pseudo spin vector feels “pseudo-magnetic field” that points
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north, and all it does is small wobbles as the momentum vector k changes. The band gap is
wide, and thus total rotation over the entire BZ is zero. Consequently, the Chern number is
zero, and the system is a trivial insulator with no protection. This phase is non-topological

because its properties can be adiabatically connected to those of a simple insulator.

The magic happens at the phase transition, when the on-site potential m becomes pre-
cisely equal to one of the critical values as we discussed. At these specific points, the band
structure inverts, and the Berry curvature becomes singular. The Chern number is not well-
defined at these exact point because a topological invariant can only change when the bulk
band gap closes. This band inversion is the mechanism for the change in the Chern num-
ber. After passing through the phase transition, the on-site potential m becomes negative,
and the system enters the topological regime. This term breaks time-reversal symmetry and
generates a net Berry flux over the entire Brillouin zone. The integral of this flux yields a
non-zero, quantized integer value for the Chern number, which is typically £1. This non-zero

Chern number indicates that the bulk material is in a topologically non-trivial state.

Kane and Mele [5]| presented a model based on honeycomb lattice which generalizes the
Haldane model by not only incorporates next nearest neighbor spin-orbit interaction (Aso)
alongwith Rashba spin-orbit coupling (Ag) and alternating on-site potential (\,) given as

follows

= tZa bj +1As0 Z vij( al 4 + b;fbj)sz
(«

(i7))
—i—z)\R Z al(s x dij):bj + A Y _(ala; — blb;) (4.41)

here dij represents the radial vector connecting the sits ¢ and j, and s represents the spin.
v;; takes a value of £1 based on the clockwise or anticlockwise path it takes to reach the
next nearest neighbor. The term with Ago is known as the Kane-Mele (KM) term, and it
takes its inspiration from the model presented by Haldane [131]. Haldane’s model breaks
the time reversal symmetry by adding the mass term which here is given by A, and spin-
independent exchange of next nearest neighbor hopping term with a complex phase et*?.
Kane and Mele model preserves the time reversal symmetry by simultaneously handling the
copies of Haldane model at K and K’ within the KM term by a spin exchange. In other
words the model is constructed such that it has the time reversal partners at K and K’ and
the time reversal operator when acts on the Hamiltonian it ends up connecting the valley

points. This non trivial way of opening the gap comes at a cost namely, the Hamiltonian is

now in Kronecker product basis of sublattice o, valley 7, and spin s space.
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The KM model is a highly idealized representation. Its intrinsic SOC term is a next-
nearest-neighbor hopping, which is a weak effect in real graphene. This requires an unphys-

ically large SOC strength to open a bulk gap and realize the topological phase.

4.2.2 BHZ model

Bernevig-Hughes-Zhang (BHZ) model is an effective low-energy Hamiltonian designed
to capture the electronic properties of Mercury Telluride (HgTe) quantum wells sandwiched
by Cadmium Telluride (CdTe) barriers. The BHZ model did not suggest a material class
but provided a quantitative prescription for engineering a topological state. HgTe and CdTe
both have a intertwined face centered cubic structure of cations and anions. The bulk band

structure around the I" point is shown in Fig. 4.2(a). The energy band gap in HgTe is smaller
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Figure 4.2: (a) Bands for HgTe and CdTe respectively near I' point. (b) Schematic of
HgTe/CdTe quantum well depicting the subbands H1 -E1 begin inverted to E1-H1 depend-
ing on the thickness (d) of the quantum well relative to critical thickness (d.).

than CdTe although with inverted bands. In the original work [6] neglected the effect of 'z
band due to its negligible effects. Moreover, they argued that its the |I'g, j:%>, ITs, j:%>, and
IT's, :i:%) which combine to give rise to the 3 subbands of the Quantum well namely, H1, F1,
and L1. They proposed that the ordering of the subbands ’inverts’ based on the thickness
of the quantum well. Additionally, they claimed that there exists a critical thickness d,
of quantum well which separates the two distinct phases of the system. Furthermore, the
phenomenon of band inversion and the underlying physics is relatively unaffected by L1,

leaving us with a four-band model. Employing various symmetry conditions on the states,
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four-band BHZ model is given by

h(k) 0
H = i hik)=¢€k)+d-o (4.42)
0 h*(—k)
here, o is the Pauli matrix vector, e(k) = C — 2D (2—cosk, —cosk,) and d =

[Asink,, Asink,, —2B(2 — M /2B — cos k, — cosky)]. The parameters A, B,C,D and M

control the geometry of the quantum well. For the ease of representation we define
Ty = , T, = (4.43)

Iis a 2 x 2 block matrix. The time reversal symmetry operation can be represented as
T =17y K and the Hamiltonian preserves the time reversal symmetry. We have an additional
charge conjugation symmetry CtH(k)C = —H(k), given C = 10y K. The energy eigenvalues
for H are (k) £ |d|. It is clear that the energy eigenvalues are degenerate and this can be
attributed to the fact that time reversal operator obeys 717 = —1. This results in model to

have Kramer’s degeneracy thus

THE)r) = E&)Tr)
H(=k)Tldr) = —EFE)TI¢r)
H(=k)[Tr) = EF)[T¢r) (4.44)

hence every |1)) has a degenerate Kramer partner |7y). Expanding the Hamiltonian about
the T' point we get, d = (Aky, Aky, M(k)), and € = C — D(k} + k) where M(k) =
M — B(k2+ k‘g) As pointed out earlier, H has degenerate spectrum and thus the eigenvalues
of h(k) along with their Kramer partner form the entire spectrum. The energy eigenvalues
for h(k) are Ex = € + VAKZ + M2, now if B = 0 the spectrum follows the dispersion of a
Dirac fermion with mass M making it appropriate to refer M as the mass term. Recall in
the previous section we represented the two level system in polar basis, whereby the vector d
rotated as k changed leading to different topological phases. Analogous to two-level system
the vector d at k, = k, = 0 makes angle arccos ‘%z' with the north pole which is related to
the sgn(M). For M/B > 0, vector d points in the north(south) pole for positive(negative)
M and as k — inf it rotates and points in the south(north) pole imparting the system with
a non trivial topology. Due to time reversal partner pair the total chern number is still zero.

Nevertheless, the topological signature can be observed in the system with finite size or an
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edge as we will see in later section. Additionally, for M /B < 0 the system not only has a gap
but the wavefunction never acquires the additional phase for topological phase transition
making it a trivial insulator. Mass term also directly gives the gap in the spectrum, the
change of sign of M points to thickness of quantum well which is then used to compute the

critical thickness d..

4.2.3 Model for 3D topological insulator

In the 2D BHZ model, as discussed in the context of HgTe quantum wells, the topological
insulating phase indeed arises from a composite structure- a heterostructure of HgTe and
CdTe. The key is the quantum confinement in the well, which tunes the energy levels of the
HgTe layers relative to the CdTe barriers, leading to the necessary band inversion. The road
towards a model for 3D topological insulator was realized with the observation of massive
Dirac fermion in Bip9Sbg1 [132] being part of a broader family of Bi;_,Sb,. It was predicted
by Fu. et al. [133] using the parity of the eigenvalues of the states at the time reversal
invariant points in the Brillouin zone that Bi;_,Sb, is a topological insulator, and this was
further strengthened by prediction made using phenomenological arguments in [134]. The
understanding of 3D TIs often begins with a low-energy effective Hamiltonian that captures
the essential physics near the Fermi level and the topological phase transition. For many
prominent 3D TIs, such as the bismuth chalcogenides (e.g., BisSes, BiaTes, SboTes), the
crystal structure is rhombohedral with five atoms in a unit cell (quintuple layers). The
crucial aspect for their topological nature is the “band inversion” phenomenon, where the
typical ordering of conduction and valence bands at certain high-symmetry points in the
Brillouin zone (similar to the heterostructure of HgTe) is inverted due to strong spin-orbit

coupling (SOC).

