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English abstract

Materials containing kagome lattice act as a platform to study condensed matter phenomena
which are interesting from both fundamental and application perspectives. The lattice, which
contains an array of corner-sharing triangles, is known to host many intriguing electronic proper-
ties with their roots in the strong electron-electron correlation and topological properties arising
from symmetry-protected degenerate points in the band structure. In this thesis, I discuss the
possibility of realizing kagome and kagome-like lattices in real materials. It will be shown in
some works that the perfect kagome structure is found in only a few materials. In all the other
cases the compounds stabilize in symmetries containing distorted kagome layers. For example,
I explicitly study this phenomenon for different symmetry groups of CoGe, under ambient and
applied pressure. The analysis of the phonon soft modes leads to the conclusion that CoGe does
not stabilize in the symmetry group containing the perfect kagome layer (Cmmm, P6/mmm),
rather it stabilizes in the symmetry group containing distorted kagome layer (P6̄2m). Similar
studies are also presented for Pt3Pb2Sn and FeGe. I will show that this has a significant impact
on the properties of materials. Such as, for FeGe it leads to a charge density wave instability,
and the reason behind the distortion in this case turns out to be the strong electron-electron
correlation amongst the Fe atoms forming the kagome lattice. While immensely studied in the
context of electronic band structure, the largely unexplored area of symmetry-protected degen-
erate points, degenerate lines, and flat bands in the context of phonon band structure will be
explored too. For T3Pb2Ch (T = Pd, Pt and Ch = S, Se) and RhPb, I observe nodal lines
in the phonon band structure and for RhPb, phonon drumhead states extending between two
such nodal lines in the phonon surface state spectrum are observed. For T3Pb2Ch (T = Pd, Pt
and Ch = S, Se) and ABi2 (A = K, Rb, Cs), I discuss the possibility of finding chiral phonons,
phonons with finite handedness. In that direction, I theoretically predict two new materials
with broken bulk inversion symmetry (KRbBi4, RbCsBi4), which can be synthesized in the ex-
periment and used to study the phonon Hall effect. I also describe some interesting electronic
properties of kagome lattice-based superconductors. In particular, it is shown that the presence
of van Hove singularity and flat band singularity in the density of states can drastically impact
the coupling strength and the decay length of the impurity-induced in-gap bound states of the
superconductor (known as the Shiba states), making them more useful for application purposes.
This thesis is a collection of papers that resulted from my works performed during my PhD
study. The papers are stacked up in Chapter 4. Chapter 3 gives a short guide to the Sections
of Chapter 4. In Chapter 2, I describe the theoretical methods used to obtain the results.
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Abstrakt w języku polskim

Materiały zawierające sieć kagome stanowią platformę do badania różnego rodzaju zjawisk fizy-
cznych (podstawowych i aplikacyjnych) w fizyce ciała stałego. Sieć powstająca z połączonych
wierzchołkami trójkątów posiada wiele intrygujących własności elektronowych, które stanowią
podstawę silnych korelacji elektronowych oraz własności topologicznych, wynikających z ist-
nienia w strukturze pasmowej punktów o zdegenerowanych energiach. W tej rozprawie dysku-
tuję możliwość realizacji sieci kagome oraz podobnej do kagome w układach rzeczywistych. W
niektórych pracach pokazano, że idealna sieć kagome jest realizowana w kilku materiałach. W
pozostałych przypadkach, układ jest stabilny w fazie, która zawiera zdeformowaną sieć kagome.
Dla przykładu, dokładnie badam to zachowanie w CoGe z różnymi symetriami, w obecności
ciśnienia. Analiza miękkiego modu prowadzi do wniosku, że CoGe nie jest stabilny w symetrii
z idealną siecią kagome (np. Cmmm lub P6/mmm), i jest stabilny w obecności dystorsji tej
sieci (w symetrii P6̄2m). Podobne badania przeprowadzono dla Pt3Pb2Sn i FeGe. Pokażemy, że
również taka sieć posiada istotny wpływ na własności materiałów. Podobnie jak w przypadku
FeGe, może to prowadzić do niestabilności CDW (fali gęstości ładunku). O ile w tym kontekś-
cie struktura elektronowa była intensywnie badana, o tyle w przypadku relacji dyspersyjnych
fononów badanie punktów zdegenerowanych, linii nodalnych, czy płaskich pasm stanowi ot-
warty temat. Dla T3Pb2Ch (T = Pd, Pt and Ch = S, Se) i RhPb, obserwujemy linie nodalne w
pasmach fononowych, a w przypadku RhPb stany powierzchniowe pomiędzy tymi liniami. Dla
T3Pb2Ch (T = Pd, Pt and Ch = S, Se) i ABi2 (A = K, Rb, Cs) dyskutuję możliwość znalezienia
fononów chiralnych (o skończonej skrętności). W tym kontekście, teoretycznie przewiduję istnie-
nie dwóch nowych materiałów ze złamaną symetrią inwersji (KRbBi4, RbCsBi4), które mogą być
wykorzystane do eksperymentalnego badnia fononowego efektu Halla. Opisuję również niektóre
interesujące własności elektronów nadprzewodników z siecą kagome. Dokładniej, jak magne-
tyczna domieszka indukuje stan wewnątrzszczelinowy (wewnątrz przerwy nadprzewodzącej),
nazywany stanem Shiby, oraz jak może on być “sterowany” poprzez istnienie płaskiego pasma
w układzie. Rozprawa ta stanowi zbiór prac naukowych prezentujących wyniki uzyskane w
czasie studiów doktoranckich. Prace naukowe stanowiące ten zbiór zebrane są w Rozdziale 4.
Rozdział 3 stanowi krótkie wprowadzenie do tematyki omawianej w pracach naukowych. W
Rozdziale 2 opisuję metody zastosowane w prowadzonych badaniach.
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Chapter 1

Introduction

The properties of a condensed matter system can be understood in terms of the interaction be-
tween its constituents, i.e. the atoms forming a regular pattern, and the charge carrier electrons.

M K

0

E
n
e
rg
y

a

b

Figure 1.1: a) kagome lattice and b)
its electronic dispersion relation, char-
acterized by the presence of a flat
band and a Dirac point.

At room temperature, the interactions between elec-
trons usually get suppressed due to their thermal en-
ergy. However, in certain materials, due to special ge-
ometry, one can find localized electronic states [1–3].
These localized states, in the momentum space, mani-
fest themselves as a flat dispersionless band (Fig. 1.1),
for which the electron energy becomes independent of
its momentum. As we shall see later, these states are
not localization at specific points in space, rather they
are the localization of electronic wave function inside
hexagonal plaquettes. Due to the quenching of kinetic
energy, the electron-electron correlation gets enhanced,
and systems with flat bands become an ideal platform
to study the properties of the system which arises from
a strong correlation between the carriers.

Using simple tight binding calculation, one can see
that a flat band can occur naturally if, due to the ge-
ometry, the classical trajectory of the charge carriers
interfere destructively, forming electronic states local-
ized at certain regions of space (more on this in Chap-
ter 2). The presence of a flat band is related to the
vanishing group velocity of the carriers, so in practice, a perfect flat band can never be present
in a three-dimensional system. But almost flat bands with a finite curvature and a small but
non-zero bandwidth were observed in CoSn [4], FeSn [5], Fe3Sn2 [6], Nb3Cl8 [7], photonic Lieb
lattice [8]. Due to the vanishing group velocity, and subsequent quenching of energy, these
materials become ideal platforms to study strongly correlated physics. In the above-mentioned
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12 CHAPTER 1. INTRODUCTION

structures, CoSn, FeSn, Nb3Cl8 contains layers of kagome lattice, while Lieb lattice is found in
the high-temperature superconductors. This thesis is about performing comprehensive research
on electronic and lattice dynamic properties of materials containing kagome lattice.

Kagome lattice consists of a network of corner-sharing triangles (Fig. 1.1), resembling the
traditional Japanese basket-weaving pattern. Along with a flat band, the kagome lattice’s band
structure also contains a symmetry-protected Dirac band crossing point. At this point, two
bands cross each other linearly. This signifies the presence of a massless fermion in the sys-
tem. This is one of the few systems whose band structure contains both an infinitely massive
excitation (manifesting as a flat band) and also a massless Dirac fermion. Along with that,
the density of states contains a van Hove singularity (VHS) at M point. This VHS, if present
close to the Fermi surface, can often drive a system towards charge density wave (CDW) in-
stability [9, 10]. The geometry of the kagome lattice system makes it naturally frustrated,
the presence of a symmetry-protected Dirac cone supports the presence of topological excita-
tion and the presence of a flat band resulting in increased Coulomb interaction amongst the
electrons resulting in a plethora of quantum many-body phenomena, namely, many-body spin-
orbit tunability [11], correlations and topology [12], fractional quantum Hall effect [13], giant
quantum Hall effect [14], topological superconductivity [15] have been observed in system con-
taining kagome lattice. But it is not only the electronic properties that make kagome materials
interesting. Certain materials containing kagome lattice are also known to host topological
magnons [16], bosonic edge and surface states [17], valence bond solids arising from the hard
core bosons [18] etc.

On the other hand, the presence of a flat band can affect the superconducting properties
of the system too. In twisted bilayer graphene, it was observed that, at magic angle flat band
turns up in the band structure of the system [3, 19–21], and it is accompanied by strong many-
body interaction and the resulting occurrence of superconductivity. Also, some basic analysis of
the Bogoliubov–de Gennes (BdG) equations suggests that an increased value of the density of
states (DOS) at the Fermi level can enhance the critical temperature (Tc) of the system. Similar
phenomena were reported for d-wave superconductors too. Not only that, the presence of flat
bands affects the impurity-driven quantum phase transition of the superconductor. When a
magnetic impurity is placed on top of a s-wave superconductor, for a critical value of coupling
between the superconductor and the impurity, a quantum phase transition takes place, and
the total spin of the system changes. From analytical models of tight binding analysis, it is
known that the value of critical coupling (Jc) is suppressed when a VHS appears in the band
structure [22]. It will be interesting to ask how this situation will change when we have a
flat band singularity in the band structure. Moreover, for systems containing Lieb lattice, this
phenomenon can be even more interesting, since in Lieb lattice, the spectral weight of the flat
band is unevenly distributed among the inequivalent sublattices of the unit cell.
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1.1 Flat band in real materials

In Fig. 1.2, I present the electronic band structures of CoSn, RhPb, NiLn, and PtTi calcu-
lated within the density functional theory (DFT) [23]. The band structures were obtained for
symmetry group P6/mmm. This symmetry group is characterized by the presence of an exact
kagome layer formed by Co/Rh/Ni/Pt atom, while the other atom of the chemical symbol forms
a hexagonal structure. In the electronic band structure (Fig 1.2), one can locate several flat-like
bands. In practice, due to many-body effects we always observe bands with a finite bandwidth.
The widths of the bands are proportional to the contribution of the d-orbitals. The green color
marks the contribution of dxz and dyz orbitals, whereas the red color marks the contribution of
dx2−y2 and dxy. The vertical panels presented on the right of each plot denote the density of
states (DOS) of the d-orbitals. Those flat bands that lie close to the Fermi level are the most
useful ones for application purposes. Although we don’t see any flat band exactly at the Fermi
level for any of the compounds, at least two flat bands, with small bandwidths (0.2 and 0.3 eV)
are observed close to the Fermi level in CoSn, along high symmetry path A-L-H-A. For other
compounds, the flat-like bands arising from the dx2−y2 and dxy orbitals are more dispersive,
evident from their large values of bandwidths. In all the situations, the presence of flat bands is

Figure 1.2: Flat-like bands in kagome systems. In the vertical panels on the right, the density
of states (DOS) of the d orbitals are shown. Within the DOS spectrum, the bandwidths of the
flat bands are shown in red and green colors. Adapted from [23].
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justified by the presence of sharp peaks in the DOS. The bandwidth of a flat band can be used
as a measure of the strength of electron correlation. Although the compounds with P6/mmm
symmetry are promising places to find exact kagome lattices and hence perfect places to study
kagome physics, the lattices with P6/mmm symmetry are often unstable in nature. It was
shown in some previous works that RhPb is also unstable in symmetry group P6/mmm group
and stabilizes in P6̄2m symmetry, with distorted kagome lattice structure. This prediction was
verified in one of the works the author was involved in and is presented in Chapter 4.2.1.

Fig. 1.3 shows an experimentally observed flat band and Dirac point in the electronic band
structure of CoSn, measured using ARPES [4]. Results are shown for different fixed values of
ky (Figure 1.3(b-f)). For all the cases, almost non-dispersive bands are observed throughout
the Brillouin zone. The width of the flat band over the entire Brillouin zone is a maximum of
150 meV. Only at K̄ point the band becomes slightly dispersive. The presence of a flat band is
further confirmed by the sharp peak in the DOS shown in Fig. 1.3(h). Another characteristic
of the electronic band structure of the kagome lattice is the presence of the Dirac point, which
is shown in Figure 1.3(g). In Fig. 1.3(i), the dispersion is plotted along the out-of-the-plane
momentum. It can be noticed that the flat band still exists in the band structure even if we
move away from the kagome plane. In case (b-f), the flat band arises due to the kinetic energy
quenching of the electrons in the kagome plane. However, the flat-like band is maintained even
in out-of-the-plane direction due to the quasi-2D nature of the system. A quasi-2D system

Figure 1.3: a) Fermi surface of CoSn. Electronic dispersions for fixed values of ky=0.0 Å−1 (b,
c), 0.40 Å−1 (d), 0.79 Å−1 (e), and 1.19 Å−1 (f). The flat band is visible with little dispersion
at K̄ point. g) clearly shows the existence of Dirac point and flat band. h) shows the density
of states with flat band peak and i) presents out-of-the-plane dispersion, which shows that the
flat band exists even along a direction perpendicular to the kagome plane. Figures are taken
from [4].
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containing the kagome layer will be the subject of discussion in Chapter. 4.2.2.

1.2 Electronic properties

Here I give some examples of materials containing kagome lattice and shortly discuss their
noble properties. We start our discussion with ferromagnetic Co3Sn2S2. The kagome layers of
Co3Sn2S2 give rise to interesting transporting properties in the form of anomalous Hall effect.
Co3Sn2S2 crystalizes in the rhombohedral structure with space group R-3m (No. 166), with the
kagome layers of Co3Sn stacked between layers of S atoms. The kagome layers of ferromagnetic
Co3Sn2S2 give rise to a pair of Weyl points in the electronic band structure (Fig. 1.4) close to
(∼ 60 meV) the Fermi level. The band structure also reveals that spin-up states cross the Fermi
level suggesting a metallic character. The Fermi surface shows a mixed contribution containing
both electron and hole characters. Spin-orbit coupling makes the Weyl cones gapped. All these
properties make Co3Sn2S2 an ideal Weyl semimetal. What makes it more interesting is the
fact that the material is intrinsically magnetic due to the magnetization of Co atoms. The
Weyl semimetal phase, intrinsically broken time-reversal symmetry, together with the highly
entangled Bloch bands makes it a promising platform to study the giant anomalous Hall effect.
This was in fact the first material that was found to host the Hall effect even in the absence of

Figure 1.4: a) Crystal structure of Co3Sn2S2. The out-of-the-plane magnetic moments of Co
atoms are shown in arrow, b) band structure. The pair of Weyl points become gapped in
the presence of spin-orbit coupling, c) the Fermi surface split into electron and hole parts, d)
distribution of Berry curvature over the Brillouin zone, projected on the kx, ky plane, e) Berry
curvature on the ky plane, f) finite Hall conductivity. Figures are taken from [24].
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Figure 1.5: a) Crystal structure of KV3Sb5 and the top view of a kagome plaquette, b) side
view, c) topographic image of a step edge which shows a clear separation between the layer
containing K atom and the layer containing Sb atom. The bottom panel shows the topographic
image of the layer containing a hexagonal plaquette of K atoms and that containing a Sb
hexagon. d) image showing 2× 2 modulation at 4.2 K, and e) the absence of 2× 2 modulation
at 80 K. f) The Fourier transform of the topographic image of the modulation at 4.2 K with the
modulation peak Q2×2, Bragg peak QBragg shown in circle. g) The modulation peaks disappear
at 80 K. Figures are taken from [25].

an external magnetic field [24]. The large Berry curvature that exists throughout the Brillouin
zone and the resulting finite Hall current are presented in Fig. 1.4 d, e, and f. The layers
of kagome lattice with out-of-the-plane magnetization give rise to a giant intrinsic anomalous
quantum Hall conductivity (1130 Ω−1 cm−1).

The presence of Weyl points in the band structure has topological significance too. Symmetry-
protected degenerate points, such as the Weyl (Dirac) points are characteristic features of the
topological Weyl (Dirac) semimetals. Due to the robust stability of these points under perturba-
tions, the host materials attract a lot of applications. We also look for these symmetry-protected
degenerate points but in phonon dispersions. For both RhPb (Chapter 4.2.1) and T3Pb2Ch2

(T = Pd, Pt and Ch = S, Se) (Chapter 4.2.5), we observe not only degenerate Dirac points
but nodal lines (lines along which the energy is degenerate). In RhPb, we even observe flat
drumhead states which extend between two such nodal lines.

My second example is about a phase transition which results from the kagome lattice dis-
tortion. There is a certain class of materials, which at low temperatures deviates from an
ideal kagome structure and makes a phase transition to a less symmetric distorted kagome-like
structure, and the final state is characterized by the presence of novel phases. The members of
the AV3Sb5 (A = K, Rb, and Cs) family show this kind of behaviour [26]. As the temperature
is lowered, the displaced atoms drive these materials towards a transition from P6/mmm to
C2/m symmetry and this is accompanied by an onset of CDW [25, 27, 28]. One such example
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is presented in Fig. 1.5.

The V atoms form the kagome structure here whereas both the K and Sb atoms form hexag-
onal layers separately. As the temperature is lowered (∼4.2 K), we observe that the material is
driven towards the CDW phase. The emergent 2 × 2 modulation is well visible in Fig. 1.5(f).

Figure 1.6: The kagome layer after distortion.
The bond length should be compared with the
bond length before distortion, which is 2.718 Å.
Figure adapted from [26]

This disappears once the temperature is
raised to 80 K (Fig.1.5(g)). Along with the
images, the static standing wave nature of
the CDW was confirmed by the presence of
non-dispersive states at the modulation vec-
tor, which is not shown here for the sake of
brevity. Although the result is shown only for
the Sb layer, CDW is observed in the kagome
layer too. The reason for the occurrence of
CDW is the electron-phonon mediated Jahn-
Teller effect which arises from the distortion
of the trimeric and hexameric V atoms [26].
The kagome lattice structure after the onset
of CDW is shown in Fig. 1.6. We can compare the lengths of bonds forming the kagome lattice
with the bond length before the onset of CDW, which is 2.718 Å.

There are other mechanisms for the onset of CDW too. The most famous one is the Fermi
surface nesting, and a less well-known one is CDW driven by electron-electron correlations.
This possibility is explored in 4.2.4, where we investigated the mechanism behind the CDW
transition in FeGe and proved that it indeed is driven by a strong correlation in the Fe-d orbital.

If a magnetic impurity is placed on top of a superconductor, it interacts with the Cooper
pairs and leads to Cooper pair breaking. This destroys the superconductivity locally, at the po-
sition of the impurity, and creates a pair of bound states within the superconducting gap, known
as the Shiba states (Fig. 1.7). Extensively studied from a theoretical standpoint during the sec-
ond half of the last century [29–34], they have attracted a lot of experimental attention recently
too due to the advancement of Scanning Tunneling Spectroscopy (STS) [35–39] and as the pro-
posed building blocks to host topological superconductivity [40–50], including noble excitations
like Majorana zero modes [51–60] to build a fault-tolerant quantum computer. For application
purposes, those states are more attractive and have both coupling strength (which determines
how strongly the impurity interacts with the superconductor) and a long coherence length/ de-
cay length (a short coherence length means the bound states are strongly localized at the posi-
tion of the impurity). As shown in Fig. (1.8), the localization of the in-gap states depends largely
on the system dimension. For three-dimensional systems, they are highly localized at the posi-
tion of the impurity. Whereas for two dimensions, their spatial extent is much larger. However,
there are ways to manipulate both the decay length and the coupling strength to the substrate.
It is known that if a van Hove singularity (VHS) [22] is present in the DOS, and it can be tuned to
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the position of the Fermi level, then the coupling between the magnetic impurity and the parent
material can be enhanced drastically. In Chapter. 4.1.1 we extend this to the case when along
with a VHS, a flat band singularity (in kagome and Lieb lattices) is also present in the system.

a

b

Figure 1.7: a) Magnetic impurity interacts
with the Cooper pair and breaks it, de-
stroying the superconductivity locally and
creating a pair of in-gap states known as
Shiba states. b) A cartoon plot for the
local density of states. The bound in-
gap states are presented as vertical lines.
Different colors represent the electron and
hole nature of the states. Different spectral
weights on electron-like and hole-like states
are indicated by different heights. Figure
adapted from [35]

.

The above examples prove that materials con-
taining kagome lattice act as an ideal playground
for many body correlations and give rise to an ar-
ray of intriguing phenomena. Thus, it will be in-
teresting to look for materials containing kagome
lattice and study the noble properties arising from
strong electron correlations.

Figure 1.8: The upper and lower panel shows STM results for magnetic impurity placed on 2D
and 3D materials respectively. b) and f) show the conductance spectra, which is a measure of
the local density of states, at different distances from the impurity, showing the spin-polarized
in-gap states. c) and g) show the simulated conductance map, at a particular distance from the
impurity (4 nm), around the impurity. d) and h) show the computed plot for the local density
of states as a function of distance, obtained between -0.6 to 0.6 meV, along the dotted line of
c) and g). Figure courtesy [61].
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1.3 Lattice dynamical properties

Unlike the electronic properties, the lattice dynamical properties of systems containing kagome
lattices have remained largely unexplored. We seek to fill this void in one part of this thesis. The
question we ask is whether flat band and Dirac point, characteristic of kagome electronic band
structure, can be found in the phonon dispersion relation too.

a b

Figure 1.9: a) The lattice structure of CoSn,
containing kagome layers of Co3Sn separated by
the hexagonal layer of Sn2. b) Top view show-
ing the kagome layer formed by Co3Sn. Figures
taken from [62].

In some photonic lattices, both phonon flat
bands and Dirac crossings were observed [63,
64]. We seek to add more materials to the
literature on phonon flat bands. In the pres-
ence of both electron and phonon flat bands,
one can expect strong correlations between
the flat band phonons and the electrons of
the kagome lattice. Let us take, for exam-
ple, the case of CoSn, which crystalizes in the
space group P6/mmm with the d-block ele-
ments (Co) forming the kagome lattice. Due
to the presence of a kagome lattice, the elec-
tronic band structure contains a flat band. To study the presence of phonon flat band and the
interaction between the flat band phonons with the kagome lattice electrons, Yin et. al. [65]
studied the differential conductance of the system, which is shown in Fig. 1.10.

One can notice from Fig. 1.10 a, b, and c that there is strong low energy modulation of the
conduction spectra for the level containing Co3Sn kagome layer. However, these modulations are
missing in the hexagonal Sn2 layer. These kinds of peaks are the signature of strong fermion-
boson interactions [66, 67]. The bosonic excitation can be either phonon or spin resonance.
However, the invariance of the conduction spectra under different magnetic fields shown in
Fig. 1.10(c) indicates that phonons must be involved in this process. But to further investigate
the involvement of phonons, the authors computed the double derivative of conductance, which
is closely related to the Eliashberg function α2F (ω), where α is the coupling matrix element
and F (ω) is the phonon DOS. The shape of the double derivative of conductance fits well in
the Eliashberg function with a Gaussian peak at E ' 15 meV. This peak is in agreement with
the phonon flat band found exactly at E ' 15 meV. Fig. 1.11 shows the calculated phonon
dispersion relation, which has a phonon flat band that touches a neighbor band quadratically.
The DOS also confirms that the phonon flat band arises from the vibration of Co atoms in the
kagome plane. Looking at Fig 1.11(c), we notice that the displacement of the Co atoms in the
hexagonal unit cell is such that they do not exert any force on the atoms that are outside. And
this confined vibration gives rise to the phonon flat bands.

Unlike electrons, phonons do not obey the Pauli exclusion principle and do not have a Fermi
level in the phonon band structure. So, the entire phonon dispersion spectrum is practically
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Figure 1.10: a) Differential conductance obtained along the direction shown in the inset, b)
differential conductance for the kagome layer Co3Sn and hexagonal layer Sn2, c) differential
conductance for different values of applied magnetic fields, d) fitted with a Lorentzian. e) The
double derivative of conductance compared with Eliashberg function shows a Gaussian-like
peak at EM = 15 meV. Figures are taken from [65].

accessible in the experiment. Hence, if present, Dirac phonons can be more conveniently ac-
cessed in the experiment and harnessed for application purposes. That is why it is so important
to study the phonon properties of kagome lattice as intensively as it was done with electronic
properties. Like in the electronic case, the presence of a Dirac crossing point indicates the topo-
logical nature of the phonons. Hence, to unravel their topological nature, we need to look for
the presence of nodal lines and non-trivial phonon surface states. These studies are compiled

Figure 1.11: a) Phonon density of states (DOS), total, and atom projected. The peak in the
phonon DOS is an indicator of a phonon flat band, b) the phonon flat band touching a neighbor
band quadratically and the Co vibration responsible for this flat band is shown in red lines on
the kagome plaquette, c) the Co atoms vibrate in such a way that it does not insert any force
on the atoms residing outside the hexagonal plaquette. Figures taken from [65].
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in Chapter. 4.2.1, 4.2.2 and 4.2.5.

There are more reasons to study the phonon dispersion relations of a solid. The frequencies
of the phonon modes are the normal mode frequencies of vibration of lattice atoms around
their equilibrium positions (more on this in the next Chapter). So an imaginary frequency is
regarded as unphysical. Consequently, the structure having imaginary phonon modes, known as
the soft modes, is not stable in considered thermodynamic conditions. They usually stabilize
in a structure with lower energy and lower symmetry. Consider RbV3Sb5 for example. In
Fig. 1.12 (a), the phonon dispersion relations obtained for P6/mmm symmetry are shown. This
symmetry group is characterized by the presence of exact kagome layers in the lattice. But as
the phonon dispersion shows, the structure contains soft modes (plotted with negative values).
The eigenvectors corresponding to this soft mode can be analyzed to find out which atomic
vibrations are responsible for this soft mode. Later if one plots the energy of the structure for
different displacements of the responsible atoms around their position in the parent structure,
then for a certain set of values of displacements one can find a structure with lower energy. For
this particular case, the structure stabilizes into C2/m symmetry with distorted kagome lattice
and the phonon dispersion shown in Fig. 1.12 (b) has no soft modes [26]. Thus the study of
phonon soft modes can give us information about structural phase transition. Lattice dynamical
study of structural phase transition will be performed in Chapter. 4.2.3 and Chapter. 4.2.4 for
CoGe and FeGe, respectively.

Like the topological properties, another of the heavily studied properties of phonons in
modern times is the property of chirality. In certain lattices, the symmetry of the system often
allows the atoms to rotate around their equilibrium position in perfectly circular or elliptical
orbits. The collective excitations, the phonons, arising from these special kinds of vibrations

a b

Figure 1.12: a) Phonon dispersions of RbV3Sb5 in P6/mmm symmetry. Blue and orange curves
represent the band structures obtained for 50 K and 150 K, respectively. b) The dynamically
stable C2/m symmetry contains no phonon soft modes. The congested dispersion is a result of
Brillouin zone folding. Figures adapted from [26].
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inherit the property of the parent system and have a sense of handedness associated with
these vibrations. Phonons with a particular value of handedness are known as chiral phonons.
Chiral phonons were predicted to be present in the high symmetry K, K′ and Γ points of
hexagonal lattice [68]. The chirality of phonons is considered as a polarization of the phonon
eigenmodes and is treated in the same way as the circularly polarized light is theoretically
studied. However, it can be shown that the operator defining the chirality has the same form
as the angular momentum operator. Hence a finite value of chirality also means a finite value of
pseudo-angular momentum (pseudo- due to the discrete rotational symmetry). In Fig. (1.13 a),
we show a plot of the phonon band structure of a hexagonal lattice. The 2D lattice, with 2
atoms per unit cell gives rise to four bands. In the inset, it is shown that the phonons at both
K and K′ points appear due to the circular vibration of both A and B sublattices. The radius
of the circles is proportional to the amplitudes of vibrations. For band 2, only the B atom
performs the circulation, while for band 3, it’s the A atom that circulates. For band 1, both
A and B atoms perform circulations, but in opposite directions and with equal amplitudes.
Whereas for band 4, the amplitudes of vibration are different for A and B.

Following the years after its prediction, chiral phonons were widely studied in a string of
materials containing kagome lattice [69], Kekulé lattice [70], lattice with C4 symmetry [71],
Moiré superlattices [72], Weyl semimetals [73] and in various three-dimensional materials, like
pseudo-gap phase of the cuprates [74, 75], transition metal dichalcogenides [76]. Due to the finite
handedness, chiral phonons interact selectively with other chiral objects, like polarized light. In
fact, this property of chiral phonons was exploited in the lab to detect them experimentally for
the first time in the hexagonal layers of WSe2 in 2018 [77]. Despite of the intensive research on
chiral phonons, the study of the same in 3D materials remains still very much open. Study of
chiral phonons in materials containing kagome layer will be the subject of study in Chapter 4.2.5
and 4.2.6.

