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Abstract

In theoretical physics, many fundamental evolution equations assume
temporal locality, meaning that a system’s future state depends solely
on its present state. However, numerous processes require modeling memory
effects, where past states influence future evolution. The first approaches
to such memory-dependent processes were introduced over 150 years ago.
Over time, mathematical modeling of processes with memory has evolved, en-
compassing integro-differential equations and fractional calculus, whose non-
local operators inherently account for the history of the system. Fractional-
order models are often more accurate than integer-order counterparts due
to their additional degrees of freedom, making them applicable across physics,
chemistry, biology, control theory, and engineering. The core focus of this dis-
sertation is the analysis of memory-dependent dynamical systems, with par-
ticular emphasis on the generalized telegraph equation subjected
to an external moving harmonic source. The generalized telegraph equa-
tion incorporates nonlocal time derivatives through memory functions that
modify both the first- and second-order time derivatives, allowing the descrip-
tion of hereditary effects in wave propagation. The research demonstrates
the emergence of Doppler-like frequency shifts in the presence of moving
sources, showing that the interaction between wave propagation and mem-
ory functions can generate velocity-dependent spectral modifications, even
in the absence of a sharp wavefront. Three representative memory scenarios
are analyzed: localized, power-law, and mixed, revealing that the presence
of a wavefront amplifies the observable frequency shift, whereas purely power-
law memory still induces subtle but measurable spectral changes. These
results provide new insights into the interplay between wave propagation
and nonlocal temporal behavior in generalized transport processes. In ad-
dition to the telegraph equation, the dissertation addresses the generalized
Fokker-Planck equation with fading memory and the generalized Langevin
equation. Analytical solutions using the distributed-order memory kernel
and Volterra-Prabhakar memory kernel ensure physically meaningful results.
Anomalous diffusion phenomena, such as subdiffusion, superdiffusion, and
ultraslow diffusion, are analyzed under different internal noise and friction
kernels, highlighting the role of memory in shaping complex dynamical be-
havior.



Streszczenie

W fizyce teoretycznej wiele podstawowych rownan ewolucyjnych zaktada
lokalnos¢ procesu w czasie, co oznacza, ze przyszty stan uktadu zalezy
wylacznie od jego stanu obecnego. Jednakze istnieja procesy wymagajace
modelowania efektéw pamieciowych, w ktérych przeszite stany wpltywaja na
przyszta ewolucje. Pierwsze podejécia do tego typu proceséw zaleznych od
pamieci zostato wprowadzone ponad 150 lat temu. Z biegiem czasu mode-
lowanie matematyczne proceséw z pamieciag ewoluowato, obejmujgc réwna-
nia catkowo-rézniczkowe i rachunek utamkowy, ktorych operatory nielokalne
z natury uwzgledniaja historie uktadu. Modele rzedu utamkowego sa czesto
doktadniejsze niz ich odpowiedniki rzedu catkowitego ze wzgledu na do-
datkowe stopnie swobody, dzieki czemu maja zastosowanie w fizyce, chemii,
biologii, teorii sterowania czy inzynierii. Gléwnym przedmiotem niniejsze;
rozprawy jest analiza systemow dynamicznych zaleznych od pamieci, ze
szczegdlnym  uwzglednieniem  uogoélnionego réwnania  telegraficznego
poddanego dziataniu zewnetrznego ruchomego Zrédta harmonicznego. Uogol-
nione réwnanie telegraficzne uwzglednia nielokalne pochodne czasowe poprzez
funkcje pamieci, ktére modyfikujg zaréwno pochodne czasowe pierwszego,
jak i1 drugiego rzedu, umozliwiajac opis efektow pamieci w propagacji fal.
Badania wykazuja pojawienie sie przesunie¢ czestotliwo$ci podobnych do
efektu Dopplera w obecnoséci ruchomych zrodet, pokazujac, ze interakcja
miedzy propagacja fal a funkcjami pamieci moze generowac¢ modyfikacje spek-
tralne zalezne od predkosci, nawet przy braku ostrego czota fali. Przeanali-
zowano trzy reprezentatywne scenariusze pamieci: zlokalizowany, potegowy
i mieszany, ujawniajac, ze obecnos¢ czota fali wzmacnia obserwowalne prze-
suniecie czestotliwodci, podczas gdy pamieé czysto potegowa nadal wywoluje
subtelne, ale mierzalne zmiany spektralne. Wyniki te dostarczaja nowych in-
formacji na temat wzajemnego oddzialywania miedzy propagacja fal
a nielokalnym zachowaniem czasowym w uogélnionych procesach transportu.
Oprocz rownania telegraficznego, rozprawa dotyczy uogdlnionego réwnania
Fokkera-Plancka z zanikajaca pamiecig oraz uogélnionego rownania Langev-
ina. Rozwiazania analityczne wykorzystujace jadra pamieci o roztozonym
rzedzie i Volterra-Prabhakara zapewniaja wyniki majace znaczenie fizyczne.
Zjawiska dyfuzji anomalnej, takie jak subdyfuzja, superdyfuzja i ultrapowolna
dyfuzja, sa analizowane pod katem réznych jader szumu i tarcia, podkresla-
jac role pamieci w ksztattowaniu zlozonych zachowan dynamicznych.
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1. Introduction

In theoretical physics, many of the fundamental equations of evolution that
describe changes in a dynamical system over time have a built-in assumption
that the process they describe is local in time, i.e. that the future state of the
system is independent of past states and is determined only by the present
state of that system. However, it is possible to identify several processes
for which creating a more realistic model requires denying the assumption
of temporal locality and including past states of the system in the model.
Moreover, in certain problems, it is essential to account for the dependence
on past states. The first physical models that took into account the need to
analyze the history of states of a given system in the context of predicting
its future behavior appeared about 150 years ago. Pioneering in this field
of research was the work of scientists such as Boltzmann [1], Meyer [2|, and
Wiechert [3]. The need to formulate a mathematical theory of heredity (pro-
cesses with memory) was recognized by the prominent French mathematician
Charles-Emile Picard, who wrote in the ICM conference proceedings [4] pub-
lished in 1908,

“Il ne faut pas cependant réduire a l’avance notre conception mathématique
du monde, et nous pouvons réver d’équations fonctionnelles plus compliquées
que les précédentes parce qu’elles renfermeront en outre des intégrales prises
entre un temps passé trés éloigné et le temps actuel, intégrales qui apporteront
la part de Uhérédité.”!

This need was also recognized by the Italian mathematician and physicist
Vito Volterra whose work [5, 6, 7] was a milestone in the mathematical
theory of processes with memory. Over the past hundred and fifty years,
there have been significant developments in theory describing phenomena

'However, we must not reduce our matematical conception of the world in advance, and
we can dream of functional equations more complicated than the previous ones because
they will also contain integrals taken between a very distant past time and the present
time, integrals which will bring in the part of heredity.



with memory. The modeling of effects of this type has found wide appli-
cation not only in physics but also in chemistry, control theory, medicine,
biology, economics as well as information theory [8, 9, 10, 11, 12, 13, 14].
In contemporary scientific research, integro-differential equations are exten-
sively utilized to characterize processes with memory. These equations en-
compass a significant category known as fractional calculus, which entails
derivatives and integrals of non-integer orders. The implementation of frac-
tional calculus has become an indispensable tool for the precise modeling
of memory-dependent phenomena. The fractional calculus itself is almost
as old as the classical differential calculus. The first mention of the deriva-
tive of non-integer order appears in correspondence between Leibniz and
L’Hospital in 1695 [15]. The rapid development of the theory occurred in
the nineteenth century. Today, the applications of fractional calculus are
ubiquitous. It is fair to assert that virtually no discipline within modern
engineering and science remains unaffected by the tools and techniques of
fractional calculus [16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27|. In fact, one
could argue that real-world processes are generally fractional-order systems.
The primary reason for the successful application of fractional calculus lies
in the fact that fractional-order models often prove to be more accurate than
their integer-order counterparts. This advantage stems from the additional
degrees of freedom present in fractional-order models compared to classical
models. One of the fascinating aspects of fractional calculus is that fractional
derivatives are inherently nonlocal quantities. Fractional operators consider
the entire history of the process under analysis, enabling the modeling of
nonlocal and distributed effects that are commonly observed in nature and
technology.

In the dissertation, I present my research on theoretical physics equa-
tions and mathematical objects that can be used to model physical processes
with memory. The work is theoretical however, it is strongly motivated by
practical applications of such models. In my work, I considered the prob-
lem of frequency shift in the solutions of the generalized telegraph equation
with an external moving point-wise harmonic source. I was also involved in
the study of solutions to the generalized Fokker-Planck equation with fading
memories. [ also dealt with the generalized Langevin equation in the context
of anomalous diffusion for a harmonic oscillator and a free particle driven by
various internal noises. From a formal perspective, my dissertation comprises
a collection of four interrelated research articles. These articles collectively
contribute to a comprehensive understanding of the chosen research area,
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each addressing different facets and aspects crucial for a holistic analysis.
The list of articles is presented below:

B T. Pietrzak, A. Horzela, K. Gorska
The generalized telegraph equation with moving harmonic source: Solv-
ability using the integral decomposition technique and wave aspects
International Journal of Heat and Mass Transfer 225, 125373 (2024)

B T. Pietrzak, A. Horzela, K. Gorska, L. Kocarev
Can the Doppler be useful for a benchmark analysis of the wave-like

properties of memory-dependent telegraphers’ equation
Chaos 35, 023134 (2025)

B K. Gorska, T. Pietrzak, T. Sandev, Z. Tomovski
Volterra-Prabhakar function of distributed order and some applications
Journal of Computational and Applied Mathematics 433, 115306 (2023)

B 7. Tomovski, K. Gorska, T. Pietrzak, R. Metzler, T. Sandev
Anomalous and ultraslow diffusion of a particle driven by power-law-

correlated and distributed-order noises
Journal of Physics A: Mathematical and Theoretical 57, 235004 (2024)

The first paper from the list above explored the frequency shift in the solu-
tion of the generalized telegraph equation with a moving point-wise harmonic
source. The equation incorporates nonlocal time derivatives, represented by
memory functions 77 and 7, where 1 modifies the second time-derivative, and
~ alters the first one. By employing integral decomposition, we solve the gen-
eralized telegraph equation with an external source, allowing the solution to
be written as the product of the solution to the telegrapher’s equation with
a harmonic source and a function f; depending on the Laplace transform
of the memory function +. The solution exhibits a frequency shift, demon-
strated through three examples of memory functions: the localized case,
a mixture with a power-law, and the power-law case alone. The results show
that only the first two cases display a wavefront and a Doppler-like shift.
The third example, although lacking wavefronts, also shows a frequency shift.
This indicates that the frequency shift occurs regardless of the presence of
a wavefront, but it is more pronounced when a wavefront exists. The sec-
ond article also considers a generalized telegraph equation with the loss term
included. The study investigates the telegraph equation perturbed by a uni-
formly moving external harmonic impact, seeking to distinguish properties of



time evolution patterns in memoryless versus memory-dependent modeling
of transport phenomena. This generalized telegraph equation is solved for
initial conditions that determine the values of the solution and its time deriva-
tive at the initial moment, and boundary conditions that require the solution
to vanish at spatial infinity or the boundaries of a finite interval. The key
question is which solutions are classified as traveling or standing waves. To
answer this, we consider the Doppler effect and investigate how the frequency
and velocity of the external source influence the obtained solutions. Utilizing
the short-time Fourier transform, we push the problem further, showing that
solutions in the infinite domain to the generalized telegraph equation, illus-
trated by a model example involving Caputo fractional derivatives “D?* and
D with 0 < a < 1, exhibit a velocity-dependent Doppler-like frequency
shift if % < a < 1. This effect remains unnoticed if 0 < o < % The third
paper examines the exact solution of two types of generalized Fokker-Planck
equations, where the integral kernels are either the distributed-order func-
tion or the distributed-order Prabhakar function. Both integral kernels are
referred to as fading memory functions and are classified as Stieltjes func-
tions. It is demonstrated that their Stieltjes nature is sufficient to ensure the
non-negativity of the mean-square values and higher even moments, while
the odd moments vanish. Consequently, solutions to the generalized Fokker-
Planck equations can be considered probability density functions. Addition-
ally, the Volterra-Prabhakar function and its generalization were introduced.
The final article examines an approach to anomalous diffusion based on
a generalized Langevin equation for a harmonic oscillator and a free par-
ticle driven by various internal noises, such as power-law noise and diffuse
order noise, that satisfy generalized versions of the fluctuation-dissipation
theorem. In this work, the mean squared displacement and normalized dis-
placement correlation function are determined for different forms of friction
memory kernel. In addition, the corresponding damped generalized Langevin
equation for these scenarios is studied. The results of this work demonstrate
that such models effectively describe anomalous diffusion in complex media,
leading to subdiffusion, superdiffusion, ultraslow diffusion, strong anomalies,
and other intricate diffusive behaviors. More detailed information on the
problems analyzed in the above papers, as well as the mathematical tools
used, will be provided later in this dissertation.