A widely adopted effective model for the bulk states near the I' point (Brillouin zone
center) for these materials is a 4 x 4 Dirac-like Hamiltonian. This Hamiltonian is typically
constructed by considering the relevant atomic orbitals contributing to the band inversion,
usually p-orbitals from the constituent elements (e.g., Bi p-orbitals and Se p-orbitals in
BigSez). The Hamiltonian can be expressed in a basis of parity eigenstates, reflecting the

inversion symmetry often present in these materials. A general form of such a Hamiltonian,
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assuming time-reversal symmetry and inversion symmetry, can be written as

M) Ak, 0 Ak
Ak, —M(k) Aok 0
Hk) = ek)+]| " () Axks (4.45)
0 Ask_ M(k) —Aik,

Ak, 0 —Ajk. —M(k)

where k = (k;, ky, k), along with k+ = k, =1k, and I representing a 4 x 4 identity matrix.
The Hamiltonian has a shift of energy ¢g = C + D1k2 + Do(k2 + kﬁ) overall being parabolic
in nature. M (k) = Moy — B1k? — Ba(k2 + k;) represents the mass term. The change of sign
of My at the I' point represents the band inversion. The parameters involved are material
specific and represent different coupling strength and fitted to the experimental data or ab

initio calculations.

Thallium-based Chalcogenides: Thallium based compounds like T1BiSes, T1BiTes, T1SbSes
share a rhombohedral crystal structure similar to BisSes but incorporate T1. They are

predicted [135] and confirmed [136] to be strong TIs with significant energy gaps.

Rare-earth based Chalcogenides: This class includes stoichiometric compounds like LnBiTeg
and LnSbTes, where Ln is a rare earth element like La or Y that doesn’t have f-electrons.
They are derived from the BisSes type by substituting one cation atom with a rare earth

element. LaBiTes is predicted [137] to be a TL.

PbBiySey type: These are layered chalcogenides formed by inserting double layers for instance
-Pb-Se- into the quintuple layers of BisSes. Examples include Pb,,BisSes,, and Pb,,ShoTes,,
for certain values of 'n’ and have been predicted to be candidates for 3D TIT [138|.

Strained Bulk HgTe, HgSe, and a— HgS: While HgTe is famous for 2D TIs in quantum wells,
its bulk form, along with HgSe and a—HgS, can become 3D TIs when cubic symmetry is
broken, for example, by applying uniaxial strain. This opens up an energy gap, revealing

their topological nature [139].

Heusler Compounds: This diverse class of ternary materials where XYZ or XoYZ stoichiom-
etry shares structural and electronic similarities with zincblende semiconductors like HgTe.
Many Heusler compounds like LuPtBi, YPtBi have been predicted and shown to exhibit
band inversion similar to HgTe, making them 3D TIs [140-142].

Chalcopyrite Semiconductors: Ternary ABCy chalcopyrite compounds are isoelectronic
analogs to binary semiconductors. Their crystal structure, a doubled zincblende, allows
for a natural breaking of cubic symmetry, leading to a finite energy gap and topological

properties similar to HgTe [143].
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a— and B— AgeTe: a—AgsTe is identified as a HgTe-type TI. Upon a structural phase
transition to the S—phase at low temperatures, it becomes a true TI with an anisotropic
surface Dirac cone [144].

Skutterudites and filled Skutterudites: Materials like RhSbg and IrSbs are predicted to be
zero-gap TIs. In filled skutterudites the band inversion occurs between p and d orbitals, or
even d and f orbitals, leading to topological properties often coexisting with other phenomena
like Kondo effect or magnetism [145].

PbTe, SnTe, and Related Materials: Sn'Te is a crystalline topological insulator where surface
states are protected by mirror symmetry. Uniaxial strain can also induce a strong T1 phase
in materials like PbSe [146].

Correlated Materials with d or f Orbitals: This is a frontier area, including Ir-based materials
like LnaIraO7 [147] pyrochlore oxides and certain Kondo insulator like SmBg [148]|. These
materials exhibit topological phases where electron correlation effects, coupled with strong

SOC, play a significant role.

4.2.4 Semimetals

The conceptual link between these TIs and semimetals is a natural, continuous one, where
a topological insulator can be driven into a topological semimetal phase by tuning material
parameters. The modern era of topological materials was heralded by the theoretical predic-
tion and subsequent experimental discovery of 3D topological insulators. This relationship
is deeply rooted in the theoretical foundations of both high energy particle physics and con-
densed matter band theory, offering a unified perspective on these seemingly disparate states
of matter. To fully appreciate this transition, it is essential to consider two seemingly un-
related topics from the early days of quantum mechanics: relativistic wave equations for
fermions and the conditions for degeneracies in energy spectra. Following the introduction
of the Dirac equation, Hermann Weyl proposed a simplified version of this equation, which
described massless fermions with a definite “chirality” or handedness. While these concepts
found vast application in particle physics, the search for fundamental Weyl fermions proved
elusive. In parallel, in condensed matter physics, the problem of “accidental degeneracies”
in electronic band structures was being investigated. A fundamental result from quantum
mechanics, known as the von Neumann-Wigner theorem, states that in a generic quantum
system (described by a Hermitian Hamiltonian) without any protecting symmetries, two
energy levels will typically not be degenerate. One must tune the parameters of the Hamil-

tonian to enforce degeneracy in the system. This can be understood by considering a 2 x 2
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Hermitian Hamiltonian H, which can be written in the most general form as:

H = Zai(k)ai (4.46)

here, «;(k)’s are general function of momentum and o; are the Pauli matrices. The eigenval-

ues are given by F = ag(k) + v/a1(k)? + aa(k)? + as(k)? and it is essential for the «; (for
i € {1,3}) to vanish at certain momentum k in order to ensure degeneracy. This is a crucial
point, such band degeneracies are not accidental in a 1D or 2D parameter space and can oc-
cur at isolated points in a 3D momentum space naturally. The dispersion relation near such
a degeneracy is generically linear, resembling the Weyl equation, even in the non-relativistic
context of a solid-state material. The profound connection between these two ideas was later
solidified by the realization that these band-touching points act as sources and sinks of Berry

curvature in momentum space.

The quasiparticle excitations in Dirac and Weyl semimetals are viewed as low-energy ef-
fective descriptions of the electronic states in solid-state systems that behave like relativistic
fermions. The existence of these gapless excitations is fundamentally protected by a combi-
nation of time reversal symmetry and crystal symmetry. In a Dirac semimetal, both time
reversal symmetry (7)) and inversion symmetry (Z) are preserved. Time reversal symmetry
ensures that for every energy band E(k), there is a corresponding partner band at E(—k).
Similarly, inversion symmetry imposes the condition that E(k) = E(—k). The combined
effect of these two symmetries creates a crucial constraint on the electronic structure. It
dictates that for a given momentum k, the eigenstates must be four-fold degenerate. The
four-fold degeneracy that defines a Dirac point is a direct consequence of this combined sym-
metry protection. A Dirac point can be theoretically understood as two distinct, two-fold
degenerate Weyl points of opposite chirality that are pinned to the same location in mo-
mentum space by both time reversal and inversion symmetry. The breaking of this delicate
symmetry balance is what gives rise to the different types of topological semimetals. To
demonstrate this more concretely, we can consider a low-energy effective 4 x 4 Hamiltonian
that describes a Dirac semimetal near a degeneracy point. This Hamiltonian is typically
derived from k - p perturbation theory, taking into account the symmetries of the crystal.

The theoretical prediction of NagBi uses a common representation with two sets of Pauli
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matrices, one for spin (o) and one for pseudo spin degrees of freedom (7) [149, 150]:

M(k)  Aky 0 B*(k)
Ak_  —M(k) B*(k) 0

Hpirae = eo(k)I + (4.47)
0 B(k) M(k) —Ak_

Bk) 0  —Ak. —M(k)

here, eg(k) = Co + C1k2 + Co(k2 + k2), and mass term M (k) = Mo — M1k2 — My (k2 + k7).
The off-diagonal term are given by Aki and B(k) = akzki, where ky = k; £1k,. The
parameter C;, M; (for i € {1, 3}), and A are determined by the material geometry. The

eigenvalue of the Hamiltonian is given by

E(k) = e(k)+/A2k k_ + M2(k) +|B(k)? (4.48)

The energy vanishes at ko = (0, 0, £m), where m = /My/M;. These momentum are
four fold degenerate and identified as the Dirac points. The inversion symmetry is given
by Z = 7,00, and the Hamiltonian obeys ZHpyac(k)Z™! = Hpiac(—k) to posses inver-
sion symmetry. Similarly, time reversal symmetry 7 = w790, K, where K is the com-
plex conjugation operator. Time reversal symmetry demands the Hamiltonian to follow
T Hpirac (k)T ' = Hpirac(—k). The presence of both time reversal and inversion symmetries
is what enforces the merging of two Weyl points with opposite chirality at the same momen-
tum, thereby creating and protecting a four-fold degenerate Dirac point. This occurs precisely

where the momentum dependent coefficients in the Hamiltonian vanish simultaneously.