Phonons with a non-zero value of chirality also possesses a non-zero value of angular momen-
tum [68]. These phonons with angular momentum lead to a bunch of fundamentally interesting
novel quantum phenomena, e.g., phonon quantum Hall effect [74], phonon Einstein-de Haas
effect [78], phonon Zeeman effect [79], while finding a place in the pseudo gap phase of the
cuprates too [75]. Like the electrons, the presence of a transverse magnetic field can give rise
to the accumulation of opposite charges on opposite sides of a sample, known as the electron
Hall effect, phonons can give rise to the phonon Hall effect in the presence of externally applied
magnetic field. In fact, phonons with intrinsic angular momentum can produce the phonon
Hall effect even in the absence of magnetic field [80]. This effect leads to heating one side of
the material while cooling up the other side. Let’s consider our previous example with chiral
phonons in a hexagonal lattice again. From Fig. 1.13(a), it is clear that the phonons at K

and K′ valley arise from atoms that circulate in opposite directions. Hence the phonon ex-
cited at valley K has the value of chirality opposite to that of a phonon excited at valley K′.
As mentioned earlier, due to the finite value of PAM, chiral phonons interact selectively with
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a

b

c

d

Figure 1.13: a) Phonon dispersion relations of the hexagonal lattice. Inset shows the circulation
of atoms generating the phonons. The radius of the orbit is proportional to the amplitude of
vibration. b) Finite Berry curvature created by broken inversion symmetry. The top panel
shows the 3D plot for the Berry curvature of band 2, and the bottom one shows the contour
plot of the same for band 1. As visible, Band 2 has a large value of Berry curvature. c) and d)
show the motion of phonons in green arrow when left or right circularly polarized light is used
to excite them. Picture adapted from [68].

.

circularly polarized light. Hence if a right circularly polarized light can excite a phonon from
valley K, then it will require a left circularly polarized light to excite a phonon at valley K′

(since they have opposite values of PAM). Another point to notice is that the main reason
behind the electron Hall effect is the finite value of Berry curvature of the electrons. In this
system with hexagonal lattice too the phonons can acquire finite Berry curvature (Ω) if the
inversion symmetry of the system is broken. So, if an electric strain gradient Es is applied in
a system with broken inversion symmetry, then the phonons at two different valleys will travel
in two different directions since the Hall coefficient νHall = −Es×Ω (Figure 1.13). In this case,
a temperature gradient can be observed across two opposite sides of the material. Materials
with broken inversion symmetry and hosting phonons with finite PAM will be the subject of
Chapter 4.2.6.

1.4 Aim

The general aim of this thesis can be briefly divided into the following parts:

• Study the role of the main features of the density of states (like van Hove singularity and
flat band) on the physical properties of the ideal two-dimensional kagome lattice. In this
case, we use tight-binding model on Lieb and kagome lattices (both contain the ideal flat
electronic band) to calculate the energy of the in-gap states induced by magnetic impurity
(called Shiba states). Results published in Ref. [81] are presented in Sec. 4.1.1.

• Perform a comprehensive electronic and lattice dynamical study of real materials contain-
ing (ideal or distorted) kagome lattice. In this case, I will focus on the layered materials
with CoSn-like structure: RhPb [82], CoGe [83], and FeGe [84]. Initially, all of them
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were recognized to possess P6/mmm symmetry, but our calculations show some phonon
instability. Results are presented in Sec. 4.2.1, 4.2.3, and 4.2.4.

• Look for the presence of flat bands, Dirac point, and nodal lines in the phonon dispersion
relations and study their topological properties. The phonon dispersion curves can exhibit
similar topological features like electronic band structure. We focus on this issue in the
context of RhPb [82] and T3Pb2Ch2 (T = Pd, Pt and Ch = S, Se) [85] – results are
presented in Sec. 4.2.1 and 4.2.5, respectively.

• Theoretically predict the presence of chiral phonons (related to the circular motion of
atoms around equilibrium positions) in materials containing kagome net and most impor-
tantly search for, or harness new materials that host phonons with a non-zero value of
total angular momentum. In this context, we investigate T3Pb2Ch2 (T = Pd, Pt and Ch
= S, Se) [85] and ABi2 (A = K, Rb, Cs) [86] and the results are presented in Sec. 4.2.5
and Sec. 4.2.6.

The theoretical details of the used methods can be found in Chapter 2. In Chapter 3, I present
a short description of my cumulative contribution to the discussed papers, which are presented
separately in Chapter 4.



Chapter 2

Theoretical background

2.1 Tight binding formulation

In this Section, we will apply tight-binding model to see how a flat band can occur in a generic
tight-binding model. A general tight-binding Hamiltonian can be written as

H = −t
∑

c†iacjb, (2.1)

where c†ia creates a particle of type a at site i, and cjb annihilates a particle of type b at site
j, t is the hopping parameter. To keep things simple, we take into account only the hopping
between neighboring sites. The way to solve this Hamiltonian is to go to the momentum space
through the Fourier transform, and the Hamiltonian in the Fourier space looks like

H =
∑

k,a,b

c†a(k)hab(k)cb(k), (2.2)

here the sum is implied over the whole Brillouin Zone (BZ), and over all types of atoms (a,b).
Now, we are seeking an eigenvalue of the Hamiltonian h(k) which is independent of the mo-
mentum (k). One trivial way to do this is to set the hopping parameter t = 0. It gives a flat
band at zero energy. It just means that the electrons are sitting at the positions of their atoms
and moving nowhere. This happens for systems with heavy fermions or in systems with large
unit cells, with well-separated atoms. In these cases, the overlap between the wavefunctions of
two electrons from neighboring sites vanishes. But this is a rather boring solution. Another
route towards finding a flat band is to notice that the eigenfunction of the Hamiltonian h(k)
can be expressed as a function of momentum as ε(k). So, if we perform a transformation which

takes the Hamiltonian h(k) to
h(k)

ε(k)
, and provided that ε(k) is separated from rest of the band

structure, this particular band can be made flat. But when we translate the Hamiltonian trans-
formation in real space, it gives an exponentially decaying hopping term and requires that ε(k)

is separated from the rest of the bands by a band gap. So, in principle, any band that is sepa-
rated from the other bands by a gap can be made flat with the introduction of an exponentially

25
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decaying hopping parameter [87]. But in certain lattices, like the kagome lattice, a flat band
arises naturally in the band structure, and also it touches the neighboring band at a certain
point in the Brillouin zone. Hence, it does not necessarily have to be separated from the rest
of the spectrum by a gap. To theoretically show how a flat band and Dirac point appear in the
band structure of the kagome lattice, I give here a short description of the tight binding band
structure of the kagome lattice.

Kagome lattice (shown in Fig. 1.1) contains three equivalent sites per unit cell. The lattice

vectors are shown by vectors ~d1 = a(1, 0) and ~d2 = a

(
1

2
,

√
3

2

)
. We consider a general tight

binding Hamiltonian given by Eq. (2.1), where a,b ∈ {A, B, C}. In the following description, we
will consider only nearest-neighbor hopping. The best way to solve this is to Fourier transform
to the momentum space. However, the translational symmetry is present in the kagome lattice
due to the presence of more than one atom in the unit cell. But the atoms of one particular
type (say A) form a translationally invariant triangular lattice system amongst the atoms of
the same kind. So to go to the momentum space, we need to define the Fourier transform
separately for each type of atom in the unit cell

c†is =
1

N

∑

k

exp(ik ·Ri)c
†
ks, (2.3)

where s ∈ {A,B,C}. After taking the Fourier transform, one can obtain

H =
∑

k,a,b

c†ka hk,ab ckb =
∑

k

c†k hk ck, (2.4)

where c†k =
(
c†kA c

†
kB c

†
kC

)
, and

hk =




0 −2t cos(kxa
2

) −2t cos((kx +
√

3ky)
a
4
)

−2t cos(kxa
2

) 0 −2t cos((kx −
√

3ky)
a
4
)

−2t cos((kx +
√

3ky)
a
4
) −2t cos((kx −

√
3ky)

a
4
) 0


 . (2.5)

The eigenvalues can be obtained by diagonalizing h(k), which are

εk/t = +2,−1∓
√

1 + cos

(
kxa

2

)
cos
(

(kx +
√

3ky)
a

4

)
cos
(

(kx −
√

3ky)
a

4

)
. (2.6)

The flat conduction band occurs due to the constant, positive eigenvalue. We also notice that
the two dispersive bands meet each other at a linear band crossing point below the Fermi
level. However, note that an exactly flat band throughout the Brillouin Zone (BZ) exists in the
tight binding description only when we consider the nearest neighbor interaction. The moment
we switch on the next-nearest neighbor term, the band becomes dispersive [88]. However, it
remains dispersionless along some paths of the BZ.
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2.2 Mean field description of superconductivity

In a metal, if the temperature is lowered, the interacting electrons of the system stabilize in
a highly degenerate ground state and give rise to a resistanceless flow of current known as
superconductivity. The theory of superconductivity is well understood within the framework of
Bardeen–Cooper–Schrieffer (BCS) theory. The type of superconductivity this theory explains
very well is known as s-wave superconductivity. One part of the thesis deals with the scenario
where a magnetic impurity is placed on top of an s-wave superconductor. The details of this
particular work are presented in Chapter 4. In this Section, we talk about some basics of BCS
theory.

According to the BCS theory of superconductivity, as the temperature of the system is
lowered below the critical temperature, electrons with opposite spin and momentum pair up
and form a ’Cooper pair’. These Cooper pairs, being bosons, then condense into the ground
state of the material, giving rise to superconductivity. Once the superconductivity kicks in, the
Hamiltonian describing the BCS superconductivity can be written as

H = −t
∑

ijσ

c†iσcjσ +
∑

i

∆i

(
c†i↑c

†
i↓ + h.c.

)
, (2.7)

where c†iσ creates an electron with spin σ at site i, t is the hopping parameter and ∆i = 〈ci↓ci↑〉
is a mean-field parameter describing the correlation between electrons forming the Cooper pair.
We will diagonalize this Hamiltonian in real space, keeping in mind that our main goal is to
put an impurity on the system that breaks the translational symmetry. And, for a system with
broken translational invariance, transforming to momentum space does not make the problem
any simpler. To diagonalize the Hamiltonian we perform the Bogoliubov-de-Gennes (BdG)
transformation:

ciσ =
∑

n

(
uinσγnσ − σv∗inσγ†nσ̄

)
. (2.8)

I wish to make the Hamiltonian diagonal in the new transformed basis γ:

H ′ =
∑

nσ

Enσγ
†
nσγnσ. (2.9)

In the next step, we compute [ciσ, H] and express the results in terms of γ and γ†. Equating
this with [ciσ, H

′], we can obtain

Enσ

(
uinσ

vinσ̄

)
=
∑

j

(
Hijσ Dij

D∗ij −H∗ijσ̄

)(
ujnσ

vjnσ̄

)
, (2.10)

with Dij = ∆iδij (superconducting term), and Hijσ = −tδ〈i,j〉 (kinetic term), where 〈i, j〉
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denotes neighbouring sites. This is the celebrated BDG equation. If we have a system with N
lattice sites, then the eigenspectrum of the Hamiltonian can be obtained by diagonalizing the
N × N matrix on the right-hand side. Once we have the eigenvalues Enσ, a very important
quantity called the local density of states can be obtained by using

ρi(ω) =
∑

nσ

[
|uinσ|2δ(ω − Enσ) + |vinσ|2δ(ω + Enσ̄)

]
. (2.11)

2.3 Density functional theory

A solid consists of a periodic array of atoms, more precisely it consists of almost immobile nuclei
and charge carrier electrons that revolve around the nuclei. So, in general, if we want to discuss
the properties of a solid, we should start by writing a many-body Schrödinger equation which
contains both electronic and nuclear degrees of freedom. The first approximation made towards
solving this equation is called the Born-Oppenheimer approximation. Under this approxima-
tion, all nuclei are assumed to be frozen at particular positions of the solid. So, under this
approximation, the only degrees of freedom that remain necessary to describe the properties of
a solid are the electronic degrees of freedom. And the many-body Schrödinger equation looks
like

ĤΨ =

[
−
∑

i

h̄2

2m
∇2
i +

∑

i

V(ri) +
∑

i<j

U(|ri − rj|)
]

Ψ = EΨ. (2.12)

V contains all the information about the influence of the nuclei on the electrons, and this is
a system-dependent term, whereas U is the Coulomb interaction between the electrons, which
is the same for all the systems. For a system containing N particles, Ψ is a 3N component
wavefunction. To get an idea of the complexity of this problem, let’s think of a simple scenario
of one dimension, with N interacting electrons. In general, for an interacting system, an electron
can interact with any other (N-1) number of electrons present in the system. If we want to
solve this problem on a computer, we need to store one e-e interaction in one bit. So, for N
electrons, to store just the information of all possible interactions, we will need N (N−1) bits.
For a single sodium atom (Na), this means 1110. This is a gigantic number and at first sight,
the problem seems unsolvable for real material! This is where the density functional theory
(DFT) comes to the rescue, thanks to Hohenberg, Kohn, and Sham. The foundation of DFT
lies in two fundamental theorems:

• All the physical quantities of a system can be unequivocally determined by the density
of electrons in the ground state. Equivalently, there exists a one-to-one mapping between
the density of the ground state and the ground state wavefunction [89].

• The ground state density is the one that minimizes the energy functional [90].

So, to solve the many-particle interacting system, we need to consider all the measurable
quantities, in particular, energy as a function of the density of the electrons. Symbolically, the
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energy of the system, in terms of the density n(r) can be written as

E[n(r)] = T [n(r)] + V [n(r)] + U [n(r)], (2.13)

where the first term is the kinetic energy, the second term represents the external potential (this
includes the attractive Coulomb interaction by the nuclei too), and the third term represents
the Coulomb interaction between the electrons. This can be rearranged as

E[n(r)] = T [n(r)] + V [n(r)] + U [n(r)] (2.14)

= Ts + V + VH + {(T − Ts) + (U − VH))} (2.15)

= Ts + V + VH + Exc. (2.16)

The term VH denotes the direct Coulomb interaction amongst electrons, Ts represents the kinetic
energy of the free electrons, and Exc contains all the exchange and correlation interactions.
The very essence of the Kohn-Sham (KS) theorem is that a many-body problem of interacting
electrons can be brought into a problem of a single particle moving in an effective potential
V + VH + Exc. So that, in terms of the single particle wavefunctions φi and density n(r), we
can write

Ts = −1

2

N∑

i=1

∫
φ∗i (r)∇2φi(r)dr, VH =

1

2

∫ [
n(r)n(r′)

|r− r′|

]
drdr′, V [n(r)] =

∫
v(r)n(r)dr (2.17)

once we vary the energy E[n(r)] with respect to the density n(r), we can obtain the celebrated
Kohn-Sham equation

[
− h̄2

2m
∇2 + veff (r)

]
φi(r) = εiφi(r) ≡ Heff (r)φi(r) = εiφi(r), (2.18)

where the effective potential veff is given by

veff (r) = v(r) +

∫
n(r′)

|r− r′|dr
′ + vxc(r), (2.19)

with vxc(r) =
∂Exc
∂n(r)

. Once we have solved the KS equation, we can obtain the electron density
as

n(r) =
N∑

i

|φi(r)|2, (2.20)

and once we know n(r), we can compute all the measurable quantities from it. However, we
notice that the effective potential veff is itself a function of density, n(r). So, in practice, the
KS equation is solved iteratively. We take an initial guess for the density n(r), this gives us
veff , and this in turn gives the orbitals, φi(r) from the KS equation. We then use these φi(r)

to build the density through 2.20 and continue the same process again until a desired limit of
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accuracy is reached.

The only remaining problem now is to fix an expression for the highly non-local exchange-
correlation energy Exc. There are two most widely known ways of fixing them. One is called
local density approximation (LDA). The second one is called generalized gradient approxi-
mation (GGA). Under LDA, one approximates Exc with the exchange-correlation energy of a
homogeneous electron gas:

Exc =

∫
dr n(r)εhomxc [n(r)], (2.21)

where εhomxc is the exchange-correlation energy of a homogeneous electron gas with this particular
density n = n(r). To obtain a more realistic situation, in GGA, the exchange-correlation energy
is thought as a function of the gradient of n(r) too, to better account for the variation of density
over space. So in GGA,

Exc =

∫
dr n(r)εhomxc [n(r),∇n(r)]. (2.22)

In practice, εhomxc [n(r),∇n(r)] can be parameterized in several ways. The most famous
one, and the parametrization used in this thesis is called Perdew–Burke–Ernzerhof (PBE)
parametrization [91].

2.3.1 Electronic band structure calculation

I now briefly discuss how using the KS equation (2.18) one can get the band structure of a
solid. The first step is to write the wavefunction φn(r) in the Fourier basis:

φn(r) =
1√
V

∑

q

cn,q exp(iq · r) ≡ |φn〉 =
∑

q

cn,q |q〉, (2.23)

where V is the volume of the material and |q〉 are the orthonormal set of basis. Applying this
transformation, one can rewrite the KS equation (2.18) as

∑

q

〈q′|Heff (r)|q〉cn,q = εn cn,q′ . (2.24)

The potential veff (r) has the periodicity of the lattice, so it can be written as

veff (r) =
∑

m

veff (Gm) exp(iGm · r), (2.25)

where Gm are the reciprocal lattice vectors. Defining q = k + Gm and q′ = k + G′m, from
Eq. (2.24) and (2.25) one can easily derive

∑

m

Hm,m′(k)cn,m′(k) = εn(k)cn,m′(k), (2.26)
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where Hm,m′(k) = 〈k+Gm|Heff |k+G′m〉 =
h̄2

2m
|k+Gm|2δm,m′ +veff (Gm′−Gm). We wrote εn

as a function of k just to emphasize the fact that the KS equation in the momentum space (2.26)
should be solved for one particular value of momentum k, giving the value of energy for that
particular momentum. Thus to get the value of energy over the entire Brillouin zone, one must
form a k grid and numerically solve equation (2.26) for different values of k.

2.3.2 Pseudopotential

Figure 2.1: The actual po-
tential and wavefunction are
shown in blue dashed lines and
the affected pseudo-potential and
pseudo-wavefunction are shown
in red lines. Picture courtesy
Wikipedia.

The problem that we need to take care of right now is the
problem of valence electrons. There are two types of elec-
trons present in the system: 1) the core electrons, bound to
the core nuclei; 2) the valence electrons living in the outer
shells. As we approach the atomic core, the valence elec-
tron wave function oscillates very rapidly, hence we require
a lot of Fourier components for the expansion of the wave-
function in Eq. (2.23). One way to circumvent this problem
is to notice that, the role of the core electrons is to screen
the atomic nucleus so that the outer shell electrons see the
(nucleus + core electron) system as a core with a ’screened
charge’. Hence, to correctly treat these core electrons, we
replace the potential that diverges at the core, with another
potential that varies very slowly as we approach the nucleus
(Fig. 2.1). This also replaces the highly oscillating electronic
wavefunction with a smoothly varying wavefunction. In the
final step, we demand that both the original and final po-
tential have the same form outside some cutoff radius. The potential so obtained is called a
pseudo-potential and the wavefunction is called a pseudo wavefunction. The pseudo-potentials
used in this thesis are ones obtained using the so-called projector augmented-wave (PAW)
method. In this particular method [92], both the valence and core electrons are expressed in
the partial wave basis and smooth valence electron wavefunction as shown in Fig. 2.1 can be
obtained.

2.3.3 Surface states

In this Section, I will briefly discuss how using the results of ab initio calculations one can
compute the surface states of a material. This, in practice, is done through the combination of
softwares Wannier90 [93] and WannierTools [94]. As a starting point we notice that, due
to the lattice periodicity, one can write the KS wavefunctions φn(r) as

φn(r + R) = exp(k ·R) φn(r). (2.27)
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To make this k dependence explicit, we now write φn(r) as the Bloch bands φnk(r). These
Bloch bands are then expressed in terms of the Wannier orbitals

ωnR(r) =
V

(2π)3

∫

BZ

∑

m

Uk
mnφmk(r)e−ik·Rdr, (2.28)

where V is, as usual, the system volume. Wannier orbitals ωnR(r) are molecular orbitals,
localized in space at the lattice position. Different orbitals localized at different lattice points
are orthogonal to each other. The Bloch orbitals φn(r) are not unique. They are undetermined
upto a phase factor eiφn(k). Due to this indeterminacy, there is huge freedom in the choice of
the unitary matrix Uk

mn which leads to different expressions for Wannier orbitals ωnR(r). Thus
the value of this mixing matrix Uk

mn is chosen in such a way that it minimizes the spread of
the Wannier function and makes it as localized as possible. Defining the spread of the Wannier
Function (WF) as

Ω =
∑

n

[
〈ωn0(r)|r2|ωn0(r)〉 − |〈ωn0(r)|r|ωn0(r)〉|2

]
=
∑

n

[
〈r2〉n − |r̄n|2

]
. (2.29)

The integral is solved numerically, and for that, a dense k-point mesh is chosen. With a chosen
k-point mesh, the expression for Ω (2.29) is written in terms of the matrix elements

M (k,b)
mn = 〈um,k|un,k+b〉, (2.30)

where b is a vector connecting two neighbouring k points in the k mesh. Once it is done, we
choose the following matrix as the initial guess for Uk

mn:

A(k)
mn = 〈ψmk|gn〉, (2.31)

where |gn〉 are some trial localised orbitals. The matrices M and A are found from ab initio
calculations. For example, in VASP, they can be generated using the tag ’LWANNIER90’ in the
INCAR file. A is then used as the initial guess for U . Then after finding the Wannier orbitals
using (2.28), the spread Ω is then minimized numerically to find the value of U and consequently
the Wannier orbitals ωnR(r). But in practice, the Wannier orbitals are not required to calculate
the surface states. We need the tight-binding Hamiltonian, the Hamiltonian written in the
Wannier basis, ωnR. That can be done easily once we have the matrix Uk. Using this, we can
rotate the Hamiltonian to the Wannier basis, from the Bloch basis:

HW (k) = (Uk)†H(k)(U (k)), (2.32)
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where Hmn(k) = εm(k)δmn. Next, we bring it to the real space using the Fourier transform:

HW
nm(R) =

1

N0

∑

k

e−ik·RHW
nm(k), (2.33)

where N0 is the number of real space lattice vectors, conjugate to the chosen k-point grid. This
is the tight binding Hamiltonian, which is used as an input to the software WannierTools

in the next step.
The method WannierTools uses to calculate the surface states is called surface Green’s
function method for a semi-infinite system. In this description, a solid with a surface is thought
of as a semi-infinite stack of layers called principal layers. A principle layer consists of a bunch
of atomic layers in a way that only the principle layers, neighbor to each other can interact [95].
If we denote the m’th atomic orbital of l’th atomic layer, belonging to the n’th principle layer
as φlmn (k), then the Bloch state for the n’th principle layer can be written as

Ψn(k‖) =




φ11
n (k‖)
...

φlmn (k‖)


 , (2.34)

where

φlmn (k‖) =
1√
N‖

∑

R‖

exp(ik‖ ·R‖)φlmn (R‖), (2.35)

and N‖ is the number of atoms and R‖ denotes the lattice vector in the plane. To find the
surface states, we first find the surface Green’s function and its imaginary part gives us the
spectral function of the corresponding surface states. So, in principle, we need to solve Green’s
equation (ω−HW )G(ω) = 1, where HW is the Hamiltonian in the maximally localized Wannier
function basis. Taking the matrix elements of this equation in the Bloch state (2.34) gives rise
to a chain of equations [96]

(ω −HW
00 )G00 = 1 +HW

01G10 (2.36)

(ω −HW
00 )G10 = HW †

10 G00 +HW
01G20 (2.37)

...

(ω −HW
00 )Gn0 = HW †

10 Gn−1,0 +HW
01Gn+1,0, (2.38)

where n = 0 denotes the principal layer of the surface, and

HW
nn′(k‖) = 〈Ψn(k‖)|HW |Ψn′(k‖)〉 (2.39)

, Gnn′(ω,k‖) = 〈Ψn(k‖)|G(ω)|Ψn′(k‖)〉. (2.40)
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These equations need to be solved iteratively. But in practice, this is a very computationally
expensive process. To go around this difficulty, one introduces a pair of effective principal layers,
with some interaction between them, in place of the original layer. This results in the doubling
of the lattice vector. This process of doubling is continued until the interaction between two
layers almost vanishes. So at the end of n iterations, one has a system whose lattice constant
is 2n times the lattice constant of the original system and the number of layers replacing the
original layer is also 2n. This process of introducing extra layers, after i iterations, reduces
Eq. (2.38) to

αi = αi−1(ω − εi−1)−1αi−1 (2.41)

βi = βi−1(ω − εi−1)−1βi−1 (2.42)

εi = εi−1 + αi−1(ω − εi−1)−1βi−1 + βi−1(ω − εi−1)−1αi−1 (2.43)

εsi = εsi−1 + αi−1(ω − εi−1)−1βi−1, (2.44)

with the initial values ε0 = εs0 = HW
00 , α0 = HW

01 and β0 = HW †
01 . The iteration is repeated until

εsi ' εsi−1. In the end, the surface Green’s function (Gs(k‖, ω)) and the bulk Green’s function
(Gb(k‖, ω)) can be obtained as:

Gs(k‖, ω) ' (ω − εsi )−1 (2.45)

Gb(k‖, ω) ' (ω − εi)−1. (2.46)

Finally, the surface spectral function can be obtained as the imaginary part of the Green’s
function

A(k‖, ω) = − 1

π
lim
η→0

Im Tr Gs(k‖, ω + iη). (2.47)

2.4 Lattice dynamics

The lattice dynamical properties of a solid are described in terms of a bunch of quasiparti-
cles named phonons. Phonons are the collective excitation of a periodic solid medium. Any
properties of a solid arising from the vibration of lattice, such as thermal properties, phase
stabilization, and structural phase transition, can be studied via an analysis of phonons. In the
following paragraphs, I will discuss how the theoretical properties of phonons are studied.

The total energy of a solid can be expressed as a function of lattice positions of the con-
stituent atoms Rµ

m, where µ represents the type of atom in the m’th unit cell. The dynamical
properties of a lattice arise due to the vibration of atoms around their equilibrium positions.
So in general, an atom is displaced from its initial position R0µ

m to a final position Rµ
m, then

the total energy of the system E can be expanded in a Taylor series in the lattice displacement
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Uµ
m = Rµ

m −R0µ
m :

E = E0 +
∞∑

N=2

1

N !

∑

m1...mN

∑

µ1...µN

∑

α1...αN

Φµ1...µN
m1α1...mNαN

Uµ1
m1α1

. . . UµN
mNαN

, (2.48)

where αN = x, y, z. E0 is the energy of the system when all the atoms are at equilibrium posi-
tions and Φ is the N ’th order derivative of total energy with respect to the lattice displacements,
known as the interatomic force constants (IFC):

Φµ1...µN
m1α1...mNαN

=
∂NE

∂Uµ1
m1α1 . . . ∂U

µN
mNαN

∣∣∣
U
µ1
m1α1

=...=U
µN
mNαN

=0
. (2.49)

The Taylor sum is started from N = 2, because the expansion was carried out around the
equilibrium lattice distribution, and at equilibrium, the first derivative of the function (E)
with respect to its arguments (U) vanishes. The force on atoms, when they are displaced from
the equilibrium position can be calculated using the Hellmann-Feynman theorem [97, 98] and
Eq. (2.48)

F µ
mα = − ∂E

∂Uµ
mα
. (2.50)

If the temperature is sufficiently low, then we can keep only the lowest order term in Eq. (2.48)
which is proportional to U2. Given that the atomic displacement UµN

mNαN
is way smaller than

the lattice constant, we can neglect all the higher-order terms. An approximation of this
kind is known as the harmonic approximation. Under this approximation, the Hellmann-
Feynman force in the system (2.50) is linear in displacement UµN

mNαN
, and the equation governing

the displacement of atoms from their equilibrium positions looks similar to the equation of a
harmonic oscillator:

Mµ
∂2Uµ

mα

∂t2
= −

∑

β,n,ν

Φµν
mα,nβU

ν
nβ. (2.51)

So similar to the harmonic oscillator, one can find normal modes with a specific energy and
momentum as a solution of the above equation for the displacement, Uµ

mα. These normal modes
are called phonons. And when we assume a plane wave with a particular momentum k and
frequency ω as the solution to Eq. (2.51), one arrives at the equation defining the energy of
different phonon modes

ω2(k, j)ε(k, j) = D(k)ε(k, j), (2.52)

where D(k) is the Fourier transform of the force constant matrix Φ, known as the dynamical
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matrix

D(k) =
1√

MµMν

∑

m

Φµ,ν
0,m exp[−2πik · (Rµ

0 −Rν
m)], (2.53)

and εµα(k, j) is the polarization vector, denoting the displacement of µ’th atom along α direction.
Mµ is the mass of the µ’th atom. So in the end diagonalizing the dynamical matrix D(k) gives
us an expression for the frequency of a phonon, ω(k, j) with momentum k and branch number
j. Given that, one can also obtain the phonon density of states as

g(ω) =
∑

k,j

δ(ω − ω(k, j)). (2.54)

The force constant matrix is usually generated by ab initio packages like VASP and the dy-
namical matrix and the consequent frequency of phonon modes and the density of states are
obtained using software like ALAMODE [99] and PHONOPY [100].