2. Basic aspects of diffusion theory

2.1 Historical outline on diffusion

The results that are the basis of my doctoral thesis mainly concern the de-
scription of the anomalous diffusion process and its properties. The term
diffusion in physics is derived from the Latin word diffusio which can be
translated as spreading and refers to molecular diffusion. This process in-
volves the random motion of molecules, which leads to the transport of mat-
ter from regions of higher concentration to regions of lower concentration.
At a temperature above absolute zero, the molecules of a substance move
continuously and randomly, independently of each other. There are fre-
quent collisions between particles, making the path of a single particle zigzag.
Yet a collection of diffusing particles exhibits an observable drift from areas
of higher concentration to areas of lower concentration. This justifies calling
diffusion a transport process [28|. The first systematic experimental exami-
nation of diffusion was conducted by Thomas Graham [29]. He measured the
rate of gases diffusing through gypsum plugs, through very thin pipes and
through small holes. With these types of experiments, he was able to slow
down the process and study it quantitatively. Based on the results, he was
able to formulate a law for the rate of gas effusion known today as Graham’s
law. In 1855, German physician Adolf Fick published a paper [30] in which
he proposed laws describing diffusion. Fick’s first law introduces the relation
between the diffusion flux j! and the concentration gradient. This law can
be written as

j=—-DVyp (2.1)

where D is the diffusion coefficient and ¢ is the concentration. This general
law applies to both gases and liquids, as well as solids. Fick’s second law
predicts how diffusion causes concentration to change locally over time. This

'In the text, symbols describing vector quantities will be marked in bold.



law can be derived from Fick’s first law and the law of conservation of mass
and takes the form of the diffusion equation, which, assuming a constant
diffusion coefficient, is of the form

dp 2

5 DV-p. (2.2)
In formulating his laws, Fick was inspired by the work of the French math-
ematician Jean-Baptiste Joseph Fourier on thermal conductivity. The ex-
tension of diffusion studies to solids was done by British metallurgist and
former Graham'’s assistant William Roberts-Austen [31]. His work involved
measuring the diffusivity of precious metals such as gold and platinum in
liquid lead. The modern atomistic theory of diffusion and Brownian motion
was developed after 1900 and will be described in more detail below.

2.2 Description of Brownian motion

The observation of zigzag paths that are the tracks of particles suspended
in a liquid so characteristic of the diffusion process was probably first de-
scribed by the Roman poet Titus Lucretius Carus in his work The Nature
of Things |32]. The phenomenon described by Lucretius was later named
Brownian motion after the Scottish biologist Robert Brown who described it
accurately [33| in 1827. Observing pollen in an aqueous suspension through
a microscope, he noticed that it was in constant, chaotic motion. Later
studies showed that the nature of Brownian motion is independent of the
properties of the substance of which the particles suspended in a liquid or
gas are composed, while it is dependent on the properties of the medium
(liquid or gas) in which the phenomenon occurs. It has been noted that the
velocity of particles performing Brownian motion increases with increasing
temperature and decreasing size of the particles. The properties of Brown-
ian motion can be explained by assuming that the movements of suspended
particles occur because of the impacts they receive from moving liquid or gas
molecules. The obvious assumption is that each particle of the suspension
is subjected to the impact of the molecules of the medium in which it is
suspended from all sides. It is worth noting that in the case of disordered
movement of the medium molecules, it can be expected that the number of
hits of these molecules on the suspension particle from different sides should
compensate and the particle should remain motionless. This is indeed the
case when we are dealing with large suspension particles - when the size of
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the suspension particles is too large compared to the size of the medium
particles, then the fluctuations in the liquid density on different sides of the
suspension particle are too small to set the particles in motion. When the
suspension particles are small, fluctuations in the density of the medium
cause them to move. Since fluctuations are usually short-lived, the direction
of the net force acting on the particle changes very quickly, and with it the
direction of motion of the particles changes.
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Figure 2.1: Simulation of 2D Brownian motion for a single particle

Although Brown described the phenomenon he observed, he did not explain
it quantitatively. The quantitative theory was developed independently by
Albert Einstein, Marian Smoluchowski, and Paul Langevin [34, 35, 36, 37|.
Einstein’s theory contains the derivation of the diffusion equation for Brow-
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nian particles, in which the resulting diffusion coefficient is related to the
mean square displacement. In his approach to explaining Brownian motion,
he considered an equation that we can write as

let+e) = [ ola - 0ot ) (23)
where o(z, t) is the number of particles per unit volume with x € R and ¢t > 0
and ¢(2',e)da’ is the probability of a particle moving from z’ to z’ 4 da’
during the time interval €, and this is the so-called jumping probability. The
function ¢ satisfies the conditions:

/00 d(a’,e)dr’ =1 and ¢(2',e) = p(—2',¢). (2.4)

Using Taylor series expansion, for a sufficiently small £ the term o(z,t + ¢)
can be approximated as follows

do(z, t)g

o (2.5)

o(z,t+¢)=o(x,t)+
Expanding the function o(x — 2’,t) to second-order terms and substituting
into the right-hand side of equation (2.3), one gets the following

/_OO olx — ', t)p(a' e) da’ = o(x,t) /OO o2, ) da'+

o0

893715

/ (' e)a’ da'+ (2.6)

8x2 / (2, 5—dx

Using the conditions of (2.4), it can be seen that the term ffooo o2 )’ da’
vanishes, and the above expression can be simplified to the form

o0 2 t 00 /2
| et —at oty ar = e+ TE5D [T ar @
Substituting expressions (2.5) and (2.7) into equation (2.3) one gets

do(x,t) d%o(x, 1)
ot =Dz ox?

(2.8)
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and s
D= 2—8/ o(2',€)x’* da'. (2.9)

Equation (2.8) is a diffusion equation with the coefficient D defined as the
second moment of the probability distribution. Assuming that o(z,0) = d(x)
and the solution vanishes at +oo, then the solution to equation (2.8) takes
the form of

2

1 _
o(z,t) = mexp(ﬁ), re€R and t>0. (2.10)

The obtained solution made it possible to calculate the moments of the dis-
tribution directly. The first moment is zero, which means that the particle
is just as likely to move one way as the other. The second moment does not
vanish and is defined as

(z?) = 2Dt. (2.11)

Equation (2.11) expresses the mean squared displacement with time and dif-
fusion coefficient. Based on the result obtained, Einstein concluded that
the mean squared displacement is not proportional to the elapsed time, but
rather to its square root. Moreover, in his work he obtained a relationship
linking the diffusion coefficient to other measurable physical quantities. The
result he obtained makes it possible to experimentally determine the Avo-
gadro number and thus the size of the particles. The theory of Brownian
motion proposed by Smoluchowski starts from the same assumption as the
theory described above and introduces the same probability distribution (2.3)
leading to the same expression for mean squared displacement as in Einstein’s
theory. Both Smoluchowski’s and Einstein’s theories assume independence
of displacement, the process is considered Markovian.

The approach used by Langevin to describe Brownian motion was signif-
icantly different from that proposed by Smoluchowski and Einstein, see [37].
He applied Newton’s second law of motion to a single Brownian particle.
This equation can be written in the following form

2
m% =F — 6mRv, (2.12)
where F is the force occurring due to the chance difference between the
number of impacts of the particles on the suspension particle from different
directions, and a viscous resistance is given by —67nRv with v is the velocity

14



of the particle of radius R. The internal friction coefficient of the medium
is denoted by n. For an arbitrary axis of the rectangular coordinate system
(let it be the z-axis), equation (2.12) can be written as

d*x dx

m—- = F, — 6mnR—. 2.13
at? R (2.13)
Multiplying the above equation by x and applying elementary transforma-
tions, one can write it in the form of

1 d?z? (dm
—-m

2 d
—m— ) =xF, — — 22 )
57 dt> x 3mnR—ux (2.14)

dt

Equation (2.14) will also apply to mean values as long as averaging is per-
formed for a sufficiently large number of particles. For mean values it will
take the form

Sl () - ok,

Assuming that there is
dx\2 1
<(d—3t“"> >: (%) and (zF,) =0 (2.16)
one can rewrite equation (2.15) in the form

1 d*2*) 1 d, ,
5 §m<v ) = —37T77R£<17 ).

(2.17)

Using the equipartition theorem, the above equation can be transformed to
the following form

1 d¢
Mo + 3mRE = kT (2.18)
where 2(2?)
x
$=—g (2.19)

and kp is the Boltzmann constant, and 7' is the temperature. The solution
to equation (2.18) with the condition £(0) = 0 is

¢ fel 1 —exp( - 67Tm”Rt>]. (2.20)




Although the time interval between two consecutive observations of the sus-
pended particle is rather small, based on an analysis of the actual values
of the quantities n, R and m, the exponential expression in the solution of
(2.20) can be neglected. Then (2.20) reduces to

¢ JuT

kgT ;
"~ 3mR

which leads to (2?) = SR
™

(2.21)

which is the same result as that obtained by Einstein. This result indicates
the normal diffusion behavior of the process considered.

2.3 Anomalous diffusion

The diffusion equation (2.8) implies a linear dependence of the mean squared
displacement on time. One may ask whether such a relation is always sat-
isfied. The first experiment that showed that this relationship is not always
linear was performed in 1926 by Levis Fry Richardson [38]. He studied dif-
fusion in turbulent flow, for which he observed a nonlinear increase in mean
squared displacement. Based on the results obtained, he concluded that

(x?) o 3, (2.22)

Introducing the general dependence of mean squared displacement on time
in the form
(z?) o< t°, (2.23)

where « is a positive real number, allows the classification of the diffusion
process. We say that diffusion is normal if @« = 1 and anomalous when o # 1.
Moreover, in the case when o < 1, then the process is called subdiffusion and
in the case when a € (1,2) then such a process is called superdiffusion. For
a = 2 the process is called ballistic motion and for a > 2 it is called super-
ballistic motion. Since the experiment conducted by Richardson, examples
of the occurrence of anomalous diffusion have been found in various scientific
fields like: quantum optics [39], astrophysics [40], biophysics [41], materials
science [42], or soft matter physics [43].

One of the ways to describe anomalous diffusion is to use the so-called
generalized diffusion equation [44]. This equation can be derived from the
Continuous-Time Random Walk (CTRW) theory proposed in 1965 by Elliott
Montroll and George Weiss [45]. The theory introduces a stochastic process in
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which important aspects are waiting time g and jump length A distributions
defined as follows:

o(t) = /_ T ) da, (2.24)

Az) = /0 ) dt, (2.25)

where 1 is a joint probability distribution of jump length and waiting time.
Let’s introduce the probability p that the particle will reach position z in the
time between ¢ and t + dt

o0

p(z,t) = 6(x)d(t) + /

—0o0

[/tp(x', p(x — 2t —¢')dt' | da, (2.26)
0

where the first term of the expression on the right-hand side refers to the
initial conditions of the random walk. The distribution of the probability
that a particle at time ¢ will be at position x is given by the expression

ol t) = /0 (e )t — 1) (2.27)

where ® is the probability that the particle will remain in the same position
after a given waiting time. Substituting p(z,t) from equation (2.26) into
equation (2.27), we get

[e.9]

ol t) = B(x)D () + /

—00

t
[/ p, Yp(x — 't —t) dt'] da’.  (2.28)
0
Applying the joint Laplace-Fourier transform? to equation (2.28), one gets

(2.29)

2The joint Laplace-Fourier transform of the f function is defined as
o0

£3[f(z,t)] = f(k,S) = /Ooe_”mc {/ODO f(z,t)e st dt| d.
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If one considers the probability that a particle makes a jump of length x
during the time interval ¢ to ¢t 4 dt, then the following relation holds

B(t) = 1 — / Loyt (2.30)

Determining the Laplace transform from (2.30) and substituting the result
into expression (2.29), one obtains
~ 1—g 1
Bhs) =190 L (2.31)
5 I 77Z)(k7 S)

Consider the case when g and A are independent random variables. In this
situation, the joint probability distribution factorizes as:

~

Uk, s) = g(s)A(k). (2.32)

Introducing a generalized waiting time probability density function whose
Laplace transform is of the form

1
§(s) = ——— 2.
9 = T (2.33)
with the conditions:
lim v(¢) = lim sy(s) = 0 (2.34)
t—oo s—0

and Gaussian probability density function for the distribution of jump lengths
whose Fourier transform for small values of k and (2?(t)) = 2 can be taken
as [46]

AE)=1—k% (2.35)
Using (2.33) and (2.35), we can write the expression (2.31) in the form
x (s)
k,s) = ——"—— 2.36
Q( 7$> 3’?(8)“‘]{;27 ( )
which is equivalent to the equation
A(s)[sak, ) — 1] = —k*0(k, s). (2.37)

Applying the inverse Laplace-Fourier transform to (2.37), we get the gener-
alized diffusion equation

' do(z,x) , _ Po(z,1)
/0 ’Y(t—X)TdX— a2 (2.38)
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where the integral kernel v encodes time nonlocality, which can be interpreted
as a Mmemory.

It is worth mentioning that from a mathematical point of view, to guar-
antee a well-posed Cauchy problem [47| for (2.38), the function ~ should be
a Sonin function [48]. Thus, there should be a function ( called Sonin’s part-
ner such that the convolution of these two functions satisfies the condition
(7 * ¢)(t) = 1. Furthermore, it is then possible to write an equation equiva-
lent to equation (2.38) in the form

Aol
Qa”;t dt/g >dx. (2.39)

It can be shown [49] that the mean squared displacement associated with
(2.38) depends on the memory kernel v as follows

-2

(w2(t) =227 2~ ]. (2.40)

(s)
Using relation (2.40), one can analyze the diffusion behavior for a given type
of memory kernel. If one takes the memory kernel as y(t) = 6(t), one gets the
standard diffusion equation and the relation (z%(¢)) oc . Another important
case is the selection of a memory kernel in the form of a power-law

t—Oé
1) = — 2.41
10 = 5 —a (2.41)
where o € (0,1) and T is the gamma function®. For such a choice of memory
kernel, equation (2.38) can be written in the form

d%o(z,t)

“Do(z,t) = =5,

(2.42)

where

“DYf(t) = F(nl_ o) /0 t 0 f (gfj)l_n d¢, n—l<a<n (2.43)

3The gamma function is defined by a convergent improper integral for complex numbers

with a positive real part
o0
I(z) = / t*~te tdt.
0

19



is the Caputo fractional derivative [50]. The corresponding mean squared
displacement shows subdiffusive behavior, namely (x?(t)) o< t°.