The rich diversity of topological semimetals arises when one of these protective symmetries
is broken. Consider the simplest of the case with v = 0, in the vicinity of the Dirac points

the Hamiltonian after keeping the leading order terms takes the following form

Hpirae = m7, 00+ vokyTy 0, — vykyty 00 + k.7, 0, (4.49)
_ MT, + Uk, T, + Vpke Ty — vykyTy 0 150)
0 MT, — Uk, Ty — VpkyTy + UykyTy

The structure makes the existence of Weyl points obvious. The material when tuned with
a = 0 leads to decoupling of Weyl points and creates two Weyl points at kg with opposite
chirality. In case of materials like BigSes or BigTes, B(k) takes a linear form again coupling

the Weyl points and making the system gapped hence with massive Dirac points.

Turning a topological insulator or a Dirac semimetal into a Weyl semimetal allows for the
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Figure 4.3:  (a) Schematic of a multi-layered structure composed of alternating layers of
topological insulator (shaded) and normal insulator (unshaded). The topological phase of
the multi-layered structure for the parameter regime which leads to (b) gapless states within
BZ signified by m = 0, and without these (c) gapless states when m # 0. Ap is the tunneling
amplitude for adjacent layers of neighboring topological insulator layer. Ag is the tunneling
amplitude within the bottom and top layer of the same topological insulator. Adopted from
Ref. [151]

controlled creation of exotic topological phases. This transition is fundamentally governed by
the manipulation of symmetries that protect the initial topological state. The most direct and

well-studied pathways involve breaking either time reversal symmetry or inversion symmetry.

A straightforward approach involves breaking time reversal symmetry, typically by ap-
plying an external magnetic field. The field acts as a perturbation, lifting the degeneracy and
splitting the single Dirac point into a pair of distinct Weyl points. The separation of these
Weyl points in momentum space is directly proportional to the strength of the magnetic field.
A foundational work proposing this mechanism is Burkov et. al [151] presented a theoretical
model for creating a WSM in a heterostructure composed of a 3D topological insulator and
a ferromagnetic insulator as shown in Fig. 4.3(a). This setup uses the magnetic proximity
effect to introduce an effective Zeeman field, which breaks time reversal symmetry. This
perturbation closes the bulk gap of the TI at two distinct points in momentum space and
then reopens it, resulting in the creation of a pair of Weyl nodes with opposite chiralities.
This phase transition can be understood through a phase diagram where the spin splitting
exchange strength m and the intrinsic bulk parameters of the TI namely, tunneling ampli-
tude within the top and bottom surface of same TI layer Ag and amplitude between top
and bottom surface of neighbouring TI layers Ap. The system in the absence of m is in a
topological insulator phase when the mass term (which defines the bulk gap Ap) is dominant
as shown in Fig. 4.3(b). As the m increases, it competes with these intrinsic mass. The tran-
sition to the WSM phase occurs at a critical point where the magnetic perturbation becomes
strong enough to close the bulk gap at two momentum points, leading to the creation of Weyl
nodes. Further increase in the m moves the Weyl nodes further apart in momentum space.

Alternatively, the DSM can be doped with magnetic impurities to split the Dirac points into
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Figure 4.4: A Dirac semimetal doped magnetic impurities, the electric potential of the
impurity is Uy = 0 for the entire panel. The spin-dependent magnetic potential Uy is 0.5,
1.5, and 3 for first, second, and third column respectively. First row (a)-(c) is the dispersion
of the Dirac semimetal along k, — 0 — k5, and the second row (d)-(f) is the corresponding
map of the Berry curvature of the corresponding dispersion. The magnetic impurity splits
and the Dirac node into two Weyl nodes and drives them apart as shown in red (positive
chirality) and green (negative chirality) circles. Adopted from Ref. [152]

Weyl points. Evidence for this mechanism has been observed in materials like Cd3Asy, where
signatures of a magnetic field induced WSM phase were reported in [153] when doped with

Mn. This local magnetic impurity breaks the time reversal symmetry to induce WSM phase.

Lee et. al [154] have demonstrated using non magnetic Au ion implantation into
Big.g6Sbg.04 which breaks the inversion symmetry to induce WSM phase from a DSM. The
other primary method to break inversion symmetry can be achieved by applying strain or
pressure to the material’s lattice, which alters the crystal structure and lifts the protection
of the Dirac point. In materials with a natural lack of inversion symmetry, the Dirac nodes
are already split into Weyl nodes. Weng et. al [155] explicitly discussed how the absence
of an inversion center in noncentrosymmetric transition metal monophosphides (TaAs, TaP,
NbAs, and NbP) would split the Dirac nodes, providing a general theoretical framework for
this transition. This was soon confirmed experimentally [24| by directly observing the Weyl

points in TaAs.

The discovery of WSM marked a new era in condensed matter physics, introducing a

class of materials whose low energy electronic excitations behave as massless, chiral fermions.
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Figure 4.5: The dispersion of a Weyl node for k£, = 0. The grey shaded plane marks the
Fermi level with E = 0 and cuts the Weyl node for both (a) and (b). (a) Is the type Weyl
node with a point-like Fermi surface. (b) Type II Weyl node with an unbounded Fermi
surface due to the tilt of the Weyl cone. Adopted from Ref. [156]

Theoretical and experimental studies have revealed a rich diversity in these materials, leading
to a new classification based on the geometry of their electronic band structure: Type I and
Type II WSMs. Type I WSM are the “standard” or more conventional type. In these
materials, the Weyl cone is upright or only slightly tilted as shown in Fig. 4.5(a). The
defining characteristic is that the Fermi energy crosses the Weyl node at a single point in
momentum space. This results in a pointlike Fermi surface at the Weyl node itself. Energy
dispersion near the Weyl node are well defined, and the low energy physics is accurately
described by the linear dispersion of a relativistic Weyl fermion. The canonical examples of

Type I WSM are the non-centrosymmetric transition-metal monopnictides, such as TaAs.

Type II WSM represents a more exotic phase. In these materials, the Weyl cone is
significantly tilted, so much so that it can be “over-tilted” as shown in Fig. 4.5(b). As a
result, the Fermi energy does not cross the Weyl node at a single point but rather intersects
the cone over an extended region. This leads to a unique situation where the Weyl node
emerges at the boundary between electron and hole pockets, creating a saddle point in the
energy dispersion. This has profound consequences and the Fermi surface is no longer a point
but consists of small, connected electron and hole pockets. The quasiparticles are no longer
purely relativistic, and the low energy physics is a mixture of states. This tilting can lead to
distinct transport properties, for instance, a breakdown of the chiral anomaly under certain
conditions. WTey is one of many theoretically predicted and experimentally verified Type II

WSM [157].
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Figure 4.6: Band structure representation of the functionalized honeycomb lattice material.
The bands near the Fermi level for the material (a), (¢) without and (b), (d) with spin-orbit
coupling. In presence of spin-orbit coupling the insulator transition leads to quantum spin
hall insulator (QSHI) along with inverted band. Ay, denotes the band gap after hybridization

and directly corelates to the robustness of the topological nature of the material. Adopted
from Ref. [158]

4.3 Surface of Topological materials

The central organizing principle of topological materials is the bulk-boundary correspon-
dence. This profound theoretical concept asserts that a material with a topologically non
trivial bulk electronic structure, characterized by a non trivial topological invariant, must
necessarily host protected, gapless electronic states at its interfaces with a topologically trivial
medium, such as a vacuum. These boundary states arise from the change in the topolog-
ical invariant across the interface. The specific nature of these states, i.e. whether they
are helical edge channels, surface Dirac cones, or Fermi arcs is a direct manifestation of the
bulk’s topology and is robust against local perturbations and disorder due to its topological
origin [159].

The initial breakthrough in topological insulators was in 2D, which gave rise to the
QSH effect. In this state, a material that is a bulk insulator supports a pair of conducting
edge channels where electrons with opposite spins travel in opposite directions. This spin-
momentum locking, or helicity, is guaranteed by time reversal symmetry and strong spin-orbit
coupling. 2D topological insulators exhibit edge states that traverse the bulk gap. These
modes, protected by the Chern number and remain robust against perturbations preserving
the underlying symmetry. The quantum spin Hall effect being the hallmark of such systems,
where counter-propagating edge modes with opposite spins are protected by time-reversal

symmetry. Experimental realizations in HgTe quantum wells [18, 161] and other materials
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Figure 4.7: Band structure for the InAs/GaSb quantum well with electron (red) and hole
(blue) contribution with a 2D bulk band crossing. (a) Shows the absence of edge states in
case of the Fermi level adjusted in the bulk and (b) the localized current density on the edge
when Fermi level is situated within topological gap. Adopted from Ref. [160].

have confirmed these theoretical predictions.