2.4.1 Chiral phonons

Chiral phonons are phonons with definite handedness, arising from the circular or elliptical
vibrations of atoms around their equilibrium positions. Due to the handedness, to study the
chirality of the phonons, the eigenvectors εµα(k, j) are treated in the same way as the eigenvectors
of circularly polarized light. A circular polarization occurs when two oscillations, which are out
of phase with each other, superimpose. So as a first step, we introduce the Jones vectors

1√
2
(1,±i)T , where the upper sign denotes left circular polarization (LCP) and the bottom sign

denotes the right circular polarization (RCP). In fact we can introduce the Jones vector for
each atom and introduce the new basis |R1〉 ≡ (1 i 0 . . . 0)T , |L1〉 ≡ (1 − i 0 . . . 0)T , |Z1〉 =

(0 0 1 . . . 0)T . Here, I introduced the Jones vector in the x-y plane of the first atom and kept
the z-direction intact. The phonon eigenvectors εµα(k, j) ≡ ε can then be expressed in this new
basis:

ε =
∑

j

(αRj |Rj〉+ αLj |Lj〉+ αZj |Zj〉), (2.55)

where αPj = 〈Pj|e〉 and j ∈ [1 . . . N ], and N being the number of atoms in the primitive cell.
We then define the phonon circular polarization operator as

Ŝzph =
∑

j

Ŝzj =
∑

j

(|Rj〉〈Rj| − |Lj〉〈Lj|), (2.56)

and we compute the polarization or the chirality of the j’th atom as the expectation value of
this polarization operator

szj = h̄e†Ŝzphe = h̄(|αRj |2 − |αLj |2). (2.57)
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Here, I assumed that the system is polarized in the z-direction. If szj = 0, we say that the
system is linearly polarized. If szj = h̄, then the atoms responsible for the generation of these
phonons rotate in a perfectly circular orbit around their equilibrium positions, and if |szj | < h̄,
then the orbit is elliptical. Hence, once the eigenvectors of the dynamical matrix are known
through ALAMODE or PHONOPY, phonon chirality can be obtained using the procedure
described above.

2.5 Numerical implementation

The method I used using the ab initio calculations to determine the phonon dispersions is
called the direct method. There are ways in which the direct method is implemented. The first
approach is called the frozen phonon approximation [101]. In this scheme, the lattice is distorted
from its equilibrium position, and the phonon energy is derived as the difference between the
original and the distorted structure, as a function of the lattice displacement. In the second
approach [102], the Hellmann-Feynman forces on the atoms are calculated as the derivative of
energy with respect to the displacement of the atoms (2.50). In our work, we use a variation of
the direct method using the second scheme, introduced by Parlinski, Li, and Kawazoe [103]. In
this method, at first, a supercell is built from the primitive cell. Usually, a cell or supercell with
lattice constant ∼ 10 Å is enough to get a bulk dispersion relation. After relaxing the supercell,
a single atom is displaced from its equilibrium position. Then, following (2.51), this displaced
atom exerts force on all the other atoms in the supercell. The number of required displacements
is determined by the number of atoms in the unit cell and the lattice space group symmetry.
In the next step, for each such displaced structure, using ab initio codes, the forces on each
atom are determined using the Hellmann-Feynman theorem, and the force constant matrix is
built afterward using PHONOPY or ALAMODE exploiting the linear dependence of the force
on the displacement (2.51). Using a k-point grid and Fourier transform, the dynamical matrix
is then built (2.53) and its eigenvalues give us the phonon dispersion relations (Eq. 2.52), and
the eigenvectors can be used to determine the chirality (cf. 2.57).
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Chapter 3

Cumulative contribution by the author

The next chapter contains an accumulation of all the original works, which align with the main
theme of the topic of the thesis, done by the author during the period of PhD study. Depending
on the used methodology, the works can be divided into two categories. Numerical tight binding
calculations were used in Section 4.1, whereas density functional theory was used in the studies
of Section 4.2.

In Section 4.1, we will see how the van Hove singularity (VHS) of hexagonal lattice, VHS
and flat band singularity of kagome and Lieb lattice can be tuned to harness the coupling
strength and localization of the Yu–Shiba–Russinov (YSR) bound state, to make them viable
for application purposes [81]. Section 4.2.1 starts with experimentally verifying the space
group symmetry of RhPb and goes on to theoretically find Dirac nodal lines and drumhead
surface states connecting these degenerate lines [82]. Section 4.2.2 is about a quasi-2D system
containing a kagome lattice. The main themes of this paper [104] are to theoretically investigate
and confirm the space group symmetry of this material and reveal its quasi-2D nature. In
Section 4.2.3, we study the pressure dependence ground state symmetry of CoGe [83]. We
look for the mechanism behind the recently discovered charge density wave (CDW) in FeGe in
Section 4.2.4 and reveal the role played by electron-electron correlation [84]. Both Section 4.2.5
and Section 4.2.6 investigate the presence of chiral phonons in materials containing kagome
layer [85, 86]. In Section 4.2.6 we further propose new materials which can be used as a
platform to study phonon quantum Hall effect [86].
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Chapter 4

Collection of papers

4.1 Calculations based on tight binding model

4.1.1 Shiba states in systems with density of states singularities

S. Basak and A. Ptok, Phys. Rev. B 105, 094204 (2022)

A single magnetic impurity, when coupled with a superconductor, creates a pair of bound
in-gap states known as the Shiba states, localized at the position of the impurity. The crossing
point of two such Shiba states is related to a quantum phase transition, at which the ground
state spin of the system changes its value. The value of coupling strength for which this tran-
sition occurs is known as the critical coupling strength (Jc). In this paper, we investigate the
role of various density of states (DOS) singularities on this phase transition point. An earlier
study [22] had shown that the presence of van-Hove singularity can suppress the value of Jc. In
this work, we go beyond this and study what happens in the presence of a flat band singularity,
observed in the band structure of kagome and Lieb lattice. We further investigate how the re-
sult changes when we place the impurity at two nonequivalent lattice positions of the unit cell.
Due to the unequal distribution of the spectral weight of the flat band, one can expect to find
some interesting behaviors. To demonstrate the strong localization of these bound states, we
compute the local density of states (LDOS) and plot them close to and away from the quantum
phase transition point. In application, impurities with strong coupling to superconductor and
long localization length are highly desired. Our work thus acts as a valuable guiding article for
harnessing Shiba states for various application purposes.

Author’s contribution: Writing numerical code to perform the calculations (band struc-
tures and density of states for non-interacting states, in-gap energy state energy, critical Jc,
the local density of states of in-gap state, fitting the data, and finding the coherence length),
analysis and discussion of the obtained results, preparation of the figures, preparation of the
initial version of the manuscript, and participation in preparing the response for Referees.
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Shiba states in systems with density of states singularities

Surajit Basak * and Andrzej Ptok †

Institute of Nuclear Physics, Polish Academy of Sciences, W. E. Radzikowskiego 152, PL-31342 Kraków, Poland

(Received 6 December 2021; revised 7 February 2022; accepted 23 March 2022; published 31 March 2022)

Magnetic impurities placed in the superconductor can lead to the emergence of Yu-Shiba-Rusinov bound
states. Coupling between the impurity and the substrate depends on the density of states (DOS) at the Fermi
level and can be tuned by DOS singularities. In this paper, we study the role of DOS singularities using the
real space Bogoliubov–de Gennes equations for chosen lattice models. To uncover the role of these singularities
(Dirac point, van Hove singularity, or the flat band), we study honeycomb, kagome, and Lieb lattices. We show
that the properties of the Shiba state strongly depend on the type of lattice. Nevertheless some behaviors are
generic, e.g., dependence of the critical magnetic coupling on the DOS at the Fermi level. However, the Shiba
states realized in the Lieb lattice exhibit extraordinary properties, which can be explained by the presence of a
few nonequivalent sublattices. Depending on the location of the magnetic impurity in the chosen sublattice, the
value of critical magnetic coupling Jc can be reduced or enhanced when the flat band is located at the Fermi
level. In this context, we also present differences in the local DOS and coherence lengths for different sublattices
in the Lieb lattice.

DOI: 10.1103/PhysRevB.105.094204

I. INTRODUCTION

The interplay between a superconducting system and mag-
netic impurity can lead to the emergence of Yu-Shiba-Rusinov
(YSR) bound states [1–3] (the Shiba states for short), due to
local breaking of the Cooper pairs by the magnetic moment of
the impurity [Fig. 1(a)]. This leads to the formation of in-gap
states inside the superconducting gap, with spatially oscillat-
ing wave function [4]. Recent progress in the experimental
techniques has resulted in increased experimental [5] as well
as theoretical [6] attention in this field.

Dimensionality of the system plays a critical role in the
formation of the Shiba state. The three-dimensional conven-
tional superconductor shows a fast decay of the YSR states
away from the magnetic impurity. Contrary to this, in the case
of two-dimensional systems the YSR states are characterized
by the long-range coherence length [7,8].

The YSR states can be observed experimentally within the
topographic scanning tunneling microscopic (STM) imaging
of the surface. It was first reported in the presence of Mn
and Gd adatoms on the surface of a single-crystal Nb sample
[9]. Increased resolution allows mapping of the YSR states
occurring from individual orbitals of the atom. Such cases
have been reported in transition metal atoms deposited on
conventional superconductors (Pb [10–14] or Nb [15–18]).
YSR states were also realized by depositing Fe on the NbSe2

surface [7,19–21]. Similar observations can be made in the
presence of magnetic molecules, such as (Mn, Cu, V, or Co)
phthalocyanine [14,22–28] or (Fe or Mn) porphyrin [29–31].
Also, recently the fabrication of YSR states in the iron-based

*surajit.basak@ifj.edu.pl
†aptok@mmj.pl

unconventional superconductor attracted a lot of attention
[32–34].

The presence of artificial structures of magnetic atoms can
lead to the emergence of in-gap Shiba bands. If the nontrivial
topological phase is realized [35], the Majorana end modes
can occur [36]. Recently this type of structures were realized
in many experiments [37–43].

Motivation. In the simplest case, the magnetic impurity
gives rise to a pair of in-gap states, symmetric in energy with
respect to the Fermi level, characterized as YSR states. For the
classical spin, the energies of the in-gap YSR states are given
as

EYSR = ±�
1 − α2

1 + α2
, (1)

where α2 = πN (EF)J is the dimensionless impurity coupling
(neglecting Coulomb scattering), � is the superconducting
gap, N (EF) denotes the density of states (DOS) at the Fermi
level EF, while J describes coupling between magnetic mo-
ment and electrons. At J = Jc the YSR states cross the Fermi
level [EYSR(Jc) = 0]. That point is related to the quantum
phase transition (QPT), also known as the 0-π transition. Dur-
ing the QPT, the ground state is changed from the BCS-type
spinless state (for the weak coupling J < Jc) to the singly
occupied (spinful configuration (for strong coupling J > Jc)
[44]. As we can see from Eq. (1), the value of Jc is propor-
tional to 1/N (EF). Indeed, previous study of the YSR states
in the presence of the van Hove singularity (VHS) show that
the tuning of N (EF) by the VHS can lead to enhanced Jc [45].
A similar observation was reported in the case of the critical
temperature of the s-wave and d-wave superconductors on a
square lattice, where it was shown that Tc can be tuned by
increasing N (EF) [46]. Similarly for the hexagonal lattice,
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FIG. 1. (a) Schematic representation of the magnetic atom
(brown ball) deposited on the superconducting surface (silver balls).
Studies performed on two-dimensional lattices and their density of
states: (b) hexagonal, (c) kagome, and (d) Lieb lattices. The colors
of the dots (red, green, or blue) denote nonequivalent sites, while
the yellow quadrangle marks the primitive unit cell. In the case of a
hexagonal and a kagome lattice, the Dirac point (DP) is realized. The
flat bands (FBs) are observed in the Lieb and kagome lattices. The
saddle points in the band structures give rise to van Hove singularities
(VHSs) in all lattices.

in the presence of the magnetic field, the VHS can lead to
superconductivity reentrant behavior [47].

General behavior of the in-gap energies is well known from
the milestone works of Yu, Shiba, and Rusinov [1–3]. The
general J dependence of the bound state (in-gap) energies
is given by Eq. (1). Similar behavior is observed also in the
presence of several atoms, e.g., monoatomic chains [48,49],
where in-gap states cross the Fermi level a few times. More-
over, this type of behavior of the in-gap state energies was
observed experimentally in the case of a magnetic molecule
of manganese phthalocyanine (MnPc) on a Pb(111) surface
[23].

Another aspect of the Shiba states is strongly associated
with the Fermi surface of the studied system [50]. Inter-
estingly, the pattern of the localized state induced by the
magnetic impurity reflects some properties of the Fermi sur-
face of the system [51]. This is well visible in the star-shaped
localization of the Shiba states around the magnetic impurity
on a NbSe2 [7] or La [8] surface, which is associated with a
sixfold symmetry of the Fermi surface of these systems.

In this paper we study the role of DOS singularities on
the YSR states using exact lattice models [Figs. 1(b)–1(d)].
These techniques allow us to study not only VHS [realized,
e.g., in the honeycomb lattice [Fig. 1(b)], but also the role
of flat bands [realized, e.g., in a kagome or Lieb lattice [52],
presented in Figs. 1(c) and 1(d), respectively]. The flat bands
can play an important role in the context of the recently dis-
covered superconducting kagome systems (such as AV3Sb5

[53] or LaRu3Si2 [54]), artificial structures (like twisted bi-
layer graphene [55,56], or some type of heterostructures and
interfaces [57]). Also, recent progress in the realization of
artificial lattices [58] opens up a new opportunity to study the
YSR states in the flat-band systems.

However, the DOS does not contain full information about
the lattice, which can be important in the context of correct
description of the Shiba states in real systems. As an example,
this can be important in the context of the recent study of the
Shiba states based on the Green’s function approach [45,50].
In our study we analyze this problem, based on the real space
tight-binding formulation. Our finding shows the important
role played by the sublattices present in the system. Depend-
ing on the position of the magnetic impurity, the Shiba states
can exhibit “extreme” behaviors, even within one specific
lattice.

The paper is organized as follows. The theoretical back-
ground is presented in Sec. II. In Sec. III we present the
numerical results and discussions. We conclude our study in
Sec. IV.

II. THEORETICAL BACKGROUND

The system is described by the Hamiltonian

H = H0 + HSC + Himp. (2)

The first term describes the tight-binding model of the lattice
(cf. Fig. 1):

H0 = −t
∑
〈i j〉σ

ĉ†
iσ ĉ jσ − μ

∑
iσ

ĉ†
iσ ĉiσ , (3)

where ĉ†
iσ (ĉiσ ) denotes the creation (annihilation) operator an

electron with spin σ at site i, t is the hopping integral between
nearest neighbors 〈i, j〉, and μ is the chemical potential. The
second term is responsible for superconductivity:

HSC =
∑

i

(�ĉ†
i↑ĉ†

i↓ + H.c.), (4)

where � is the superconducting gap. The third term describes
coupling of the magnetic impurity with the underlying lattice.
In our investigation, we describe the magnetic impurity cap-
tured by Himp as a classical spin aligned out of plane and only
present on site [i.e., term proportional to δ(r0 − ri), where
the subscript “0” denotes the impurity site]. In this case, the
scattering potential at the position of the impurity is given as

Himp = K (ĉ†
0↑ĉ0↑ + ĉ†

0↓ĉ0↓) − J (ĉ†
0↑ĉ0↑ − ĉ†

0↓ĉ0↓), (5)

where K denotes the nonmagnetic scattering potential, while
J denotes the coupling strength between the electrons and
the magnetic impurity. The classical magnetic impurity limit
is technically achieved by taking S → ∞ (large spin), while
simultaneously letting J → 0 so that JS = const [6]. Effec-
tively, the classical magnetic impurity acts on the system in
two ways: (i) by shifting the chemical potential (K term),
which effectively leads to a modification of the number of
electrons at site “0”; and (ii) by an on-site Zeeman-like mag-
netic field (J ≡ JS term, where S is magnetic moment) [6].

The Hamiltonian (2) describing the inhomogeneous prob-
lem, can be diagonalized via the following unitary transfor-
mation:

ĉiσ =
∑

n

(uinσ γ̂nσ − σv∗
inσ γ̂

†
nσ̄ ), (6)

where γ̂n and γ̂ †
n are quasiparticle fermionic operators, and

uinσ and vinσ are the eigenvector coefficients. This leads to the
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FIG. 2. Critical value of the magnetic coupling J , denoting phase transition, for different size lattices (as labeled). Results are shown for
(a) hexagonal, (b) kagome, and (c),(d) Lieb lattices. For the Lieb lattice, the impurity is located at (c) the corner site or at (d) the edge site
[i.e., blue and green/red sites in Fig. 1(d), respectively]. The chemical potentials for flat bands, van Hove singularities, and Dirac points, are
marked as FB, VHS, and DP, respectively. Ranges of chemical potential which are out of range of the bands for given lattices are marked by
green areas.

Bogoliubov–de Gennes (BdG) equations [59]:

Enσ

(
uinσ

vinσ̄

)
=

∑
j

(
Hi jσ Di j

D∗
i j −H∗

i jσ̄

)(
uinσ

vinσ̄

)
, (7)

where Hi jσ = −tδ〈i, j〉 − [μ + (K − σ J )δi0]δi j and Di j =
�iδi j denotes the kinetic and superconducting part of the
Hamiltonian, respectively [60–62].

From the solution of the BdG equation (7) we can extract
the local density of states (LDOS) for specified parameters of
the system as [63]

ρi(ω) =
∑
nσ

[|uinσ |2δ(ω − Enσ ) + |vinσ |2δ(ω + Enσ̄ )
]
, (8)

while the total DOS is given as N (ω) = ∑
i ρi(ω). The LDOS

for ω = ±EYSR denotes the localization of the YSR state in
real space [64], and can be useful in coherence length study. In
this case 〈ρi(EYSR)〉 ∝ exp(−r/ζc) denotes the wave function
of the YSR states and can be used to estimate the coherence
length ζc for a given lattice and Fermi level.

Numerical computations have been done at zero tempera-
ture T = 0 for the lattices with the periodic boundary condi-
tions, containing Na × Nb = 30 × 30 primitive unit cells. In
the case of the honeycomb lattice this corresponds to 1800
sites, while for the kagome and Lieb lattices, we have 2700
sites. For simplicity and without loss of generality, we as-
sume a constant value of �/t = 0.2. Additionally, to study
only the role of the DOS of the underlying system on the
YSR states, we take K = 0. In numerical determination, we
have replaced the Dirac δ function by the Lorentzian δ(ω) =
η/[π (ω2 + η2)] with a small broadening η = 0.05t .

III. NUMERICAL RESULTS AND DISCUSSION

In our analysis, we consider honeycomb, kagome, and Lieb
lattices. Each of them is formed by the unit cells containing
more than one site, and as a consequence in the DOS a few
bands can be distinguished. The honeycomb (kagome) lattice
is formed by unit cells containing two (three) equivalent sites
(in Fig. 1 represented by dots with different colors). In this
case, one of the sublattices can be transformed to another by
the combination of a few translation, rotation, or reflection

operations. Contrary to this, the Lieb lattice is formed by unit
cells containing two different types of sites. Two edge sites
[green/red dots in Fig. 1(c)] are equivalent to each other, but
nonequivalent to the corner site (blue dots). As a result, the
Lieb lattice is characterized by two nonequivalent sublattices;
the sublattice of the edge site cannot be transformed to the
corner site sublattice, and vice versa. We will show that this
characteristic feature of the Lieb lattice plays an important
role in the realization of the Shiba states.

Depending on the lattice, in the DOS we can find a few
interesting features. For example, honeycomb and kagome
lattices contain Dirac points (DPs) at band touching points.
Similarly, in the DOS of the kagome and Lieb lattices the
flat-band (FB) feature can be distinguished. Additionally, the
VHSs in the form of characteristic peaks in the DOS are
visible for all lattices. As we can see, the DOSs exhibit similar
behaviors regardless of the chosen lattice. However, the DOS
do not contain the full information about the lattice (e.g.,
symmetry of the system, number of neighboring sites, exis-
tence of eventual sublattices, etc.). Despite the similarities in
DOSs, the strong differences are well visible in the chemi-
cal potential dependence of the critical magnetic coupling Jc

(Fig. 2) and the Shiba state energies ±EYSR (Fig. 3).
First, we notice that the Jc vs μ plot follows the same

symmetry as the DOS (cf. Fig. 2 and Fig. 1). For honeycomb
and Lieb lattices, the DOS is symmetric with respect to the
center of the bandwidth (related to μ/t = 0) and the same
character is reflected in Jc(μ). Similarly, the asymmetric DOS
of the kagome lattice is reflected in Fig. 2(b).

Jc(μ) exhibits a strong dependence on the position of the
Fermi level which is related to μ (Fig. 2). However, the de-
pendence of Jc on N (EF) is highly unexpected. In the case of
honeycomb and kagome lattices [presented in Figs. 2(a) and
2(b), respectively], the presence of the DP with N (EF) = 0
leads to the occurrence of a peak in Jc. Contrary to this, the
presence of VHS leads to a relatively small reduction of Jc.
The most important modification of Jc is introduced by the
FB (theoretically with infinite DOS) in the kagome lattice. In
this case, Jc decreases dramatically to its minimum value with
respect to rest of the plot. Nevertheless, the most surprising
results can be found in the Lieb lattice [Figs. 2(c) and 2(d)].
When impurity is located at the corner site, Jc(μ) exhibits
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FIG. 3. In-gap spectrum of the Shiba states for different values of the chemical potential (as labeled) in the case of (a) hexagonal,
(b) kagome, and (c),(d) Lieb lattices. For the Lieb lattice, the impurity was located in (c) the corner site or (d) the edge site [i.e., blue
and green/red sites in Fig. 1(c), respectively]. The chemical potentials for flat bands, van Hove singularities, and Dirac points are marked as
FB, VHS, and DP, respectively. Additionally, the green areas mark the ranges of energies for (out-gap) continuum states.

features similar to the honeycomb lattice [cf. Fig. 2(a) and
Fig. 2(c)]. Jc reaches the maximum value when μ is located
at the FB. Contrary to this, the impurity located at the edge
site leads to opposite (expected) behaviors, i.e., a dramatic
decrease of Jc for μ/t = 0 (corresponding to the FB).

The results presented here are sensitive to the number of
sites of the discussed system (cf. lines with different color
in Fig. 2). Nevertheless, Jc(μ) has the same (qualitative) be-
havior independent of the size of the system, and describes
the thermodynamic limit (Na × Nb → ∞) relatively well for
lattice with 30 × 30 unit cells. Similar effects can be observed
with decreasing �, when the emergence of the superconduct-
ing phase (i.e., when � is comparable to the gap between
states) strongly modifies states in the system.

The value of Jc(μ) is related to the Shiba state energy
±EYSR (Fig. 3). The reduced value of Jc induced by VHS or
FB leads to a nearly linear dependence of EYSR on coupling
strength J . Similar features of the Shiba states in the presence
of VHS were discussed by Uldemolins et al. in Ref. [45].
The authors found a strong reduction of Jc when the Fermi
level was located at the VHS. In this case, the linearity of
EYSR(J ) was also reported around Jc. In our case, the presence
of a FB allows the existence of the Shiba state with exactly
linear EYSR(J ) dependence [cf. Fig. 3(b) or Fig. 3(d)]. For a
system with small DOS (e.g., μ corresponding to the DP) or
approximately constant value of DOS, the Shiba state energy
has expected features, given by the general formula (1).

Extraordinary properties of the Shiba states in the Lieb lat-
tice can be directly connected with the presence of two sublat-
tices, formed by the corner sites or the edge sites. The partial
DOS projected on the corner or edge sites, which clearly show
the impact of each sublattice [58,65,66] could be a proof of
this hypothesis. In particular, the whole spectral weight of
the FB peak in the DOS corresponds to the edge site sub-
lattice [giving vanishing PDOS for the corner site sublattice
and opposite Jc tuning for μ/t = 0; cf. Figs. 2(c) and 2(d)].
Contrary to the FB peak, the DOS at the VHS has contri-
butions from both sublattices [66]. This very well explains
the Jc(μ) dependence the for corner site sublattice [Fig. 2(c)]
and the edge site sublattice [Fig. 2(d)]. A second direct proof
can be given by the LDOS of the Shiba states induced by the
magnetic impurities located at a given sublattice (Fig. 4). As
we can see, the pattern of the LDOS corresponding to the

Shiba state strongly depends on the position of the impurity
(cf. top and bottom panels in Fig. 4). Similarly, the coherence
length depends on the parameters of the systems (cf. left
and right panels in Fig. 4). From these numerical studies we
can find that the Shiba state is mostly localized at the same
sublattice as the magnetic impurity site (marked by a black
circle). Only in the sites which are neighbors to the impurity’s
location, is some modification of LDOS observed. Interest-
ingly, similar behavior was observed experimentally within
the STM measurements of the Zn impurity in the copper-
dioxide Lieb lattice of the high temperature superconductor
Bi2Sr2CaCu2O8+δ [67]. In this case, for the impurity located
at the corner site, the LDOS of bound states was observed

FIG. 4. Local density of states (LDOS) for the Lieb lattice. The
position of the impurity is marked by a black circle. In panels (a) and
(b) the impurity is located at the corner site [blue site in Fig. 1(d)],
while in (c) and (d) it is located at the edge site [green or red site in
Fig. 1(d)]. Results are shown for the following values of parameters
(μ/t ; J/t ): (2.0; 0.5), (0.5; 7.5), (2.0; 5.0), and (0.5; 0.5) for panel
(a), (b), (c), and (d), respectively.
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FIG. 5. Coherence length ζc as a function of chemical potential
μ and magnetic coupling J for the Lieb lattice when the impurity
is located at (a) the corner site or (b) the edge site [i.e., blue and
green/red site in Fig. 1(c), respectively]. Dashed black line denotes
the value of critical J for a given μ (cf. Fig. 2). Results are presented
for Shiba states with energies |EYSR| < 0.95�. a is the distance
between neighboring sites (i.e., distance between the corner and edge
state), taken as a unit of distance.

in diagonal directions (rotated 45◦ to the x-y axis), i.e., a
situation similar to Fig. 4(a).

Exponential decay of the Shiba states as a function of
distance from the impurity gives information about the coher-
ence length ζc (Fig. 5). Similar to Jc for the Lieb lattice, the
coherence length depends on the sublattice in which the mag-
netic impurity is located. Moreover, around Jc(μ) (represented
by the black dashed line) the coherence length is relatively
small (in range ∼2a or ∼1a for impurity in the corner site or
edge site, respectively). For J 
 Jc the coherence length can
be much bigger—this behavior is also visible in the LDOS
discussed earlier (Fig. 4).

IV. SUMMARY

In this paper we discuss the effect of density of states
singularities on the Shiba states. In particular, we investigated
the role of Dirac point, van Hove singularity, and flat band in

honeycomb, kagome, and Lieb lattices. In its simplest form,
the energy of the Shiba states strongly depends on the density
of states at the Fermi level. For example, the presence of a
flat band leads to strong suppression of the critical magnetic
coupling Jc, while the existence of the Dirac point leads to an
enhanced Jc. We examined the tuning of the parameters (e.g.,
energy or critical magnetic coupling) describing the Shiba
states in the aforementioned lattices.

The Shiba states realized in the honeycomb and the
kagome lattices exhibit typical behaviors. For the Fermi level
at the Dirac point we observed a maximum of Jc, while
the flat band strongly suppresses Jc. Similarly, the van Hove
singularity leads to a decrease in Jc. Contrary to this, the
Lieb lattice containing two sublattices (of the corner and edge
sites), exhibits extraordinary behavior. In this case, the prop-
erties of the Shiba states strongly depend on the position of
the magnetic impurity (in a specific sublattice). The atypical
behavior is observed in Jc, the local density of states, and
coherence length studies. (i) The magnetic coupling exhibits
dependence similar to the density of states projected on the
specific sublattice. (ii) The majority of the spectral weight
in the local density of states of the Shiba states is observed
in the sublattice containing the magnetic impurity. (iii) The
coherence length strongly depends on the sublattice in which
the magnetic impurity is located. These findings should be
generic for systems with a few sublattices, and can explain
some experimental data observed in systems where a Lieb
lattice is realized (like high temperature superconductors).
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4.2 Studies based on density functional theory

4.2.1 Phononic drumhead surface state in the distorted kagome com-

pound RhPb

A. Ptok, W. R. Meier, A. Kobiałka, S. Basak, M. Sternik, J. Łażewski, P. T. Jochym, M. A.
McGuire, B. C. Sales, H. Miao, P. Piekarz, and A. M. Oleś, Phys. Rev. Research 5, 043231
(2023).

CoSn-like compounds (FeSn, FeGe, etc.) contain alternating layers of kagome lattice formed
by Co atoms, separated from each other by layers of hexagonal lattice formed by Sn. This group
of materials is famous for having a clean electronic band structure, with well visible flat band
and Dirac point. From a previous theoretical calculation by our group [62] it is known that
RhPb, a member from apparently the same family, cannot stabilize in the same symmetry
group (P6/mmm) as the other members. More precisely, it cannot stabilize with layers of exact
kagome lattice, rather it stabilizes in symmetry group P6̄2m with distorted kagome structure
formed by Rh atoms. This manuscript starts with the experimental verification of this claim
through single-crystal X-ray diffraction. Then we move on to study the phonon dispersion
relations of both symmetries. Both of them contain a flat band in the phonon band structure,
with P6̄2m containing a slightly more dispersive band due to distortion of the ideal kagome
lattice. We also observe several degenerate Dirac points and Dirac nodal lines. The presence of
these nodal lines led us to look for phonon surface states connecting these lines. Indeed when
we investigated the termination dependence surface states, we observed drumhead-like surface
states connecting these nodal lines.