Superdiffusive behavior arises when the particle’s jump lengths are drawn
from a stable Lévy distribution with a power-law tail and a divergent second
moment [51]. The resulting stochastic process is known as Lévy flights.
Various other types of memory kernels can also be considered, allowing for
the modeling of anomalous diffusion behavior [44].

The other way to describe anomalous diffusion that is worth mentioning

is to use the generalized Langevin equation. This equation can be written in
the form [52]

dV (x)

mi(t) + m/o 3t —x)z(x)dr + i E(t), (t) =v(t), (2.44)

where x(t) and v(t) are the displacement of the particle and its velocity,
respectively. In (2.44), 3 stands for a friction kernel, V' is the position-
dependent external potential, and £ is the time-dependent stochastically
varying force. By using various forms of the 3 memory kernel, in partic-
ular, the power-law type [53| and Mittag-Leffler! [54], it is possible to model
anomalous diffusion for which, as already mentioned, mean squared displace-
ment scales nonlinearly in time.

The solution (2.10) of the standard diffusion equation (2.8) shows that
for ¢ > 0 the value of this solution is positive and nonvanishing for any real
value of z. In the context of particle transport, this means that the diffusion
model allows for the possibility of particles traveling at arbitrarily high speeds
[55]. One way to overcome this unphysical feature of the diffusion equation
is to modify it to the so-called telegraph equation, which still preserves the
essential diffusion properties, but which is also characterized by a limited
propagation speed. The equation was first introduced by Oliver Heaviside
in 1880 in the context of understanding of the physics of electrical impulse
propagation in long cables [56]. On the ground of circuit theory, the telegraph
equation can be obtained by analyzing an infinitesimally small section of

4The one-parameter Mittag-LefHler function is a complex-valued functions of a complex
argument and can be defined as

Eo(2) = T; Tlan+ 1)’

where « is a complex parameter with a positive real part.
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telegraph wire (Fig. 2.2), which can be modeled as an electrical circuit
consisting of a resistor of a given resistance Rdx and an inductor of a given
inductance Ldz. Let I(x,t) and U(x,t) denote the current through the
circuit and the voltage, respectively. The change in voltage between the ends

L dx R dx

—_——— Y Y Y\ W\r

Cdx —— UG dx) %

Figure 2.2: Infinitesimal piece of telegraph wire

of the piece of wire under consideration is

dU = —IRdz — %L da. (2.45)

Let us additionally assume the possibility of losses, i.e., that current can
escape from the wire to ground either through a resistor with a given con-
ductivity G dx or through a capacitor with capacitance C'dz. The amount
of current that escapes through the resistor is UG dx, while through the ca-
pacitor is (0,U)C dz. In total, we have

dl = -UGdz — aa—[t]Cdx. (2.46)

Equations (2.45) and (2.46) can be written as

aUa(;ﬁ,t) + La[g;,t) +RI(ZE,t> -0
ol(x, oU (x,
@) 4 o2l | GU(x,t) = 0.

Applying simple transformations to the above system, we obtain the tele-
graph equation (an analogous equation can be obtained for I(z,t))

02U (2, 1) (G . R) 0U(x,t) | RG 1 (1)

(2.47)

(2.48)

B2 el R Ta e T AR Rl s R v
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The problem of infinite speed of propagation on the ground of transport
theory was dealt with by Carlo Cattaneo [57] and Pierre Vernotte [58], who
proposed a different constitutive equation for heat conduction in the form

j+70j=—kVT, (2.49)

where 7 > 0 is called a thermal relaxation time and k is a thermal conductiv-
ity. Using (2.49) and the continuity equation, one gets the Cattaneo-Vernotte
equation in the form

O + 7710, = a®VT, (2.50)

where a is a signal propagation speed. The form of this equation is the same
as the form of the telegraph equation without leakage.

The Cattaneo-Vernotte equation can also be derived from the theory of
Correlated Random Walk (CRW) [59]. In this process, also known as Persis-
tent Random Walk (PRW), the transition probability depends on the direc-
tion of the previous step. Let P(x,t) denote the probability that a particle
subjected to a one-dimensional CRW starting at 0 will reach = at time t. Let
Py (z,t) denote the probability that a particle will reach x from the left while
Pr(z,t) denotes the probability that a particle will reach = from the right.
The relation

P(x,t) = Pr(z,t) + Pg(z,t) (2.51)

is satisfied. In addition, let pr denote the probability that the particle’s
next move will be to the right if the last move was also to the right, while
qr = 1 — pr denotes the probability that the particle’s next move will be
to the left if the last move was to the right. Similarly, let p; denote the
probability that the particle’s next move will be to the left if the last move
was also to the left, while ¢, = 1 — p; denotes the probability that the
particle’s next move will be to the right if the last move was to the left.
In addition, we assume that the particle takes steps of length Az, and the
time between two consecutive steps is At. Based on the above, one can write:

Pp(z,t + At) = prPr(z + Az, t) + qrPr(x + Az, t)

= pr|P(z + Ax,t) — Pr(x + Az, t)] + qrPr(z + Ax,t)

=pLP(x+ Az, t) + (pr — qr)Pr(x + Ax, t),
(2.52)
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Pr(z,t + At) = prPr(z — Ax,t) + qLPr(z — Ax,t)
- pR[P(x - AZ‘, t) - PL<x - A(L’,t)] + QLPL(:E - Al‘,t)
= prP(x — Ax,t) + (pr — q1) Pr(x — Az, t).
(2.53)

In addition, there is a relation
Pr(x 4+ Az, t) + Pr(x — Az, t) = P(z,t — At). (2.54)
From (2.51), (2.52), (2.53), and (2.54) we have that
P(z,t+At) = prP(x— Az, t)+pP(z+Ax,t)—(pr—qr) P(z,t—At). (2.55)

Using the Taylor series expansion, one obtains:

P(z,t + At) = P(z,t) + At%—]; + %(At) %2—2 + o([At]?), (2.56)
P(xz,t — At) = P(x,t) — At%—]t) + %(At) 6;—2 + o([At]?), (2.57)
P@+A@ﬂ:P@t%HM%§+%UX)§3+0WM1) (2.58)
P@—Aaﬂ:ijwa%§+lux)§F+0WM1) (2.59)

Substituting the above into (2.55) and simplifying, we get

*P  2(pr—pL) OP

PP an+ ) a_P_(@Y

o2 (pr+pr)At ot \ At 0r?  (pr+pr)Ax Ox
(2.60)
[Aa]?
+ o([At]) + 0( Az )
Assuming that pr = pr, = p and for At, Ax — 0 we get

0’°P 10P ,0*P

- = at=— 2.61

o o o (2.61)

where a is the velocity of the particle and the constant 7 is defined as

L pAt
P Ity 22
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The obtained equation (2.61) is the Cattaneo-Vernotte equation in one spatial
dimension.

It is known [55] that the mean squared displacement associated with the
telegraph equation in the short time limit is proportional to the square of
time, i.e., it describes ballistic motion. In contrast, in the long time limit, it
depends linearly on time, which corresponds to normal diffusion. Obtaining
a description of anomalous diffusion behavior using the Cattaneo-Vernotte
equation requires its generalization. This can be done [60] by smearing the
time derivatives in the standard equation as follows

/0 0t — €020, €)dé + 7! / At — €)0cole, €) dE = a®PPo(a, ), (2.63)

where n and + are memory kernels. From a general point of view, the func-
tions 7 and v appearing in (2.63) could be any mutually independent well-
behaved functions, however, as shown in [61], these functions must be coupled
as follows

0= | (Ot — €)de. (2.64)

The rationale for the above condition goes as follows. For a function f, of
class at least C2, whose derivative at zero vanishes, the smearing of its first
derivative, denoted by °0, is given by

s = [ (t = )06 F(E)de. (2.65)

The smearing of the second derivative of this function is going to be given

= [e-t oot + [0, (5t - m0.s) )in]an oo
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Introducing the variable ¢ =t — t; we obtain the following

oo - [ i / =t - Q| f . 207

from which the relation (2.64) arises. The generalized telegraph equation
is not only used in describing anomalous diffusion [62, 63, 64, 65| but can
also be used in modeling thermoelasticity [20], describing chemical reactions
[66, 67], and biological phenomena [68].

The next section will present details of the results of my research work,
which can be found in the papers mentioned in the introduction.
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3. Generalized evolution equations with mem-
ory

3.1 Wave properties and the Doppler-like effect in the General-
ized Telegraph Equations

The telegraph equation is classified as a dissipative wave equation, i.e.
a wave equation with damping. Accordingly, its solutions are expected to
exhibit fundamental characteristics of mechanical wave phenomena, includ-
ing the formation of wave fronts and the manifestation of the Doppler effect.
This has been rigorously demonstrated in [69]. In |70, 71|, the same au-
thors investigated the effects of incorporating fractional time derivatives into
the telegraph equation in (1+1)- and (2+1)-dimensional spacetime under
the action of a moving time-harmonic source. They examined two specific
classes of models: the so-called wave-type case, which involves fractional
time derivatives of order 1 < ov < 2 in addition to the classical second-order
time derivative, and the heat-type case, which includes only fractional time
derivatives of order 1 < a < 2. Their analysis revealed that the wave-type
formulation retains the classical wave properties mentioned earlier, whereas
the heat-type formulation does not.

In the paper The generalized telegraph equation with moving harmonic
source: Solvability using the integral decomposition technique and wave as-
pects |60], a generalized telegraph equation (GTE) with a uniformly moving
point-wise harmonic source was proposed in the form

| e =99+ 2t = 0 uta. )¢ - 02ute.t) = S0, 61

where

S(.t) =@ [ F(e 03— ve e (3.2)



with initial conditions given by
u(z,0) =ug(x) >0 and Jwu(x,t)|=o =0.

The functions f; describe the relationship between the irregularly ticking
internal time ¢ - for example, the randomly distributed waiting times expe-
rienced by a diffusing walker at particular spatial locations and the regularly
ticking laboratory time which is measured with respect to periodic phenom-
ena. These functions are assumed to provide a mapping between the internal
time ¢ and the physical time ¢ such that the correspondence £ < t satisfies
all the conditions required of probability distributions. It is important to
note that in the equation under consideration, the smearing of time deriva-
tives was performed in such a way that the smeared second derivative gives
the action of the smeared derivative on the smeared first derivative. This
means that the time derivatives appearing in the equation under consider-
ation are coupled and that the model under analysis does not fit into the
class of fractional generalizations of the telegraph equation, which allow in-
dependent extensions of first- and second-order derivatives to their fractional
counterparts. This means that the memory functions n and v appearing in
equation (3.1) satisfy relation (2.64). Furthermore, in this case, we can ex-
press the Laplace transform of the function f; as

f3(€,5) = A(s) e 871,

With [70, 71] in view, and being convinced that the most natural memory-
dependent extension of the telegraph equation is given by (3.1), we are led
to pose the following question: do the classical wave properties persist for
solutions of the proposed generalized telegraph equation? In particular, does
the incorporation of temporal nonlocality, manifested through memory ef-
fects, preserve the existence of wavefronts and velocity-dependent frequency
shifts? Paper [60] is devoted to addressing this problem.

The crucial phenomenon considered in [60] is the signal frequency shift
effect. A commonly encountered example of a velocity-dependent frequency
shift in everyday life is the longitudinal Doppler effect, manifested in acous-
tic waves. In its idealized form, the effect is explained in introductory
physics courses purely on the basis of kinematical properties of wave motion.
It arises from the observation that the detected pitch depends on the relative
velocity between the emitter and the detector. More precisely, the analysis
of the Doppler effect requires three essential elements: an observer capable of
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moving with velocity w, a source (emitter) of the signal, capable of moving
with velocity v, and the propagation speed of the signal, denoted by a, which
is determined by the physical properties of the medium. The characteristic
signature of the Doppler effect occurs when a stationary observer detects
a signal emitted by a moving source and finds that the received frequency
Q differs, for any v # 0, from the emitted frequency w: it is higher during
approach, identical at the instant of passage, and lower during recession. For
a periodic sinusoidal signal, it is straightforward to derive the relation

wa
Q= .
Y (3:3)

where the positive sign corresponds to approach and the negative to recession,
thus providing a quantitative connection between the emitted and observed
frequencies. In the regime ? < 1, typical of acoustic phenomena, this reduces
to the commonly used approximation

O ~ w(l + S) (3.4)

which directly relates the frequency shift to the relative velocity. Within this
idealized picture, a defining feature of the Doppler effect is the sudden and
discontinuous change in the observed frequency given by

wa
AQi—QJr—Q,—W,
which occurs at the instant when the source and observer pass each other.
When the wave-like nature of the signal is emphasized, the phenomenon
becomes even more apparent: the distances between successive wave crests
effectively distorted wavelengths are shorter during approach and abruptly
lengthen at the moment the source and observer begin to recede. This qual-
itative behavior is not confined to simple periodic signals but can also be
observed in more complex wave-like phenomena encountered in the natural
environment, even when a full theoretical description requires models beyond
those of idealized harmonic waves. Consequently, the direct visual detection
of such wavelength changes provides evidence of the Doppler effect.