The theoretical underpinnings for the emergence of these helical edge states lie in the
phenomenon of band inversion driven by SOC. In many 2D systems, the band structure is
composed of conduction and valence bands originating from different atomic orbitals (e.g.,
s-like and p-like orbitals) as shown in Fig. 4.6. In a trivial insulator, the conduction band lies
above the valence band, separated by an energy gap. However, when SOC is strong, it can
significantly alter the band ordering. The SOC interaction preferentially lowers the energy of
the s-like orbital-derived bands and raises the energy of the p-like orbital-derived bands. In
certain materials like HgTe, this effect is so pronounced that at the I' point of the Brillouin
zone, the p-like bands are pushed to a higher energy, causing them to cross and invert
their position with the s-like bands. This “band inversion” is the crucial event that changes
the topological invariant of the bulk. According to the bulk-boundary correspondence, this
change necessitates the presence of gapless edge states. Since time reversal symmetry is
preserved, the electrons are still Kramers degenerate, meaning a state and its time reversed
partner have the same energy. The edge states exist within the bulk gap and are spin-
polarized, with opposite spins moving in opposite directions along the edge. This strong
spin-momentum locking prevents backscattering from non-magnetic impurities, as a spin-up

electron moving to the right cannot scatter into a spin-up state moving to the left, which is
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Figure 4.8: An ARPES map of the topological Fermi surface of Biy_sCagsSes, the results
demonstrate the effects of the surface adsorption of NOj. (a) Show the ring originating from
the bulk-boundary resonance. The increase in dosage of NOgy (b)-(c) show the elimination of
the resonance and (c) and (i) show that a high dosage of 2L leads to Fermi level crossing the
Dirac point. The arrows denote the spin polarization of the bands. Adopted from Ref. [21].

not an available state. The topological protection ensures this quantization is robust, leading
to the observed quantized conductance.

The observation of these exotic edge states is critically dependent on the position of the
Fermi level. For the topological phase to be observable, the Fermi level must be located
within the bulk energy gap as shown in Fig. 4.7(b). In this scenario, the bulk of the material
remains insulating, while the helical edge states provide the only available transport channels.
This leads to the quantized conductance observed in experiments. If, however, the Fermi
level is tuned to lie inside either the bulk conduction or valence band [c.f. Fig. 4.7(a)l,
the system behaves as a conventional metal. The bulk states, being far more numerous,
dominate transport, effectively “shorting out” the topological edge states and making their
unique properties impossible to distinguish through transport measurements. The type of
edge state itself does not change, but its physical manifestation in experiments is entirely
dependent on the Fermi level’s position.

3D topological materials led to the discovery of new phases, all characterized by unique

surface states that were directly linked to their bulk topology. The most effective technique
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Figure 4.9: (A)-(E) Adopted from Ref. [24], are the surface Fermi arcs for TaAs. (A)-
(B) Results from first principle calculations show the Weyl nodes highlighted with red and
yellow circles, and (B) with dashed circles due to small offset of chemical potential. (C)
Schematics of the part of momentum space, showcasing the locations of Weyl nodes with
opposite chiralities (dark and hollow) connected with Fermi arcs. (D) The photoemission
plot of W1 around the Fermi energy from with the respective Fermi arc shown in (E). (F)-
(N) Surface Fermi arc plots for MoTey. (F)-(I) ARPES intensity map at Er = 0.005 €V to
—0.06 eV respectively. Red and gray arrow point towards the topological and trivial surface
states respectively. (K)-(N) Calculated plots from ab-initio calculations with yellow and gray
arrows pointing towards the topological and trivial states. Dotted line is the guide to the
eyes at the points where the Fermi arcs terminate. Adopted from [162].

for visualizing these electronic structures is ARPES. In materials like BisSeg and BisTes the
key signature is a single, gapless Dirac cone on their surface, with a linear dispersion relation

protected by time reversal symmetry.

Hsieh et al. [21] were among the first to use ARPES to definitively show a surface Dirac
cone in BisSes as shown in Fig. 4.8. Their experiments revealed a beautiful, conical band
structure on the material’s surface, located within the bulk energy gap. The Fermi level is
tuned by exposing the cleaved surface with NOs gas in different concentration as denoted
by L in Fig. 4.8. This clear observation was the foundational experimental proof for the

existence of 3D TIs and their unique surface states.

WSMs are characterized by the existence of chiral Weyl nodes in the bulk. The topologi-
cal charge of these nodes gives rise to the much celebrated Fermi arcs. These are open-ended
surface states that connect the projections of two Weyl nodes of opposite chirality. Unlike
the closed loops of a conventional Fermi surface, the non-closed nature of the Fermi arcs is a

direct consequence of the chirality of the bulk Weyl nodes, which act as sources and sinks for
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Figure 4.10: (a)-(d) The Fermi surface for NbP, NbAs, TaP, and TaAs, with Weyl points
marked with green and blue circles. (e)-(h) Demonstrates the splitting of a closed topo-
logically trivial Fermi circle and generating the Weyl points connected with Fermi arcs. (i)
Shows the effect of SOC on the length of the Fermi arcs. Adopted from Ref. [163].

the arcs. The experimental confirmation of the first WSM TaAs came from ARPES, which
provided the first direct visualization of the Fermi arcs as shown in Fig. 4.9. In a series of
breakthrough papers published in 2015, research teams including Xu et al. [13] used ARPES
to show unambiguous, non closed Fermi arcs on the surface of TaAs. This observation was
a powerful confirmation of the theoretical predictions and served as a definitive experimen-
tal signature of the Weyl semimetal phase. Fermi arcs have been observed in both type I
(TaAs) [24] and type II (MoTez) [162] WSMs. The length of these Fermi arcs is directly
correlated with the momentum space separation of the Weyl nodes, a separation that is a
direct consequence of the strength of the spin orbit coupling. This connection arises because
a Dirac node is protected by both time reversal and inversion symmetry. To create Weyl
nodes, one of these symmetries must be broken. Strong spin-orbit coupling, in concert with
the broken symmetry, acts as the primary mechanism that splits a single Dirac node into
a pair of separated Weyl nodes in momentum space. A stronger SOC typically results in a
larger momentum space separation between the Weyl nodes [c.f. Fig. 4.10], which in turn
leads to longer Fermi arcs on the material’s surface, as they must span the distance between

the projected nodes.



Chapter

Study of semimetal-insulator interface

As we saw in last chapter, topological insulators are materials which act as insulators
in their bulk but entertain conducting boundaries also called edge modes. The remarkable
robustness of these edge modes against disorder or non-magnetic impurities protected by the
time reversal symmetry only adds to their prominence. We also studied the theoretical un-
derpinning for TIs largely relies on effective models, simplified Hamiltonians that capture the
essential low-energy physics. We specifically studied 2D TT HgTe/CdTe quantum wells, the
BHZ model aimed at providing an effective Hamiltonian for the band inversion phenomenon.
For 3D TIs, like bismuth selenide (BizSes) and bismuth telluride (BixTes), the effective
Hamiltonian took a Dirac-like form, describing a single Dirac cone on the surface. These
surface states are composed of massless Dirac fermions, similar to those found in graphene.
The robustness of these surface states is a direct consequence of the non-trivial bulk topol-
ogy, again protected by time-reversal symmetry. The simplicity and predictive power of
these Dirac models has been instrumental in guiding experimental efforts, from material syn-
thesis to angle-resolved photoemission spectroscopy (ARPES) measurements, which directly
visualizes these iconic Dirac surface states. In parallel research has also been focused on
understanding and manipulating the properties of these materials (semimetals) in isolation.
The goal of these studies is to exploit the protected surface states of topological insulators
for spintronics and quantum computing, and to study the exotic transport phenomena in
topological semimetals. However, as the field matured, the focus has branched out naturally
from single-component systems to the new and fascinating physics that emerges when differ-
ent materials are brought into contact. This shift has given rise to the exciting subfield of
composite topological systems, where the interfaces between different topological materials
are the primary subject of study. By creating interfaces of topological and topologically

trivial materials, we can leverage their distinct properties to engineer novel electronic and
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spin behaviors. Semimetal-insulator interfaces whether physical or electronic, are where the
most dramatic changes in electronic structure occur, giving rise to novel phenomena such as
proximity-induced magnetism, tunable band alignments, and the creation of new protected
states can be explored and harnessed. At these boundaries, the material’s energy bands
can undergo a profound transformation, often leading to band inversion and the opening of
a gap, which in turn gives rise to new, emergent properties that do not exist in the bulk
materials. Examples of this include the formation of topological edge states that allow for
dissipationless electron flow and the Quantum Anomalous Hall (QAH) effect, both of which

are strictly interfacial phenomena.