Author’s contribution: Numerical evaluations (phonon dispersion curves and phonon
density of states), participation in theoretical analysis, discussion of obtained results, partial
preparation of the manuscript, correspondence with other research groups during the prepub-
lication period, participation in preparing the response for Referees.
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RhPb was initially recognized as one of CoSn-like compounds with P6/mmm symmetry, containing an ideal
kagome lattice of d-block atoms. However, theoretical calculations predict the realization of the phonon soft
mode, which leads to the kagome lattice distortion and stabilization of the structure with P6̄2m symmetry
[A. Ptok et al., Phys. Rev. B 104, 054305 (2021)]. Here, we present the single crystal x-ray diffraction
results supporting this prediction. Furthermore, we discuss the main dynamical properties of RhPb with P6̄2m
symmetry, i.e. phonon dispersions and surface Green’s functions using the modern theoretical methods based
on density functional theory. The bulk phononic dispersion curves contain several flattened bands, Dirac nodal
lines, and triple degenerate Dirac points. As a consequence, the phononic drumhead surface state is realized for
the (100) surface, terminated by the zigzaglike edge of Pb honeycomb sublattice.

DOI: 10.1103/PhysRevResearch.5.043231

I. INTRODUCTION

Discovery of the topological insulators with conducting
surface states in the form of the Dirac cone [1–4] opened a
period of intensive studies in the subject of fermionic topo-
logical systems [5–7]. However, a realization of the nontrivial
topological states is not limited only to fermionic systems,
but can be also expected in bosonic ones as well [8–12].
We can find several examples of the occurrence of phonon
Dirac/Weyl points [13–27], nodal lines [28–33], nodal rings
[33–38], and nodal nets [39–42]. Topological properties are
also manifested by the emergence of phonon surface states
[15–19,32,35,36,43–49] or phonon Hall effect [50–56]. As
a result, existence of the topological phonons with nonzero
Berry curvature [57] can give rise to the development of
nanodevices based on the heat transfer manipulation, i.e., in
phononics [58].

In the context of the topological properties, the kagome-
supported systems have been of great interest recently. The
basic property of the system with the kagome lattice is the
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formation of flat electronic bands [59–61]. One such exam-
ple of the kagome systems are CoSn-like compounds, which
combine kagome and honeycomb layers [62–65]. The elec-
tronic band structure exhibits a flat band and Dirac fermions
[62–70]. Some CoSn-like compounds exhibit frustrated mag-
netism with an important role for itinerant electrons [71],
like magnetically ordered FeGe [72], or FeSn [62,70,73,74].
However, most commonly, these compounds are paramagnets,
such as CoSn [73].

Motivation: Typically, the kagome net CoSn-like com-
pounds crystallize with the P6/mmm symmetry [62,63]. In
such a structure, the d-block element (e.g., Fe, Co, Ni, Rh,
or Pt) forms an ideal kagome sublattice, while the p-block
element (e.g., Ge, In, Sn, Tl, or Pb) has two nonequiva-
lent positions: one of the p-block elements is located in
the plane of the kagome sublattice when the second’s po-
sition forms honeycomb sublattice intercalated between two
kagome-sublattice planes. RhPb satisfies the mentioned con-
ditions, and therefore it should behave as an ideal kagome
metal [63]. However, theoretical investigations of the lattice
dynamics of RhPb show that this compound should be unsta-
ble with the P6/mmm symmetry [75]. Stabilization of RhPb
can be achieved by distorting the kagome lattice, resulting in
the P6̄2m symmetry (see Fig. 1). In this paper, we present
experimental evidence for the distorted kagome structure in
the RhPb system. Furthermore, we investigate the dynamic
properties of RhPb with a distorted kagome lattice. We show
that this compound is an excellent candidate for the study of
the phonon drumhead surface state.

The paper is organized as follows. First, we discuss the
results indicating formation of the distorted kagome lattice in
RhPb with the P6̄2m symmetry (Sec. II). Next, we present

2643-1564/2023/5(4)/043231(10) 043231-1 Published by the American Physical Society
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FIG. 1. Schematic representation of the ideal (left panel) and
distorted (right panel) kagome lattices, realized in the system with
symmetries P6/mmm and P6̄2m, respectively. In the ideal kagome
lattice, the system is centrosymmetric. The rotation of perfectly
ordered triangles by angle ϕ transforms the system into the noncen-
trosymmetric structure.

the theoretical study of the dynamical properties of this com-
pound (Sec. III). Finally, we summarize the paper with the
main conclusions in Sec. IV.

II. CRYSTAL STRUCTURE

Crystals of RhPb were grown from a high-temperature
Pb-rich melt [63]. A 1:3 atomic ratio of rhodium sponge
(Alfa Aesar 99.95%) and lead slugs (Alfa Aesar Puratronic
99.999%) were loaded into one side of a 2 mL alumina Can-
field crucible set [76] and then sealed in a fused silica ampule
under vacuum with a hydrogen-oxygen torch. The ampule was
placed in a box furnace and heated to 1000 ◦C or 1100 ◦C over
6 h. This temperature was held for 2 h to dissolve the rhodium
in lead and homogenize the fluid. The furnace was quickly
cooled to 900 ◦C over 3.5 h and held for 0.5 h before cooling
to 750 ◦C over 320 h (−0.47 ◦C/h) to slowly precipitate the
crystal. The hot ampule was removed from the furnace and
inverted into a centrifuge to fling the remaining liquid of the
crystals. In the batch used for single crystal diffraction, 5.4 g
of reactants yielded a single 4 × 7 mm crystal weighing about
1.2 g. It had a slightly skeletal hexagonal-prismatic shape
with a shiny metallic cluster [see Fig. 2(a)]. Other batches
of crystals yielded faceted euhedral blocky hexagonal prisms.
Crystals of RhPb are brittle with a conchoidal fracture and
have weak (001)-cleavage. Broken surfaces sometimes reveal

FIG. 2. Single crystal of RhPb grown from lead melt (a), and
crystal structure of RhPb with P6̄2m symmetry (b).

TABLE I. An important characteristic of refined structures of
RhPb at 293 K from single crystal x-ray diffraction. Note the sig-
nificant improvement of fit quality in the P6̄2m refinement.

Space group P6/mmm P6̄2m

xRh 1/2 0.4775(2)
Twin fraction N/A 0.568(25)
Triangle rotation, ϕ in Fig. 1 0◦ 4.45(3)◦

R(obs) (%) 6.01 2.83
Goodness of fit obs 4.91 1.65

inclusions of bluish metallic Pb metal that contrast with the
silver metallic RhPb surfaces.

To determine the crystal structure of RhPb, fragments of
the 1.2 g crystal were selected for single crystal x-ray diffrac-
tion (XRD). The crystal, approximately 60 × 40 × 10 μm3,
was mounted on the end of a Kapton loop with Locktite
glue for data collection at room temperature using a Bruker
D8 Quest diffractometer (0.71073 Å Mo Kα radiation). Data
were collected, reduced, and analyzed using APEX3 soft-
ware, including a semiempirical absorption correction based
on equivalent reflections. Structure refinement was performed
using JANA 2020 [77] for both P6/mmm (space group No.
191) and P6̄2m (space group No. 189) symmetries.

The first-principles density functional theory (DFT) calcu-
lations were performed using the projector augmented-wave
(PAW) potentials [78] implemented in the Vienna ab initio
simulation package (VASP) code [79–81]. Calculations were
made within the generalized gradient approximation (GGA)
in the Perdew, Burke, and Ernzerhof (PBE) parametrization
[82]. The energy cutoff for the plane-wave expansion was set
to 350 eV. Optimizations of structural parameters (lattice con-
stants and atomic positions) were performed in the primitive
unit cell using the 10 × 10 × 6 k-point grid in the Monkhorst-
Pack scheme [83]. As a break condition of the optimization
loop, we took the energy difference of 10−6 eV and 10−8 eV
for ionic and electronic degrees of freedom, respectively.

Structure: Initially, the RhPb structure was assumed to
possess the P6/mmm symmetry [63]. However, theoretical
analysis of the RhPb dynamical properties shows that such
a system is unstable [75]. Our single crystal refinement does
indeed reveal that RhPb adopts the distorted P6̄2m structure
based on a distinctly better fit quality over the P6/mmm
solution (Table I). DFT calculations estimate very subtle dif-
ferences in the lattice parameters for both structures (Table II),
but more stable phonons in the P6̄2m structure (detailed dis-
cussion in Sec. III A).

In the case of the P6/mmm symmetry, the Rh atoms
are located in the Wyckoff position 3 f (1/2, 1/2, 0), while
the Pb atoms in two nonequivalent Wyckoff positions 2d

TABLE II. Comparison of the experimental and theoretical
(DFT) lattice constants for RhPb with different symmetries.

a (Å) c (Å)

Exp. 293(2) K 5.6794(4) 4.4311(3)
Exp. 15 K (Ref. [63]) 5.66601(2) 4.41267(1)
DFT P6/mmm 5.740 4.487
DFT P6̄2m 5.762 4.466
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(1/3, 2/3, 1/2) and 1a (0,0,0). In the case of the P6̄2m sym-
metry [see Fig. 2(b)], the 3 f position of the Rh atom is
calculated to lie at (0.467,0.467,0). Experimentally, the posi-
tion of the Rh atom was estimated as (0.4775(2),0.4775(2),0).
The distortion present in the system corresponds to the ro-
tation of the triangles that form an ideal kagome lattice (see
Fig. 1) with angle ϕ = 6.5◦ determined by DFT, while the
experimentally obtained value is 4.46◦. The rotation of the
kagome triangles in RhPb reflects the modified kagome pat-
tern seen in the ZrNiAl-type materials [84–92]. The P6̄2m
space group does not alter the translational symmetry for the
lattice and therefore can only be distinguished from P6/mmm
by fitting the diffracted intensities. The smaller R and good-
ness of fit values reported in Table I demonstrate that the
lower symmetry structure better models the experimentally
observed intensities. More crystallographic data (e.g., CIF
files as well as XRD refinements) can be found in the Sup-
plemental Material (SM) [93].

Regardless of the symmetry, RhPb exhibits a metallic band
structure (see Fig. S2 in the SM [93]). The electronic band
structure obtained for both symmetries is very similar, and
in correspondence to other CoSn-like compounds, it contains
several flattened bands (detailed discussion can be found in
Sec. S2 in the SM [93]).

III. DYNAMICAL PROPERTIES

The dynamical properties were calculated using the di-
rect Parlinski-Li-Kawazoe method [94], implemented in the
PHONOPY package [95]. Within this method, the interatomic
force constants (IFC) are calculated from the Hellmann-
Feynman (HF) forces acting on the atoms after displacements
of individual atoms inside the supercell. We performed these
calculations using the 2 × 2 × 2 supercell with 48 atoms, and
the reduced k-point grid 3 × 3 × 3. Next, the IFC were used
to study the surface states, by calculations of the surface
Green’s function for the semiinfinite system [96], using WAN-
NIERTOOLS [97]. Additionally, we also calculate the phonon
dispersion curves for a finite temperature. In this case, the
calculations were performed for the thermal distribution of
multidisplacement of atoms [98], generated within the HECSS

procedure [99]. The total energy and HF forces acting on all
atoms are calculated with VASP for 100 different configura-
tions of atomic displacements in the supercell. In dynamical
properties calculations, we include second- and third-order
phonon contributions, which correspond to the harmonic and
cubic IFC, respectively.

A. Phonon dispersion curves

The phonon dispersion relations and the phonon density of
states (DOS) for RhPb with both symmetries are presented in
Fig. 3. In the case of the P6/mmm symmetry, there exists the
imaginary soft mode (presented as negative frequencies) [see
Fig. 3(a)]. This soft mode, with the frequency of −2.59 THz
at the � point, is characterized by the B1u symmetry. Atomic
displacements induced by this mode lead to the rotation of the
triangles forming the ideal kagome lattice [75] (see Fig. 1).
As a consequence, the P6̄2m symmetry is stabilized—after
the transformation, the phonon dispersion does not exhibit any

imaginary modes, so all frequencies are real [Fig. 3(c)]. The
analysis of the zone-center mode frequencies and symmetries
shows that in the distorted structure, the mode corresponding
to the soft mode has a frequency of 3.2 THz and an A-like
symmetry.

Soft modes observed in the P6/mmm symmetry are asso-
ciated only with the Rh atoms’ vibration, which is reflected in
the phonon density of states. In practice, all spectral weights
at DOS related to the soft mode [negative frequencies in
Fig. 3(b)] correspond to the Rh atoms contribution. For neg-
ative frequencies, the contribution of Pb atoms is negligible.
Indeed, stabilization of RhPb with the P6̄2m symmetry mainly
modified the Rh contribution [cf. Figs. 3(b) and 3(d)]. As
expected, independently of the system symmetry, the vibra-
tions of the heavy Pb atoms are located mostly in the lower
frequency range. The vibrations of lighter Rh atoms exist in
the higher frequency range.

Here, we should point out that the spontaneous kagome
rotation can also be achieved in other compounds, like
MgCo6Ge6 [100], at T = 100 K. Nevertheless, in the case of
RhPb, the theoretical investigation of temperature-dependent
phonon dispersion for P6/mmm always shows soft mode at
the � point (even up to 1500 K). From this, we can conclude
that the RhPb compound crystallizes only with the P6̄2m
symmetry, while the structure with the P6/mmm symmetry
is unstable even at high temperatures.

Symmetry realized by RhPb has an impact on the irre-
ducible representation of phonons at the � point. Indeed, the
exact analysis presented in Sec. S3 in the SM [93] clearly
shows differences between these two phases. In fact, due to
the different number of active modes in both symmetries, e.g.,
visible in the Raman spectroscopy, we can gain additional
evidence for the formation of the P6̄2m crystal symmetry.

B. Flat phonon bands

Typically, the kagome lattice allows the creation of flat
bands—this property is observed in the electronic band struc-
ture of CoSn-like compounds [63–66] as well as in their
phonon dispersion curves. For both symmetries, there are sev-
eral flat bands with a weak dispersion along the �-K-M-� and
A-H-L-A paths [e.g., the branch marked in yellow in Figs. 3(a)
and 3(c)]. A previous study on the similar CoSn system, sug-
gests that the flat bands are related to the collective vibrations
of d-block atoms (i.e., Co) [101]. However, as we have shown
for CoSn-like compounds in Ref. [75], phonon bands order
results rather from the mass sequence, and the flat bands
correspond to the vibrations of the heaviest (p-block) atoms.
Also, analysis of the polarization vectors of RhPb phonons,
presented here, clearly shows that dispersionless modes are
related to the vibrations of Pb atoms [marked with blue ar-
rows in Figs. 3(b) and 3(d)]. Moreover, the flat low-frequency
mode corresponds to the vibration of the Pb atom in the Rh
kagome net plane (see also partial DOS presented in Fig. S6
in the SM [93]). The separation of Pb phonon modes can be
understood by taking into account the significant Pb:Rh mass
ratio (207.2:102.9), which is responsible for the relatively
weak coupling of Pb vibrations with those of neighboring
Rh atoms and justifies the existence of separated and mostly
dispersionless mode. Furthermore, in the frequency range of
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FIG. 3. Phonon dispersion relations (left column) and phonon density of states (right column) for RhPb with P6/mmm (top row) and P6̄2m
(bottom row) symmetry. The branches marked with solid light red or light green lines corresponding to the doubly degenerate band along the
�-A and K-H directions, respectively. Similarly, the green arrows indicate triple degenerate Dirac points resulting from the intersection of the
doubly degenerate band with the nondegenerate band. Color lines in the right panels are related to the total DOS (gray) or partial DOS (red
and blue for lighter Rh and heavier Pb atoms, respectively). The inset in panel (c) represents the Brillouin zone and its high symmetry points.

flat bands, the chiral phonons (i.e., circulations of the atoms
around the equilibrium position) were predicted within the Pb
honeycomb sublattice [75].

The occurrence of the mentioned flat bands is reflected
in phonon DOS, by the relatively sharp peaks [marked with
red arrows in Figs. 3(b) and 3(d)]. Moreover, the phonon
DOS describes the frequency distribution of normal modes
inside the whole Brillouin zone, in contrast to the phonon
dispersion curves which only represent the modes along high
symmetry directions. Therefore, the truly flat bands (sepa-
rated from others’ contributions) are represented in DOS for
P6/mmm symmetry by very sharp peaks [see Fig. 3(b)]. In the
case of P6̄2m symmetry, however, a stronger k dependence
of phonon dispersion relations should be noticed, resulting
in much broader peaks of phonon DOS [see Fig. 3(d)].
It means, that the phonon bands for the P6̄2m symme-
try are more dispersive than in the case of the P6/mmm
symmetry.

C. Bands degeneracy and Dirac points/lines

The presence of three and sixfolded rotational symme-
try results in preserving band degeneracy of the � point
also along so-called high-symmetry directions. Indeed, the
degeneracy preservation is well visible along the �-A path
(i.e., for the z direction, perpendicular to the honeycomb and
kagome layers) [branches marked with the red solid line in
Fig. 3(c)]. Additionally, the hexagonal symmetry affects the
band structure along the K-H path, where some bands are
double degenerate and form the Dirac nodal lines. Irreducible
representations at the K (H) point allow for the realization
of double degenerate points. However, the symmetry of this
state is preserved for any point P with coordinates (1/3,1/3,u)
within the double degenerate state. Finally, the Dirac point at
the K (H) point [visible, e.g., in the form of characteristic band
crossing around 5.6 THz for both symmetries in Figs. 3(a)
and 3(c)], exists along the whole K-H path, forming the Dirac
nodal line.
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FIG. 4. Schematic representation of triple degenerate Dirac point
forming along the K-H path.

The intersections of doubly degenerate and non-degenerate
bands occurring along the �-A and K-H directions [pointed
out by green arrows in Fig. 3(c)] determine Dirac points with
a triple degeneracy. Figure 4 schematically illustrates how the
Dirac nodal line and triply degenerate Dirac point are defined.
Two bands (band 1 and 2) intersecting along the K-H path
form a nodal line, and another band (band 3) crossing this
line marks a triply degenerate point. Two additional Dirac
nodal lines are created where band 3 intersects bands 1 and
2. Here we would like to stress that the realization of (bulk)
Dirac point and nodal lines strongly affects the surface states
character. In the next paragraph, we will focus on this aspect.

D. Phonon surface states

Some hexagonal lattices, like honeycomb [102–104] and
kagome [105,106] nets, can form the electronic surface states
at the zigzaglike edge of the lattice. This is also true in the
case of the bosonic systems [43,107–110]. Indeed, the phonon
zigzag edge modes could be realized in RhPb at the (100)
surface [Fig. 5(a)]. Similar behavior was also earlier reported
for NbReSi, which possesses the same symmetry [111].

The calculated phonon surface states of RhPb for the (100)
surface are presented in Fig. 5. In our calculations, we con-
sider two types of terminations. The zigzag edge of the Pb
honeycomb lattice is realized in both of them. The “top”
surface also contains a chain of Rh atoms from the kagome
lattice. Similarly, the “bottom” surface contains a chain of
Rh-Pb atoms from the triangular lattice formed by the Rh
kagome net decorated by Pb atoms represented by nonbonded
black atoms in Fig. 5(a). Slablike calculations (for ten layers
of RhPb) clearly show the existence of surface states, indepen-
dently of the termination [blue and red lines in Fig. 5(c)]. The
phonon dispersion curves, in this case, contain many more
branches than the dispersion curves for the bulk [Fig. 3(c)],
what is the consequence of projection of all phonon states
from the bulk (3D) Brillouin zone onto the 2D Brillouin zone
of the surface [see Fig. 5(b)]. It is interesting that, in the case
of the surface directly terminated by the zigzag edge of the
Pb honeycomb lattice (i.e., top surface), the phonon surface
states at the highest frequencies exhibit behavior similar to
this observed in electronic surface states at the zigzag edge in

FIG. 5. The phonon surface states realized at the edge of the (100) surfaces of RhPb with P6̄2m symmetry. Surface terminations are
presented in panel (a). For simplification, we show only bonding between Rh atoms forming a distorted kagome lattice and Pb atoms forming
a honeycomb lattice. The Pb atom in the center of hexagons is placed in the plane of a distorted kagome lattice. (b) Relation between the bulk
(3D) and surface (2D) Brillouin zone. Phonon band structure calculated for slablike structure (c), containing ten layers. The colors correspond
to the states related to vibrations of the atoms at the top surface (blue), central bulklike part (gray), or bottom surface (red). The panels
from (d) to (f) present the spectral function calculated for the central bulklike part, the top surface, and the bottom surface part of the slab,
respectively. The arrows in (e) and (f) show the locations of the soft modes of the phonons realized on the top or bottom surfaces, respectively.
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FIG. 6. The surface spectral function for different cuts of the surface (2D) Brillouin zone (right panel), presenting k-point dependence of
the phonon drumhead surface state (marked with white arrows).

the graphene nanoribbon [102] [see the states with frequencies
around 5.75 THz, marked with yellow arrows in Fig. 5(e)].

Direct calculations of the spectral functions for the bulk
and surface regions are presented in Figs. 5(d)–5(f). The
phonon surface states can be, in a relatively simple way,
extracted from the bulk spectra, by comparing the spectral
function related to the bulk states [see Fig. 5(d)] with the
adequate spectral function for a specific surface [Fig. 5(e) or
5(f)]. Additional states, i.e., surface states, are marked with
arrows. Comparing the frequencies of surface states with the
bulk phonon DOS [Fig. 3(d)], we see that the surface states in
the low (high) frequency range are realized mostly by Pb (Rh)
atoms.

Probably, the most interesting properties of the slablike
structure can be observed for the highest branches of the spec-
trum. First, the signature of the bulk Dirac “point” [i.e., Dirac
lines from the K-H direction in the 3D bulk Brillouin zone
are projected on the 2D surface Brillouin zone, see Fig. 5(b)]
can be well recognized in the spectrum [white dashed crosses
in Fig. 5(e)]. Between these points, the previously mentioned
zigzaglike edge mode is formed.

However, a more precise analysis of this latter state un-
covers the realization of the drumhead phononic surface state.
Indeed, as one can recognize in Fig. 6, these surface states ex-
ists independently of momentum k, forming a 2D surface state
between the two bulk Dirac lines mentioned earlier. Formation
of the drumhead phonon surface state is presented schemati-
cally in Fig. 7. Remarkably, the projected bulk phonon surface
state creates a graphenelike spectrum, independently of mo-

FIG. 7. Schematic representation of the phonon drumhead sur-
face state.

mentum k. Note that the band crossing discussed earlier (red
line in Fig. 7) is visible as a Dirac “point” for any value of
k. Finally, the drumhead surface state is realized between the
Dirac nodal lines. It is remarkable that the frequency of the
phonon drumhead surface state strongly depends on momen-
tum k (see Fig. 6).

IV. SUMMARY

In this paper, we discuss the basic properties of RhPb
with the distorted kagome lattice of Rh atoms. Initially pre-
sented theoretical calculations [75] predict the realization of
the distorted kagome lattice in RhPb. Indeed, our single crys-
tal diffraction results confirm the predicted distortion of the
kagome net in RhPb.

We presented a study of the dynamical properties of the
bulk RhPb compound. In such a system, the emergence of
several flattened phonon bands is possible. However, a more
precise analysis shows that phonons in this band have even
broader dispersion than for an ideal kagome lattice. This be-
havior is clearly recognized in the phonon density of states.

The phonon dispersion curves exhibit several interesting
features, namely the (bulk) Dirac nodal lines and triple de-
generated Dirac points. Such structures have consequences
for the observed surface states. The most prominent example
is the phonon drumhead surface state, between two (bulk)
Dirac nodal lines projected on the surface Brillouin zone.
In this context, the RhPb crystal with the distorted kagome
lattice is an excellent platform to study the interplay between
topological phonon surface states and flat electronic bands.
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4.2.2 Theoretical Study of Dynamical and Electronic Properties of

Noncentrosymmetric Superconductor NbReSi

S. Basak and A. Ptok, Materials 16, 78 (2023).

Noncentrosymmetric superconductors provide an attractive platform to study unconven-
tional superconductivity. The antisymmetric spin-orbit coupling has suggested the mixture of
spin-singlet and spin-triplet states as the superconducting pairing mechanism. In this family,
the Re-based superconductors are especially important due to the high upper critical magnetic
field (> 8 T) and, in some cases, broken time-reversal symmetry. In this paper, we study the
electronic and lattice dynamical properties of non-centrosymmetric superconductor NbReSi.
We start by analyzing the dynamical stability of two symmetry groups, P6̄2m and Ima2, and
conclude that P6̄2m is stable while the other one is not. We then study the stability of both
the symmetries under external hydrostatic pressure and comment on their ground state ener-
gies. NbReSi is very similar in electronic structure to A2Cr3As3 (A =K, Rb, Cs). Similar to
A2Cr3As3, we observe a quasi-one-dimensional behavior in this compound, highly dispersive in
the direction perpendicular to the kagome-like plane reflected in the plot of Fermi surface. We
also observe phonon surface states depending on the type of surface terminations, concentrated
in the low-frequency range, coming from the vibration of Nb and Re atoms forming the dis-
torted kagome structure.

Author’s contribution: Performing the lattice dynamic calculations (phonon dispersion
curves and phonon density of states), analysis and discussion of obtained results, partial prepa-
ration of figures, partial preparation of the manuscript, participation in preparing the response
for Referees.
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Abstract: The noncentrosymmetric NbReSi superconductor with Tc ' 6.5 K is characterized by the
relatively large upper critical magnetic field. Its multigap features were observed experimentally.
Recent studies suggested the realization of P6̄2m or Ima2 symmetry. We discuss the dynamical
properties of both symmetries (e.g., phonon spectra). In this paper, using the ab initio techniques,
we clarify this ambiguity, and conclude that the Ima2 symmetry is unstable, and P6̄2m should be
realized. The P6̄2m symmetry is also stable in the presence of external hydrostatic pressure. We show
that NbReSi with the P6̄2m symmetry should host phonon surface states for (100) and (110) surfaces.
Additionally, we discuss the main electronic properties of the system with the stable symmetry.

Keywords: noncentrosymmetric superconductor; phonons; surface states; spin–orbit coupling

1. Introduction

Noncentrosymmetric superconductors are characterized by antisymmetric spin–orbit
coupling (SOC) [1–3], which gives rise to the topological superconducting pairing as a
result of a mixture of spin-singlet and spin-triplet components [3–5]. This behavior was
first discovered in the heavy fermion compound CePt3Si [6]. Recently, a large group of
noncentrosymmetric superconductors have been discovered, e.g., Li2(Pt1−xPdx)3B [7,8],
BaPtSi3 [9], LaNiC2 [10], SrPtAs2 [11], RPtSi (R = La, Ce, Pr, Nd, Sm, Gd) [12,13], A2Cr3As3
(A = K, Rb, Cs) [14–16], K2Mo3As3 [17], (Ta,Nb)Rh2B2 [18], ThTSi (T = Co, Ir, Ni, Pt) [19–21],
or CeRh2As2 [22,23].

Recently, many ternary noncentrosymmetric superconductors were discovered and
studied. Typically, the MM′Si class of materials (where M and M′ are transition metals or
rare earth metals) crystallise in several distinct structural symmetries, such as tetragonal
PbClF-type (P4/nmm symmetry) [24], orthorhombic TiNiSi-type (Pnma symmetry) [25],
hexagonal ZrNiAl-type (P6̄2m symmetry) [26], or orthorhombic TiFeSi-type (Ima2 sym-
metry) [26]. Among the mentioned symmetries, two are noncentrosymmetric (P6̄2m and
Ima2) and can give rise to unconventional triplet superconductivity. These types of features
were discussed in the case of TaTSi (T = Re, Ru) [27,28] or TRuSi (T = Ti, Nb, Hf, Ta) [29],
both with Ima2 symmetry.

In our paper, we focus on the recently studied noncentrosymmetric NbReSi supercon-
ductor [30], which exhibits superconducting properties below Tc ' 6.5 K [30–32]. A rela-
tively large upper critical magnetic filed was reported experimentally (around 12.5 T [31],
13.5 T [30], or 8.1 T [32]). The absence of spontaneous magnetic fields below Tc from
muon-spin relaxation (µSR) was observed [30]. The superfuild density and the spin-lattice
relaxation rate suggest nodeless superconductivity [30]. The signatures of multigap super-
conductivity, evidenced by the field-dependent µSR rate and the electronic specific heat
coefficient [30] can be related to the multiband Fermi level [31].

However, the characterization of the studied samples suggest the realization of the
P6̄2m symmetry (cf. Refs. [30,31]) or Ima2 (cf. Ref. [32])—structures presented in Figure 1.
We clarify this ambiguity using the ab initio techniques. From the study of dynamical
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properties, we claim that the P6̄2m symmetry is stable in this system. We also discuss the
dynamical and electronic properties of the system with stable symmetry.

Figure 1. Schematic representation of NbReSi conventional cell with P6̄2m and Ima2 symmetries (as
labeled). In both structures, the Re and Nb atoms form distorted kagome-like sublattices.

The paper is organized as follows. Details of the techniques used are provided in
Section 2. Next, in Section 3 we present and discuss our theoretical results. Finally,
a summary is provided in Section 4.

2. Calculation Details

First-principle (DFT) calculations are performed using the projector augmented-wave
(PAW) potentials [33] implemented in the Vienna Ab initio Simulation Package (VASP)
code [34–36]. Calculations are made within the generalized gradient approximation (GGA)
in the Perdew, Burke, and Ernzerhof (PBE) parameterization [37]. The calculations, includ-
ing SOC, were performed with the energy cut-off set to 600 eV.