The solution method adopted in [60] originates from the integral decom-
position approach, which is closely connected to operator methods [72| and
to analytic subordination techniques [61, 73|. Integral decompositions con-
stitute an effective analytical tool for addressing a wide range of problems

(3.5)
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in transport phenomena, particularly those associated with anomalous diffu-
sion and non-Debye relaxation. Building on the probabilistic and stochastic-
process framework for anomalous kinetics introduced in [74], the method was
subsequently advanced in [75, 76]. A complementary line of inquiry, situated
more firmly within the theory of evolution equations, was pursued in [77],
where the interplay between Markovian and non-Markovian descriptions of
anomalous diffusion and non-Debye relaxation was examined in detail. More
recently, the theoretical foundations of integral decompositions have been
significantly clarified through the rediscovery and novel application of the
Efros theorem, which has situated the method within the domain of rigorous
mathematical analysis [73|. The Efros theorem [78| generalizes the convolu-
tion theorem for the Laplace transform. It can be stated as follows: if G(s)
and ¢(s) are analytic functions, and

ZL[h(x,6)] = h(z, s) (3.6)

as well as

ZLIf(&.1)] = G(s)e 1), (3.7)

exist, then

G i) = [ [[heoseoa]era @y

An immediate consequence of the Efros theorem is the inversion formula

LGz, 4(s))] = / “h(w, € (. 1) de. (3.9)

The Efros theorem not only furnishes operational rules for the inversion
of Laplace—Fourier transforms arising in the study of evolution equations,
but also elucidates the mathematical structure of integral decompositions,
thereby providing a framework for their physical interpretation [73]. Within
this formalism, physically admissible solutions to memory-dependent equa-
tions emerge naturally as convolution-type integrals.

The integral decomposition provided by Efros’ theorem can be reduced to
the subordination approach when h and f are the nonnegative and normal-
ized functions. Moreover, the Laplace transform of f is an infinitely divisible
function. From a probabilistic perspective, subordination corresponds to the
composition of two independent stochastic processes, each characterized by
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its own probability density function. The first is the parent process, which
describes the intrinsic dynamics of the system. This process evolves in terms
of an auxiliary random variable known as operational time (or internal time).
The second is the leading process, which specifies how physical (laboratory)
time is mapped into the operational time. This time-change process is itself
random and must satisfy certain general mathematical conditions, but it can
be selected with some flexibility depending on the specific physical problem
under consideration.

In paper [60], we investigated solutions to the (1+1)-dimensional gener-
alized telegraph equation, introduced here as a modification of the classical
telegraph equation in which both time derivatives are replaced by integro-
differential linear operators. These operators involve memory kernels that
are assumed to depend nonlocally on time and are not identified with the
kernels underlying the commonly employed fractional derivatives. The pro-
posed formulation thus extends previous studies based on standard fractional
generalizations of the telegraph equation. Our methodological framework
combines the Laplace-Fourier transform with operational calculus, integrated
within the technique of integral decompositions. This approach enables the
construction of solutions to memory-dependent evolution equations from the
corresponding solutions of their time-local counterparts. Based on this ap-
proach, the solution to equation (3.1) can be sought in the form

ula, 1) = /0 (e O 5 (6, 1) e, (3.10)

where u(z,t) is the solution to (3.1) with () = 6(¢) while f5(&,¢) has been
described above. The integral decomposition method has been successfully
employed in the analysis of anomalous diffusion and non-exponential relax-
ation.

The solution wu(z,t) to (3.1) is the sum of unom(z,t), which solves the
homogeneous equation (i.e., (3.1) without S(x,t)), and wipnom(,t), which
represents the particular solution of the inhomogeneous (3.1). The homoge-
neous and inhomogeneous solutions mentioned above can be obtained using
expression (3.10). The solution ey (z,t) of the homogeneous equation for
v(t) = 4(t) required for this purpose is given by the formula [69]

1 1 Y S
Upom (T, 1) = 5 e 2 [ug(x — at) + up(x + at)] + - e 27 / 9(y)uo(y) dy
x—at
(3.11)
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where

ta a’t? — |y — x|? a?t? — |y — x|?
Va2 — |y — xf? 2at 2at
(3.12)

while Iy and I; are the modified Bessel functions of the first kind. A particular
solution of the inhomogeneous equation (3.1) with the same memory kernel
as above is expressed by the formula [69]

t

Uinhom (7, 1) = b1 (7, 1) [[)2(3%’5) +/

» h(t = y)bs(z,y) dy} Fha(z,t), (3.13)

where:

bi(z,t) = Lﬁ@@ - |£|>,

 da(T,w) a

ay + B|z|signx ay? — x? a?y? — x?
o) = IS IV (SR
T

1-F)yep—r '\ 2

Qe |\ B(1 + signa) E
ba(z, ) = da(r, w)®<t a 7) 1— 32 k<t a T)

The additional auxiliary functions appearing in the above expressions are
defined as follows:

h(o) = 2 exp|A(T,w)o] sinh[A(T,w)o],

k(o) = 2exp[B(1,w)o| sinh[A(T,w)0],

iw + & iw+ £ iwp N YE

AlT,w) = 5 B(t,w) = B2 AT,w) = 1_ 52 (1—5—47_20}2) )
with v
p=12

This is part of the solution that serves as a source of information about
the effects of frequency shifting. Based on expressions (3.10) and (3.13), we
examined solutions associated with three distinct memory kernels: the lo-
calized case, the mixed localized-power-law case, and the purely power-law
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case. The analysis indicates that wavefronts accompanied by Doppler-like
frequency shifts arise only in the first two cases. In the third case, despite
the absence of wavefronts, a frequency shift is nevertheless present. These
findings establish that the emergence of frequency shifts is not conditioned
upon the existence of a wavefront, although their manifestation is more pro-
nounced when a wavefront is present.

Recapitulating, the paper sheds light on the wave-like properties of heat
transport as modeled by the Cattaneo-Vernotte equation, the close ana-
logue of the telegraph equation, and its nonlocal-in-time generalization. As
a testbed for probing the wave character of heat transport, we analyzed
whether solutions to the generalized equations exhibit phenomena analogous
to those of the standard telegraph equation, in particular, the Doppler effect
and the existence of wavefronts. Our results demonstrate that the Doppler
effect, albeit in a smeared form, persists in the presence of nontrivial mem-
ory effects. By contrast, the existence of wavefronts is not preserved, as it
crucially depends on the presence of the second-order time derivative in the
governing evolution equation.

The paper Can the Doppler be useful for a benchmark analysis of the
wave-like properties of memory-dependent telegraphers’ equation [79] presents
a continuation of research on the telegraph equation in the context of the
wave properties of the solutions to this equation. This paper considers the
telegraph equation in the form:

/0 t (6= €002+ 771t~ ) |u(w, €) dg + B — *62ula, 1) = S(,1) (3.14)

where

S(x,t) = Q(x — vt) cos(wot) (3.15)

and is equipped with initial conditions:

u(z,0) =up(x) € R and Ouu(x,t) o= vo(z) € R. (3.16)
In equation (3.14), compared to equation (3.1), an additional term b*u(x,t)
has been included, which causes extra damping. Both equations contain the
term S(z,t) describing a uniformly moving point-wise harmonic signal source,
in which Q > 0 and wy > 0 are the amplitude and frequency of the signal
generated by this source, while v > 0 is the speed of the source. We recall
that the functions 1 and ~y, appearing in (3.14), represent the memory kernels
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associated with the smearing of the first- and second-order time derivatives,
respectively. These memory effects, introduced through the kernels n and ~,
imply a nonlocal temporal evolution scheme in which the present state of the
system depends not only on its instantaneous values but also on its history.
As in [60], it is also assumed here that memory functions satisfy condition
(2.64). The objective of this paper was to determine, based on two types of
boundary conditions, namely:

lim u(z,t) =0, (3.17)
r—+oo
and
u(=L,t) =u(l,t) =0 (3.18)

whether the solutions to (3.14) could be classified as traveling or standing
waves. To address this question, we examined the possible occurrence of
a velocity-dependent frequency shift commonly referred to as the Doppler
or Doppler-like effect in the solution wu(z,t) for both types of boundary con-
ditions. The GTE (3.14) is an inhomogeneous integrodifferential equation
in which the inhomogeneity is determined by the external source informa-
tion encoded in S(z,t). As in the case of equation (3.1), the solution u(z, t)
to (3.14) is the sum of upom(z,t), and Uinnom(x,t) which are the solution of
the homogeneous and the particular solution of the inhomogeneous equa-
tion (3.14), respectively. The information on the initial conditions (3.16) is
incorporated into upom, whereas uinnom contains the contribution from the
external source. Since the uyy is independent of the external harmonic im-
pact, the analysis was performed for the inhomogeneous part of the solution
to equation (3.14). In the case of the infinite domain, i.e., solutions to GTE
satisfying the boundary condition (3.17), the particular solution of the inho-
mogeneous equation (3.14) can be written as:

Uinhom (Z,1) = Q /Ot cos (wo(t — &) [J1(z,t, &) + Jo(x,£,€)] A&, (3.19)

Ta
where

~ 7 6.(p,¢) p

Ji(x,t, &) = i 02—_1)2COS [%(z%—v[t—f])] dp, (3.20)
and

. > 6,(p,¢) p

Jg(l’,t,g) = i WCOS [%(x—kv[t—f])] dp, (321)
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with

95(y, ) = L7 e ¢] and o= V14720 (3.22)
The auxiliary functions &, and &, appearing in expressions (3.20) and (3.21)
are given by:

o0 2 _ 2

&6 = [ e Hsinh (YL@ (32
o 2 _ 42

e = [ et (T )gmod G2

A solution upem(,t) to a homogeneous equation (i.e., (3.14) without S(x,t))
can be found in [79]. It is worth emphasizing that, according to the conjec-
ture formulated in [61, 60| for a memory function 7 containing the Dirac-0
distribution, the solution (3.19) is nonzero only within the confined domain.
To construct the inhomogeneous solution of (3.14) subject to the Dirichlet
boundary and initial conditions given by (3.18) and (3.16), respectively, we
first considered the corresponding homogeneous equation and assumed a sep-
arable solution of the form

Unom (7, 1) = X (2)T(1). (3.25)

Substituting this ansatz into the homogeneous equation and applying the
separation of variables method yields a Sturm-Liouville problem for the spa-
tial component X (z), given by

d*>X(x) A
12 + ?X(x) =0 (3.26)
with Dirichlet boundary conditions X (—{) = X (/) = 0. The resulting eigen-
values

m2a*(2n + 1)?

An = e (3.27)
and eigenfunctions
2 1
X, (z) = cos [W], n € Ny, (3.28)

form a complete basis for the spatial domain. The solution of the inhomoge-
neous equation is then expressed as a series expansion

o0

u(z,t) = cn (1) X (). (3.29)



Using Efros’ theorem and Laplace convolution, one can determine the coeffi-
cients ¢, (t) and write down the form of a particular solution to the inhomo-
geneous equation as

Uinhom (T, 1) = ZX,L(:B) {/0 K7 [ﬁl(An; s’y(s));r} L,(t—r)dr|, (3.30)

where:
1

D) = S e+ A

(3.31)

I,(t) cos(Q24t) + cos(Q,t)] with Qi =7(2n + 1)3 +wp. (3.32)

_Q
20 21
The quantity A,, appearing in the above expressions is defined as A,, = b>+\,,.
In paper [79], examples of equations describing various models of temporal
evolution were analyzed for both cases presented above, specifically the mem-
oryless telegrapher equation (i.e., the standard one) and its fractional coun-
terpart in Caputo’s sense, which incorporates power-law memory functions.
To assess the influence of the source velocity on the signal frequency
spectrum, a numerical time-frequency analysis was conducted. The analysis
was performed using the short-time Fourier transform (STFT), which can be
formally expressed in the time and frequency domains as

STFTI(t, f) = / N s(T)h* (1 — t)e ™7 dr, (3.33)
STFTE (t, f) = e/t /Oo (W) (v — ™ du, (3.34)

where s(t) denotes the analyzed signal, §(v) its Fourier transform, and h(t)
the temporal analysis window with Fourier spectrum 71(1/) The squared
magnitude of the STFT, |STFT,(t, f)|?, defines the spectrogram, providing
a quantitative representation of the signal’s energy distribution in the joint
time-frequency domain. In the temporal formulation, the STFT is obtained
by applying the Fourier transform to successive segments of the signal se-
lected by a sliding window h(t). In contrast, the frequency-domain formula-
tion involves computing the inverse Fourier transform of a windowed portion
of the signal spectrum, shifted by f. These dual perspectives underscore
the STFT’s role as a localized time-frequency representation, capturing both
transient and stationary components of the signal. A fundamental feature of
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STFEFT-based analysis is the intrinsic trade-off between temporal and spectral
resolution: a wider window enhances frequency resolution at the expense of
temporal precision, whereas a narrower window improves temporal localiza-
tion while broadening the spectral response. In the present study, a wide
Tukey window was employed, defined by

h[n]Z%[l—cos@?TL%)]? 0§n<%, -
{h[n]:l’ M§n<ﬁ ( )

with the symmetry condition

RIN —n]=h[n], 0<n< (3.36)
The Tukey window can be interpreted as the convolution of a cosine lobe
of width 2ZX with a rectangular window of width N(1 — 2Z), where N de-
notes the number of samples of the signal under analysis. Spectrograms are
extensively utilized in diverse disciplines, including audio and speech process-
ing, biomedical signal analysis, and environmental monitoring. They enable
the identification of transient phenomena, harmonic components, modulation
patterns, and anomalies within complex signals. Examination of spectro-
grams thus facilitates a detailed characterization of signal dynamics in both
time and frequency, providing critical insights into underlying processes and
temporal evolution [80].