Experimentalists have used doping which creates an electronic interface by spatially con-
trolling the concentration of impurities within a material. The boundary between a doped,
insulating region and an undoped, semimetallic region becomes an active site for a phase
transition. This was exemplified by the first principle calculations [164| showing that doping
a topological insulator like BisSes, BisTes and SboSes with magnetic impurities would open
a band gap at the Dirac point, thus creating an insulating region with a semimetal-like bulk.
This interface between the gapped surface state and the trivial bulk is where the QAH effect
is predicted to emerge. This was confirmed by observing a quantized Hall resistance plateau
at zero magnetic field on the surface of a BisTez and ShoTes film doped with chromium
and vanadium [29]. Chemical doping has been applied as a precise tool to create and con-
trol interfacial transitions. It was showed that nitrogen doping can be used to engineer a
metal-to-insulator transition in SrNbQOj3, leading to a remarkable increase in resistivity that
could be leveraged for future electronic devices [165]. Similarly, an application of doping
was demonstrated in TasNiSes, where potassium deposition was used to precisely control
the excitonic insulator-to-semimetal transition, providing a mechanism for actively tuning a

material’s band structure for optoelectronic applications [166].

While bulk pressure can induce a uniform phase transition, non-uniform pressure or strain
can create a sharp, physical interface between two different electronic phases within a single
crystal. Inhomogeneous strain provides an alternative to chemical doping. As pressure is
applied to an elemental Te crystal, the electronic bands deform, leading to a band-crossing
that creates an interface between a trivial semiconductor and a WSM [167]. Similarly, strain
engineering, a more localized approach, can be used to create such interfaces with high spa-
tial precision. Using first principles study [168], PtTes monolayer demonstrates a critical
amount of biaxial tensile strain can induce a topological phase transition from a trivial in-

sulator to a topological insulator. Under axial strain which involves applying a compressive
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in plane biaxial strain and a tensile strain perpendicular to the plane, phosphorene shows
a topolological phase transition [169]. The phase transition happens in the electronic band
structure within the tight binding approximation with the inclusion of the SOC. Moreover,
recent study highlights the general potential of strain engineering to induce phase transi-
tions among trivial insulating, semimetallic, and topological phases in a wide variety of 2D
materials [170].

Layering different materials in heterostructures and superlattices is the most direct and
designed method for creating a sharp, physical semimetal-insulator interface. The unique
properties of these interfaces are a result of charge transfer, orbital hybridization, and sym-
metry breaking at the boundary. The theoretical foundation for creating new topological
states in layered structures was established by A. A. Burkov and L. Balents, who proposed
a method for realizing a WSM at the interface of a superlattice [151].

Before the advent of the topological insulators the theoretical groundwork for the interface
engineering was laid in the 1980s by B. A. Volkov and o. A. Pankratov [171, 172|. They
showed that in a composite system like HgCd/CgTe which experiences a smooth inversion
of band gap a massive edge state appears at the interface. Within a two band continuum
model of a topological heterostructure describing a Dirac node, the resulting states have at
least one chiral mode which is topologically robust [173-175|. In this chapter we will study
a topological heterostructure which is an interface of insulator and a Weyl semimetal. We
model the WSM to be invariant under time reversal symmetry and thus leading to a model
with four Weyl node. Such a system is expected to host versatile edge states along the
interface,and we begin with carefully modelling the interface in Sec. 5.1.1. We describe the
possibilities such an interface posses in Sec. 5.1.2 by describing its phase diagram. Selecting
appropriate model we solve the eigenvalue problems to get the energy spectrum in Sec. 5.2.

Finally, we discuss our results and observations in Sec. 5.3.

5.1 Building the interface

The success of effective models in TIs naturally paved the way for exploring other topolog-
ical phases, particularly those where protecting symmetries are broken. We build an effective
model for an interface with an insulator and a WSM with a smooth boundary [c.f. Fig. 5.1].
The effective model for a WSM typically is constructed by taking a small energy expansion
around the Weyl node of either chirality. This approach is well suited for systematic study
of physical phenomenon which are mostly influenced by the Weyl node and its immediate

surrounding like behavior of Landau levels in the vicinity of the Weyl node under application



CHAPTER 5. STUDY OF SEMIMETAL-INSULATOR INTERFACE 106

Figure 5.1: Cartoon of an interface of insulator and a Weyl semimetal. The gradient signifies
the smooth transition from trivial topological phase to non-trivial topological phase.

of an external magnetic field. On the contrary surface states are special electronic states
that are confined to the surface or boundary of a material, existing even when the bulk of
the material is an insulator and hence requiring more than just the immediate vicinity of
Weyl nodes. The surface states of a Weyl semimetal, known as Fermi arcs, are a direct
consequence of the topological nature of the Weyl nodes. When the 3D momentum space of
the bulk material is projected onto the 2D surface Brillouin zone, the bulk Weyl nodes also
get projected onto this surface. As a single Weyl node is a “monopole” of Berry curvature, a
single Fermi arc must emerge from each projected node [147]. Therefore, the Fermi arcs are
not closed loops, but rather open segments in the surface Brillouin zone. Each arc connects
two projected Weyl nodes of opposite chirality, acting as a “bridge” between them [176].
They represent a unique and dramatic consequence of the famous bulk-boundary correspon-
dence, demonstrating how a 3D bulk property (the Weyl nodes) directly dictates a 2D surface

phenomenon (the Fermi arcs).

5.1.1 Semimetal-insulator interface Model

To begin with we consider a two band model for WSM describing two pairs of Weyl nodes
making up the semimetal section of the interface. The Hamiltonian expanded in the Pauli

matrix basis o = (I, o, 0y, 0,) is given by
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the coefficient N = (N, Ny, N.) and the components are given as follows

h2 q2 q2
N, = A, — — [ 2% 4+ 2% 52
: ©T 3 (m +m§> (5-2)
Ny = heygy (5.3)
hQ q2 q2
N, = A, — — [ 2 4 22 54
: *7 (m +m§) (54)

mf where {3, j} € {x, 2z} are the effective masses for the respective direction. ¢, is the Fermi
velocity in y direction. A, and A, are the gap parameter which accounts the separation
between the Weyl nodes. We note that such a description of WSM is time-reversal invariant
in nature, which explains that one pair of Weyl nodes are the Kramer partner of the other
pair. To simplify the representation we perform a rotation in the Pauli basis about o, by

/2

i

H = exp <f%ax) H exp (ZUI)

= Ngoy—N,oy+ Nyo,

It is only natural to work in natural units with 2 = ¢ = 1. We also unify the gap parameters
A = A, +1A,, along side we define complex effective masses 1/m, = 1/m% + 1/mZ, and

1/m, = 1/m% +1/m? giving us the following

1 ( g2 a2
Cyly A-g (f + f)
H = L il 2 m m (5.5)
A - § <ml; + mE) _qul/

The energy eigenvalues of H are given as follows

Be = /g +|DP (5:6)

1/¢ ¢\
- 22 lA_ (9%
\/cyqy+‘ 5 <mx + m.

The energy eigenvalues form two 3D surfaces and for g, = 0 the surfaces are controlled by

(5.7)

D ie, Re(D) = N, and Im(D) = N,. As a result the energy surfaces touch only and only
for the momenta where Re(D) = Re(D) = 0. These simultaneous conditions imply that

the Weyl nodes appear only if the ellipses made by N, (say ellipse x) and N, (say ellipse z)

4G &
mz | m
X z

intersect giving the following equations necessary

2 2
Ax:1<%+%> and A, —

1
2\m%Z m? 2
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Its important to note that both these equations must be satisfied simultaneously to have
Weyl points. The lack of real valued solutions for the value of momenta leads to opening of

a trivial band gap hence describing an insulator.