Initially, the crystal structure and atom positions were optimised. In the case of
the P6̄2m symmetry, the primitive cell containing three formula units was optimized,
with the 6× 6× 12 k-point grid in the Monkhorst–Pack scheme [38]. Similarly, for the Ima2
symmetry, we used a conventional unit cell with 6× 6× 3 k-point grid. As the convergence
condition of an optimization loop, we take the energy difference of 10−5 eV and 10−7 eV
for ionic and electronic degrees of freedom, respectively. Optimized structure parameters
are collected in Section 3.1

The interatomic force constants (IFC) are calculated within the Parlinski-Li-Kawazoe
method [39] implemented in PHONOPY package [40]. Force constants were obtained from
first-principles calculations of the Hellmann–Feynman forces by VASP and used to build a
dynamical matrix of the crystal. Phonon frequencies were obtained by diagonalization of
the dynamical matrix. Calculations were performed using the supercell technique. In the
case of the P6̄2m symmetry, the supercell based on 2× 2× 3 primitive cells was used. For
the Ima2 symmetry, we used a supercell based on 2× 1× 2 conventional cells. In both cases,
the reduced 3× 3× 3 k-grid was used. Furthermore, dynamical properties were evaluated
withing ALAMODE software [41], using the multidisplacement method. Finally, to study
the surface states of phonons, the surface Green’s function for a semi-infinite system [42]
was calculated using WANNIERTOOLS [43].

3. Results and Discussion
3.1. Crystal Structure

After optimizing the crystal structures, we found:

• for the P6̄2m symmetry (space group No. 189): a = b = 6.872 Å, and c = 3.310 Å,
while experimental values are a = b = 6.719 Å, and c = 3.485 Å [31]; Nb atoms are in
Wyckoff positions 3g: (0.4020, 0, 1/2), Re atoms in Wyckoff positions 3 f : (0.7411, 0,
0), while Si atoms in the two non-equivalent Wyckoff positions 2c: (1/3, 2/3, 0) and
1b: (0, 0, 1/2).

• for the Ima2 symmetry (space group No. 46): a = 6.990 Å, b = 11.618 Å, c = 6.726 Å,
while the reported values are a = 6.925 Å, b = 11.671 Å, and c = 6.694 Å [32]; Nb
atoms are in three non-equivalent Wyckoff positions 4b: (1/4, 0.1959, 0.7093), 4b: (1/4,
0.7873, 0.7130) and 4a: (1/4, −0.0033, 0.0919), Re atoms in the two non-equivalent
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Wyckoff positions 4a (0, 0, 0.7547) and 8c: (0.5344, 0.8732, 0.3776), while Si atoms in
two non-equivalent positions 4b: (1/4, −0.0259, 0.4920) and 8c: (0.0037, 0.1677, 0.0064).

In the case of the P6̄2m symmetry, the primitive unit cell is equivalent to the con-
ventional cell and contains three formula units. Contrary to this, for the Ima2 symmetry,
the primitive cell contains six formula units, while the conventional one is twice as big. The
obtained crystal parameters are used in the next part of the paper as reference ones.

3.2. Dynamical Properties

The phonon dispersions for both symmetries are presented in Figure 2. Regardless of
the symmetry, the phonon branches are collected into several groups separated by gaps. In
the case of P6̄2m symmetry, acoustic modes exhibit a linear behavior around the Γ point.
For the Ima2 symmetry, one of the acoustic modes along the Γ–Λ0 path (continuing along
the G0-X path) poses the soft mode. However, this soft mode is also visible around the
S-point. From the dynamical point of view, NbReSi is unstable with the Ima2 symmetry.

Figure 2. The phonon dispersion along high symmetry directions (left panels) and the Brillouin zone
(right panels) for P6̄2m (a) and Ima2 (b).

In both symmetries, Re and Nb atoms form distorted kagome-like sublattices (see
Figure 1), and should exist a relation between these two structures. In fact, there is a group-
subgroup relationship between the discussed symmetries [44], which is,
P6̄2m→Amm2→Ima2. This allows Ima2 to emerge from P6̄2m as a consequence of atom
displacements. Nevertheless, P6̄2m is stable and does not exhibit any soft modes that can
lead to Amm2 or Ima2 symmetries.

The above mentioned properties are also reflected in the phonon density of states
(PDOS), presented in Figure 3. A more precise analysis uncovers the contribution of
separate atoms in vibration modes. The lower-frequency modes are realized by Re and Nb
atoms (relatively heavy atoms). As can be expected, high-frequency modes are realized by
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lighter atoms, i.e., Si. The PDOS are qualitatively comparable for both symmetries. As we
can see, the soft mode in the Ima2 structure is realized by vibrations of Nb atoms.

Figure 3. The phonon density of states (PDOS) for P6̄2m (a) and Ima2 (b).

The irreducible representations of the phonon modes at the Γ point are given as [45]:

• for the P6̄2m symmetry:

Γacoustic = A′′2 + E′ (1)

Γoptic = 2A′1 + 2A′2 + A′′1 + 3A′′2 + 6E′ + 2E′′,

where A′′2 + E′ modes are infra-red active, while E′ + E′′ modes are Raman active.
• for the Ima2 symmetry:

Γacoustic = A1 + B1 + B2 (2)

Γoptic = 14A1 + 11A2 + 11B1 + 15B2,

where A1 + B1 + B2 modes are infra-red active, while A1 + A2 + B1 + B2 modes are
Raman active.

For lower symmetry (i.e., Ima2), in practice all modes are Raman active. Here we
should note that in both symmetries primitive cells contain different numbers of atoms. As
a consequence, the Raman spectra can be used as a tool to confirm the symmetry realized
by NbReSi.

3.2.1. Phonon Surface States

Realization of hexagonal symmetry by NbReSi can give rise to phonon surface
states [46]. The calculated surface Green functions are presented in Figure 4. The phonon
dispersion (Figure 2) is very complex and concentrated in the low frequency range (below
7.5 THz). However, for surfaces (100) and (110), the phonon edge states are clearly visible
at several places. For example, at the L̄ point, where the phonon surface states are realized
by separated modes with relatively large intensity (marked by blue arrows in Figure 4).
Interestingly, for some terminations, this mode is not realized, see Figure 4c)

The relatively small frequencies of the mentioned phonon surface modes suggest
their strong connection with Nb or Re atoms on the surface. For the surface (100), where
the bulk M and Γ points are projected on the surface Γ̄ point, we observed a Dirac-like
structure (Figure 4b). A more precise analysis of the surface band structure uncovers
avoided crossing of two edge states. Contrary to this, for the (110) surface, where bulk K
and M points are projected on the surface M̄ point, while bulk K and Γ points are projected
on surface Γ̄ point, we observed only one separated surface state (Figure 4c,d).
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Figure 4. Projection of the 3D bulk Brillouin zone on the 2D surface Brillouin zones for (100) and
(110) surfaces (a). Panels (b–e) present surface Green functions for different surfaces (as labeled) and
corresponding terminations (right schemats). Blue arrows show phonon surface states at L̄ point.

3.2.2. Role of Hydrostatic Pressure

Now, we briefly discuss the impact of external hydrostatic pressure on NbReSi. Under
external pressure, the volume of the system decreases monotonically (Figure 5a). In the
absence of pressure, the energy for both symmetries is comparable. However, comparison
of their volumes (per formula unit, see Figure 5a) clearly show that the unit cell of P6̄2m
is always more dense. This feature has an important impact under external pressure and
indicates a smaller enthalpy (i.e., the sum of the ground states energy and pV terms) of
the system with P6̄2m than Ima2. Furthermore, above some pressure (around 20 GPa),
the system with the Ima2 symmetry was impossible to optimize, and the structure goes
to the P6̄2m symmetry. This suggests instability of the NbReSi system with the Ima2
symmetry even under pressure.

Figure 5. Influence of external hydrostatic pressure on NbReSi. (a) Pressure dependence of the unit
cell volume (per formula unit) for system with P6̄2m and Ima2 symmetries (as labeled). (b) Phonon
dispersion curves for system with P6̄2m under pressure 30 GPa.

Figure 5b shows the dispersion cerves for the P6̄2m symmetry under pressure 30 GPa,
which are comparable with the one obtained in the ambient pressure (i.e., Figure 2a).
The range of realized phonon frequencies increase under pressure, as a result of the de-
creased volume of the system. Nevertheless, the system is stable and does not exhibit
phonon softening.
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3.3. Electronic Properties

Now, we briefly describe the electronic properties of the NbReSi system with stable
the P6̄2m symmetry. The obtained electronic band structure (Figure 6) is in agreement with
the initial one presented in Ref. [31].

Figure 6. The electronic band structure along high symmetry directions for the P6̄2m symmetry in
the absence and presence of spin–orbit coupling (orange and blue lines, respectively).

The SOC band splitting near the Fermi level is estimated to be 180 meV. This is a
relatively high value of the SOC in comparison to the other noncentrosymmetric super-
conductors [3], suggesting the realization of topological superconductivity in NbReSi. A
significant role of the antisymmetric SOC is well visible along the c direction (e.g., the M–L
or K–H paths in Figure 6). A large SOC is observed in the kz = 0 plane (e.g., along the
Γ–M–K–Γ path), in contrast to a relatively suppressed value of the SOC for kz = π/c (e.g.,
along the A–L–H–A)

The Fermi surface is presented in Figure 7. In the absence of SOC, the Fermi surface is
composed of three pockets. Introduction of the SOC leads to band decoupling, whereas
the Fermi surface preserves the shape unchanged qualitatively. Surprisingly, the Fermi
surface exhibits quasi-one-dimensional features (i.e., the Fermi surface pocket are given by
relatively flat pieces for kz = const., see Figure 7b).

Figure 7. The Fermi surface for the P6̄2m symmetry (in the absence of spin–orbit coupling). Panel
(a) presents the total Fermi surface, while panels (b–d) show separated pockets.

The features of the electronic band structure, as well as the Fermi surface topology,
make NbReSi very similar to the A2Cr3As3 (A = K, Rb, Cs) [47–50] and K2Mo3As3 [50,51]
compounds. NbReSi does not exhibit any magnetic order features (the ground state is
nonmagnetic), while mentioned A2Cr3As3 poses magnetic order [52]. Regardless of this,
the electronic band structure at kz = π/c is characterized by a relatively large gap, which
was observed in both cases. For NbReSi, the states around the Fermi level are mostly
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composed of Re-5d and Nb-4d orbitals [31], while for A2Cr3As3, Cr-3d orbitals have the
greatest contribution [47]. The Fermi surface of NbReSi is very similar to A2Cr3As3 [47–50]
or K2Mo3As3 [50,51] (both cases with P6̄2m symmetry).

Here, we should mention that despite having the same symmetry, the two structures
possess different intrinsic features: e.g., A2Cr3As3 contains quasi-one-dimensional chain of
Cr atoms along the c direction, while NbReSi has layers of distorted kagome-like sublattice
of Nb and Re atoms in the ab plane (see Figure 1). This causes detailed differences in
the electronic band structure. Quasi-one-dimensional chains in A2Cr3As3 are related to
the nearly flat bands within the ab plane and a strong kz dependence of the electron
dispersion. In NbReSi, too, we observe strong kz-dependence of the electron dispersion.
Additionally, the absence of characteristic band structure features for the kagome-like
structure is observed (i.e., absence of the flat bands). This can be related to the relatively
large distances between atoms in the distorted kagome-like planes (3.63 Å and 4.47 Å for
Nb–Nb and Re–Re pairs, respectively; cf. Figure 1).

The smaller distance between the atoms is related to the bonding between Re and
Si (distance around 2.43 Å), and can have a relatively strong impact on the electronic
properties. Indeed, the charge density distribution analyses (not presented) provide a
signature of a strong bonding within these pairs. Such a structure with a strong bonding
between the atoms along c can be responsible for the quasi-one-dimensional character of
NbReSi visible on the Fermi surface.

4. Summary and Conclusions

We discussed the basic properties of the recently experimentally studied noncen-
trosymmetric superconductor, NbReSi. The experiments suggest the realization of the
P6̄2m symmetry (cf. Refs. [30,31]) or Ima2 (cf. Ref. [32]) symmetry. Using the ab initio
technique, we demonstrate that NbReSi is stable with the P6̄2m symmetry, while the Ima2
phase exhibits (imaginary) phonon soft modes. This can be verified in a relatively simple
way by the Raman scattering measurements. The NbReSi with the P6̄2m symmetry is
stable also under hydrostatic pressure. We also found that the phonon surface states can be
realized by NbReSi with the P6̄2m symmetry, for (100) and (110) surfaces.

NbReSi with stable the P6̄2m symmetry exhibits the electronic band structure and the
Fermi surface very similar to quasi-one-dimensional A2Cr3As3 [53]. Surprisingly, the Fermi
surface of NbReSi uncovers quasi-one-dimensional features, which can be associated
with the realization of the quasi-one-dimensional chains of Re–Si, with a strong bonding
between the atoms. Additionally, the relatively large value of spin–orbit coupling, as well
as similarities to A2Cr3As3 promote this compound as a good candidate for the realization
of unconventional superconductivity.
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4.2.3 Pressure dependence of electronic and dynamical properties of

CoGe with different symmetries

S. Basak, A. Kobiałka, M. Sternik, J. Łażewski, P. T. Jochym, A. M. Oleś, P. Piekarz, and A.
Ptok, arXiv:2403.07580, submitted to Phys. Rev. B as a Regular Article.

CoGe is a transition metal monogermanide, known to be a non-centrosymmetric crystal
which makes the structure intrinsically chiral, giving rise to fascinating magnetic and electronic
properties. It can exist in several symmetry groups, e.g. cubic P213 (B20 type structure),
hexagonal P6/mmm, orthorhombic Cmmm etc. Depending on the symmetry group, it can
contain layers of perfect kagome lattice (Cmmm, P6/mmm), or layers of distorted kagome lat-
tice (P6̄2m). In this paper, we present a comprehensive study of the structural stability of CoGe
in different symmetry groups. Analyzing the phonon dispersion relation, we conclude in which
structure can CoGe exist and which structures are not realizable in nature, both at ambient
conditions and at different values of pressure. We compare the enthalpies to comment on which
structure is more favorable energetically. We also found small values of bulk modulus for all
the structures, which led us to believe that external pressure should not have a huge impact on
the structures. Drawing similarities with FeGe, and due to the small but finite change in the
band structure, we estimated that CoGe should also make a transition from P6/mmm to P213

symmetry under pressure close to 3 GPa. The electronic band structure of P213 symmetry
shows interesting features, e.g. presence of spin-1 fermion and doubly-degenerate Weyl points.
We end this manuscript by studying the pressure-induced Lifshitz transition in the symmetry
groups P6̄2m and P213.

Author’s contribution: Performing the numerical calculations (phonon dispersion curves,
system energies in the absence and presence of pressure, electronic band structure), analysis
and discussion of the obtained results, correspondence with other research groups during the
pre-publication period, partial preparation of the figures.
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We present the pressure dependence of the electronic and dynamical properties of six different
CoGe phases: orthorhombic Cmmm, hexagonal P6/mmm and P6̄2m, monoclinic C2/m, cubic P213,
and orthorhombic Pnma. Using first-principles DFT calculations and the direct force-constants
method, we study the dynamical stability of individual phases under external pressure. We show
that the orthorombic Cmmm and hexagonal P6/mmm structures are unstable over a broad pressure
range and most pronounced imaginary phonon soft mode in both cases leads to a stable hexagonal
P6̄2m structure of the lowest ground-state energy of all studied phases at ambient and low (below
∼ 3 GPa) external pressure. Under these conditions, the cubic P213 phase has the highest energy,
however, together with monoclinic C2/m and orthorombic Pnma it is dynamically stable and all
these three structures can potentially coexist as meta-stable phases. Above ∼ 3 GPa, the cubic P213
phase becomes the most energetically favorable. Fitting the Birch–Murnaghan equation of state we
derive bulk modulus for all mentioned phases, which indicate relatively high resistance of CoGe to
compression. Such conclusions are confirmed by band structure calculations. Additionally, we show
that electronic bands of the hexagonal P6̄2m phase reveal characteristic features of the kagome-like
structure, while in the cubic P213 phase spectrum, one can locate spin-1 and double Weyl fermions.
In both cases, the external pressure induces the Lifshitz transition, related to the modification of
the Fermi surface topology.

I. INTRODUCTION

Exploring the structure of materials is a fundamen-
tal first research step in physics, chemistry, and mate-
rial science. The crystal structure as well as its other
properties are inherently determined by bonds between
atoms, molecules, or ions. However, a structure exposed
to changing external conditions, such as temperature or
pressure, may undergo a structural phase transition be-
tween different arrangements of atoms, causing the crys-
tal symmetry change. Inspired by the recent discovery of
several distinct structures of cobalt monogermanide, we
performed an extensive study of stability and pressure
dependence of different CoGe crystalline phases.

The CoGe binary compounds are an example of transi-
tion metal (TM) monogermanides [1–15]. TM monoger-
manides are isostructural to TM monosilicides [16–21],
but they are more difficult to grow and study [12]. Never-
theless, such compounds have attracted a lot of attention
because of the interesting properties observed in differ-
ent phases. Contrary to MnGe [5, 22, 23] and similarly to
FeGe, CoGe does not exhibit magnetic order [5], but can
possess intrinsic spin Hall and spin Nernst effects [24].
The surface of CoGe is strongly active and shows bulk
oxygen incorporation [25]. Similarly to RhGe [12] or
FeGe [8], one can expect that the external conditions
can cause a formation of various crystal structures.

∗ e-mail: surajit.basak@ifj.edu.pl
† e-mail: aptok@mmj.pl

Typically, the single crystal of CoGe is grown using a
chemical vapor transport method [14]. CoGe can also
be synthesized in the cubic FeSi-type structure (B20) at
high pressures and temperatures [1, 2]. The cubic phase
is a simple, low carrier density, metal, similar to CoSi [5].
Furthermore, the B20 phase was investigated by measur-
ing the specific heat, resistivity, and 59Co nuclear mag-
netic resonance, which uncovered a phase transition at
13.7 K [11]. FeGe also crystallizes with the B20 struc-
ture and monoclinic phase. At 893 K, the cubic B20
phase transforms into the CoSn-type structure, which
in turn undergoes a transition at 1013 K to the high-
temperature monoclinic polymorph, isostructural with
CoGe [14]. Furthermore, FeGe exhibits a hexagonal high-
temperature P6/mmm structure, while decreasing tem-
perature leads to the cubic P213 structure [8, 26]. High-
pressure conditions should favor the cubic B20 struc-
ture which has the highest density of all monogermanides
polymorphs [2, 14]. Nevertheless, the question of CoGe
structure under pressure still remains open. In this work
we discuss the crystal stability of CoGe under pressure
and its structural, electronic, and dynamical properties.

The paper is organized as follows. Our results are pre-
sented and discussed in Sec. II: First, we analyze the
investigated crystal structures (Sec. II A). Next, we de-
scribe lattice dynamics and system stability at zero pres-
sure (Sec. II B) and under external hydrostatic pressure
(Sec. II C). Afterwards, the electronic band structures
of the most favorable crystal structures are presented
(Sec. III). Finally, we summarize and conclude our find-
ings in Sec. IV. Details of the numerical calculation can
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FIG. 1. Overview of CoGe structures: orthorhombic
Cmmm (a), hexagonal P6/mmm (b) and P6̄2m (c), mono-
clinic C2/m (d), cubic P213 (e), and orthorhombic Pnma (f).

be found in App. A

II. SYSTEM STABILITY

A. Crystal structures

As we mentioned in the Introduction, TM monoger-
manides [1–11] and TM monosilicides [16–21] crystallize
within several structures. Early stage study of CoGe
suggests existence of monoclinic C2/m [13–15] and cubic
P213 (B20) structures [1]. Recently, theoretical studies
have also predicted the hexagonal P6̄2m structure [27].
Additionally, one should expect a strong impact of ex-
ternal conditions, such as temperature or pressure, on
structure and stability of the material. For example, the
crystal structure of FeGe undergoes transformation from
the hexagonal P6/mmm to cubic P213 phase with de-
creasing temperature, around 625 K [8, 26]. Motivated
by this, we take up here the topic of stability under pres-
sure of a few plausible structures of CoGe.

Beyond the reported structures (C2/m, P213, and
P6̄2m), we also examine following cases:

• Cmmm symmetry, which in OQMD database [28,
29] carries the lowest formation energy [30];

• P6/mmm symmetry – hexagonal (B35) structure,
well known from the FeGe system [31], but also
reported for CoSn [32] and FeSn [33];

• Pnma symmetry – MnP-like (B31) structure re-
ported for TGe (with T = Ni, Pd, Ir, Pt) [34] and
RhGe [35].

The last two symmetries were taken into account due
to the chemical affinity of CoGe with other similar sys-
tems [36].

All discussed structures of CoGe with different symme-
tries are presented in Fig. 1. In this group, we can find
several similarities. The orthorhombic Cmmm structure
[Fig. 1(a)], akin to the hexagonal P6/mmm and P3̄2m
symmetries [Fig. 1(b) and 1(c), respectively], contains
two-dimensional (2D) kagome(-like) net of Co atoms.
The geometry of these structures implies the existence
of exotic electronic dispersion relation, containing a flat
band, characteristic for a 2D kagome lattice and reported
e.g., for CoSn-like compounds [37–45]. The monoclinic
C2/m and cubic P213 structures [Figs 1(d) and 1(e), re-
spectively] contain chains of apex-connected Co triangles.
A similar structure can also be found in the orthorhombic
Pnma symmetry [Fig. 1(f)] with a ladder formed of Co
triangles. In those cases, a quasi-one-dimensional (1D)
structure should be reflected in the electronic band struc-
ture, in form of characteristic for 1D chains electronic
bands. Such feature was reported, e.g., in A2Cr3As3
[46–49] or A2Mo3As3 [50–52], where A =K, Rb, and Cs.

After optimization, we found the following lattice pa-
rameters:
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FIG. 2. The phonon dispersion curves of CoGe along the high symmetry directions of considered structures at zero pressure.
Corresponding symmetry groups are indicated in the graphs.

The monoclinic C2/m symmetry (space group
No. 12): a = 11.722 Å, b = 3.763 Å, and c = 4.930 Å
(β = 99.436◦). The Wyckoff positions are: 2a (0,0,0),
4i (0.1964,0,0.3260), and 2c (0,0,1/2) for Co, and 4i
(0.8169,0,0.1821) and 4i (0.5693,0,0.2807) for Ge. The
lattice constants of the relaxed structures are in good
agreement with those reported experimentally for the
monoclinic phase [2]: a = 11.650 Å, b = 3.807 Å, and
c = 4.945 Å (β = 101.1◦). The lattice parameters
are also comparable with the parameters reported for
FeGe [14]: a = 11.838 Å, b = 3.937 Å, and c = 4.934 Å
(β = 103.514◦).

The orthorhombic Pnma symmetry (space group
No. 62): a = 5.410 Å, b = 3.215 Å, and c = 6.112 Å.
The Wyckoff positions are 4c (−0.0045,1/4,0.2983) for
Co, and 4c (0.8026,1/4,−0.0697) for Ge.

The orthorhombic Cmmm symmetry (space group
No. 65): a = 4.984 Å, b = 8.632 Å, and c = 3.884 Å. The
Wyckoff positions are 2b (1/2,0,0) and 4e (1/4,1/4,0) for
Co, as well as 2a (0,0,0) and 4j (0,2/3,1/2) for Ge.

The hexagonal P6̄2m symmetry (space group
No. 189): a = b = 5.009 Å, and c = 3.857 Å. The Wyck-
off positions are 3f (0.4665,0,0) for Co, and 1a (0,0,0) and
2d (1/3,2/3,0) for Ge.

The hexagonal P6/mmm symmetry (space group
No. 191): a = b = 4.987 Å, and c = 3.876 Å. The Wyck-
off positions are 3f (1/2,0,0) for Co, and 1a (0,0,0) and
2d (1/3,2/3,0) for Ge.

The cubic P213 symmetry (space group No. 198):
a = b = c = 4.640 Å. The Wyckoff positions are
4a (0.6360,0.6360,0.6360) for Co, and 4a (0.3394, 0.3394,
0.3394) for Ge. The lattice constant is in a good agree-
ment with the experimental one, ∼ 4.635 Å [2, 5, 53] and
close to lattice constants of the similar monogermanides:
4.797 Å for MnGe [5] and 4.70 Å for FeGe [14, 54].

B. Zero pressure

To check the system’s stability, we calculate the
phonon dispersion relations for the symmetries men-
tioned above (Fig. 2). Since the number of degrees of
freedom of the primitive unit cell determines an amount
of dispersion relations, the phonon spectrum of C2/m
[Fig. 2(a)] is the most complex. Similar crystal structures
[containing the kagome-like net, cf. Fig. 1(a)–(c)] exhibit
comparable phonon dispersion curves [cf. Fig. 2(c)–(e)].
The phonon frequency ranges for all presented structures
are analogous.

Such similarities are also visible in the volume depen-
dence of the ground state energy calculated for systems of
different symmetries (Fig. 3). All structures have a com-
parable volume and nearly the same (within 0.5%) en-
ergy per one formula unit. Fitting the Birch–Murnaghan
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FIG. 3. Volume dependence of the ground-state energy
calculated at zero pressure for different structures of CoGe.

equation of state [55]:

E(V ) = E(V0) +
B0V

B′
0

(
(V0/V )B

′
0

B′
0 − 1

+ 1

)
− V0B0

B′
0 − 1

,

(1)

to energy versus volume data, we found a bulk modu-
lus B0 and its pressure derivative B′

0 at the equilibrium
volume V0 (Tab. I). All symmetries are characterized by
relatively large bulk modulus, which indicates a weak
impact of external pressure on the system’s mechanical
properties.

Some of the structures discussed above can be elim-
inated at zero pressure due to instability of har-
monic phonons. This applies especially to Cmmm and
P6/mmm structures, which show imaginary soft modes
at the Γ point. Interestingly, in both structures, this
soft mode is associated with the same deformation of
the kagome-net, i.e. mutually opposite rotation of the Co
triangles forming this sublattice [cf. Figs 1(a) and 1(b)
with Fig. 1(c)] around the c axis [27]. After optimization,
the distorted kagome lattice in P6̄2m is stable [Fig. 1(c)]

TABLE I. The ground-state energy and equilibrium volume
calculated per formula unit, as well as bulk modulus B0 and
its pressure derivative B′

0 fitted with the Birch–Murnaghan
equation of state for different structures of CoGe.

Symmetry B0 B′
0 energy/f.u. volume/f.u.

(GPa) (eV) (Å3)

C2/m (SG:12) 147.40 3.90 −11.966 26.594

Pnma (SG:62) 142.59 5.76 −11.934 26.346

Cmmm (SG:65) 158.62 4.90 −11.973 27.655

P6̄2m (SG:189) 157.01 4.82 −11.999 27.746

P6/mmm (SG:191) 158.62 4.82 −11.971 27.658

P213 (SG:198) 153.81 6.65 −11.941 24.801

without imaginary frequencies in the phonon spectrum
[Fig. 2(d)]. In the final structure, with the P6̄2m sym-
metry, the Co-triangles within the kagome-like structure
are rotated by 4◦, which is close to the rotation angle
observed experimentally in RhPb [56], i.e. ∼ 4.5◦.

The phonon dispersion curves of the cubic P213 phase
[Fig. 2(f)] are similar to those reported for RhGe [12].
Under zero pressure, the cubic P213 (B20) phase has the
highest energy among the reported structures (Fig. 3).
However, as mentioned earlier, the transition from the
hexagonal (P6/mmm) to cubic (P213) symmetry occurs
in FeGe also due to temperature increase [8, 26].

C. Role of external pressure

The stability of the system depends on external condi-
tions. Below, we discuss the effect of the external pres-
sure on the system’s stability. The comparison of en-
thalpy (per formula unit) for the discussed symmetries is
presented in Fig. 4(a). As the reference level of energy,

FIG. 4. Pressure dependence of enthalpy (a) and volume (b)
calculated (per formula unit) for different CoGe structures (as
labeled).
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FIG. 5. The top and bottom panels present the electronic band structure in the absence and presence of the external pressure
for the hexagonal P6̄2m and cubic P213 phases (left and right column, respectively). Orange and blue lines correspond to the
results obtained with and without spin–orbit coupling, respectively. The P6̄2m band structure contains characteristic kagome-
like features [marked by green background color on (c)], while the P213 exhibits typical spin-1 and double Weyl fermions features
[marked by green and blue underground colors on (d), respectively]. Increasing pressure (cf. top and bottom panels) causes the
Lifshitz transition [places marked by red background color, at the A point in P6̄2m and the M point in P213 structure].

we choose the energy of the C2/m structure (red line). At
low pressures, the P6̄2m structure is the most favorable
energetically. Then, above ∼ 3 GPa, the cubic phase
has the lowest energy and should be preferred, which is in
agreement with the previous predictions [2, 14]. However,
regardless of the mutual ground-state energy relations,
under specific conditions, crystal can grow in some meta-
stable structures mentioned earlier (i.e. C2/m, Pnma, or
P213 structure). Based on this, we expect that the exper-
imentally reported monoclinic C2/m phase [14] can come
from the cubic P213 structure at low temperatures.

The unit cell of the unstable Cmmm phase can be con-
structed by doubling P6/mmm or P6̄2m unit cells. For

the Cmmm and P6/mmm symmetries, the ground-state
energies and equilibrium volumes are mostly the same
over the entire pressure range (cf. green and orange lines
in Figs 3 and 4(a)). However, the imaginary soft mode
in the phonon spectra indicates existence of a structure
with lower energy. Indeed, our group-theoretical anal-
ysis of both soft modes points out at the dynamically
stable structure of P6̄2m symmetry with energy system-
atically lower than those of the Cmmm and P6/mmm
phases. Even though all these structures have the same
volume under pressure [cf. green, orange, and blue lines
on Fig. 4(b)] only the P6̄2m structure is stable over the
entire pressure range [cf. blue line with green and orange
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lines on Fig. 4(a)].
As expected, due to the relatively large value of bulk

modulus, volume (per formula unit) does not strongly
depend on pressure [see Fig. 4(b)]. Therefore, indepen-
dently of the structure symmetry (i.e. arrangement of
atoms), the atomic density of systems is approximately
the same and inversely proportional to volume. Simi-
larly, all structures exhibit similar compressibility, which
is reflected in the relatively weak pressure dependence of
volume (independently of the symmetry of the system).
For example, the hexagonal P6̄2m structure under exter-
nal pressure of 10 GPa changes the lattice constants from
a = b = 5.009 Å and c = 3.857 Å to a = b = 4.914 Å
and c = 3.790 Å. Similarly, the cubic P213 phase lattice
constant shrinks from 4.640 Å to 4.556 Å. In both cases,
the relative modification of the lattice constants induced
by such pressure is around ∼ 2 %.