In the infinite-domain scenario, which can be intuitively associated with
the physical concept of a traveling wave, based on the analysis conducted, it
can be concluded that the signature of velocity-dependent frequency shifts
observed in the memoryless case persists in the memory-dependent case for
o € (3,1), whereas it remains absent for a € (0,%). Comparing this result
with those previously reported in [69, 70] and, as mentioned in Sect. 3.1,
discussing so-called wave-like and heat-like extensions of the telegraph equa-
tion, we recall that our study explores the generalized telegraph equation
involving nonlocal time derivatives whose blurring is interrelated according
to (2.64). This distinguishes our approach from that in references (69, 70],
but it is worth noting that in both schemes the standard wave properties
accompany the presence of the second time derivative, which is equivalent to
the presence of the Dirac delta in the memory function. Our results indicate
that manifestations of the velocity-dependent frequency shifts may arise even
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in the absence of wavefronts, a behavior consistent with the typical charac-
teristics of nonlocal temporal evolution. For a bounded domain, the solutions
are necessarily of standing-wave character. In this setting, and in accordance
with the reasoning developed for the unbounded case, any Doppler-type ef-
fect that might appear transiently is not expected to persist in the long-time
limit. While certain solution profiles may mimic features conventionally at-
tributed to traveling waves, we contend that such instances should not be
interpreted as genuine manifestations of Doppler shifts. Rather, they repre-
sent artifacts whose origin lies outside the present scope of understanding.
The standing-wave nature of the solutions becomes particularly evident as
« approaches unity, corresponding to the near-telegrapher regime, where the
Doppler effect is rigorously absent under bounded-domain conditions.
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3.2 Memory-driven diffusion: Fokker-Planck and Langevin per-
spectives

The paper Volterra-Prabhakar function of distributed order and some applica-
tions [81] considers a different approach to diffusion modeling than that pro-
posed in the papers described above, namely the generalized Fokker-Planck
equation. This equation is of the form

/O k(t — €)0ep(w,§) d§ = 5[ B(, t)p(w, t)] — 0u[A(x, t)p(x, 1)), (3.37)

whereby B(z,t) is the diffusion and A(z,t) is the drift coefficiants, respec-
tively. In this paper, it is assumed that the diffusion coefficient is a positive
constant, while the drift coefficient vanishes. It is worth noting that this
type of equation is a limiting case of the homogeneous telegraph equation
(3.1) when 7 approaches zero. The paper presents the exact solution to the
generalized Fokker-Planck equation, whose integral kernel k(¢) determines
the form of smearing the first-time derivative, and is referred to as a memory
function. With regard to the structure of the memory function, two formu-
lations of the generalized Fokker-Planck equation are considered. In the first
formulation, the memory kernel is of distributed order and is of the form

k:(t)—/1 e dy  and /2;()—/1 r=14 _ s (3.38)
BT T = p) poan e = 0 ° P s '

In the second example, the generalized Fokker-Planck equation with
a distributed-order Prabhakar kernel is considered. In this example, the
memory kernel is given by

k(1) = /0 e Oehdn and (s) = (s <1+%)7, (3.39)

where a,v,pu € (0,1) and A > 0. The values of the Prabhakar function
e, 5(A;t) are defined as
(e

v ) = 8-y a Y —
el s(\t) = P71 E J(—=A\tY),  where Eaﬁ(z)—;m

is the three parameters Mittag-Leffler functions and (v), = I'(y + r)/T'(v)
is the Pochhammer (raising) symbol. It is worth emphasizing that the dis-
tributed order kernel k;(¢) and the distributed order Prabhakar kernel ky(t)

(3.40)
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satisfy Kochubei’s limits given in [47]. From these limits, it follows that
[ski(s)]™* and [sko(s)]! vanishes at s > 1. Therefore, both kernels can
be classified as fading memory functions [82]. In [83] it is shown that ki (s)
and ky(s) are Stieltjes functions (SFs). They can be expressed in the form

Siﬂs(s) and 51;28(5), where sk; (s) and ska(s) are completely Bernstein functions

(CBFs). This implies the existence of the Sonin partners of k;(s) and k().
Namely:

Ny (s) = In s and  My(s) = M(s) (1 + S%) 777 (3.41)

s—1

and o,y € (0,1) with A > 0. Sonin partners are important because they
provide a mathematical tool for analyzing and inverting convolution-type
relations, which frequently appear in fractional calculus, viscoelasticity, and
anomalous diffusion. It has been shown that the fundamental solution to
(3.37) for B > 0 and in the absence of the drift term, i.e., for A(z,¢) =0, in
the Laplace space is given by

R 1 |sk(s N5
p(:r;,s):% %e'l B (3.42)

By Bernstein’s theorem [84], it follows that p(x,t) represents a probability
density function (PDF) if (3.42) is a completely monotone function (CMF),
that is, a non-negative function in C'"* whose derivatives alternate in sign.

This condition can be satisfied in two ways: when 1/s~1k(s) is a CMF and

\/sk(s) is a Bernstein function (BF), or when y/sk(s) being CBF. For both
memory kernels under consideration, it has been shown that the solutions
of equation (3.37) associated with them are PDFs. These solutions for ki (t)
and ko(t) are as follows:

1 - —|z[\" 1 —b,
pet =35 (75) mrgy b 68

paet) =3 / pile,t - €) erd (\,€) de, (3.44)
r=0

where b, = (r+1)/2, and € is a new mathematical object called the Volterra-
Prabhakar function introduced in the paper. The values of this function
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depend on (3.40) and are given by

€ap(Ait) = /0 € uipra (A1) du. (3.45)

The paper also analyzes a number of mathematical properties of the in-
troduced function. Furthermore, in [81], the mean squared displacements
(MSDs) were determined for both memory kernels. The asymptotic behav-
ior for short and long times is described by the following expressions:

Int, for t— o0
2(¢)); ~2B ’ 7 4
@, {tln(l/t), for t— 0, (3.46)
o~ Y
! tin(1/t), for t—0.

The coincidence of the MSD for both kernels in the short-time regime can
be interpreted physically as a manifestation of a universal pre-asymptotic
diffusion stage. In this regime, the particle has performed only a few random
displacements, so the process is dominated by the immediate stochastic fluc-
tuations rather than by the long-term memory encoded in the kernel. From
the perspective of stochastic modeling, this means that the distributed-order
kernel and the distributed-order Prabhakar kernel are indistinguishable at
early times: both generate the same statistical spreading of the probability
density. Only when the observation time increases does the system begin
to accumulate the long-range memory contributions that are specific to the
Prabhakar kernel. This leads to a qualitative divergence of transport laws
in the long-time limit: while both models generate ultraslow diffusion, the
Prabhakar kernel introduces additional algebraic modulation controlled by its
parameters «, v, and A. Thus, the short-time universality emphasizes that
the memory effects are emergent phenomena: they require a sufficiently long
observation window to become visible. In practical terms, this implies that
experimental measurements confined to short times may not provide suffi-
cient information to discriminate between different distributed-order models
of anomalous diffusion, whereas long-time data are essential for revealing the
true memory structure of the system.

In the paper, the exact solution of the generalized Fokker-Planck equation
is presented, with the integral kernel k(t) referred to as the memory function,
specifying the form of the smeared first-order time derivative. Two forms of
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the memory function are examined. The first corresponds to the distributed-
order kernel, denoted by k;(t), while the second involves the distributed-
order Prabhakar kernel, ky(t). It is demonstrated that k;(t) and k(t) can be
represented, respectively, as differences of Volterra functions' and Volterra-
Prabhakar functions, the latter introduced in this work. On this basis, the
mean squared displacements (MSDs), fourth moments, and probability den-
sity functions (PDFs) are computed. The non-negativity of these quantities
follows from the Stieltjes character of the memory kernels.

The dynamics of a test particle of mass m, coupled to a thermal bath at
temperature 7', can be described using Newton’s second law in the presence
of a deterministic external potential V' (z) and a stochastic force £(¢). When
the particle experiences a constant friction 3¢, its motion is governed by the
standard Langevin equation for a Brownian particle:

dV (z)

mi(t) + maod(t) + — = =€), #(t) = v(t), (3.48)

where z(t) and v(t) denote the particle’s displacement and velocity, respec-
tively. The stochastic force £(t), representing thermal noise, is Gaussian with
zero mean and delta-correlated in time:

(€t +1)&(t)) = mkpT306(t), (3.49)

where kgT is the thermal energy. The MSD predicted by (3.48) exhibits
a short-time quadratic growth reflecting inertial, ballistic motion and crosses
over to a linear, diffusive regime at times longer than the characteristic fric-
tion timescale 1/30. In the paper Anomalous and ultraslow diffusion of
a particle driven by power-law-correlated and distributed-order noises [86],
generalizations of the stochastic equation (3.48) are considered that incorpo-
rate memory effects, i.e., temporal nonlocalities. For a general friction kernel
3(t), the dynamics of a stochastic process is described by the generalized
Langevin equation (GLE) [52]:

dV (zx)

"m“)+"ﬂé5“‘¢3ﬂﬂ)“h+_af‘:§“% z(t) = v(t). (3.50)

Wolterra’s function is defined as follows [85]

(t, B,a) = ! /00 A du Re(f) >—1 and t>0
MY =1078) ), Tutatrl) '
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The second fluctuation-dissipation theorem (FDT) establishes a relation be-
tween the friction kernel 3(¢) and the autocorrelation of the stochastic force

§(t) [87]:

(€t +1) &) = C(t) = kaT 5(t)- (3.51)
The friction kernel is assumed to satisfy [88]:
lim 3(¢) = lim s3(s) = 0. (3.52)
t—oo s—0

In the case of external noise, as defined by Klimontovich [89], where the
stochastic force does not originate from a thermal bath in a non-equilibrium
system, the relation in (3.51) does not hold, and the correlation function is
written as (£(t) £(t')) = C(t—t') instead. Considering the harmonic oscillator
with unit mass m = 1, i.e., V(x) = w?z?/2, (3.50) can be expressed as:

r(t)=<:c(t)>+/0 Gt —t)&) dt', v(t)=<v(t)>+/0 gt —t) &) dt',
(3.53)

where the mean displacement and velocity are given by (with the initial
conditions xy = x(0) and vy = v(0)):

(z(t)) = mo [1 — W I(t)] + voG(t), (v(t)) = vog(t) — w?zoG(t).  (3.54)

The relaxation functions G(t), I(t) = fg G(x) dx, and ¢(t) = %}Et) are intro-
duced, with Laplace-space representations:
. 1 . . G(s)
Ci(s) = _ . g(s) = sG(s), I(s)= ) 3.55
)= g 00 =G, 1= (3.55)

These functions were used to define the following four basic quantities:

B The mean squared displacement (MSD)
t
(&*(0)) = 2HaTI(0) =2haT | GO0 dx
0

B The diffusion coeflicient

dI(t)

D(t) = ksTG(t) = kpT= =,
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B The normalized displacement autocorrelation function (DACF)?

Oty = 0y = 490

Based on the above-defined quantities, the case for the GLE under white
and power-law noises was explored. For additive white noise, the model
recovers familiar diffusive behaviors, with ballistic scaling at short times and
linear growth of the mean squared displacement (MSD) at long times. When
power-law noises are introduced, the memory kernel produces fractional-order
dynamics. Depending on the exponent, the motion ranges from subdiffusive
to superdiffusive. The analysis extends to multiple simultaneous power-law
noises and to mixtures of white and power-law components, where complex
crossovers appear. The overdamped limit is also derived, simplifying the
dynamics for long times or high friction. The paper introduces distributed-
order Langevin equations, in which the friction kernel is given by

t—)\

50 = (7)™ [ o) =5 (3:56)

where p(A) is a weight function, which is a dimensionless, non-negative func-
tion with fol p(A)dA = ¢, where ¢ is a constant. This formulation generalizes
the finite-sum case and naturally produces ultraslow diffusion regimes, with
MSDs growing logarithmically or as powers of logarithms. Two cases are
studied in detail: the free particle, where diffusion laws reflect the weight-
ing function of the distributed order, and the overdamped harmonic oscil-
lator, where relaxation and correlations display ultraslow and nontrivial be-
haviors. This approach captures diffusive regimes not accessible through
single-order fractional models. The paper also develops further general-
izations by considering alternative distributed order noise models. Exam-
ples include Langevin equations with power-logarithmic distributed orders,
distributed-order Mittag-Leffler kernels, Caputo-Prabhakar derivatives, and

2The above formula is valid under the initial conditions (z3) = kT /w?, (xove) = 0,
and (£(t)xo) = 0.
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Volterra functions. Each case introduces new asymptotic forms for the re-
laxation function I, enriching the taxonomy of anomalous diffusion. These
extensions reveal that small modifications of the kernel’s functional form
can drastically alter long-time dynamics, enabling the modelling of strong
anomalies and multiple crossovers between diffusive regimes.