In order to model a material which is an interface between an Insulator and a WSM, the
gap parameter can be made a function of the spatial dimension x. We introduce a smooth
change of gap parameter A thus we can fulfill the requirements for the existence of the surface

states. Hence we introduce the following

Ay -6 forax< -l Ay — 0y forx < -1
Ar =9 A+ 617 for |z| <1 and A=A+ 67 for |z] <1 (5.8)
A1+061 forxz>1 Ny 46y  forxz >1

When tuned appropriately behavior of A, and A, brings an insulator (on the left) and WSM
(on the right) together with a smooth transition (with a linear dependence on z) and still a

clear boundary. We also denote Ag = Ay + 1As.

The model can be made much richer by introducing a rotation which would allow the
surface states to show diversity. The Weyl nodes can also reoriented by rotating them in the

momentum space about the g, by an angle 6 with the following

q» — @, cos —q, sinfl  and ¢, — q, sinf + g, cosf

It is important to note that this is just a geometric rotation and now a rotation in pseudo-
spin. The Hamiltonian stays effectively identical from the perspective of its symmetries. The

rotation leads to the addition of a new cross term in ¢.q,, and the non diagonal term D now

Energy

Figure 5.2: The energy dispersion of the continuum model with four Weyl nodes.
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Phase diagram

2.0
1.54
Insulator
g 1.0
WSM with 4 WPs
0.5 A
Insulator
0.0 0.3 0.6 0.9

Ay

Figure 5.3: Phase diagram for the Hamiltonian, the blue and orange line mark the boundary
between the Insulating phase and the Weyl semimetal phase. The insulating phase appears
when either both A, and A, are negative or the ellipses realized by them do not intersect.
When the right conditions are met the ellipses touch at only two points hence the Hamiltonian
hosts two Weyl points. This results in the blue and orange boundaries between WSM and
insulator.

takes the following form

D - A_ qé <COS29 N sin29> B ﬁ <sin29 N cos29>  q2Qx8in20 (1 B 1>.

z z z z z T
2 mZ m2 2 mZ mZ 2 mZ  mZ

5.1.2 Phase space

We have already hinted that the parameters in the system need to be optimised, this
happens because the gap parameter along with the effective masses are capable of resulting
distinctive features which are different from our required interface. To understand this we
begin by noting that the modeled system is not topological in case the ellipses do not intersect
in other words A, < 0 or A, < 0 such a choice of parameters result in a gaped system leading
in an insulating phase for all real momenta. It is important to note that the eccentricity
which is managed by the effective mass cannot be tweaked to change this insulating phase.
On the other hand, A, > 0 and A, > 0 can give us degenerate energy states resulting in
WSM phase if and only if the the ellipses intersect. The ellipses can be manipulated by
the effective masses mf , affecting the location of the intersection and hence the location of
the Weyl points. Nevertheless, the Weyl points are located symmetrically about ¢, = 0 and

gz = 0. The gap parameters, A, and A, scale the size of respective ellipses.

We consider a symmetric configuration of Weyl nodes and fix the effective masses ac-
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Phase diagram
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Figure 5.4: (a) Phase space with different cross sections. Blue dashed line corresponds to
an interface of Insulator and a WSM with 4 WP. Green dashed line models a sandwiched
system i.e. Insulator-WSM-Insulator. (b) Depicts the function dependence of A, and A, on
x leading to boundaries between the insulating and topological phase.

cordingly. In our work we consider, my = m? = 2 and m7 = m? = 1. As z interpolates
between —I to [ both ellipses change in size at different rates depending upon d; 2. Hence
certain choices of parameters can lead to one of the ellipse enclosing the other and forbidding
any intersection of ellipses. We can calibrate A; o and 61 2 in such a way that one of the
ellipses just about touches the other ellipse at x = —I and they both scale maintaining two
intersection points. It is natural to consider a 'phase space’ of the interface which describes
the topological nature of the materials on either side of the interface. The ellipses can touch
along ¢, or g, depending upon the values of chosen parameters. It is easy to determine that
these extremes correspond to A, mZ = A, m% and A, m7 = A, m? respectively. For the
chosen effective masses the two conditions described above result in the phase of interface
which links insulator and a WSM with two Weyl nodes. This delicate balance separates the
phase space of the interface of two kinds as shown in Fig. 5.3. The boundary in the phase
space as shown in Fig. 5.3 in blue describes the interface with insulator and a WSM with
Weyl nodes appearing along g, and similarly the boundary in orange has a WSM with Weyl
nodes along ¢,. Scaling the ellipse now turns out to be a tuning factor which brings about
the transition of phase of the interface. The dependence of gap parameter on the spatial
dimension x produces the phase space and parameterization of A, , with appropriate values

leads to sampling of the phase diagram [Fig. 5.4(a)| with a linear cut of finite length. The
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introduced parametrization of A, , can be represented in a form independent of x as follow

Ay = Ap+ 51% and A, = Ay + 5% (5.9)
Ar—Ar AL - A,
5 Ay A
A= (2)a, 224 11
<51> " 62<52 51) (5:1)

As mentioned previously, A, . in this form independent of x, corresponding to any finite slice
across the phase diagram we can model an interface with with different stacking as shown
in Fig. 5.4(a). The finite nature of slice in phase diagram does not imply the a finite size
of the insulating region or the topological region along the x direction. This will turn-out
to be not very crucial with respect to the solution to the problem under consideration and
will be revisited in Sec. 5.2. This re-imagined form of the gap parameters allow us to neatly
classify different possible interface permitted as depicted in Fig. 5.4(a). The Interface can be

modified by changing the values of parameters to have

e One boundary with insulator on the left and WSM phase on the right, with four Weyl
nodes as shown in blue in Fig. 5.4(a) resulting from the choice of parameters shown in

Fig. 5.4(b)

e An interface formed by sandwiching WSM with four Weyl nodes with insulators on
either end. The four Weyl points merge into two Weyl points before the topological
phase transitions to trivial phase forming the insulating region. Such an interface has

resemblance with the quantum wells and is shown in green in Fig. 5.4(a).

e Apart from physical possibilty the model also allows for an interface of insulator and a

WSM with two Weyl nodes as shown in yellow and red in Fig. 5.4(a).

We will choose parameters which results in the interface of first kind, as we sought out to.

5.2 Analytical and numerical method techniques

We wish to find the energy spectrum the Hamiltonian in the entire interface i.e. x €
(—00, 00). The gap parameter A changes the functional form at +/ and thus manifesting a
piecewise form. The presence of the spatial dimension x in the Hamiltonian ¢, is no longer
a good quantum number due to [z, g;] = 1. We choose to solve for the wavefunction across
the interface as the function of the spatial dimension i.e. [¢) = 9 (z, ¢.,q,). We know from

elementary quantum mechanics that the wavefunction for the interface should be continuous.
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As we look for the wavefunction solution to the eigenvalue problem as a function of spatial
dimension z, at the boundaries £! due to the presence of ¢? term in the Hamiltonian the

wavefunction is additionally required to be doubly differentiable at x = +I.

The wavefunction in the clamped regions i.e. for |z| > [ is a 2 component Dirac spinor

and the phase factor is given as follow

eFir for x < —1
phase = (5.12)

etk for ¢ >1

here k; is the momentum vector in the insulating region of the interface corresponding to
x < —l and similarly k; is the momentum vector for topological region for x > I. The

momenta must satisfy the eigenvalue energy relation

2 2
E_i\/cgngr Ai,t—l(karkz)

2\m;  m,
and the equation must be satisfied for both insulating region (k = k;) and the topological

2
(5.13)

region (k = k;), and FE is the energy of the interface. Assuming the insulating band gap is
given by Ejg, in case the energy |E| < Ep,/2, then not all components k; can be real valued
to satisfy the energy equation for the interface. This fact forces the wave phase to takes a
decaying nature in the insulating phase. This restricts the wavefunction energetically within

the topological region.

The introduction of x quantizes the energy spectrum, the allowed energy states can be
found by constructing the eigenfunction in terms of the Harmonic oscillator states. To begin

with we define m = |my|, and § = 1 + 192 allows us to write the annihilation operator

_ (7;9)3* (%m) .10

The creation and annihilation operators satisfy the anti commutation relation [af, a] = 1.