Due to small compressibility and volume modification,
the orbital overlap does not change much. Consequently,
electronic band structures are unaffected by external
pressure (see top and bottom panels in Fig. 5). Also,
there is only small variation in corresponding phonon
dispersion relations (not shown). For example, in the
cubic P213 structure only the frequency of the highest
phonon mode at the Γ point is apparently changing from
8.54 THz to 9.29 THz, while the main features of the
other phonon dispersion curves remain unchanged.

From the above analysis we can conclude that, under
some “critical” pressure (estimated from theoretical cal-
culations as ∼ 3 GPa), the studied system transforms
from the P6̄2m to P213 symmetry – similarly to FeGe,
which undergoes the phase transition from the hexago-
nal P6/mmm to cubic P213 symmetry when temperature
decreases [8, 26]. During the described transition, the
volume of CoGe increases by about 2.75 Å3 per formula
unit.

III. ELECTRONIC PROPERTIES

For phases with the lowest energies on the enthalpy
vs. pressure graph (Fig. 4), i.e. P6̄2m and P213, we in-
vestigate the electronic band structure. Their dispersion
relations (Fig. 5) are characteristic for these symmetries
and, generally, a whole class of similar materials. In the
case of the hexagonal P6̄2m phase, the electronic band
structure exhibits the unique features of a system con-

FIG. 6. Schematic band dispersions in 3D E-k space for the
spin-1 fermion (a) and double Weyl fermion (b).

FIG. 7. Modification of the Fermi surface by the external
pressure for the hexagonal P6̄2m and cubic P213 phases (as
labeled).

taining “kagome” net. For an ideal kagome lattice, the
band structure contains a Dirac crossing at the K point, a
strong van Hove singularity at the M point, and an almost
flat band [37–45]. We should notice that, contrary to the
ideal 2D kagome lattice, where a perfectly flat band is
realized, in the three-dimensional (3D) multi-orbital sys-
tems the kagome-related “flat” band has a finite band-
width. The nearly-flat band is mostly associated with the
dxz/yz and dxy/x2−y2 orbitals of Co atoms [38, 39, 42]
forming the distorted kagome net [bands marked with
the green background line in Fig. 5(c)]. Analogously to
CoSn-like compounds, the flat bands are located around
−1 eV [38, 45, 56]. In case of the cubic P213 phase,
the electronic band structure exhibits characteristic fea-
tures of TM monosilicide compounds [19, 20, 57–64], such
as features of spin-1 fermions at the Γ point, and dou-
ble degenerate Weyl points at the R point [marked by
green and cyan background lines in Fig. 5(d)]. The spin-
1 fermions are related to the crossing of three doubly-
degenerate bands (in the absence of spin–orbit coupling).
Similarly, one can observe the double Weyl point built
by two Dirac-like cones centered at the same point. Both
band structures of spin-1 fermions and double Weyl point
are presented schematically in Fig. 6. As a consequence,
a large Fermi arc is observed in the surface spectral func-
tion of CoGe with the cubic structure [53].

The main features of the electronic band structure re-
main mostly unchanged under pressure. Nevertheless,
in both cases, external hydrostatic pressure leads to the
Lifshitz transition [65], i.e. change in the Fermi sur-
face topology (see Fig. 7). In both structures, the com-
pression shifts electronic bands and modifies the Fermi
surface. In the case of hexagonal P6̄2m structure, new
Fermi pockets emerge around the A point [cf. Fig 7(a)
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and 7(c)]. On the other hand, in the cubic P213 structure
the small Fermi pocket at the M point disappears under
pressure [cf. Fig 7(b) and 7(d)]. Such modifications of
the Fermi surface under pressure are related to a rela-
tively small modification of the electronic band structure
under pressure. In the hexagonal structure, the bottom
of the electron-like band at the A point is shifted to lower
energies [cf. the electronic band structure at the A point,
marked by a red background in Fig 5(a) and 5(c)]. Sim-
ilarly, in the case of the cubic structure, the top of the
hole-like band at the M point is also shifted to lower en-
ergies [cf. the electronic band structure at the M point,
marked by the red background in Fig 5(b) and 5(d)].

IV. SUMMARY

In summary, we investigated the stability of sev-
eral structures of cobalt monogermanide CoGe: mono-
clinic C2/m, orthorhombic Cmmm and Pnma, hexag-
onal P6/mmm and P6̄2m, and cubic P213. From the
study of lattice dynamics, we found that the monoclinic
Cmmm and hexagonal P6/mmm structures are unstable
and have the imaginary soft modes in the phonon spec-
tra. Based on group-theoretical analysis, we reveal that
both soft modes lead to the same stable P6̄2m structure,
containing the distorted kagome lattice of Co atoms. Sur-
prisingly, under ambient pressure, the P6̄2m structure
has the lowest energy among studied phases. The cu-
bic P213 structure is energetically favored under pressure
above ∼ 3 GPa.

We also discussed the electronic band structure of the
most stable hexagonal P6̄2m and cubic P213 phases.
We demonstrated that the former one shows character-
istic features of the compounds containing the kagome
net, while the latter exhibits traits of the chiral cu-
bic structure, such as spin-1 fermions and double Weyl
fermions. In fact, the P6̄2m structure contains the dis-
torted kagome net of Co atoms, with two triangles form-
ing the kagome-like net rotated in the opposite directions
about 4◦ around the c axis. Furthermore, we show that
external pressure weakly affects the main features of the
electronic band structure. Nevertheless, the external hy-
drostatic pressure leads to the Lifshitz transition in both
cases.
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Appendix A: Computational techniques

The first-principles density functional theory (DFT)
calculations were performed using the Vienna Ab initio
Simulation Package (Vasp) code [68–70] with the pro-
jector augmented-wave (PAW) potentials [71]. For the
exchange-correlation energy, the generalized gradient ap-
proximation (GGA) in the Perdew, Burke, and Ernzerhof
for solids (PBEsol) parametrization was used [72]. The
energy cutoff for the plane-wave expansion was set to
350 eV.

The optimization of the lattice constants and atom po-
sitions, including the spin–orbit coupling, was performed
in the conventional unit cells. As a convergence condi-
tion of the optimization loop, we took the energy change
below 10−6 eV and 10−8 eV for the ionic and electronic
degrees of freedom, respectively. The following k–point
grids within the Monkhorst–Pack [73] scheme were used
for particular symmetries: 4 × 12 × 10 for monoclinic
C2/m, 6 × 5 × 3 for orhoromic Pnma, 10 × 6 × 12 for
orhorombic Cmmm, 10 × 10 × 6 for hexagonal P6/mmm
and P6̄2m, and 10 × 10 × 10 for cubic P213. The sym-
metries of the system were analyzed using FindSym [74]
and Spglib [75], while momentum space analysis was
performed with SeeK-path [76].

The dynamical properties were calculated using the di-
rect Parlinski–Li–Kawazoe method [77], implemented in
Phonopy package [78, 79]. Within this method, the in-
teratomic force constants (IFC) are calculated from the
Hellmann-Feynman (HF) forces generated by displace-
ments of individual atoms inside the supercell. In our
calculations, we used the following supercell sizes for dif-
ferent symmetries: 1×3×2 for monoclinic C2/m, 2×1×3
for orhoromic Pnma, 2 × 3 × 2 for orhorombic Cmmm,
2×2×2 for hexagonal P6/mmm and P6̄2m, and 2×2×2
for cubic P213. Phonon calculations were performed with
the reduced 4 × 4 × 4 k-points grid.
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4.2.4 Lattice dynamics study of electron-correlation-induced charge

density wave in antiferromagnetic kagome metal FeGe

A. Ptok, S. Basak, A. Kobiałka, M. Sternik, J. Łażewski, P. T. Jochym, A. M. Oleś, and P.
Piekarz, arXiv:2403.0029, submitted to Phys. Rev. Materials as a Letter.

Charge density wave (CDW) is a periodic modulation of electron density that produces
a standing wave pattern throughout the material. The formation of CDW usually is accom-
panied by a periodic distortion of the parent lattice, forming a superlattice. Although the
most common mechanism behind the formation of CDW is Fermi surface nesting, in materials
containing kagome lattice, the van Hove singularity can also drive a material towards CDW
transition, as observed in AV3Sb5 (A=K, Rb, Cs) [25]. Recently, CDW was observed also in
kagome metal FeGe. Interestingly, this phase was accompanied by an enhanced value mag-
netic moment of Fe. Theoretical analysis suggested that below the CDW temperature, a large
dimerization among the Ge sites occurs in the kagome plane. This leads to a distortion of the
other layers and an increased Fe-Fe correlation. This suggests that the CDW in FeGe may
have its origin in the strong electron-electron correlation. To prove this hypothesis, in this
paper, we perform a density functional theory (DFT) analysis of FeGe with different values
of Hubbard U on the Fe-d orbital. We observe that after a critical value of U (Uc ∼ 3.5 eV),
the structure becomes unstable in P6/mmm symmetry. This instability is also followed by an
increased value of magnetization of the Fe atoms (from 1.53 µB to 2.96 µB). Analysis of the
soft mode leads us to conclude that the structures in P6/mmm symmetry stabilize in Immm
symmetry, with a distortion in the hexagonal structure formed by the Ge atoms. We end the
paper by theoretically generating the STM topography of FeGe of this new Immm symmetry
and found that with the termination of the deformed hexagonal layer formed by the Ge atoms,
the obtained STM topography has similarities with the experimentally observed STM image.
An instability in the parent structure, increased value of magnetic moments, and similarities
with experimentally observed STM images, all lead us to conclude that CDW in FeGe must be
an enhanced electron-electron correlation-driven phenomenon.

Author’s contribution: Numerical evaluations using VASP (phonon dispersion curves
and density of states), analysis and discussion of obtained results, correspondence with other
research groups during the prepublication period, partial preparation of figures.
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Jan  Lażewski,1 Pawe l T. Jochym,1 Andrzej M. Oleś,3 and Przemys law Piekarz1
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Electron-correlation-driven phonon soft modes have been recently reported in the antiferromag-
netic kagome FeGe compound and associated with the observed charge density wave (CDW). In this
paper, we present a systematic investigation of the CDW origin in the context of the ab initio lattice
dynamics study. Performing the group theory analysis of the mentioned soft mode, we found that
the stable structure has the Immm symmetry and can be achieved by the small shift of Ge atoms.
Additionally, we show that the final structure realizes a distorted honeycomb Ge lattice as well as
a non-flat kagome-like Fe net. For completeness, we present the electronic properties calculations.
From the theoretical STM topography simulation, we indicate that the observed CDW occurs in
the deformed honeycomb Ge sublattice.

I. INTRODUCTION

Kagome lattice materials attract significant attention
due to their unique electronic properties [1], such as flat
bands, van Hove singularities (VHSs) at the M point, and
Dirac cone dispersion at the K point. From this, a wide
range of exotic properties and behaviors emerge in the
kagome lattice due to different degrees of electron fill-
ing [2–4]. For example, a strong correlation can induce
magnetic order [5, 6], while a VHS close to the Fermi
level can lead to the lattice instability and charge density
wave (CDW) [7, 8]. The kagome lattices can also exhibit
topological properties [1, 9–11], not only limited to the
electronic structure [12–17]. Therefore, the kagome lat-
tice materials provide an excellent platform to study new
physical phenomena.

Recently, we have learned about several kagome lat-
tice systems, which exhibit interesting properties. Here,
we can mention Weyl semimetal Co3Sn2S2, with ferro-
magnetic Co kagome net [18–23]. Topological proper-
ties and the break of the time reversal symmetry lead
to the intrinsic giant anomalous Hall effect [18, 24, 25],
while hosting of the exotic Weyl fermions [19] induces
the appearance of the Fermi arc [20]. Another example,
AV3Sb5 (A =K, Rb, and Cs) with a vanadium kagome
net displays the CDW with the Star of David (SoD) pat-
tern below ∼ 90 K [26–28]. Moreover, below ∼ 2 K the
coexistence of CDW and superconducting state is ob-
served [10, 29, 30]. Such compounds can also exhibit
an unconventional anomalous Hall effect [31, 32]. Fi-
nally, also other well-studied kagome systems, such as
FeSn [33–36], CoSn [36–38], Fe3Sn2 [39–41], RETi3Bi4
(RE = Yb, Pr, and Nd) [42–44], MMn6Sn6 (M =Y, Er,
Tb) [45–52] and ScV6Sn6 [53, 54], or AV6Sb6 (A =K,
Rb, Cs, or Gd) [11, 55–58] can be mentioned.

∗ e-mail: aptok@mmj.pl

In this paper, we focus on FeGe, in which CDW was
recently discovered [59, 60]. FeGe exhibits an antiferro-
magnetic (AFM) order below 410 K [61–65]. At room
temperature, the Fe atoms are ferromagnetically coupled
with the kagome sublattice plane and antiferromagnet-
ically coupled between kagome sublattices, i.e. along c
[so-called A-AFM order, see Fig. 1(d)]. At lower tem-
peratures, a tilt of the Fe magnetic moments from the
c axis was reported. The CDW phase is reported below
100 K [59]. The coexistence of these two ordered phases
gives a great opportunity to study the interplay between
them [59, 66]. The scanning tunneling microscopy (STM)
of the surface charge distribution uncovers the 2× 2 pat-
tern [59, 67, 68].

In this context, it is important to recognize correctly
the origin of the CDW. For example, in the case of
vanadium kagome net systems (AV3Sb5) the CDW is
associated with imaginary soft modes at the M and L
points [69–72], which induce the structural phase tran-
sition [70, 73]. These soft modes lead to a stable
structure with the C2/m [70] or Fmmm [71] symme-
try. The phonon spectrum of FeGe, calculated with-
out electron correlations, is similar to the other CoSn-
like compounds [74], and no imaginary soft modes are
observed. However, the introduction of the correlations
leads to the softening of some optical phonons along the
L–H direction [68, 75, 76]. Such soft modes generate
the Ge-dimerization and were recognized as a source of
CDW [77]. Nevertheless, a more thorough dynamical
study of the CDW formation mechanism has not been
performed so far. Here, using the ab initio techniques,
we derive a critical value of the on-site Coulomb interac-
tion, which induces imaginary soft modes in the phonon
spectrum. Detailed analysis of the symmetry of these soft
modes allow us to find a stable low-symmetry structure
of FeGe.

The paper is organized as follows. Our results are
presented and discussed in Sec. II. We start with a de-
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FIG. 1. (a)-(c) The effect of the local Coulomb interaction on
the phonon dispersion curves along high symmetry directions
for FeGe with the P6/mmm symmetry. Results for a different
Hubbard U parameter (as labeled). (d) Magnetic unit cell of
FeGe with the P6/mmm symmetry in the presence of the A-
AFM order, and its Brillouin zone (e). (f) The phonon DOS
as a function of the local Coulomb interaction value.

scription of the dynamical properties of the FeGe system
(Sec. II A). Using the electron-correlation-driven phonon
soft mode analysis, we show that the stable structure has
the Immm symmetry. Next, for this stable structure,
we discuss the electronic properties (Sec. II B). Finally,
we summarize and conclude our findings in Sec. III. De-
tails of the numerical calculation can be found in the
Appendix A.

II. RESULTS AND DISCUSSION

A. Dynamical properties and system stability

Let us start with a discussion of the lattice dynamics
for the initial structure with the P6/mmm symmetry, in
the presence of different values of Coulomb interaction
on Fe d orbitals (Fig. 1). In the absence of the correla-
tions (U = 0 eV), none of the phonon dispersion curves
show any noticeable softening nor imaginary values [see
Fig. 1(a)] [74]. The introduction of Hubbard U (within
the DFT+U method) causes the softening of the lowest

FIG. 2. (a) The soft mode amplitude dependence of the
system’s energy for structure induced by the soft mode at L
point in P6/mmm structure. The zero of energy scale is set at
the energy of the initial P6/mmm structure. The optimized
system with the lowest energy has the Ibam symmetry and
magnetic unit cell presented in panel (b). In (c), the phonon
dispersion curves for FeGe with Ibam symmetry along high
symmetry directions of the Brillouin zone are presented fol-
lowing the scheme displayed in (d).

phonon mode along the H–L direction [68, 75, 76]. This is
clearly visible when we compare that phonon branch for
U = 0 eV and for U = 3 eV [cf. Fig. 1(a) and 1(b), where
the soft mode is marked with an orange background].
However, further increase of U (e.g. to 4 eV) leads to the
emergence of imaginary soft modes [presented as negative
frequencies in Fig. 1(c)]. As we can see, there is some crit-
ical value of the Hubbard parameter (Uc) for which the
soft modes become imaginary. At this higher U value,
there are two imaginary soft branches [marked with or-
ange and blue in Fig. 1(c)]. The branch marked with an
orange background corresponds to the soft branch visible
for U < Uc in Fig. 1(b).

In Fig. 1(f) the phonon density of states spectra were
compared for various values of the Hubbard U parame-
ter. Increasing the local Coulomb potential (from 0 eV
to 4 eV) causes an enhancement of both the magnetic
moments of the iron atoms (from 1.53 µB to 2.96 µB)
and the crystal cell volume (by about 12%). However, it
is worth emphasizing that phonon softening is not con-
nected with volume extension but only with correlation
effects, which we verified by changing volume and U sep-
arately. What is more surprising, the increase in value of
U on Fe results in a softening of phonon modes associated
mainly with the vibrations of Ge atoms.

In the next parts of this manuscript, we assume that
the Coulomb interaction on Fe d orbitals is U = 4 eV.
Here, we should briefly discuss the value of U for Fe d



3

FIG. 3. (a) The soft mode amplitude dependence of system’s energy, for the structure induced by the soft mode at the Γ
point for the Ibam structure. The zero of energy scale is set at the energy of the Ibam structure. The system with minimum
energy, after optimization, corresponds to the Immm structure, with magnetic unit cell presented in (b). The front and top
view of the crystal with the Immm symmetry is presented in (c) and (d) panels, respectively.

orbitals. The value of the effective Hubbard U param-
eter of 4 eV is reasonable and was used in the study of
other Fe-based compounds, such as FeO [78], Fe2O3 [78],
Fe3O4 [79], or Fe2SiO4 [79]. However, in some cases a
larger effective U is necessary (e.g. for iron-bearing spha-
lerite [80]). Nevertheless, as we mentioned earlier, for
U > Uc the phonon dispersion curves show imaginary
soft modes. Since structural changes are defined by the
polarization vector of the soft mode, our group symmetry
analysis is independent on U .

Let us now analyze displacements induced by the low-
est energy soft mode occurring at L=(0,1/2,1/2). Con-
densation of a such mode enforces doubling of the prim-
itive unit cell along some directions. Additionally, freez-
ing of displacements induced by its polarization vector
lowers system energy because of the imaginary value
of the soft mode frequency. In fact, the system’s en-
ergy as a function of the displacement amplitude directly
shows the existence of a structure with the lower energy
[Fig. 2(a)]. This displaced and more stable structure will
be the “base” of our further analysis.

The structure with the P6/mmm symmetry (space
group No. 191) possesses the lattice parameters a = b =
5.163 Å and c = 4.251 Å. The atoms are located at
three nonequivalent Wyckoff positions: (3f) Fe (1/2,0,0),
(1a) Ge(1) (0,0,0), and (2d) Ge(2) (1/3,2/3,1/2). The Fe
atoms form an ideal kagome net, decorated by Ge(1) in
the same plane. The Ge(2) atoms form the honeycomb
lattice, located between the kagome layers. AFM mag-
netic order leads to doubling of the unit cell along the
c direction [see Fig. 1(d)], i.e., magnetic unit cell con-
taining 6 formula units. The L-point imaginary mode
leads mainly to the displacement of Ge(2) atoms (along
the a + b direction of the P6/mmm structure) by about
±0.06 Å. We should also mention that the Fe atoms
still form a kagome-like net with two different distances
between atoms: Fe(1)–Fe(2) and Fe(2)–Fe(2) equal to
2.5860 Å and 2.5809 Å, respectively. The optimized
structure has the Ibam symmetry (space group No. 72),
with lattice constants a = 5.158 Å, b = 8.956 Å, and
c = 8.501 Å, and four nonequivalent Wyckoff positions:
(4a) Fe(1) (0,0,1/4), (8e) Fe(2) (1/4,1/4,1/4), (4b) Ge(1)

(1/2,0,1/4), and (8j) Ge(2) (0.5142,0.6654,0). Just like
before, Ge(1) atoms decorate the kagome net, while
Ge(2) atoms form the deformed honeycomb-like lattice.
The magnetic unit cell corresponds to the conventional
cell and is presented in Fig. 2(b). The ground state en-
ergy of the system with the magnetic moment on Fe
atoms along c and tilted from c axis are close to each
other.

The phonon dispersion curves for the optimized Ibam
structure are presented in Fig. 2(c). As we can see,
the phonon spectrum still contains imaginary soft modes
(marked with blue lines) and the most predominant soft
mode occurs at the Γ point. In that case, the structure
can be stabilized by shifts of atoms, mostly Ge(1), that
do not modify the size of the unit cell. As a result, we
can apply the same strategy as before to find the final
crystal structure.

The dependence of the system’s energy on the dis-
placement amplitude of the polarization vector of the soft
mode at the Γ point for the Ibam structure is presented
in Fig. 3(a). The most important displacement is as-
sociated with the shift of the Ge(1) atoms along the c

FIG. 4. The phonon dispersion curves along high symmetry
directions and phonon density of states for FeGe with the
Immm structure. The symbols of the high symmetry points
are the same as in Fig. 2(d).
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FIG. 5. The comparison of electronic band structures for the P6/mmm and Immm phases. (a) Electronic band structure for
the P6/mmm magnetic unit cell. (b) Folded band structure for P6/mmm calculated using the unit cell in the shape of the
magnetic unit cell for the Immm phase. (c) Electronic band structure for the Immm magnetic unit cell. The orange and blue
lines correspond to the band structure in the absence and presence of the spin–orbit coupling, respectively. The inset in panel
(b) shows the Brillouin zone for the Immm magnetic unit cell.

direction, which is in agreement with previous theoret-
ical studies. The soft mode of Ibam structure leads to
the Immm symmetry (space group No. 71). After opti-
mization, the total energy decreases and lattice param-
eters read a = 5.158 Å, b = 8.956 Å, and c = 8.501 Å.
The atoms are located in the Wyckoff positions: (4j)
Fe(1) (1/2,0,0.2353), (8k) Fe(2) (1/4,1/4,1/4), (4i) Ge(1)
(0,0,0.8462), (4h) Ge(2) (0,0.3063,1/2), and(4g) Ge(3)
(0,0.3515,0). Similarly, the energies of the system with
Fe magnetic moments along the c axis and tilted from the
c direction are comparable. In this structure, the Ge(1)
atoms are shifted from their initial positions by ±0.82 Å
along the c direction. That large modification of the
atomic position leads indirectly to large deformation of
the Fe kagome-like net and the Ge honeycomb sublattice
[see Fig. 3(c) and 3(d)]. The kagome-like lattice is not
flat, while the deviation from the plane is around 0.13 Å.
The distances between Fe atoms within the kagome-like
net are 2.5791 Å and 2.5839 Å for Fe(2)–Fe(2) and Fe(2)–
Fe(3), respectively. Similarly, the new distances between
atoms in the deformed honeycomb sublattice are 2.94 Å
and 2.66 Å for Ge(2)–Ge(3) and Ge(3)–Ge(3), respec-
tively.

The phonon dispersion curves and phonon density of
states for the final structure are presented in Fig. 4. As
we can see, the structure with the Immm symmetry is
dynamically stable. The vibrations associated with Fe
atoms are mostly realized by the phonon modes in the
higher frequency range, while the lowest modes corre-
spond to the vibrations of Ge. Acoustic branches around
the Γ point show well-visible linearity. The first nearly
flat bands within the Brillouin zone are located above

2 THz (8.27 meV). Furthermore, a dense complex band
structure is visible around 5 THz (20.68 meV), while
phonon branches with the highest frequencies are around
9 THz (37.22 meV). These frequency ranges are in excel-
lent agreement with the experimentally observed phonon
spectrum [66].

B. Electronic properties

The electronic band structures for the P6/mmm and
Immm magnetic unit cells are presented in Figs. 5(a)
and 5(c), respectively. To facilitate comparison, we also
present folded band structure for the P6/mmm phase
[Fig. 5(b)], calculated using a cell of a shape similar to
the magnetic unit cell of the Immm phase [presented in
Fig. 3(b)]. As we can see, inclusion of the SOC opens
band gaps in several points of the Brillouin zone (see
orange and blue lines in Fig. 5, to compare the electronic
band structure in the absence and presence of the SOC).

Moreover, we can simply find similarities between
the electronic band structure for Immm [Fig. 5 (c)]
and the folded band structure for P6/mmm [see
Fig. 5(b)]. This suggests that the electronic spectra ob-
served within angle-resolved photoemission spectroscopy
(ARPES) measurements should be similar for the sys-
tem before and after the transition to the CDW phase.
The same behavior is also observed in vanadium-based
kagome systems AV3Sb5 [81–84], where modification of
the electronic ARPES spectra is mostly connected with
transition to the CDW phase.

In the case of P6/mmm structure, all Fe atoms
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FIG. 6. Theoretically obtained STM topography of FeGe
with the Immm symmetry, calculated ∼ 1 Å above the sur-
face. Results for termination on Fe kagome-like net (a), and
deformed Ge honeycomb lattice (b). Inset presents the rel-
ative position and unit cell for the (001) surface. Scale bar,
∼ 1 nm.

carry a magnetic moment of 2.96 µB . An additional
magnetic moment is also induced on the Ge(1) atoms
(0.165 µB). As we mentioned earlier, the transition from
the P6/mmm to Imma phase leads to modification of
the magnetic moments. The deformation of the kagome
net causes a small increase of the Fe(1) magnetic moment
(3.00 µB), while the Fe(2) magnetic moment remains un-
changed (2.96 µB). Similarly, the shift of Ge(1) in the
Immm structure, with respect to the position in the ini-
tial P6/mmm symmetry, leads to a small decrease of the
magnetic moment on Ge(1) (0.125 µB). Additionally, the
Ge(1) magnetic moment has an opposite direction to the
nearest Fe kagome-like net.

For the Immm structure obtained here, we can sim-
ulate the STM topography for two different (001) sur-
face terminations (see Fig. 6). The results presented
are based on DFT slab calculations, while the STM to-
pography comes from EF ± 0.1 eV energy window. In
Figs 6(a) and 6(b) we present theoretically obtained STM
topography for the FeGe terminated on the Fe kagome-
like net and the deformed Ge honeycomb lattice, respec-
tively. Comparison to the experimentally reported STM
pattern [59] suggests that FeGe has termination on the
deformed Ge honeycomb lattice. In the case of theoret-
ically obtained results, both topographies are similar to
the CDW stripe order. However, the Fourier transform of
the experimental STM topography shows that the CDW
peaks have a non-equal intensity [59]. In fact, one of the
CDW peaks is much stronger than the other, which can
suggest a stripe type of the CDW order. Moreover, from
the theoretical point of view, the 2×2 CDW order in the
P6/mmm structure due to the shift of Ge(1) out of the
Fe kagome layer corresponds to the stripe order in the
Immm structure, as presented in Fig. 6(b).

III. SUMMARY

Starting from the initial P6/mmm structure, which
contains an ideal Fe kagome net, we found that there ex-

ists a critical value of the Hubbard U parameter (around
∼ 3.5 eV), for which the softened phonon mode becomes
imaginary. From analysis of the most predominant imag-
inary soft mode at the L point, we found a new structure
with the Ibam symmetry. This structure comes from
P6/mmm due to the shift of Ge atoms within the Fe
kagome net layer. However, the lattice dynamics of Ibam
structure reveals that the soft mode with imaginary fre-
quency still exists at the Γ point. In this case, the dis-
placement introduced by this soft mode associated with
the shift of Ge atoms in a direction perpendicular to the
Fe kagome net leads to a stable Immm structure.

Additionally, we performed calculations for the slab
structure with the Immm symmetry to generate STM
images for the Fe-kagome-like and Ge-deformed honey-
comb surface terminations. The calculated STM to-
pographies indicate the existence of charge ordering. The
observed CDW phase is associated with a deformed Ge
honeycomb-like lattice.
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Appendix A: Computational techniques

The first-principles density functional theory (DFT)
calculations were performed using the projector
augmented-wave (PAW) potentials [87] implemented
in the Vienna Ab initio Simulation Package (Vasp)
code [88–90]. For the exchange-correlation energy,
the generalized gradient approximation (GGA) in the
Perdew–Burke–Ernzerhof (PBE) parametrization was
used [91]. The energy cutoff for the plane-wave expan-
sion was set to 350 eV. We introduced the correlation
effect on Fe 3d orbitals using the DFT+U scheme
proposed by Dudarev et al. [92].