In the paper, the generalized Langevin equation was analyzed for both
an external harmonic potential and its free-particle limit under various forms
of the friction kernel. In particular, the corresponding mean squared dis-
placement (MSD) and displacement autocorrelation function (DACF) were
derived for kernels of Dirac delta, power-law, and distributed-order types.
The results reveal a wide range of anomalous diffusive behaviors, including
subdiffusion, superdiffusion, ultraslow diffusion, and strong anomalies. Par-
ticular emphasis was placed on distributed-order GLEs and the associated
distributed-order diffusion equations. Depending on the choice of weight
functions, the analysis yielded ultraslow diffusion, strong anomalies, and fur-
ther complex diffusive regimes.
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4. Summary

The research explores the dynamics of transport and diffusion processes by
examining generalized equations incorporating memory effects, offering sig-
nificant theoretical insights and practical applications. The generalized tele-
graph equation (GTE), a pivotal focus, extends the classical telegraph equa-
tion by introducing memory effects through integral-differential operators.
This modification allows the equation to account for nonlocal temporal influ-
ences, reflecting the persistence of past states in the evolution of the system.
A critical question addressed is whether these memory effects preserve clas-
sical wave properties, such as wavefronts and the Doppler effect, which are
hallmarks of wave-like behavior in memoryless systems. Analytical methods,
including integral decomposition, Laplace-Fourier techniques, and the appli-
cation of Efros’ theorem, have been employed to investigate wavefronts and
frequency shift in these models. It has been demonstrated that the presence
of memory kernels modifies, but does not necessarily suppress, fundamen-
tal wave characteristics. The analysis highlights that the specific nature
of the memory functions plays a crucial role in determining these behav-
iors. For instance, the Doppler effect’s visibility depends on the parameter
a in memory functions with a power-law distribution. When a € (%, 1),
speed-dependent frequency shifts are observable, whereas for o € (O,%),
they are not. A complementary line of research has addressed generalized
Fokker-Planck equations in which the standard first-order time derivative is
replaced by a smeared derivative defined through distributed-order memory
functions. Two formulations have been analyzed: one involving a distributed-
order kernel and another incorporating a distributed-order Prabhakar kernel.
The latter necessitated the introduction of a new mathematical object, the
Volterra-Prabhakar function. Exact solutions have been obtained, along with
explicit expressions for probability density functions, moments, and mean
squared displacements. A universal short-time behavior has been identi-
fied, whereas long-time asymptotics reveal qualitative differences between



kernels, leading to ultraslow diffusion and algebraically modulated trans-
port. The non-negativity of solutions has been ensured through the Stieltjes
character of the kernels. Further extending the scope, the research exam-
ines the generalized Langevin equation (GLE), focusing on its application
to anomalous diffusion in systems driven by memory-dependent noise. The
GLE framework is applied to both harmonic oscillators and free particles
subjected to various forms of noise, including power-law and distributed-
order noise. This approach enables the characterization of a wide spectrum
of diffusive behaviors, including subdiffusion, superdiffusion, ultraslow diffu-
sion, and strong anomalies. These findings underscore the versatility of the
GLE in modeling real-world systems where traditional diffusion models are
insufficient. Collectively, these studies challenge traditional classifications of
transport processes into rigid categories such as wave-like and diffusion-like
phenomena. They reveal that the presence of memory effects introduces
a spectrum of behaviors that blend features of both categories. For example,
while classical wavefronts vanish in memory-dependent systems, the Doppler
effect remains, albeit in a modified form. In a broader context, these works
advance the mathematical tools available for studying systems with memory
effects, bridging theoretical approaches like fractional calculus with practical
applications. By unifying diverse phenomena under a common framework,
the research provides methods to analyze transport and diffusion in fields
ranging from heat transfer and viscoelasticity to biological processes and
materials science. This interdisciplinary relevance emphasizes the impor-
tance of understanding memory effects, not only as a mathematical curiosity
but as a fundamental aspect of real-world systems. The work sets the stage
for future investigations, including clarifying the role of signal velocity in
memory-dependent evolution equations and further exploring the interplay
between wave-like and diffusion-like behaviors in complex systems.
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Wave fronts

The paper is devoted to study the frequency shift in the solution of the generalized telegraph equation with a
moving point-wise harmonic source. This equation contains the nonlocality in time derivatives which is expressed
by the memory functions #(f) and y(f), where #(f) smears the second time-derivative and y(f) the first one.
Moreover, in the Laplace domain we have #i(s) = 7%(s). The generalized telegraph equation with an external
source is solved by using the integral decomposition which allows us to write this solution as a product of
the solution of the telegrapher equation with harmonic source and f,(¢,) which is a function of the Laplace
transform of memory function y. Such obtained solution manifests the frequency shift which is illustrated in
three examples of the memory functions y(¢): the localized case, its mixture with power-law, and the power-
law case only. We show that only the first two cases have the wave front and the Doppler-like shift. The third
example, despite the lack of wave fronts, also manifests the frequency shift. Thus it turns out that the frequency
shift occurs regardless of the existence of a wave front, but it is more visible when such a front exists.

his model as negligible [1]. From the mathematical point of view
Heaviside’s discovery changed the type of sought equation from the
first order parabolic into the second order hyperbolic one belonging
to the class of dissipative wave equations. The latter was familiar to
the physicists’ community and successfully applied for modeling pro-
cesses quantitatively different from diffusion-like spreading. So it was
natural that during the next years the telegraph equation found ap-
plications whose utility went far beyond electrical engineering and
provided physicists with a versatile tool to study a large variety of
phenomena observed in the realm of physics, chemistry and life sci-
ences. In 1948 Eq. (1.1) appeared in the theory of heat transfer along
with the paper “Sulla conduzione del calore” by C. Cattaneo [2]. The
paper went unnoticed for 10 years but gained growing attention af-
ter publication in 1958, one after the other, two short notes by P.
Vernotte [3] and C. Cattaneo himself [4]. Motivated by the desire to

1. Introduction

The telegraph, called also telegrapher’s, equation

0%u(x, 1) = ckdu(x,1) + scolu(x,1) 1.1)

was discovered in 1876 by O. Heaviside who, that time working on im-
proving signaling along submarine cables, found it as the “fundamental
equation of telegraphy”. If Eq. (1.1) is used to solve signal transmis-
sion problems then u(x,) denotes the voltage at a line point x while c,
k and s are capacitance, resistance and inductance, all taken per unit
length, respectively.! It is also usually assumed that u(x, t) is defined on
(x,t) € Rx R, vanishes for x - +co and satisfy initial conditions

u(x,0) =ug(x) and ou(x,1)|,—o=0. (1.2)

If compared with the diffusion-like propagation equation proposed 20
years earlier by Sir William Thompson to describe electric transmis-
sion line the essential novelty introduced by Heaviside was that he
took into account self-inductance which Lord Kelvin had ignored in

* Corresponding author.

avoid instantaneous propagation of the temperature field 7 (z; x, 1) re-
sulting in the Fourier-Kirchoff parabolic heat equation as a consequence
of using the Fourier heat conduction law j(x,t) = —k grad 7 (x, ) link-
ing the heat flux j(x,t) and the temperature gradient grad 7 (x,t) both
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these authors independently proposed to replace the Fourier law by re-
lation j(z;x,1) + 0,j(r;x,1)/t = —Kk grad T (r; x, 1), nowadays known as
the modified Fourier, or Maxwell-Cattaneo, constitutive relation. This,
if merged with the energy conservation law, gave the hyperbolic equa-
tion

OMT (t:x,1) + 7719, T (r:x,1) = a*0>T (23 x,1) 1.3)

nowadays commonly known among physicists working in the field of
kinetic phenomena as the Cattaneo-Vernotte (CV) equation of the heat
transport. Completed with the initial conditions

T(z;x,0)=Ty(x) and 0,7 (z;x,1)|;—g=0 1.4

Egs (1.3), (1.4) are nothing else than Egs. (1.1) and (1.2), i.e., damped
wave equation whose fundamental solution propagates with the ve-
locity a. This naturally leads to questions concerning wave proper-
ties of the heat transport phenomena and their coexistence with typ-
ical diffusion-like effects. Despite of the fact that pairs of equations
(1.1), (1.2) and (1.3), (1.4) are formally identical anyone who tries
to answer just mentioned questions has to pay attention that physical
meaning of the parameters sitting inside them as well as the require-
ments put on their solutions may be completely different. Parame-
ters in Eq. (1.1) denote electromagnetic quantities which characterize
the transmission line whilst a of Eq. (1.3) reflects a propagation ve-
locity. The time constant 7 > 0 meets different interpretations. Here
we mention two of them: i.) 7 denotes some time lag modifying the
Fourier heat conduction law to the time nonlocal constitutive relation
j(x,t +7)=—kgrad T(x,?) subsequently expanded as the Taylor series
restricted to the first order in 7, ii.) 7 is a relaxation parameter which
enters the solution to the Maxwell-Cattaneo constitutive relation repre-
senting j(x,) as a memory dependent integrated history of grad T'(x, ),
namely j(x,1) = — fot k(t — t")grad T(x,t')dt’ with the memory kernel
k(t—1") =t~k exp (=t/7).? Here it should be mentioned that physicists’
interest in the telegraph equation proposed as an equation describing
transport phenomena started from theoretical investigation of problems
related to the finite speed diffusion [11,12] and became much more ex-
tensive when it was found that understanding the finite speed diffusion
and wave governed heat transfer is a key-tool for studies of exotic prop-
erties obeyed by the heat transport in liquid helium. This, the so-called
“second sound” effect, was predicted by L. Tisza in 1938 [13], in a much
detailed way elaborated by L. D. Landau in 1941 within his theory of
superfluidity [14] and soon after confirmed experimentally for helium
II in 1944 [15]. Further research showed that the second sound phe-
nomena take place also in solids and may be much better understood if
heat transport proceeds by wave propagation rather than by diffusion
[16], see also [17] for more contemporary information.

Current applications of the telegraph equation cover a broad range
of phenomena occurring in different branches of physics. Focusing at-
tention on the transport processes we recall that its theoretical back-
ground, besides of previously quoted Refs. [9,10], has been studied
for a plethora of microscopic and macroscopic models, among them
those constructed to derive finite speed diffusion equation from the
continuous time random walk approach [18], to describe phonon hy-
drodynamics [20,21] or viscous heat transfer [22] and to study the
so-called bio-heat transport taking place in biological tissues [23,24].
Development of fractional dynamics, in particular progress achieved
in modeling anomalous diffusion phenomena with fractional calculus,

2 Phenomenology and physical justification of adopting the modified Fourier
conduction law as a constitutive relation has been the subject of a long-standing
debate, repeatedly critical, see e.g. [5,6], while for other authors being fully jus-
tified and obeying fundamental physical meaning, see [7]; for comprehensive
discussion and current list of references see [8]. We emphasize that indepen-
dently from a priori postulated form of constitutive relations the CV equation
is derivable from general considerations rooted in thermodynamics and kinetic
theory [9,10].
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caused that generalized versions of the telegraph equation (GT) in-
volving fractional derivatives have become more and more popular
for characterizing diffusive processes [9,19,25,27,28], thermoelasticity
[29], chemical reactions [30,31] and specific biological/medical prob-
lems such as heat conduction in muscles and blood [32]. Merged with
the long-time known Pennes model [33] GT has appeared to be one
of the most advantageous tools used in laser therapy to monitor the
skin treatment, control the elimination of necrotic area and to mini-
mize damage to the surrounding normal tissues [34,35].

In what follows we assume that the GT equation we are dealing
with is a nonlocal in time, i.e., memory dependent, evolution equa-
tion. It generalizes the standard local telegraph equation by smearing
the time derivatives and replacing them with integro-differential oper-
ators.> Under this assumption the evolution described by GT equation
may be written down as

t t

/ n(t = &0 Ty (v;x, &) dE + 7 / y(t = £)0 T, (t: x,8) d&
0 0
=a’0’Ty(r;x,1)  (1.5)

with initial conditions given by Eq. (1.4). The memory functions #(t)
and y(?) are coupled in such a way that if y(¢) expresses the time smear-
ing of the first derivative then the choice

t

n(t) = / Y@y —uydu and A(s)=7(s) (1.6)
0

consistently represents the smearing of the smeared second-time deriva-
tive, as discussed and explained in Refs. [19,36].

The telegraph equation itself belongs to the class of dissipative wave
equations or, in other words, to the class of wave equations with damp-
ing. Thus, one can suspect that its solutions should manifest properties
typical for wave phenomena, among them those characteristic for trav-
eling waves. This way outlined goal of research distinguishes our efforts
from those concentrated on the description and analysis of temperature
oscillations induced in some medium when the classical diffusion equa-
tion is coupled to the external harmonic source. These oscillations are
customarily named thermal or heat waves although it is known that
they are subject to ongoing discussion concerning the comparison of
their properties with those characterizing the standard wave motion
[37-43].4

Treating the telegraph equation as a wave equation we shall focus
our investigations on the existence of wave fronts and the Doppler ef-
fect which should be noted in solutions describing relevant physical
situations. Both these effects have been studied in [45]. The authors
of this paper solved, for x € R and r € R, the (1+1) telegraph equa-
tion with uniformly moving harmonic source and demonstrated that
its fundamental solution shares desirable properties, namely the exis-
tence of wave fronts and the Doppler effect, in the same manner as
observed in solutions to the wave equation with an uniformly mov-
ing harmonic source (see Egs. (13)—(15) and (20)-(23) in Ref. [45]). In
the papers [46,47] the same authors looked for the consequences of in-
troducing Caputo fractional time derivatives into the (1+1) and (2+1)

3 By smearing the time derivatives we understand convoluting them with
some nonlocal time dependent kernels which are not a priori assumed to be
connected with commonly used fractional derivatives. Thus the goal of our re-
search does not repeat the goals of investigations performed e.g. in [25] where
GT involving the Caputo-Djhershyan derivatives of orders @ and 2« has been
used to show the probability context of solutions to such an equation or apply-
ing the Riemann-Liouville derivatives to study modeling of transmission lines
involving memory dependent (fractional) L and C elements [26].

4 Doubts concerning the physical meaning of such class of solutions, analogi-
cal to steady waves, include e.g., lack of wave fronts, instantaneous propagation
and null energy transport [37,44].
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dimensional telegraph equation impacted by moving time-harmonic
source. They considered cases of the so-called “wave-type” model in-
volving time derivatives of the order 1 < a <2 and besides of that the
usual second order time derivative and “heat-type” model involving
time derivatives of the order 1 < « < 2. Analysis of the solutions led
them to the conclusion that the “wave-type” model exhibits previously
mentioned “classical” wave properties while the “heat-type” does not.
Having Refs. [45-47] in mind, and feeling convinced that the most nat-
ural memory dependent extension of the telegraph equation is Eq. (1.5),
we ask the question: Do the classical wave properties survive for solutions
of such proposed GT, i.e., does compliance of the time non-locality reflected
in memory effects leaves the wave fronts and velocity dependent frequency
shifts (or their track(s)) existing and observable?. Thus the main goal of
our research is to look for the answer to this question.