This choice of annihilation operator brings out an inherent length scale in the system

- %)i (5.15)

It is important to note that the choice for a is not unique and we will revisit this point later

in this section. The off diagonal term from the Hamiltonian can be written in terms of these
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creation and annihilation operators which gives us the following,

T 1 q2 q2
D = A4+0=—- |24+ 2Z 5.16
+ l 2<mm+mz ( )
9 1
q o 1 m|5’)2 2
= A-—22 41—  _(a'+a)+ < al —a 5.17
m, (4m|6|l2)i ( ) 2m, \ 412 ( ) ( )

The wavefunction can be constructed using the harmonic oscillator states |n) which are

solution to

(aTa—F;) In) = Njn) (5.18)

here N = n+ 1/2. The wavefunction in the linear region of the interface itself being is a two
component spinor. Each of component of wavefunction is composed of all harmonic oscillator

states and thus has a coherent states-like structure as follow

o0

@Z)i:(l'v 4z, Qy) = Z

i=0 \ B (gzs ay)ld)

. .
iy (@2, ay)1i) (5.19)

Here + correspond to the conduction or valance band. We solve for the coefficients afn and
Bfn numerically.

The complete solution for the entire interface appears after we match the boundary
condition which in this case puts constrain on the phase of Dirac spinor for |z| > [. As we
are not studying the reflective or transmissive properties of the interface we can get away
with matching. We note that the eigenvectors are not square integrable in ¢, and in this

sense ¢, only parametrizes the wavefunction.

5.2.1 Nature of solution

We discuss the interface of first kind as marked by blue in Fig. 5.4(a) corresponding to
the parameters plotted in Fig. 5.4(b). In the process of choosing a cut across the phase space
we end up fixing & and thus the only free parameter left in the model is [ which entirely
controls the length scale o ultimately the model. It is the harmonic oscillator states which
shape up the wavefunction. These states are themselves localized in a parabolic potential

and hence have a Gaussian spread across = given as follows

|n) o e/ (5.20)

z? [? x?
= exp <_l2a?> = exp (—172[2) . (5.21)
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Here n = \/m i a dimensionless quantity. The wavefunction as a function of z/l has a
spread (standard deviation) inversely related to [ as the above makes clear. Due to presence
of multiple energy and length scales, the wavefunction when represented as a function of
x the spread shows a direct proportionality with . The Gaussian spread implies that the
wavefunction is localized around a value of x which depends upon afn(qy, q-) and ﬁfn(qy, qz)-
It is also fruitful to note that the momentum space wavefunction which is the Fourier partner
of the ¢, (x) will also be localized due to the Gaussian nature of |n). Nevertheless, [ has
the inverse effect on the spread of momentum space wavefunction compared to the real
space wavefunction. Hence increase in [, results decrease in the spread of momentum space

wavefunction.

The wavefunction is the result of quantization of the entire interface, meaning, the final
energy eigenvalues and wavefunction itself accounts for not only the insulating phase but
also the topological phase. This topological phase has Weyl nodes and quantization takes
into account the variation in their separation which happens as = changes. However, the gap
parameter A does not experiences any change due to [, as far as it is concerned it depends
upon ¢ and gap at x = 0i.e. Ag. This is a vital observation as the size of ellipses is controlled
by A, its independence from [ implies that the ellipses in the momentum space do not get

affected by [ either.

Due to the quantization the eigen energies are no longer function of either of z or ¢,.
Consider a real space picture which involves taking a projection of g, on x — g, plane. The
momentum space picture can be imagined as aggregation of all slices of momentum ¢, — g,
(assuming ¢, = 0 for simplicity) corresponding to every values of x. It might appear that
such a projection on ¢, — g, plane loses the boundary of the system. But it turns out that
the boundary is now interpreted as the lack of intersection of the ellipses. Effectively, both
pictures are a trade-off between x and ¢, and play an important part in understanding the
system. The observations made above are basically real space and momentum space picture
of the eigenvalue problem. The consequence of the localization of real space wavefunction
along x implies that the sampling by the wavefunction of the region with Weyl points with
large separation (rooting from large x) will always be suppressed exponentially. Similarly, the
insulating region with large band gap Ep, (resulting from large —x) will also be suppressed
exponentially. Additionally, in the momentum space picture the observation asserts that
the the spread of momentum space wavefunction decreases with [. Prompting a sampling of
momentum space i.e. ¢z —¢q, plane where the Weyl points are located with a sharp momentum

space wavefunction as the separation of Weyl points in ¢, — ¢, plane remains unaffected by
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Energy for /=1
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Figure 5.5: Panel shows the (a) dispersion of allowed energy levels, (b) the wavefunction
density for n = +1 band at ¢, = 0, and (c) the map of |¢(qs, ¢.)|* for n = +1 band.
The red-dashed line on (b) marks the boundary where the insulator transitions to the WSM
phase. Red ellipse correspond to the ellipse of WSM region for x = [. The parameters chosen
are from the Fig. 5.4(b) and [ = 1.

The interface modeled here is a smooth (linear) transition of the gap parameter but the
topological phase transition from insulating phase to WSM phase is abrupt. The parameters
chosen the interface has the topological boundary for xg, where the intersection of ellipses

lead to real valued solution. For the chosen parameters as shown in Fig. 5.4(b) is at g =

“UAL/8y) = —1/V2.

5.3 Enmergy spectrum of the interface

As the wavefunction is not square-integrable in g,, we treat it as the parameter. We
numerically solve the eigenvalue equation varying ¢,. Fig. 5.5(a) shows some allowed bands
around zero energy for [ = 1. The spectrum is calculated assuming ¢, = 0. ¢, can be
reinstated using Eq. (5.6) for small value of energy the dispersion is quadratic along g,. As
expected the energy spectrum is symmetric about ¢, = 0. The energy eigen states shows
degeneracy between E(')F and E|; for certain range of ¢, and the spectrum is gapped around
q. = 0. All adjacent energy bands beyond Eg[ are degenerate within the same range of
q.. Fig. 5.5(b) plots the square of the absolute value of the wavefunction for ¢, = 0 as the
function of x/l. The red dashed line marks the boundary between the insulating and WSM
phase of the interface. Fig. 5.5(c) is the density plot for the square of the absolute value of

the momentum space wavefunction in ¢, — ¢, plane. The red dashed line shows the ellipses
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at £ = [ marking the end of linear regime of the gap parameter.

We recall from previous discussion that the wavefunction is localized and this introduces
an effective natural smooth boundary for the region |x| > [. The states remain confined
around the boundary of the topological phase transition (xp). Such a localization is not
novel and had already been noted first by Volkov and Pankratov with gap parameter which
varies smoothly over the interface [171, 172]. The localization of the energy states has been
noted even for the gap parameter which is linear around the topological phase boundary
and clamped beyond some length [173, 174]. These localized states are the aforementioned
VP states and they generically appear in topological heterostructures as the interface model
considered here. We can exploit this confinement by choosing an [ which leads to momentum
space wavefunction to be localized within the purview of the ellipses resulting from the
clamped region of WSM phase (ellipses at = [) i.e. red dashed region of momentum space

as shown in Fig. 5.5(c).

Energy for [ = 50

Probability density

Energy

q:z
Wavefunction

Jwx)|2

T T T T T 0.0
-1.0 —0.5 0.0 0.5 1.0 -2 -1 0 1 2
X/l qz

Figure 5.6: Panel shows the (a) energy bands, (b) wavefunction density, and (c) map of the
momentum space wavefunction density same as Fig. 5.5 for { = 50.

Natural confinement of the wavefunction within the linear range (z € [, []) of the gap
parameter because of the Gaussain weight, the wavefunction behaves closely mimics the exact
solution of the problem in the clamped region (|z| > [) as well. A qualitative inspection leads
us to conclude that [ = 50 is best suited as the solution for the interface. A comparison of
the wavefunctions for the case of | = 1 (Fig. 5.5(b)) and I = 50 (Fig. 5.6(b)) shows a clear
localization of the wavefunction for ¢, = 0. This seeming opposite behavior of wavefunction

was explained earlier and is the artifact of the result being represented as x/I.
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5.3.1 Spectral Analysis of the interface

The geometry of the interface is such that the system is unbounded along y and z direc-
tion. The boundary between insulator and the WSM is located along z. The bulk boundary
correspondence states that the topological properties of a material’s bulk directly dictate the
existence and properties of protected, conducting states on its lower dimensional boundary

(surface or edges). When a 3D bulk insulator and a 3D topological material (WSM in our
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Figure 5.7: The spectral function evaluated for the interface at different frequencies w. The
integral of the spectral function is evaluated for w = 0.2] around the boundary of the interface
at xg = =1/ V/2 for the chosen parameters.

case) are brought together, a gapless interface state forms at their shared boundary. This
is the direct consequence of the bulk boundary correspondence and the difference in their
topological invariants. The topological invariant of a system cannot change unless the energy
gap closes. Since the topological material and the normal insulator have different invariants,
their interface acts as a domain wall where the topology must change. For this transition to

occur, the energy gap must close at the interface, which results in the formation of gapless
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interface states. As seen in Fig. 5.6(a) the energy gap closes and making the topologically
protected surface states (at the boundary of the interface x = z) inevitable.