The optimization of the lattice constants and atomic
positions in the presence of the spin–orbit coupling
(SOC) was performed for magnetic unit cells (with AFM
order). The structures were optimized with different k-
grids generated using the Monkhorst–Pack scheme [93]
depending on the investigated symmetry. The initial
structure with the P6/mmm symmetry was optimized
using 8 × 8 × 5 k–point grid. Structures with the Ibam
and Immm symmetries were optimized with 15 × 8 × 8
k–point grids. As a convergence criterion of the opti-
mization loop, we took the energy change below 10−6 eV
and 10−8 eV for ionic and electronic degrees of free-
dom, respectively. The symmetry of the structures af-
ter optimization was analyzed with FindSym [94] and
Spglib [95], while momentum space analysis was per-
formed within SeeK-path [96].
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Dynamic properties were calculated using the direct
Parlinski–Li–Kawazoe method [97], implemented in the
Phonopy package [98, 99]. Within this method, the in-
teratomic force constants (IFC) are calculated from the
Hellmann-Feynman (HF) forces acting on the atoms af-

ter displacements of individual atoms inside the supercell.
We performed these calculations using the supercell with
the shape corresponding to 2 × 1 × 2 magnetic unit cells
with the Ibam and Immm symmetries (approximately
cubic shape, containing 24 formula units). During these
calculations, reduced 5 × 5 × 5 k-grid was used.
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[87] P. E. Blöchl, Projector augmented-wave method, Phys.
Rev. B 50, 17953 (1994).

[88] G. Kresse and J. Hafner, Ab initio molecular-dynamics
simulation of the liquid-metal–amorphous-semiconductor
transition in germanium, Phys. Rev. B 49, 14251 (1994).

[89] G. Kresse and J. Furthmüller, Efficient iterative schemes
for ab initio total-energy calculations using a plane-wave
basis set, Phys. Rev. B 54, 11169 (1996).

[90] G. Kresse and D. Joubert, From ultrasoft pseudopoten-
tials to the projector augmented-wave method, Phys.
Rev. B 59, 1758 (1999).

[91] J. P. Perdew, K. Burke, and M. Ernzerhof, Generalized
gradient approximation made simple, Phys. Rev. Lett.
77, 3865 (1996).

[92] S. L. Dudarev, G. A. Botton, S. Y. Savrasov, C. J.
Humphreys, and A. P. Sutton, Electron-energy-loss spec-
tra and the structural stability of nickel oxide: An
LSDA+U study, Phys. Rev. B 57, 1505 (1998).

[93] H. J. Monkhorst and J. D. Pack, Special points for
Brillouin-zone integrations, Phys. Rev. B 13, 5188
(1976).

[94] H. T. Stokes and D. M. Hatch, FindSym: program for
identifying the space-group symmetry of a crystal, J.
Appl. Cryst. 38, 237 (2005).

[95] A. Togo and I. Tanaka, Spglib: a software library for
crystal symmetry search (2018), arXiv:1808.01590.

[96] Y. Hinuma, G. Pizzi, Y. Kumagai, F. Oba, and I. Tanaka,
Band structure diagram paths based on crystallography,
Comput. Mater. Sci. 128, 140 (2017).

[97] K. Parlinski, Z. Q. Li, and Y. Kawazoe, First-principles
determination of the soft mode in cubic ZrO2, Phys. Rev.
Lett. 78, 4063 (1997).

[98] A. Togo, L. Chaput, T. Tadano, and I. Tanaka, Imple-
mentation strategies in phonopy and phono3py, J. Phys.
Condens. Matter 35, 353001 (2023).

[99] A. Togo, First-principles phonon calculations with
phonopy and phono3py, J. Phys. Soc. Jpn. 92, 012001
(2023).



4.2. STUDIES BASED ON DENSITY FUNCTIONAL THEORY 91

4.2.5 Dynamical Properties of T3Pb2Ch2 (T =Pd,Pt and Ch =S,Se)

with Transition Metal Kagome Net

S. Basak, A. Kobiałka, and A. Ptok, Adv. Phys. Res. 2, 2300025 (2023).

Pd3Pb2S2, with a similar crystal structure as the Shandite mineral Ni3Pb2S2, was reported
to be Dirac semimetal with higher order Fermi arcs. These special properties can be traced
back to the presence of exact kagome layers in the symmetry group R3̄m. Materials with a
similar chemical formula such as Pt3Pb2Ch2 (Ch=S, Se) are also known to exist in nature, but
within symmetry group Cmcm. In this paper, we investigate the stability of compounds with
the chemical formula T3Pb2Ch2 (T=Pd, Pt and Ch=S, Se) in the Shandite-like crystal struc-
ture within the symmetry group R3̄m. We observe that Pt3Pb2S2 is the only compound that
is not stable in this symmetry group and contains soft mode in the phonon band structure.
After analyzing the soft mode at high symmetry point T, we found and plotted the atomic
displacements that are required to make this compound stable. This leads us to the conclusion
that the exact kagome structure formed by the Pt atoms needs to be distorted to stabilize the
material in a group with lower symmetry (R3̄c). One of the most promising characteristics of
a topological semimetal is the presence of symmetry-protected degenerate points in the disper-
sion relation. In fact, in the cases we studied, we found the presence of degenerate lines (nodal
lines), lines along which several branches have the same energy, in a phonon dispersion plot,
protected by several rotational symmetry and time reversal symmetry. Moreover, the topolog-
ical nature of the materials is further revealed by the presence of symmetry-protected surface
states which arise due to the vibration of surface atoms and depend strongly on the type of
surface termination. We ended this manuscript with the investigation of chiral phonons. It
revealed that chiral phonons are not present in the kagome layers but they can arise due to the
vibration of Pb atoms.

Author’s contribution: Participation in the numerical calculation (phonons dispersion
curves and density of states, chiral phonons, electronic band structure), discussion of obtained
results, partial preparation of figures, partial preparation of the manuscript, participation in
preparing the response for Referees.
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Dynamical Properties of T3Pb2Ch2 (T=Pd,Pt and Ch=S,Se)
with Transition Metal Kagome Net

Surajit Basak,* Aksel Kobiałka,* and Andrzej Ptok*

Shandite with Ni3Pb2S2 chemical formula and R3̄m symmetry contains the
kagome sublattice formed by transition metal atoms. Recent experimental
results confirmed the possibility of successfully synthesizing Pd3Pb2Ch2

(Ch=S,Se) with the same structure. This paper theoretically investigates the
dynamical properties of such compounds. Furthermore, we study the
possibility of realizing Pt3Pb2Ch2 with the shandite structure. This study
shows that the Pd3Pb2Ch2 and Pt3Pb2S2 are stable with R3̄m symmetry. In the
case of Pt3Pb2S2, there is a soft mode, which is the source of the structural
phase transition from R3̄m to R3̄c symmetry, related to the distortion within
the kagome sublattice. This study discusses realized phonon nodal lines in
bulk phonon dispersions in upper frequency modes. It shows that the
shandite structure can host phonon surface states, with a strong dependence
on the type of surface. Additionally, chiral phonons with circular motion of the
Pb atoms around the equilibrium position are realized.

1. Introduction

The kagome lattice has the ideal electronic flat band.[1] Such fea-
tures are observed in many compounds in which kagome sublat-
tice is produced.[2–7] Furthermore, such lattices support the emer-
gence of the edge states, which are observed not only in solid state
systems (such as multilayer silicene,[2] GdV6Sn6

[8] or FeGe [9]),
but also in acoustic[10–12] or photonic[13–15] lattices.

In condensed matter physics, the systems possessing the
kagome structure attract a lot of attention because of the flat
band and edge modes, as mentioned earlier. In addition, such
systems are characterized by a multitude of unique properties.
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For example, recently discovered sys-
tems AV3Sb5 (A=K, Rb, Cs)[16] with
vanadium kagome lattice, are charac-
terized by the coexistence of supercon-
ductivity and charge density waves at
low temperatures.[17] Magnetic systems
containing the kagome lattice[18] exhibit
Weyl behavior, which has been observed,
for example, in the magnetic Mn3Sn,[19]

FeSn,[20–22] CoSn,[3,21–23] Fe3Sn2,
[24] and

Co3Sn2S2.[25] Typically, such compounds
are also characterized by an intrinsic
anomalous Hall effect.[26–31]

In the context mentioned, com-
pounds with the shandite structure
(Ni3Pb2S2),[32] which contain the tran-
sition metal kagome sublattice, have
recently become very popular. Recently,
from 930 shandite-like prototypical com-
pounds only 34 were recognized as stable

with magnetic order.[33] Currently, probably the most popular
is the topological Co3Sn2S2 magnetic Weyl semimetal.[34] The
electronic band structure contains six nodal rings correspond-
ing to three pairs of Weyl points in the Brillouin zone.[35] This
allows the emergence of the Fermi arc surface state observed
experimentally.[36] Moreover, the possibility of the existence of
chiral edge states made this compound an excellent platform for
the realization of the quantum anomalous Hall effect.[37]

1.1. Motivation

The mineral shandite, with the chemical formula Ni3Pb2S2
and R3̄m symmetry, can be successfully synthesized under
controlled conditions.[32] Substitution of Se (under S) leads to
stable Ni3Pb2Se2 with the same structure.[38] Similarly, the sub-
stitution of Pb (with Ni) allows the realization of Pd3Pb2Se2 with
unchanged crystal structure,[39] and superconductivity under
pressure.[40] Moreover, Pd3Pb2S2 with shandite structure was
reported,[41] as well as laflammeite, the “new” mineral Pd3Pb2S2,
with C2/m symmetry was reported.[42] Theoretical study sug-
gests that Pt3Pb2Ch2 (Ch = S, Se) should be Dirac semi-metals
with higher-order Fermi arcs.[43] Lastly, Pd3Pb2Se2 structure
should also be stable under hydrostatic pressure.[44] This opens
a new question: can the Pt3Pb2Ch2 (Ch=S,Se) with the shan-
dite crystal structure be realized? This is a very interesting
problem, in the context of recent work showing the realization
of Pt3Pb2Ch2 (Ch=S,Se) with the Cmcm symmetry.[45,46] The
possible formation of the structure different from shandite
should not be unexpected in the context of ternary chalcogenides
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M3M′
2Ch2, for example Ni3Bi2S2

[47] and Rh3Bi2S2
[48] have C2/m

symmetry, while Pd3Bi2S2 possesses I213 symmetry.[49]

In this manuscript, based on the ab initio technique, we show
that the Pd3Pb2Ch2 (Ch=S,Se) and Pt3Pb2Se2 are stable with
shandite symmetry, while Pt3Pb2S2 has imaginary phonon (soft)
modes. As a result, Pt3Pb2S2 is unstable with shandite symme-
try, while the displacement of the atoms induced by the soft mode
leads to a distorted kagome sublattice and stable R3̄c structure.
The paper is organized as follows. Details of the computational
methods are given in Section 2. Next, in Section 3, we present
complex studies of T3Pb2Ch2 (T=Pd,Pt, and Ch=S,Se) with shan-
dite R3̄m symmetry. In particular, we discuss the crystal structure
(Section 3.1), the main electronic properties (Section 3.2), the ba-
sic dynamical properties (Section 3.3), the realized phonon nodal
lines (Section 3.4), the phonic surface states (Section 3.5), and the
possible realization of the chiral phonons (Section 3.6). Further-
more, we present results for novel Pt3Pb2S2 with R3̄c symmetry
(Section 3.7). Finally, a brief summary is presented in Section 4.

2. Computational Details

First-principles (DFT) calculations were performed using the
projector augmented-wave (PAW) potentials[50] implemented in
the Vienna Ab initio Simulation Package (Vasp) code.[51–53] Calcu-
lations were performed within the generalized gradient approx-
imation (GGA) under the Perdew, Burke, and Ernzerhof (PBE)
parameterization.[54] Wa had also included the spin–orbit cou-
pling (SOC) and the van der Waals (vdW) corrections. The vdW
correction was tested within two schemes: DFT-D2 [55] and DFT-
D3.[56]

The conventional cell of the systems (containing three formula
units) were optimized using 18×18×9 Γ-centered k-grids in the
Monkhorst–Pack scheme.[57] Calculations were carried out with
an energy cutoff of 350 eV. The condition to break the optimiza-
tion loop was set as the energy difference of 10−6 and 10−8 eV
for successive steps for the ionic and electronic degrees of free-
dom, respectively. The symmetry of the system was analyzed
by FindSym[58] and Spglib,[59] while momentum space analyzes
were performed within SeeK-path.[60]

The dynamical properties were calculated using the direct
Parlinski–Li–Kawazoe method.[61] In this calculation, the inter-
atomic force constants (IFC) were found from the force acting on
the atoms. The IFC were calculated using Phonopy software[62]

from the displacement of individual atoms. In these calcula-
tions, the supercell containing 2×2×1 conventional cells and re-
duced 5×5×5 Γ-centered k-grids were used. Finally, the phononic
surface states were calculated using the surface Green’s func-
tion technique for a semi-infinite system,[63] implemented in
WannierTools.[64]

3. Results and Discussion

3.1. Crystal Structure

The T3Pb2Ch2 compounds crystallized typically with shan-
dite Ni3Pb2S2 structure, with R3̄m symmetry (space group
No. 166)[65] (shown in Figure 1). In such a structure, the posi-
tions of the atoms are characterized by a single free parameter
zCh, which describes the position of the chalcogenide (S or Se)

Figure 1. Conventional cell of T3Pb2Ch2 (T=Pd,Pt and Ch=S,Se) com-
pounds with shandite structure (left panel), where the transition metal
atoms form a kagome sublattice (right panel).

Table 1. Lattice parameters for optimized T3Pb2Ch2 compounds. To com-
pare, data for Ni3Pb2S2 and Co3Sn2S2 is also presented.

system a = b (Å) c (Å) zCh

Pd3Pb2S2 6.003 13.675 0.2174

Pd3Pb2Se2 5.948 14.483 0.2104

Pt3Pb2S2 6.216 13.363 0.2227

Pt3Pb2Se2 6.124 14.230 0.2140

Ni3Pb2S2 (Ref. [67]) 5.576 13.658 0.285

Co3Sn2S2 (Ref. [66]) 5.375 13.176 0.216

atom. The atoms occupy the respective highly symmetric Wyck-
off positions: T transition metal atoms occupy the 9e (1/2,0,0) site,
Pb occupies two nonequivalent 3a (0,0,0) and 3b (0,0,1/2) posi-
tions, while Ch chalcogenide atoms occupy the 6c (0,0,zCh) site.
The transition metal atoms form the kagome sublattice, which is
decorated by the Pb atom located in the same plane.

The lattice parameters of the optimized structure of the dis-
cussed compounds with shandite are collected in Table 1. The ob-
tained lattice parameters depend on the chemical formula of the
compounds (i.e. the ionic radius of the substituted atoms). How-
ever, they are close to those of other ternary chalcogenides,[33]

such as Co3Pb2S2 with a = 5.495 Å and c = 13.719 Å, or
Mn3Sb2Te2 with a = 5.943 Å and c = 14.745 Å. Similarly, the free
parameter zCh is closer to that reported in the Co3Sn2S2,[66] than
in clean shandite Ni3Pb2S2.[67]

Role of the vdW Correction

During calculation, we test role of the vdW correction within the
DFT-D2 [55] and DFT-D3 [56] schemes. Lattice parameters, as well
as the results presented in the next part of this manuscript, obtain
negligible differences. We conclude that the vdW correction plays
a relatively small role in the case of the discussed compounds.

3.2. Electronic Band Structure

The electronic band structure of the investigated compounds
with R3̄m shandite structure is shown in Figure 2. Theoretical
results do not reveal any magnetic order in such compounds.
The electronic band structure is similar to the previously reported
Pd3Pb2Ch2 (Ch=S,Se) by Nie et al. in Ref. [43]. In each compound,
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Figure 2. The electronic band structure and density of states for discussed compounds (as labeled). The orange and blue lines on the left panels
correspond to the electronic band structure in the absence and presence of spin–orbit coupling, respectively. Circles mark the high symmetry points,
while the inset presents the Brillouin zone and its high symmetry points.

we observed a strong role of the SOC on the band structure (cf.
the orange and blue lines in Figure 2, for results without and with
SOC, respectively). This is crucial around the Γ point, where SOC
leads to a strong decoupling of the bands. Along the Γ–T direc-
tion, the type-I Dirac point and the band inversion around the T
point are realized.[43] Theoretical investigations of the electronic
band structure,[43] based on the calculation of symmetry-based in-
dicators Z2, 2, 2, 4 = (111; 0)[68–71] suggest possible electronic edge
states. However, the absence of magnetic order does not allow
for the emergence of the Weyl behavior reported in Co3Sn2S2.[25]

However, further research is necessary on the topological prop-
erties of such compounds.

Several flat bands originating from the kagome sublayers are
visible in the electronic band structures (right part of the panels
in Figure 2). This is reflected in the electronic density of states
(DOS), in the form of distinct peaks. Indeed, partial DOS anal-
yses show that the peaks are related to the Pt atoms forming
the kagome net. All peaks are well below the Fermi level, be-
low −1 eV.

3.3. Dynamical Stability

3.3.1. Phonon Dispersions

The phonon dispersion curves are presented in Figure 3. All of
the discussed compounds possess phonon dispersions with sim-

ilar features. First, independently of the chemical formula, the
phonon branches form several groups, separated by the band
gaps (marked by a gray area in Figure 3). The analyzes of the
phonon DOS (Figure 4) show that the branches with the low-
est frequencies (below 4 THz) are related to the vibration of all
modes. Only in this range of frequencies Pb atoms participate
in the phonon vibrations, while for higher frequencies the Pb
contribution is negligible. The modes above 4 THz are related to
the collective vibration modes of the transition metal and chalco-
genide atoms.

IR and Raman active modes. The phonon modes at the Γ point
can be decomposed into irreducible representations of the space
group R3̄m as follows:

Γacoustic = A2u + Eu, (1)

Γoptic = A1g + A1u + 4A2u + 5Eu + Eg

In total, there are 21 vibrational modes, seven nodegenerate (A1u,
A1g, and A2u) and seven doubly degenerate (Eu and Eg). From this,
the A2u and Eu modes are infrared (IR) active, while A1g and Eg are
Raman active. The selective rules for these Raman active modes
were described in earlier studies of TBi2Te4 (T=Mn,Fe).[72] From
this, the Raman modes A1g and Eg can be easily distinguished
during Raman scattering measurements (with linear or circular
polarized light), because of the different intensity.
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Figure 3. The phonon dispersions for the discussed compounds (as labeled). Highlighted modes at Γ–T pat denote doubly degenerate modes with
initial irreducible representations Eu and Eg at the Γ point (solid yellow and green line, respectively). Gray areas denote the band gaps, and circles denote
phonon degenerate Dirac points.

The observed characteristic frequencies of the modes at Γ
points and their irreducible representations for discussed com-
pounds with R3̄ symmetry are collected in Table 2, while the
schematic illustration of the IR and Raman active modes are
presented in Figure 5. Raman active modes are realized only by
chalcogenide atoms. In contrast to this, all atoms contribute in
the IR active modes.

3.3.2. Mode Softening and System Stability

From the comparison of the phonon dispersion curves of all com-
pounds, we can find softening of some branches at the T point
(shown by black arrows in Figure 3). In the case of Pd3Pb2Ch2 (Ch
= S, Se), the modes described at the T point are located around
1 THz. For Pt3Pb2Se2 [Figure 3d], this mode is clearly shifted
to the lower frequencies (between 0.5 THz, below the acoustic
branches). However, this mode plays the most important role in
the case of Pt3Pb2S2, where we have an imaginary frequency pre-

sented in Figure 3c as a negative value. This means that only
Pt3Pb2S2 cannot be stable with R3̄m symmetry. The exact analy-
sis of this mode will be presented in Section 3.7. Here, we should
also note that the softening branch is related to the lowest non-
degenerate A1u mode at the Γ point.

3.4. Phonon Nodal Lines

Realization of the degenerated points in the electronic band
structure is a key point in the topological systems. An excel-
lent example of such behavior is the realization of Dirac or Weyl
points in an electronic band structure.[73] In some situations (typ-
ically guarantee by the space group symmetries), the band cross-
ing can be realized along a line or within some plane, form-
ing a nodal line or nodal plane, respectively. Such phenomena
are well known from the study of the electronic band struc-
ture of topological semimetals.[73–76] Similar behavior can also
be realized in phononic systems.[77,78] In this section, we discuss

Adv. Physics Res. 2023, 2300025 2300025 (4 of 12) © 2023 The Authors. Advanced Physics Research published by Wiley-VCH GmbH
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Figure 4. The phonon density of states for discuss compounds (as la-
beled). For Pt3Pb2S2, to guide the eye, the magnitude for softmodes was
increased ten times.

Table 2. Characteristic frequencies (THz) and symmetries of the modes at
the Γ point for discuss compounds with with R3̄m symmetry.

Pd3Pb2S2 Pd3Pb2Se2 Pt3Pb2S2 Pt3Pb2Se2

1.23 (Eu) 1.21 (A1u) 0.57 (A1u) 0.79 (A1u)

1.31 (A1u) 1.24 (Eu) 1.32 (Eu) 1.28 (Eu)

1.53 (A2u) 1.50 (Eu) 1.38 (A2u) 1.45 (A2u)

1.85 (Eu) 1.66 (A2u) 1.87 (Eu) 1.69 (Eu)

2.35 (Eu) 1.90 (Eu) 2.31 (Eu) 2.00 (Eu)

2.49 (A2u) 2.45 (A2u) 2.40 (A2u) 2.43 (A2u)

2.85 (Eu) 2.84 (Eu) 2.85 (Eu) 2.56 (Eu)

3.72 (A2u) 3.21 (A2u) 3.93 (A2u) 3.05 (A2u)

4.81 (Eg) 4.35 (Eg) 5.70 (Eg) 5.09 (Eg)

5.63 (Eu) 5.20 (Eu) 6.59 (Eu) 6.08 (Eu)

6.38 (A2u) 6.27 (A1g) 6.84 (A2u) 6.98 (A2u)

6.39 (A1g) 6.44 (A2u) 7.21 (A1g) 7.06 (A1g)

the realization of the phonon nodal lines (i.e., crossing of the
branches of phonon dispersion in the momentum space) in the
discussed compounds.

The space group R3̄m symmetry is characterized by space in-
version , three-fold rotation axis 3(111), two-fold rotation axes
2(11̄0), 2(101̄), 2(011̄), and mirror planes (11̄0), (101̄), (011̄) (in the
primitive unit cell basis). The three-fold rotation axis 3(111) [along
c direction in Figure 1a] leads to preservation of the degeneration
of the branches along the rotation axis. As a result, the degeneracy
at the Γ point is the same as the branches along the Γ–T direction
(to guide the eye, the double generated branches are marked by
yellow and gray lines in Figure 2). This leads to the emergence of
typical symmetry that enforces the phonon nodal line along the
Γ–T direction.

Time-reversal invaraint momentum points include one Γ, one
T, three L, and three F symmetry points. The little group analyzes
are allowed for six irreducible representations at Γ and T points.
This is in agreement with Equation (1) describing irreducible rep-
resentations at Γ (four possible nondegenerate representations
and two possible double-degenerate representations). In the case
of L and F points, only four nondegenerate representations are al-
lowed. Due to the arguments from the previous paragraph, there
are no other degenerate branches in the phonon dispersion other
than the one along the Γ–T direction (according to Table 1).

However, the presence of inversion symmetry and time-
reversal symmetry allows for the realization of other nodal lines.
For example, in the case of MoB2 with R3̄m symmetry, a helical
topological nodal line protected by symmetry (i.e., a combina-
tion of time-reversal symmetry  and inversion symmetry ) is
realized by the phonon branches in “higher” frequency mode.[79]

A similar situation is realized in our case, while the nodal line
has another character. Few examples of nodal lines realized in
Pt3Pb2Se2 are presented in Figure 6. In the case of the highest
modes (bands No. 20 & 21) the nodal lines form a closed con-
tour through the Brillouin zone in the xy plane. Contrary to this,
the nodal lines coming from crossing band No. 17 & 18 form
open lines mostly along the z direction. In both cases, the nodal
lines are related to mostly constant frequencies — in range 7.07
THz – 7.11 THz for No. 20 & 21, and in range 5.73 THz – 5.74
Thz for No. 17 & 18. Both band crossing points are marked by
green and red filled circles in Figure 3. The degeneracy of the
bands along the Γ –T direction is reflected in the shape of the
nodal lines between bands No. 16 & 17, and No. 18 & 19. De-
generate bands form the nodal lines along this direction (vertical
line along the Brillouin zone). However, additional bands cross-
ing out of the Γ–T direction create a star-like shape of the nodal
line (visible on top of the view panel). Two fold rotational sym-
metries lead to the additional rotation of these nodal lines in the
lower half of the Brillouin zone, with respect to the upper half. Fi-
nally, the total shape of the nodal lines takes the form of a shifted
hourglass. In these cases, nodal lines are realized for frequen-
cies 6.07 THz – 6.21 THz for band No. 18 & 19, and 5.03 – 5.22
THz for band No. 16 & 17. Similarly to the case of MoB2 with
R3̄m symmetry,[79] the described nodal lines are protected by 
symmetry.

The nodal lines can also be found in the lower frequencies
range. Here, the situation is more complicated. In the case of
lower frequencies, many crossings of the nondegenerate and
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Figure 5. Schematic illustration of infrared and Raman active modes in Pd3Pb2S2.

double-degenerate branches can be found [ few examples are
marked by blue circles in Figure 3d], which allow the realization
of higher degenerate points. For example, the nodal line between
band No. 1 & 2 is in the range of 0–1.1 THz and is related to
a very complex structure containing lines and rings. However,
a comparison of the phonon dispersion curves for all the dis-
cussed compounds with R3̄m symmetry (Figure 3) suggests an
incidental source of these nodal lines. On the other hand, this
opens up a new possibility for nodal lines engineering via atom
substitution.[80]

From an experimental point of view, the realization of the de-
scribed nodal lines can be confirmed using meV-resolution in-
elastic x-ray scattering (IXS)[79]

3.5. Phononic Surface States

In this section, we focus on the phonon surface states in the
high-frequency range. We discuss here the surface states for
Pt3Pb2Se2, however, conclusions should be similar to those for
other compounds as well. In our investigation, we calculated the
phonon spectral function using the Green function technique
for different surfaces presented in Figure 7. Additionally, in this
range of frequencies, the (bulk) phonon modes are related to the
vibrations of the Pt and Se atoms [see Figure 4d]. This allows for
the study of the surface modes associated with the kagome lattice
of the transition metal atoms, i.e., Pt in our case. Here, we chose
a few different surfaces realizing three types of terminations:

Adv. Physics Res. 2023, 2300025 2300025 (6 of 12) © 2023 The Authors. Advanced Physics Research published by Wiley-VCH GmbH
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Figure 6. Example of the phonon nodal lines between different bands (as labeled) realized in Pt3Pb2Se2. Left and right panels show the top and front
view on the Brillouin zone. For nodal lines coming from bands No. 17 and 18 (20 and 21) a general view is also presented (right column). The nodal
lines are realized in the range of frequencies shown above the Brillouin zones.

• surface (001) in the conventional cell basis [surface (111) in the
primitive unit cell basis] — realizes the surface perpendicular
to the kagome net [Figure 7b, with normal vector parallel to c
in Figure 1].

• surface (100) in the conventional cell basis [surface (1̄01) in
the primitive unit cell basis] — realizes the surface perpen-
dicular to the kagome net terminated by the triangular lattice
[Figure 7c, with normal vector parallel to a in Figure 1].

• surface (1̄10) in the conventional cell basis [surface (21̄1̄) in the
primitive unit cell basis] — realizes the surface parallel to the
kagome net terminated by the chain of Pt atoms [Figure 7d,
with normal vector parallel to b − a in Figure 1].

The spectra for different surfaces are presented in Figure 7e–
j). As we can see, the spectra are more complex than those ob-
served in monoatomic systems such as graphene.[81] To extract
the surface states more straightforwardly, we present spectra of
bulk modes (upper panels), and spectra containing all modes
(lower panels). In the case of (001) surface [Figure 7b,e,f] there
is one edge mode in the range of bulk states (green arrow). How-
ever, out of this range, several groups of edge modes are well vis-
ible (yellow arrow). This is true for frequencies below 5.1 THz, as
weel above 6.3 THz. These modes can be related to the vibrations
of the “free standing” Pt–Se molecule at the (001) surface termi-
nation [Figure 7b]. In the case of (100) and (1̄10) surfaces, the

spectra are more complex, and many surface states are realized
[arrows in Figure 7h,j].

The realized phonon surface states are associated with the vi-
brations of the atoms at the edge of the slab. Similar results have
been reported for the 2D graphene stripe.[81] In this situation, the
surface states separated from the bulk modes spectra[82] denote
propagation of the phonon mode along the surface.[83] However,
for the (100) surface terminated by the triangle lattice, the edge
mode can be associated with a strong localized mode due to the
geometry of the lattice.[83,84] In the case of the (1̄10) surface, the
dispersionless edge modes along Γ̄–X̄ can be similar to the 1D
topological hinge electronic states protected by three-fold rota-
tional and inversion symmetries in bismuth.[85] Similarly to the
other systems, the phonon edge mode strongly depends on sur-
face termination.[82] Nevertheless, the topological nature of such
surface states should be the source of further phonon surface
states in shandite-like systems.