1.1. Interlude - the Doppler effect

The best known example of velocity dependent frequency shift ob-
served in everyday life is the longitudinal Doppler effect manifested
by acoustic waves. For idealized physical situation the effect relies on
the observation that detected pitch changes in dependence of the emit-
ter vs detector relative velocity and is explained within the course of
school physics using only kinematical properties of the wave motion.
Considering more details we can state that in order to detect and ana-
lyze the Doppler effect three basic elements are needed: an observer
who may move with a velocity V, an emitter, i.e., a signal (wave)
source, which may move with a velocity v, and the signal propaga-
tion speed, denoted by a, known for the signal being observed and
depending on properties of the medium in which the signal propa-
gates. The signature of Doppler’s effect appears if a stationary observer
detects a signal emitted by a moving source and finds out that the re-
ceived frequency Q differs, for any v # 0, from the emitted frequency
w: it is higher during the approach, identical at the instant of pass-
ing by, and lower during the recession. For periodic sinusoidal signal it
is easy to derive the relation Q, = wa/(a + v) which, if supplemented
by + as the sign convention for approach and — for recession, quan-
titatively links both frequencies.® For v/a < 1, situation typically met
in acoustics, Q. is estimated by w(1 + v/a) commonly used to relate
frequency shift and velocity in everyday life [48]. Within the above
sketched idealized picture the characteristic feature of the Doppler ef-
fect is sudden and discontinuous change of the observed frequency
Q, -Q_=AQ, =wa/ [1 - (u/a)z]. This occurs at the instant of time
in which the observer and the source are passing each other. If the ob-
server focuses attention on the wave-like behavior of the signal then the
phenomenon would be visualized even more spectacularly. Observed
distances separating subsequent wave crests, in fact representing more
or less distorted wavelenghts, if compared with those of emitted waves
are shorter if the observer and the source are approaching each other
but suddenly become longer with the instant of time in which the signal
source and observer start to move away. Qualitatively the same effect
we notice when are watching wave-like phenomena taking place in our
environment, even if they need modeling going far beyond considera-
tion of simple periodic signals. This entitles us to make a statement that
detection, even qualitatively, of just mentioned changes of the wave-
lengths shows the track of the Doppler effect.

2. Content of the paper, its goals and methods been used

Studies of the Doppler-like phenomena influencing solutions to the
telegraph-like wave equations have appeared in physical literature quite

5 If the observer is not at rest but moves with the uniform velocity V' then
instead of frequencies Q, it notes the frequencies ¥, = Q, (1 FV/ a) =w(aF

V)/(a+v) expected from Q, and the Galilean transformation rule for velocities.
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recently. The research has been motivated by the desire to explain ef-
fects accompanying the heat transfer occurring during the laser-assisted
surgery procedures [32] and relies on the theoretical background pro-
posed and developed in [45-47]. To analyze the problem from the
physical point of view the authors have extended either the telegraph
equation or its fractional version by adding to it an external harmonic
current, next have solved such obtained equations and analyzed their
solutions in order to identify modulation and wave front terms. The
signature of a Doppler-like shift has been looked for in the parts of so-
lutions that contain the frequency @ characterizing the wave emitted
by the source. Following Ref. [45] we begin with Eq. (1.1) modified
by an external harmonic point-wise source Qé(x — vt)exp(iwt), O > 0
moving with the speed v < a along the line determined by the §-Dirac
distribution and joining the source and the observer. That leads to

072 (r,0:x,)+ 7719, 2 (2,0:x,1)
—a’ I (1,0;x,0) = 08(x —vn) e (2.1)

with the initial condition Eq. (1.4). For Q = 0 the source vanishes and
we get Eq. (1.1) together with its 7-dependent limit cases, namely the
wave (for 7 — o0) and diffusion (heat) (for = — 0) equations. For further
use note that the case Q =0 corresponds the homogeneous equation
(1.1) with its general solution T;(z,0;x,7) = T'(z;x,t) while the solu-
tion of the inhomogeneous equation with Q > 0, T,(r,Q;x,?) can be
represented as the sum of T'(zr;x,?) and some special solution of Eq.
(2.1). To distinguish these cases in a more visible way we will use for
QO > 0 gothic letters, e.g., T, and roman characters 7', for Q = 0. Having
at hands these remarks we shall organize the paper as follows. In Sect. 3
we explain how to construct the time-smeared, either memory depen-
dent, telegraph equation with a moving point-wise harmonic source.
The solution method applied by us stems from the integral decomposi-
tion approach [49] closely related to the operator methods [61,62] and
analytic subordination [36,55]. The second pillar of our technique is
the operational calculus, first of all application of the Laplace-Fourier
(LF) transform merged with the Efros theorem (see Appendix A). Ob-
tained GT equation, being an inhomogeneous integro-differential equa-
tion with external current, reads®

t t

/ n(t = &)0; Ty (r;x, ) dé + 77! / r(t = £)0:Z;(r:x,6) dé
0 0

— @ 02T, (rix,1) = [Q8(x — vi)e (2.2)

iwt] V-

Operation U'(7) and the solution to Eq. (2.2) are found in Sect. 4. Ap-
plications of the operational technique enable us to write down just
the mentioned solution as a convolution-type integral whose integrand
is the product of the solution to the memory-less equation (in our case
Eq. (2.1)) and well-defined function, named the subordination function,
depending solely on the memory. The analytic form of the solution to
Eq. (2.1) is known [45,46] and thus we have at hands all elements
needed for our construction to work. The solution EZ? (7,0;x,1) is a sum
of two parts: the solution Sf,; 1(7,0;x,1) = T;(r; x, 1) of the homogeneous
equation and the special solution Sf,;z(r, Q; x,1) of the inhomogeneous
equation (2.1). Only the second part depends on Q and thus only it
manifests the frequency shift, if any. In Sect. 4.4 we show that the shift
observed in S?;Z(T,Q;x, t) is linked to the solution of the generalized
diffusion-wave equation mM(Q; x,t) and can be represented as an extra
term which perturbs it. In Sect. 5 the Doppler-like effects are illustrated
in three examples of evolution equations with the memory functions
built in: i.) the localized one, ii.) the power-law memory function and
iii.) the superposition of the previous cases. The results of the paper are

6 We recall once more that we do not postulate d priori any shape of the
memory function. In this sense we go beyond the use of common fractional
equations and thus prefer to call equations under study “memory dependent”.



T. Pietrzak, A. Horzela and K. Gorska

discussed and concluded in Sects 6 and 7. Four appendices contain brief
information on mathematical tools used throughout the main text.

3. GT equation: memory dependence and subordination hidden
behind it

As mentioned in the Introduction solution to the time local Eq. (2.1)
is explicitly given in [45]. We shall use this result to get solutions of the
memory dependent Eq. (1.5) by applying the methodology of integral
decomposition and operational calculus without going into details of
the subordination technique.

Integral decompositions are known to be an effective tool that
makes solvable many problems of transport phenomena, in particular
those related to the anomalous diffusion and non-Debye relaxation.
They were introduced in [49] as stemming from the probability and
stochastic processes-based analysis of anomalous kinetics and devel-
oped in [50-52]. An alternative approach, closer to the analysis of
evolution equations, was highlighted and pushed forward in [53,54]
where the relation between Markovian and non-Markovian descriptions
of anomalous diffusion and non-Debye relaxation was extensively stud-
ied. Recently, new light has been shed on the mechanism of integral
decomposition with the rediscovery and novel use of the Efros theorem
(Appendix A) which has opened the possibility to put the integral de-
composition in the framework of mathematical analysis [55]. The Efros
theorem not only enables one to exploit well-defined operational rules
in order to invert the LF transforms of evolution equations describing
the system [19,36] but also explains the mathematical meaning of inte-
gral decompositions and provides us with a signpost toward physical
interpretation of it [55]. According to that formalism physically ac-
ceptable solutions of the memory-dependent equations are represented
by convolution-type integrals. Integrands that form integral decompo-
sitions appear to be products of solutions to the relevant time-local
evolution equations considered to be governed by some time-like (pos-
itive and never decreasing but in general obeying a random character)
variable &, called the internal time, and memory-dependent functions
f3(&.1). The functions f;(£,1) determine the relation between irregu-
larly ticking internal time &, e.g. randomly distributed waiting times
spent by a diffusing walker at some locations x’s and regularly ticking
laboratory time measured using periodic phenomena. They are assumed
to map the variable £ onto physical (laboratory) time ¢ in such a way
that the map £ < ¢ obeys all properties required from the probability
distributions. Supported by this general approach we will look for solu-
tions to the time-smeared Eq. (2.1) in the form

T, (r,0;x,1) = / (7, 0;x,8) f; (&, N dE, 3B.D
0
where ¥(z,Q; x, £) is the solution to Eq. (2.1) while f7(&,1) is just men-
tioned probability distribution & < ¢ to be recovered from the knowl-
edge of the memory function y(¢) (cf. Eq. (1.6)).
Assuming that
[ED=27p(5)e 791, (3.2)

we will show that the time-smeared version of Eq. (2.1) reads

t

/ [n(r —&oz+7y(t - e:)ag] T,(r,0;x,8)dé

0
—a*0lZ,(r,0;x,0)=0Q / fED8(x — vE) e  dE  (3.3)
0

with the initial conditions Eq. (1.2) and the memory functions #(f) and
(1) related by Eq. (1.6). Performing the integration present in the right-
hand side (RHS) of Eq. (3.3) with Eq. (3.2) put in we have
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[s9)
0 [ fenatx - veretaz
0

= Qg ?(s)e_%sm);t] &5 @(5) (3.4)
1 1)

Eq. (3.3) describes the memory-dependent answer of the system to the
stimulus generated by the external time-local source. Note that the reac-
tion of the system takes into account its previous history which depends
on the internal properties of the system under investigation but does not
affect the external source.

To demonstrate how to pass from Eq. (2.1) to Eq. (3.3) we will use
the Efros theorem (see Appendix A). The proof goes in four steps. At
first, we write down Eq. (2.1) in terms of & instead of 7, multiply each
of its terms by f;(&,7) and integrate the result over £ € R,. So we have

/ [ED]2 T 0.8 + 7710, (5, 05x.8)
0

—a*0> X(1,0:x,8) — Q6(x —vE)e ™ | dE=0. (3.5)

Next, we rewrite the square bracket in Eq. (3.5) as the inverse Laplace
transform’

e {[s2§(r, 0:x,5) — sTy()] + 77 [sZ (7, O; x, )

=Ty - PR 0ixs) - 2 e‘%“‘i”)@(z);:}’ (36
v v
where ¥(7,0;x,t =0) =Tj(x) and K(z,Q0;x, 1)];=¢9 = 0. Thus, the inte-

grand of Eq. (3.6) is the product of two inverse Laplace transforms.
Using once again the Efros theorem allows us to express Eq. (3.6) as

7! {?(s) #7202, 0:x,57(9) = 5POTy(0)]

#7776 572, 03, 57(5) = To(x)|
- @2 [7(% (. 0:x.57)|
- f/(s)% v (=576 g(x /), r} =0. (3.7)

To proceed further we define

T,(r, 05 x,9) = (97,03 X, 57(5)), (3.8)
being the Laplace transform of Eq. (3.1). Notice that for 7(s) =1 (i.e.,
y(1) =6(1)) we get T,(7,0;x,s) = Iz, O; x,s). The same equivalency
appears in the t domain. As the third step of the proof we substitute Eq.
(3.8) into Eq. (3.7). That gives

7! {f/z(s)[sz‘i?(T,Q;x,s) - sTo(x)] +7719(s)
X [SQ?(T,Q;X,S) - To(x)] - azaz‘iﬁ(r,Q;x, s);t}
= 72D o yrl. (3.9)
v
The fourth step is based on using the Laplace convolution for the inverse
Laplace transform sitting in Eq. (3.9). From the first component of its

LHS, i.e. ;72(s)[s2‘5:?(r, 0; x, s) — sTy(x)] we get that it can be rewritten
as

7 The symbol ‘A’ denotes the Laplace transform of f(f) such that f (s) =
Z[f(1);s]. The Laplace coordinates are given by s+ 1.
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t
/ L)t - LT [8°F5(2. Qi x. ) — sTy(x): E]dE
0

t

= / n(t = &)0; Ty(z, 03 x,) d¢,

0

where Z,(z,0; x,1) = S_I[Q?(T,Q;x,s);t] and #(t) satisfies Eq. (1.6).
The Laplace inverse of 7717(s) [s‘i?(‘r, 0;x,s)— To(x)] gives

t
! / L)t = 127 5%, (7. 05 x, 5) — Ty(x): E1dE
0

t

=771 / vt =)0, Ty (7, Qi x. £) dE.
0

Obviously, the Laplace inverse of the third component produces
—azﬁiﬁ'?(r,Q;x, t). Thus, we obtain the LHS of Eq. (3.3). Taking the
inverse Laplace transform of the RHS of Eq. (3.9) and employing the
Efros theorem once more we arrive at the RHS of Eq. (3.3). This com-
pletes the proof.

4. Remarks on solutions to the telegraph and GT equations with
moving harmonic impact

4.1. Telegraph equation with a moving harmonic source

Eq. (3.3) is an inhomogeneous equation with the heterogeneity
introduced by the external source Eq. (3.4). Recall that its solution
Sf,(r, QO;x,1) can be represented as the sum of the general solution to
its homogeneous, still memory dependent, counterpart (i.e., Eq. (3.3)
with O =0) and a special solution of inhomogeneous equation (3.3) for
QO > 0. This may be written down as

T, (7,05 x,0) = Ly (7,0;x, 1) + 50 (7, 05 X, 1), 4.1

where according to the rules of the integral decomposition method elu-
cidated in the previous section

©

T, (1. 0ix1) = / Ty (1.0 %, O f (1) dE “4.2)
0

and the second subscript j distinguishes the cases Q =0 for j =1 and
QO > 0 for j = 2. Notice that the initial condition for S?(r, 0;x,0), de-
noted T;(x), may be shared between the functions sitting in Eq. (4.1)
as follows: E!?; 1(z,0;x,1) contains all information on Tj(x) whereas
S?;Z(T,Q;x,t) does not depend on Tj(x) and we can assume that it is
obtained from Eq. (3.3) for Tj,(x) = 0. To make the notation introduced
in Eq. (4.2) less heavy we denote solutions to the homogeneous equa-
tions as ‘1?=1;1(1, 0;x,t)=T(r;x,t) and ‘I};;I(T,O;x,t) =T, (73 x,1). Both
functions T'(z; x,t) and T?(T;x, t) do not contain the frequency @ and
as such will not give a contribution to the frequency shift. Nevertheless
the knowledge of their properties is needed for our further considera-
tions. We recall required information following Refs. [19,36,45-47] as
well as the literature quoted therein.