To observe these surface states we write down the following spectral function

. . Totw <wn(q,z7q ;w)wjn((haq 7x)>
Aw) = Im [lg%/x dxzn: w_%n(qzqu)ﬂye (5.22)

0—w

here we measure the contribution from the states around the energy w from the whole bulk
which is ensured by summing over all states. To make sure we only observe the edge the inte-
gral is performed around the boundary zq of the interface within a width of 2w. Fig. 5.7 shows
the evaluated spectral function around the boundary for different w. As e — 0 in Eq.(5.22)
the contribution from states with energy not around w falls off.

In the limit ¢ — 0, the wavefunction density becomes the kernel for the Dirac delta
function. Hence the zero value of spectral function implies that the wavefunction density from
the effective edge (xg — w, z¢ + w) has no contribution. The peaks in the Fig. 5.7(a) appear
right around the g, ~ £1 which is shared by the ¢, where the energy gap closes (Fig. 5.6(a))
the first time as we move from ¢, = 0. The integral in the spectral function over the entire
interface () would be exactly equal to the wavefunction density in the momentum space,
however the finite limit around the boundary, introduces an oscillating weight. Nonetheless,
the integral is still a carefully chosen ’average’ of either certain range x or ¢, with some
oscillating weight. It is quite peculiar that the spectral function in Fig. 5.7(a) is zero beyond
lg-| > 1, and this happens because the wavefunction density in the degenerate part of the
energy section for n = £1 comes from the bulk WSM phase. This can be argued based
on a simple fact that energy is smaller that insulating band gap energy hence will always
be exponentially suppressed. The integral of wavefunction density gives a zero result as we
probe the higher energy in Fig. 5.7(b), therefore we observe that the edge states are open
curves (half moons) and symmetric about ¢, = 0 and ¢, = 0. For the degenerate region of
the spectrum for n = +1, the energy for non zero g, is simply given by Eli = +|qy|. The
end points of half moon are with opposite chirality. Increasing the w transforms the surface
states as shown in Fig. 5.7(b)-(d). The half moons grow larger and due to the presence of the
nondegenerate dome around ¢, = 0 having a near edge contribution as shown in Fig. 5.6(a)-
(b). The half moons warp as the frequency is increased and eventually merge at the energy
near the top of the dome [c.f. Fig. 5.6(a)| as shown in Fig. 5.7(c). A further increase in the
frequency shows separated arms dispersing along ¢, as two open-ended curves as shown in
Fig. 5.7(d).

In summary, we modeled an interface with a diverse phase which includes trivial and
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topological regions [c.f. Fig. 5.3]. Choosing the set of parameters which lead to an interface
of an insulator and WSM, we numerically solved for the energy spectrum for the interface.
In doing so we broke the inversion symmetry of the Hamiltonian by introducing the x depen-
dence within the gap parameter. Owing to the Gaussian nature of the solutions, the eigen
states experience a natural cutoff. We exploited this fact to argue that the energy spectrum
for large enough [ (I = 50 for our case) best approximates the solution to the interface with
clamped gap parameters beyond |z| > [. Finally, using the spectral function peaked around
the boundary of the interface we demonstrated that the edge states undergo a chiral flip as

they connect points in the momentum space with opposite chirality.
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Chapter

Summary

This thesis explores the fascinating properties of states that are confined to the edges
and boundaries of 1D and 3D topological materials. Chapter 1 provided a comprehensive
overview of these systems and their unique characteristics. The study began with a general
introduction to the observable effects of topology in condensed matter physics. We first
discussed the QHE, which results from the quantization of charge carrier orbits, and then
extend this discussion to related phenomena such as the SQHE and the AQHE. This foun-
dation provides the necessary context for understanding more complex systems. Moreover,
the thesis reviews prominent edge modes, focusing specifically on the MBS that appear on
1D topological superconductors. This section delves into the unique, non-trivial properties
of these modes. The Chapter concludes by presenting a detailed classification of topological
materials using the universally recognized framework, the “tenfold way”. This classification
system is essential for organizing and understanding the diverse landscape of topological
phases.

The classification allows us the crucial points of distinction of topological materials, from
the dimensionality of their boundaries to the different mathematical invariants that describe
their topological properties. 1D topological materials are distinguished from 3D topological
insulators by the dimensionality of their boundaries and the nature of their topological invari-
ants. In 1D systems, the topology is described by an integer winding number that dictates
the existence of robust, zero-energy states localized at the material’s 0D ends. In contrast,
3D topological insulators are characterized by a gapped bulk with protected, gapless metallic
states residing on their 2D surfaces, where their topology is governed by a Zs invariant. This
fundamental difference in their topological descriptions leads to distinct boundary states:
localized end states in 1D and extended surface states in 3D.

In Chapter 2 we began with the SSH model to demonstrate the notion of topological
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invariant in a 1D materials. Expanding the model around the degenerate point in the Bril-
louin zone, we arrived at the effective model for SSH model around the degenerate point.
A spatially varying mass term introduced which led to the emergence of edge mode around
the boundary of the effective model. We further reviewed the superconducting nanowire
system which borrow superconductivity due to proximity effect. The Kitaev’s chain formed
the basis of our discussion, we revisited the edge modes associated to the degenerate zero
energy states of the Kitaev chain. Finally, we discussed the topological phase and the exper-
imental advances pertaining the edge modes in spin-full nanowires with ferromagnetic and

anti-ferromagnetic ordering.

We presented our results in the Chapter 3 on the study of 1D structure made of coupled
nanowires. We used the foundational techniques introduced in the Chapter 2 to study the
topological phase of the ladder system. We found that the topological phase of the ladder
in the weakly coupled regime is composed of the topological phase of a single nanowire
with altered chemical potential. However, this approximation deviates as the strength of
Rashba SOC between wires, 7 is increased. The nonlinear composition of topological phases
of single nanowire creates unexpected patterns which ultimately lead to winding number +3.
The finite ladder system with open boundary condition hosts zero energy modes which are
the MBS. Additionally, the energy spectrum also has degenerate energy bands within the
superconducting gap. The LDOS associated with the degenerate bands is localized at the
edge of the ladder.

We discussed the bulk topological materials in the Chapter 4, wherein we take a similar
route as earlier and introduce the basic notions used in quantifying the topological properties
of bulk materials. We demonstrated the consequences of the non-trivial topological charac-
teristics in models based on 2D honeycomb lattice. We advanced our discussion to with BHZ
model, an effective model designed to capture the band inversion in HgTe/CdTe quantum
wells. It is the BHZ model which forms the bridge between the composite 2D materials to
3D topological materials and this was shown in the 3D version of BHZ model. Naturally, the
3D BHZ model gave way to discuss the Dirac fermions and later Weyl fermions which are
the characteristic quasi-particles of Dirac and Weyl semimetals, respectively. Such topolog-
ical quasi-particles in BZ lead to localised states on the 2D surface of the 3D material. We
discussed extensively the experimental findings of various types of topological materials like

topological insulators, Weyl semimetals, and heterostructures.

The Chapter 5 constituted our results on the study of an interface of insulator and

a WSM. Starting with a time reversal effective model of WSM, we designed a Hamiltonian
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with a spatially varying gap parameter resulting in the interface. We explored the topological
behavior of the interface depending upon the chosen values of gap parameter. Fixing our
model parameters which lead to a insulator-WSM interface, we solve the eigenvalue problem
numerically. We note that the eigenstates are naturally confined due to the Gaussian weight
of the basis states. The natural confinement of the eigenstates allows us to bypass the
matching the boundary values of the wavefunction for appropriate value of . We observe
that the allowed spectrum shows degeneracy with adjacent energy eigenstates. We study the

associated edge modes using the spectral function for w = (0,0.1) range.
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