3.6. Chiral Phonons

The existence of three-fold rotational symmetry in the shandite-
like structure allows the emergence of the chiral phonons,[86–89]

which are related to the circular motion of the atoms around
the equilibrium positions. Indeed, the analyzes presented in
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Figure 7. a) Projection of the 3D bulk Brillouin zone into the 2D surface Brillouin zone (for different surfaces, as labeled). b–d) Termination for the
discussed surfaces (as labeled). e–f) Spectral function for different surfaces (as labeled). To compare the above, we present bulk state spectra (upper
panels) and spectra containing all modes (lower panels). The yellow and green arrows indicate surface states.

the following show that chiral phonons can occur and are
associated with Pd atoms. However, due to the presence of
inversion symmetry, the total angular momentum is equal
to zero.[90] Similarly to CoSn-like compounds [91] or layered
magnetic topological insulator TBi2Te4 (T=Mn,Fe).[72] Never-
theless, the translational symmetry break due to doping can
lead to the emergence of states with non-zero total angular
momentum.[92–94]

To study the possible realization of the phonon circular po-
larization, let us first define the phonon chirality. To do this,
first we should re-express the phonon polarization vectors eq de-
scribing vibrations of atoms induced by each phonon mode at
given wavevector k, in the new basis: |R1⟩ = 1√

2
(1 i 0 ⋯); |L1⟩ =

1√
2
(1 − i 0 ⋯); |Z1〉 = (0 0 1 ⋅⋅⋅); ⋅⋅⋅; |Rj⟩ = 1√

2
(⋯ 1 i 0 ⋯); and

|Lj⟩ = 1√
2
(⋯ 1 − i 0 ⋯); |Zj〉 = (⋅⋅⋅ 0 0 1 ⋅⋅⋅). Here, each compo-

nent of the polarization vector described the motion of the atoms
along x, y, and z directions, while the polarization vector contains

3N components (where N is the total number of atoms in the
primitive unit cell). Our new basis denotes right-handed and left-
handed circulation (|Rj〉 and |Lj〉, respectively) of the j-th atom. In
this case, we investigate the chiral modes realized in the xy plane
(perpendicular to the c direction). Now, each polarization vector
e can be given in the form:

e =
∑

j

(
𝛼R

j |Rj⟩ + 𝛼j
L|Lj⟩ + 𝛼Z

j |Zj⟩
)

(2)

where 𝛼V
j = ⟨Vj|e⟩, for V ∈ {R, L, Z}.

The operator for phonon circular polarization along the z-axis
can be defined as:

Ŝz ≡ N∑
j=1

sz
j =

N∑
j=1

(|Rj⟩⟨Rj| + |Lj⟩⟨Lj|
)

(3)
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Figure 8. Chirality of the phonon modes for Pt3Pb2Se2. Color and size
of the lines correspond to the phonon polarization calculated for one Pb
atom.

and the phonon circular polarization is equal to:

sz
ph = e†Ŝze =

N∑
j=1

sz
j ℏ =

N∑
j=1

(
|𝛼R

j |2 − |𝛼L
j |2

)
ℏ (4)

with |sy
ph| ≤ 1, since

∑
j(|𝛼R

j |2 + |𝛼L
j |2) = 1. Here, we introduce sz

j ,
which denotes the contribution of each atom to the circular po-
larization of phonons. In the case of |sz

j | = 1, the jth atom real-
izes motion along an ideal circle around the equilibrium position;
for |sz

j | = 0, ordinary vibrations are realized, and for 0 < |sz
j | < 1,

elliptic orbits are realized.
The calculated circular phonon polarization for Pt3Pb2Se2 is

presented in Figure 8. As we can see, at the higher frequencies
branch out (from 5 to 6 THz) and the chiral phonon modes can
be realized. The exact analyzes of the phonon polarization vectors
show that the chiral modes are realized by Pb atoms. Here, we

should note that the chiral modes are realized in nondegenerate
branches, coming from the decoupling of two doubly degenerate
branches with Eg and Eu symmetry at Γ point.

3.7. Stable Pt3Pb2S2 with R3̄c Symmetry

The existence of a soft mode in the Pt3Pb2S2 phonon dispersion,
mentioned earlier in Section 3, indicates the existence of a col-
lective movement of atoms that transforms a higher-symmetry
crystal structure into a lower-symmetry crystal structure. Careful
investigation of the atom displacement induced by the soft mode
in the initial (unstable) structure can provide information about
the final (stable) symmetry of the system.[61,95] In our case, the
soft modes emerging at T = (1/2, 1/2, 1/2) wave vector lead not
only to atom displacement but also to an increase in the size of
the primitive unit cell,[96] which is related to the periodicity of the
induced displacement pattern.

The soft mode leads in a natural way to the symmetry break-
ing of the system. Figure 9a presents schematic representation
of the atomic displacement pattern realized in the soft mode in
Pt3Pb2S2 with initial R3̄m symmetry. The soft mode resulted in
the displacement of only the Pt atoms instead of the kagome lat-
tice. As a result, the symmetry breaking is related to the distortion
of the kagome lattice.

The dependence of the system energy on the mode amplitude
is shown in Figure 9b. As we can see, the atomic displacements
induced by the soft mode leads to the minimization of the energy.
Exact system optimization leads to the system with R3̄c symme-
try (space group No. 167). The optimized structure has lattice
constants a = 6.245 and c = 26.631 Å. The Pt atoms are located
at the Wyckoff position 18e (0.4812,0,1/4), the Pb atoms at two
nonequivalent Wyckoff positions 6b (0,0,0) and 6a (0,0,1/2), while
the S atom is located at the Wyckoff position 12c (0,0,0.3618).
Note that the (conventional) unit cell with R3̄c is twice as high as
the initial R3̄m system. Furthermore, by comparing both struc-
tures, we can see that the displacement of the Pt atoms is around
0.12 Å from the atomic positions in the ideal kagome sublattice.

Figure 9. a) Schematic representation of the atomic displacement pattern realized in Pt3Pb2S2 with R3̄m symmetry. b) Total energy of Pt3Pb2S2 as a
function of the soft mode amplitude. The relative energies of the initial R3̄m and final R3̄c structures are indicated by arrows.
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Figure 10. a) The electronic band structure of Pt3Pb2S2 with R3̄c symmetry. The orange and blue lines on the left panels correspond to the electronic
band structure in the absence and presence of spin–orbit coupling, respectively. b) The phonon dispersion and phonon density of states for Pt3Pb2S2
with R3̄c symmetry.

Table 3. Characteristic frequencies (THz) and symmetries of the modes at
the Γ point for Pt3Pb2S2 with R3̄c symmetry.

0.82 (A2u) 0.88 (A1u) 0.97 (Eg) 1.31 (Eu)

1.35 (A2g) 1.54 (A2g) 1.90 (Eg) 2.04 (Eu)

2.08 (Eu) 2.36 (A2u) 2.42 (A2u) 2.42 (A2u)

2.42 (Eu) 2.42 (A2u) 2.48 (Eu) 2.57 (Eu)

2.57 (Eu) 2.87 (Eu) 3.55 (A2g) 3.70 (A1u)

4.05 (A2u) 8.98 (Eg) 9.06 (Eu) 9.06 (Eu)

9.20 (Eu) 9.29 (Eu) 9.38 (A2u) 9.54 (A2g)

11.21 (A1u) 11.24 (A1g)

The electronic character of Pt3Pb2S2 remains unchanged, and
the system exhibits metallic features. The electronic band struc-
ture is more complex than for R3̄m [Figure 10a], due to the fold-
ing of the Brillouin zone along the (111) direction. However, sev-
eral nearly flat bands are visible. Also, around the Fermi level,
there exist a few Dirac points along the Γ–T direction. The topo-
logical properties can still be expected in this case, and thus this
topic warrants future studies in this direction.

The phonon dispersion curve does not show soft modes
[Figure 10b], and Pt3Pb2S2 should be stable with R3̄c symmetry.
In this case, the phonon modes at the Γ point can be decomposed
into irreducible representations as follows:

Γacoustic = A2u + Eu, (5)

Γoptic = 2A1g + 3A1u + 4A2g + 4A2u + 7Eu + 6Eg

The increasing number of irreducible representations is related
to the doubled number of the atoms in the (primitive) unit cell.
The activity of the mode is unchanged [cf. Equation 1], i.e., modes
A2u and Eu are IR active, while A1g and Eg are Raman active.
The characteristic frequencies and symmetries of the modes
at the Γ point for Pt3Pb2S2 with R3̄c symmetry are collected in
Table 3, and can be used in the experimental classification of the
real system.

4. Conclusion

In this paper, we present a comprehensive study of the dy-
namical properties of the T3Pb2Ch2 (T=Pd,Pt and Ch=S,Se)
with shandite-like structure (R3̄m symmetry). We show that
Pd3Pb2Ch2 and Pt3Pb2Se2 should crystallize with shandite struc-
ture. Contrary to this, Pt3Pb2S2 is unstable dynamically, and
phonon spectra exhibits the imaginary soft mode. Analysis of this
soft mode leads to the stable structure of Pt3Pb2S2 with R3̄c sym-
metry (without soft modes).

Furthermore, we present theoretically obtained characteristic
frequencies and symmetries of the modes at the Γ point for each
compound, which should help to confirm our findings experi-
mentally, within infrared or Raman spectroscopy measurements.
From the partial phonon DOS we show that the higher frequen-
cies vibrations are associated only with transition metal and lead
atoms. Moreover, the branches in the higher frequencies give rise
to the symmetry enforcing phonon nodal line.

The most interesting phonon properties of shandie-like com-
pounds are associated with the emergence of phonon surface
states and chiral phonons. We show that the phonon surface
states can be realized independently of the surface termination
and are mostly related to the kagome sublattice of transition
metal atoms. The existence of three-fold rotational symmetry al-
lows the occurrence of chiral phonons in the system. We show
that the chiral phonons are realized by the circular motion of the
Pb atoms. Our findings can also be applied to other compounds
with the shandite R3̄m structure.
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4.2.6 Chiral phonon in the cubic system based on the Laves phase of

ABi2 (A = K, Rb, Cs)

S. Basak, P. Piekarz, and A. Ptok, Comput. Mater. Sci. 230, 112545 (2023).

The vibration of atoms in a circular or elliptical orbit around their equilibrium position can
give rise to phonons with non-zero pseudo-angular momentum (PAM), named chiral phonons.
We start this manuscript by looking for the presence of chiral phonons in the Laves phase
of ABi2 (A = K, Rb, Cs). To begin with, we observe that the kagome layer formed by Bi
atoms do not host chiral phonons. They are only found in the layers of alkali atoms A. The
band structure and density of states analysis leads us to the conclusion that the band structure
contains phonon flat bands, which can be interesting to generate strong electron-phonon inter-
action in this system. Moreover, as the electrons in the presence of a transverse magnetic field
can gather at two opposite edges of a sample (electron Hall effect), phonons can give rise to
the phonon Hall effect in the presence of the transverse magnetic field. In fact, phonons with
intrinsic angular momentum like chiral phonons can produce the phonon Hall effect even in
the absence of any external magnetic field, giving rise to a thermal current in the sample. For
these to happen one important criterion is broken inversion symmetry. In the second part of
this article, we break the inversion symmetry of the materials by doping and predict two new
materials that can be used as a platform to study the phonon Hall effect. We also show their
dynamical stability to assert that these materials can be synthesized in the lab.

Author’s contribution: Performing the numerical calculation (phonon dispersion curves
and phonon chirality), analysis and discussion of obtained results, partial preparation of figures,
partial preparation of the manuscript, participation in preparing the response for Referees.
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A B S T R A C T
𝐴B2 (𝐴 = K, Rb, Cs) compounds crystallize in the cubic Laves phase (symmetry Fd3̄m). The geometry ofthe crystal structure allows the realization of chiral phonons, which are associated with the circulation ofatoms around their equilibrium positions. Due to the inversion symmetry and time reversal symmetry, totalpseudo-angular momentum (PAM) of the system vanishes. We show that the doping of these system can leadto a new phase with symmetry F4̄3m. New systems (KRbBi4 and RbCsBi4) do not exhibit soft modes (arestable dynamically). Due to the inversion symmetry breaking, realized chiral phonon modes possess a non-zero total PAM. In both type of systems the chiral phonons are realized for the wavevectors at the edge of theBrillouin zone. This study explores the possibility of chiral phonon engineering via doping, and predicts twonew materials. Discussing the problem opens a new way to study the phonon Hall effect.

1. Introduction
Chirality, a property, which distinguishes a system from its mir-ror image, plays an important role in physics. In lattice dynamics,chirality can be discuss in context of the chiral phonons, i.e., vibra-tion modes associated with the circular motion of the atoms aroundthe equilibrium position [1]. Chiral phonons were studied in manytwo dimensional (2D) lattices, e.g., honeycomb lattice [1,2], kagomelattice [3], or moiré superlattices [4]. Recently, chiral phonons werealso reported in many three dimensional (3D) materials, e.g.: tran-sition metal dichalcogenides [5–8] and their heterostructures [9–11],pervoskites [12–15], graphene/hexagonal boron nitride heterostruc-ture [16], 2D magnets (CrBr3 [17] or Fe3GeTe2 [18]), cuprates [19],CoSn-like systems [20], ternary YAlSi compound [21], chiral systems(𝐴Bi-like compounds [22], 𝛼-HgS [23] or SiO4 [24]), and magnetictopological insulators 𝑇Bi2Te4 [25]. Due to their extraordinary proper-ties (e.g., realization of the phonon Hall effect [26–33]), it has attracteda lot of theoretical and experimental attentions.Motivation.— Chiral phonons can be characterized by the phononcircular polarization (PCP), or equivalently by the pseudo-angular mo-mentum (PAM) [1]. Non-zero value of PCP (PAM) gives informationabout the presence of the chiral phonons in the system [detailed dis-cussion can be found in Supplementary Material (SM) [34]]. However,from experimental point of view, most interesting are materials, whichin natural way possess a non-zero total PCP (PAM). In such cases, the

∗ Corresponding author.E-mail addresses: surajit.basak@ifj.edu.pl (S. Basak), piekarz@wolf.ifj.edu.pl (P. Piekarz), aptok@mmj.pl (A. Ptok).URL: https://www.mmj.pl/~aptok/ (A. Ptok).

strain gradient [1] or the temperature gradient [35] can be source ofphonon Hall effect. The main condition to realize such systems is abroken inversion symmetry or/and time reversal symmetry [36].In this paper we discuss realization of the chiral phonon in the
𝐴Bi2 (𝐴 = K, Rb, Cs) compounds [37,38], crystallized in the Lavesphase (Fig. 1). Clean system, due to the presence of both inversion andtime reversal symmetry, hosts chiral phonons with vanishing total PCP(PAM). We will show that the doped system can host chiral phononswith a non-zero total PCP (PAM), what that opens a new way to chiralphonon engineering and their experimental exploration.In our study we used the ab initio techniques to study the dynamicalproperties of the (based and modified) systems. During the study, wetheoretically calculated and analyzed the phonon dispersions. Firstly,this allows us to discuss the system stability in context of latticedynamics. Next, study of the phonon polarization vectors allow us toexplore the behavior of chiral phonons, through the calculation of PCP(detailed can be found in the SM [34]).
2. Calculations details

The first-principle calculations were performed withindensity-functional theory (DFT) within the projector augmented-wave(PAW) method [39] implemented in the Vienna Ab initio Simulation

https://doi.org/10.1016/j.commatsci.2023.112545Received 14 April 2023; Received in revised form 27 September 2023; Accepted 28 September 2023
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Fig. 1. Conventional cell of RhBi2 in cubic Laves phase (top panels). Rightmost column presents crystal structure along (111) direction showing kagome net (dashed orange line)of corner-sharing tetrahedra of Bi atoms. Conventional cell of KRhBi4 (bottom panels) obtained from RhBi2 by K doping (or KBi2 by Rb doping).
Package (vasp) [40–42]. The exchange–correlation potential was ob-tained by the generalized gradient approximation (GGA) in the formproposed by Perdew, Burke, and Ernzerhof (PBE) [43]. We also in-vestigated the impact of the spin–orbit coupling (SOC) [44] on theelectronic structure. The energy cut-off for the plane-wave expansionwas equal to 350 eV. The optimization of the conventional cell wasperformed using a 10 × 10 × 10 Monkhorst–Pack k-grid [45]. Thestructures were relaxed using the conjugate gradient technique with theenergy convergence criteria set at 10−8 eV and 10−6 eV for the electronicand ionic iterations, respectively (the optimized lattice constant arein excellent agreement with the experimental values [38], and arecollected in Tab. S1 in the SM [34]). Symmetry of the structures wereanalyzed with FindSym [46] and Seek-path [47,48] packages.The dynamical properties were calculated using the direct Parlinski–Li–Kawazoe method [49]. Under this calculation, the interatomic forceconstants (IFC) are found from the forces acting on atoms when anindividual atom is displaced. The forces were obtained by the first-principle calculations with vasp using conventional cell, and reduced4 × 4 × 4 k-grid. The phonon dispersion and polarization vectorsanalyses were performed using the Alamode software [50,51]. The modesymmetries at the 𝛤 point were found by the Phonopy software [52].Finally, the chiral phonons were studies by calculation of the PCP (formore details, see Sec. SII in the SM [34]).
3. Results and discussion
3.1. Systems characterization

Base compounds 𝐴Bi2 (𝐴 = K, Rb, Cs) crystallize in the cubic Lavesphase (space group Fd3̄m, No. 227), with a pyrochlore lattice [37,38](left panel in Fig. 1). Alkali metals 𝐴 atom and Bi atom are in high sym-metric Wyckoff position 8𝑏 (3∕8, 3∕8, 3∕8) and 16𝑐 (0, 0, 0), respectively.The Bi atoms form corner sharing tetrahedrons, which are intertwinedwith the diamond structures formed by the Rb atoms. Alternatively,the structure an be described as stacking of 3D kagome nets of Biatoms. The Rb atoms are located above the four hexagon faces of thecapped tetrahedron of the 12 Bi atoms (right panel in Fig. 1). 𝐴Bi2,similar to the related Bi compounds (𝐴Bi or 𝐴Bi3 [53–56]), exhibitsthe superconducting properties [57–61].

In our study, we are focused on KRbBi4 and RbCsBi4, which canbe realized when the one alkali atom (in primitive unit cell of thebase 𝐴Bi2) is replaced by one of another type. Group analyses ofthese systems, after the DFT optimization procedure, show that bothcompounds have F4̄3m symmetry (space group No. 216). In this case,the alkali atoms are located at (non-equivalent) high symmetry Wyckoffposition 4𝑎 (0, 0, 0) and 4𝑐 (1∕4, 1∕4, 1∕4), while Bi atom in position
16𝑐 (𝑥Bi, 𝑥Bi, 𝑥Bi), where 𝑥Bi is a free parameter (we found xBi equal toapproximately ∼ 3∕8 for both compounds).
3.2. Phonon spectrum and flat band

Let us start by giving a short description of the phonon spectrum.All of the described compounds are stable, i.e. the phonon spectrum donot exhibit imaginary frequencies. Exact analyses of the partial phonondensity of states (Fig. S1 in the SM [34]) clearly show a decrease in thefrequencies of vibrations related to the alkali metal, during substitutionK→Rb→Cs, due to the increasing masses of the atoms. Similar propertyis observed for the breathing mode of the Bi atoms tetrahedra. This non-degenerate mode (with symmetry 𝐴2u for Fd3̄m phase, and symmetry
𝐴1 for F4̄3m phase) shows an unusual decrease in frequency from
∼2.5 THz for KBi2 to ∼1.2 THz for CsBi2 (see Tab. S2 in the SM [34]).At the same time, oscillations of the heavy Bi atoms are mostly realizedin the intermediate range of frequencies (approximately, between 1 THzand 1.75 THz).For the compounds with ‘‘light’’ alkali atoms (KBi2 and KRbBi4),the separation of the modes in the frequency domain is observed – themodes related to the alkali atoms are mostly observed at the higherfrequencies. Contrary to this, in the compounds containing the ’’heavy’’alkali atoms (RbCsBi4 and CsBi2), the vibrational modes are stronglymixed between alkali and Bi atoms. This type of the separation allowrealized the phonon flat bands for KBi2, at frequencies around 1.4 THz[Fig. 2(a)]. Formation of the phonon flat band is allowed due to therealization of the 3D kagome lattice of Bi atoms. Indeed, the flat bandscorrespond to the strong peaks in the phonon density of states in therange of frequencies related to the Bi atoms [Fig. S1(a) in the SM [34]].
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Fig. 2. Phonon dispersion for the base systems 𝐴Bi2 (as labeled), along high symmetry directions (a)–(c). Color code and linewidth correspond to the phonon circular polarization[for vibration in the plane perpendicular to the (111) direction] for one from the alkali atoms. Panel (c) presents the discussed Brillouin zone and high symmetry points.

Fig. 3. Phonon dispersion for the modified systems (as labeled), along the high symmetry directions [with the same marking as at Fig. 3(d)]. Color code and linewidth correspondto the total phonon circular polarization [for vibration in the plane perpendicular to the (111) direction].
Chiral phonons and their properties. Substitution of external atoms de-crease the symmetry of the system but preserves the two- and three-foldrotational symmetry. From this, the circular vibration of the atoms inboth structures can be expected. Indeed, the PCP calculations (Figs. 2and 3) directly show the existence of chiral phonons.In the case of Fd3̄m phase, the chiral modes are realized by (oppo-site) circular vibrations of alkali atoms (located in two non-equivalentpositions, let say  and , in primitive unit cell). When atom inposition  has positive circulation, the atom in position  has negativecirculation, and vice versa. Due to the equal masses of both the atoms,chiral modes are realized along the circles with the same radius in bothpositions. However, due to the inversion symmetry and time reversalsymmetry, the chiral modes have zero total PCP. In a natural way,the inversion symmetry can be broken by the introduction of externalatoms in the base system 𝐴Bi2, and that should lead to chiral phononswith non-zero PCP (or equivalently PAM) [36]. This phenomena canbe realized in KRbBi4 and RbCsBi4, which can be made from KBi2,RbBi2, or CsBi2, by the substitution of other alkali atoms. Substitutionof this type leads to a situation when diamond-like sublattice of thealkali atoms contains two different atoms (with different masses). Then,contrary to the base compounds, the non-vanishing total PCP canbe observed for several branches. The related phonon dispersion arepresented in Fig. 3.Here, we should also comment briefly on the chiral modes in the3D kagome sublattice of Bi atoms. In the 2D kagome lattice, the chiralmodes can be realized by the breaking of spatial inversion symme-try [3]. Thus, in the base 𝐴Bi2 system the chiral modes are not realized

in the Bi sublattice. However, breaking the inversion symmetry in themodified compounds KRbBi4 and RbCsBi4 affects also the Bi sublattice(see Fig. S2 in the SM [34]). Contrary to the vibrations of the alkaliatoms, the Bi atoms within the chiral modes circulate along an ellipse(with small semi-minor axis).In case of the modified systems, the non-zero PCP (PAM) arises asa consequence of the difference in the circular motion of the atoms(mostly, in two non-equivalent positions of the alkali atoms). However,main properties of the circular motion of the alkali atoms in the systemis preserved. When the atom in position  has positive circulation andrealize the motion along circle with some radius, the atoms in position
 has negative circulation, and vice versa.In Fig. 4 we present examples of the chiral modes realized for twonon-equivalent W points. Both wavevectors are associated with thesame square face of the Brillouin zone and possess 2-fold rotationalsymmetry [Fig. 4(a)]. Due to the C2 symmetry, the direction of circu-lation at one W point is a mirror reflection of its pair – applying theC2 symmetry leads to a change in the direction of circulation [cf. W1and W3 presented in Fig. 4(c) and Fig. 4(e), or W2 and W4 presented inFig. 4(d) and Fig. 4(f)]. This situation is similar to the simple 2D systemwith hexagonal symmetry [1], where the change of wavevector (fromK to K’) leads to the inversion of circulation. However, contrary to the2D hexagonal system, the chiral phonons do not vanish at the edge ofthe square face of the Brillouin zone (see Fig. S2 in the SM [34]). This isassociated with the additional properties of the system not observed inthe 2D hexagonal system, i.e., change of the wavevector along the edgeof the square face of the Brillouin zone leads also to the rotation of the
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Fig. 4. C2 (a) and C3 (b) rotation in the reciprocal space. Visualization of the chiral mode in the conventional cell for W type wavevectors (c)–(f). Color of line correspond to thetime, during one period 𝑇 of the oscillation. Results for 9th phonon mode realized by the Rb atom in KRbCs4.
plane within the chiral modes are realized. This is well visible, whenwe compare the panels from (c) to (f) in Fig. 4. Similar behavior can beobserved in case of the non-equivalent L points which are present in thehexagonal face of the Brillouin zone and possess a three-fold rotationalsymmetry [Fig. 4(b)].The described behavior of the non-vanishing chiral modes at theedge of the Brillouin zone can be explained in a simple way. In the 2Dhexagonal system, change of phase of the phonon wavefunction mustbe realized along paths connecting 𝛤 points of neighboring Brillouinzones (e.g. 𝛤–K–M–K’–𝛤 , where at the M point the chiral phonons arenot realized). This property is intrinsic, and in our case realized alongpaths 𝛤–X–𝛤 , or 𝛤–L–𝛤 , while X and L points are located exactly atthe rotational symmetry axis. As a consequence, at these points thechiral modes are not realized. Indeed, in our case, on the square andhexagonal faces of Brillouin zone of the discussed systems, the chiralphonons are not realized only at the central X and L points.Discussed changes of the phonon wavefunction phase (e.g. at theedge of the square face of the Brillouin zone, along W1–W2–W3–W4 path), is related only to the mentioned modification of the planein which the chiral phonon modes are realized. At the same time,magnitudes of the circulations do not changed value – this can beobserved on the PCP plot (see Fig. S2 in the SM [34]). The PCP changesvalue when we change one W point to another one (depending on theplane of the projection).

3.3. Raman active modes
In both type of symmetries, the modes at the 𝛤 point can be decom-posed to seven irreducible representations: one non-degenerate 𝐴-typemode, one double-degenerate 𝐸-type mode, and five triple-degenerated

𝑇 -type modes (see Sec. SIII in the SM [34]). Three of these modesare the Raman active (see Sec. SIV in the SM [34]). Using the Ramanselective rules [62], it is possible to distinguish the active modes, usingthe different backscattering configurations. The same holds for bothlinear polarized (parallel and perpendicular configuration) and circularpolarized (co-circular and cross-circular configuration) Raman spectrameasurements.Typically, in case of systems with hexagonal symmetry, the cir-cular polarized Raman spectroscopy can be used to study the chiralmodes [17,18]. However, the method is limited only to the wavevectorsin vicinity of the 𝛤 point. Our analyses of the realized chiral phonons(within the PCP calculations – presented in Figs. 2 and 3) clearly showthat the chiral modes in discussed compounds are realized aroundthe edges of the Brillouin zone (e.g. along the L–K–W–X path). Fromanother site, the role of the external magnetic field in realization ofthe chiral modes is well known [14,63,64]. The chiral modes canemerge in the presence of the magnetic field at the 𝛤 point, as aconsequence of the decoupled doubly degenerate (Raman active) 𝐸
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type modes, into two non-degenerated chiral modes with oppositecirculation. Frequencies of the 𝐸 type modes are collected in Tab. S2in the SM [34].
4. Summary and outlook

We discuss the realization of the chiral phonon modes in the cubicsystem KRbBi4 and RbCsBi4, based on the Laves phase of 𝐴Bi2 (𝐴 =K, Rb, Cs). Using the lattice dynamics, we show that the two newcompounds (KRbBi4 and RbCsBi4) can be stable, and crystallize withthe F4̄3m symmetry. The initial 𝐴Bi2 systems possess both inversionsymmetry and time reversal symmetry and as a consequence the chiralphonons with total zero phonon circular polarization (pseudo angularmomentum) can be realized. In this case the alkali atoms undergocircular motions with opposite circulations. Contrary to this, in theproposed KRbBi4 and RbCsBi4 compounds, the inversion symmetry isbroken, and the chiral phonon modes with non-zero phonon circularpolarization (pseudo angular momentum) emerge. Additionally, thechiral modes are realized for the wavevectors at the edge of theBrillouin zone, which possess two- and three-fold rotational symmetry.The vanishing of the chiral modes is observed only for X and L points,which are located at the rotational symmetry axis. Realization of chiralphonons with a non-zero PAM in the reported compounds opens up anew way to engineering materials for phonon Hall effect.
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Chapter 5

Final thoughts

This thesis contains a collection of my works done during the years of my PhD studies. The
works culminated into a series of seven papers, focusing on the electronic and lattice dynamical
properties of materials containing kagome lattice. My contributions to those papers were mostly
about performing several numerical calculations, analyzing them, and communicating them
with the other co-authors. For the electronic part, the work was mostly related to the effects
of a magnetic impurity on a s-wave superconductor. We showed how the presence of van Hove
singularity (VHS) and flat band singularity (coming from the flat band in the band structure)
can drastically affect the coupling strength of the impurity to the superconductor and the
localization of the in-gap bound states (Shiba states). This knowledge can be used to harness
the Shiba states for application purposes, since for application those Shiba states are more
important which are strongly correlated to the substance and have long localization lengths.
For the lattice dynamics side, I studied a diverse array of properties in systems with kagome
or kagome-like lattices. This involves the study of the dynamical stability of different phases
for RhPb, FeGe, CoGe, and NbReSi. Studies of this kind have several implications. For
one, they can provide important information about the structure realized in the experiment
(RhPb, NbReSi, CoGe). In some cases, it can be used as a tool to track the onset of exotic
quantum phases like charge density wave (FeGe). I also looked for the presence of flat bands and
symmetry-protected degenerate points and degenerate lines in the phonon band structures of
those materials. While the presence of almost dispersion-less phonon may help a strong electron-
phonon interaction, the symmetry-protected degenerate points are of topological significance.
A part of the work involved investigation of the presence of chiral phonons in some materials
containing kagome lattice [T3Pb2Ch2 (T = Pd, Pt and Ch = S, Se), ABi2 (A = K, Rb, Cs)],
while theoretically proposing two new dynamically-stable systems which contain phonons with
non-zero total pseudo-angular momentum. In the end, systems containing kagome lattice have
been explored intensively in recent years for their promising proposed applications. However,
the effect of the flat band on the properties of the parent system is still a very much open area
and hopefully will reveal more and more new fundamentally interesting properties driven by
the potential for technological applications in the days to come.
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