The function (7, 0; x, ) which solves the homogeneous telegraph
equation (2.1) (or Eq. (1.5) with 5(¢) = y(¢) = 6(¢)) if written down in the
LF space reads

(s+1/7) TO(K)
22+ 525/t
The general form of T'(z; x,t) can be found in [56, Eq. (102) on p. 300]

and/or [57, Eq. (7.4.28)]. Taking into account Eq. (1.2) (see Appendix B
for details) it figures out

&0k, 9) =T (K, 5) = (4.3)
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1 _L 1
T(r;x,t)=-¢e 2¢[Ty(x —at) + Ty(x + at)] + — e 2r
(T;x,1) 26 [Ty(x —at) o(x +at)] 4rae

x+at

X/ [4”1 Il(%\/a212—|y—x|2>
S e Ty at
1
+IO<E\/112Z2—|y—x|2>]T0(y)dy (4.4)

where [,(-) for v=0,1 are the modified Bessel functions of the first
kind. Note that T'(z; x, ) inherits behavior of Tj(x) in the sense that if
Ty(x) #0 for x € A(¢) and T;,(x) = 0 outside this region then T'(z;x,t)
also will be nonzero only inside a finite region. For the localized (6-like)
initial conditions, T'(z; x,t) can be found in, e.g., [12,36,58,59].

The function ¥,,(z,0;x,?) solves Eq. (2.1) in the presence of the
point-wise source, i.e. with Q > 0. In the LF domain it figures out

(] 1

- , (4.5)
s—i(w+kv) a?x2 + 52 +5/1

F1,(7,05k,5) =

which explicitly depends on w and v. Thus, it is the part of solution
which serves as a source of information about the frequency shift ef-
fects. Eq. (4.5) can be used to solve the inhomogeneous telegrapher
equation (2.1). Its solution for x € R and 7 € R, is explicitly given by
[45, Eq. (13)]. We quote it in the form

Qe /@) |x| {1+ﬂsignx
,(1,0;x,1) = ——0O(t— — _—
12(7,0;x,1) dai(r.o) ( P ) T

t

Xh(T’w§t—m>+ /h(r,w;t_y)[w
a -5
Ix|/a

1/27) Il(ﬁm)—A(T,w)

Xi

,/a2y2_x2
iw|x|/v

o o) - et - )

daiM(r,w) v
1 +si
% wk<f’w;,_ m>’
1-p2 v

where auxiliary functions read

(4.6)

h(r,w;0) =2exp[A(r,w)o] sinh[A(7,w)o], and

k(r,w;0) =2exp[B(r,w)o]sinh[A(T,w)c] (4.7)
with #=v/a and

iw+1/2 i 2/2
A(T,w)=7lwl-‘-_‘/ﬁ(2 T), B(T,w)=7lw-;_f;2( )
_ _1of i B\
and A(r,w)_]_ﬁ(l—%—h%z) . 4.8)

For 7 — o0, i.e., the case of the wave equation, A(r,w), B(r,w), and
Mz, w)/p are equal to iw/(1 — p2). According to [45, Eq. (15)] it allows
for the isolation of the modulation term and confirms the existence of
the Doppler effect. Notice that ¥.,(z, Q; x, ) is nonzero inside the finite
region x € A(f) and vanishes outside it. This means the existence of
wave fronts.

For v =0 Eq. (4.6) reduces to the solution [45, Eq. (28)] of the
telegraph equation with a non-moving time-harmonic source. That is
seen if we use

/’l(f, ; O') =2 e(i(u+%)5 lim SiIlh(O'/l) =2 e(iw+%)o‘
=0 M7,m) A=0 A

and notice that ©(r — |x|/v) tends to zero for large v. Hence, the last
term in Eq. (4.6) vanishes and we consider only the terms in the curly
bracket with O(t — |x|/a).
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35]  Re[T;(0.25, 1; x, 1)]
3.0

25

2.0

0.5

0.0

/

\

Fig. 1. The plot of R[Z,(0.25, 1;x,1)] for w =7 /4, a=1, t = 1 with respect to f =0 (the green solid curve), § = 0.25 (the red solid curve), and g = 0.5 (the blue
dashed curve), where f = v/a. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

Re[%;(0.25, 1; x, 1)]

0.6

0.4

0.2

0.0

-0.5

0.0

0.5

Fig. 2. Blow-up of the region x € (—1,1) of Re[Z,(0.25,1;x,1)] for w = z/4 and ¢ = 1 presented in Fig. 1. The green solid curve no. [ is plotted for g = 0; the red
solid curve no. I7 is for f =0.25; and the blue dashed curve no. I 11 is for f =0.5; where f =v/a, and we take a = 1.

4.2. The first hint - a few plots for the telegraph equation

As explained in Sect. 4.1 T (r,Q;x,?) represents solution to the
Eq. (2.1), i.e., the telegraph equation with moving external harmonic
source. Moreover, from Eq. (4.1) we learn that (7, Q; x,?) is the sum
of T(z;x,t) and S];Z(T,Q;x, t). Both of them are explicitly known but
appear too much complex to be reliably studied using simple by-hands
done analysis. So, to recognize, identify and interpret its properties we
have calculated numerically Re[Z,(r,0;x,?)] and plotted it for the
initial condition postulated as a narrow (base width equal to 0.03)
smoothed rectangular-like signal with the area normalized to 1. The
first group of results is presented in Figs. 1, 3, and 4. These are snap-
shots of Re[T,;(r =0.25,0 = 1;x,1)] taken for w = 7 /4 and different
instants of time: r =1 (Fig. 1); t =5 (Fig. 3); t =9 (Fig. 4). The plots ex-
hibit also how the solutions depend on the values of f = v/a chosen to
be 0.0,0.25,0,5. To distinguish curves relevant for different values of f
(difficult to be separated in Fig. 1) we have added Fig. 2 which magni-
fies the region x € (—1, 1). It should be noted here that Figs. 1, 3 and 4
have been plotted with different scales being used and it may lead to an
erroneous and confusing impression that the wave fronts at x = +at, ex-

hibited in Fig. 1, disappear. For ¢ > 7 the first part of Re[ZT, (7, Q; x,1)]
is strongly damped by the factor exp[—t/(27)] (cf. three upper lines of
Eq. (4.6) with 7 = 0.25 taken into account) so numerically calculated
bounds restricting its support remain graphically unnoticed. However,
the velocity dependent oscillations survive, their magnitude weakly de-
pends on time and the shape agrees with the Doppler-like form. Plots
Figs. 5 and 6 obtained for 7 = 1 show the coexistence of wave fronts and
oscillations obeying the Doppler-like pattern giving the propagation of
distorted wave crests and throughs. Comparing Figs. 3, 4 with 5, 6 we
see that, as expected, wave-like/oscillatory effects become more visi-
ble with growing value of 7. Qualitative information concerning the
Doppler effect is read from snapshots Figs. 5 and 6 of the solution
taken for growing source velocities directed towards positive x. Plots
that are symmetric for v = 0 become asymmetric, shifted to the right,
first becoming more and more shrank but next more and more stretched
along the velocity direction. This behavior pattern changes instantly at
the point x = vt. The spatial distance separating successive crests and
troughs, in a rough sense related to the wavelength, decreases with x
approaching vt from the left and begins to grow for x > vt. Such prop-
erties of Re[T,(r,0;x,1)], if translated into frequency picture agree
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03 Re[¥4(0.25 1; x, 5)]
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Fig. 3. The plot of Re[T,(0.25,1;x,1)] for w=xn/4, a=1,t =5, and x € [-10, 10]. The description of curves is the same as is for Fig. 2. See that at x = +5 is the

initial peak which is more visible in Fig. 5 where 7 = 1.

Re[%4(0.25, 1; x, 9)]
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Fig. 4. The plot of Re[T,(0.25,1;x,1)] for w =7/4, a=1, t =9 and x € [-10, 10]. The description of curves is the same as is for Fig. 2. See that at x = +9 is the

initial peak which can be noticed for 7 =1 as in Fig. 6.

with the Doppler effect analysis advocated in Sect. 1. Namely, it means
that the observed signal frequency grows with decreasing distance be-
tween the source and the observer, achieves maximal pitch for x = vt
and becomes smaller and smaller when the source and the observer are
moving away from each other. Effect has an universal meaning because
the dependence of Re[T, (7, O; x,1)] on the frequency @ does not touch
significantly its characteristic Doppler-like properties (cf. Figs. 6 and 7).
The above analysis becomes more complete if takes into account also
the time evolution of the signal observed in a fixed point x, see Fig. 8.
The observer begins to detect the signal at an instant of time ¢ = x/a
when the wave front reaches its location and notes that the shape and
frequency of oscillations changes when 7 = x/uv: it grows as the source
approaches the observer, achieves a maximum and starts to decrease
when the source and the observer are passing each other. This confirms
our previous arguments that when considering the telegraph equation
with moving harmonic impact we are dealing with the Doppler-like ef-
fect. We also claim that for identifying the Doppler effect one should not
be focused on the existence/non-existence of the wave fronts but rather
on careful analysis of the solution in the neighborhood of singular point
X =ut.

4.3. The second hint: what can be learned from the limit T — co?

Considerations in Sect. 4.2 have enabled us to claim that we have
at hands criteria that allow us to judge and point out the existence of
the Doppler-like effect for solutions to the telegraph equation. Thus in
the next step we can investigate the same problem for GT, i.e., its mem-
ory dependent counterpart. As was shown in Ref. [36] the solutions
T(z;x,t) of the telegraph equation as well as the solutions T?(T; x,1) of
the GT equation tend for large 7 to the solution w(x, t) of the wave equa-
tion and the solution of diffusion-wave equation wy(x, 1), respectively.
Neither equations investigated in Ref. [36] nor their solutions depend
on external sources and we must extend our further considerations to
Sl;z(r,Q;x,t) given by Eq. (4.6). As read out from Sect. 4.1, see Egs.
(4.8), in the limit 7 — oo all functions A(z,®), B(r,w), and A(r,w)/f
are equal to exp[iw/(1 — f2)]. Then

lim h(r,w;0) = lim k(z,w;0) =exp(iQ_o) — exp(i2, o)
T—00 T—00

and lim__, , T.,(7,0;x,1) =W, ,(0; x,1), where
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Fig. 5. The plot of Re[T,(1,1;x,1)] for w=x/4,t=5 and x € [-10, 10]. The description of curves is the same as is for Fig. 2.
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Fig. 6. The plot of Re[T (1, 1;x,1)] for w =7z /4, t =9 and x € [-10, 10]. The description of curves is the same as is for Fig. 2.
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Fig. 7. The plot of Re[T,(1,1;x,1)] for w=x/3, t =9 and x € [-10, 10]. The description of curves is the same as is for Fig. 2.
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Fig. 8. The plot of Re[T,(1,1;x,1)] for w =x/4, x =10 and ¢ € [0,20]. The description of curves is the same as is for Fig. 2.

1103 %.0) = 72— [O(-00( + )el 2+

+0{[O( - 3) -0 - %)] 0=t (4.9)
+0( - 1)) - X)),
v a
Its real part quoted in [45, Eq. (21)] reads
. _ g sin[Q, (1 +x/a)], x€&[—at,v1)
Relw;5(Qs x. 0] = 2aw { sin[Q_(t — x/a)], x € (vt,at] (4.10)

and vanishes outside the sector A(f) = [—at, at]. Obviously, Eq. (4.10)
provides us with an explicit manifestation of the Doppler effect for the
wave equation. Using the integral decomposition Eq. (3.1) we arrive at

/ Tim T (7, 05,13 (¢ 1) dé
0

(o)

=/ml;z(Q;x,:f)f};(f,t)dé=h)?;2(Q;x,t),

0

(4.11)

where m;,(0;x,1) is the solution of the diffusion-wave equation under
external harmonic impact. Having this in mind we are ready to demon-
strate how to use just found limit behavior in order to restore properties
that characterize GT solutions for finite 7.

4.4. The third hint: relation between ‘Zf,;z(r, Q;x,t) and mm(Q; x,1) for
positive a and finite ©

Pursuant to the rules of the integral decomposition approach we
demonstrated in Sect. 4.3 that for large 7 the solution of GT equa-
tion with an external source ‘Zf,;z(r,Q;x,t) tends to the solution
W, (7, 05 x,1) of the diffusion-wave equation with the same external
impact. We will use this limit property to show that for arbitrary pos-
itive 7 we can relate ‘,Z?Q(T,Q;x,t) to a combination of m?;Z(T’ 0;x,1)
with an auxiliary function py(7,0;x,1) vanishing for 7 — co. If the
above holds then for 7 > 0 we should have

Ty (7, 05X, 1) = W55 (05 X, 1) = P3 (7, 03 x, 1), (4.12)

where

Py(T,Q;x,t)=/P(T,Q;x,i)fy(é,t)dé (4.13)
0

with p(z, Q; x,?) defined a few lines later, see Eq. (4.16).

To prove the above statements we begin with Eq. (4.2) for j =2. It
contains functions Z,,(z,0;x,&) and Sy E.D. The first of them solves
the telegraph equation with moving source, see Eq. (2.1). The second
one is defined by Eq. (3.2) and depends on the memory function y(¢)
which expresses the time non-locality present in GT equation. Support
of f;(&,1) is unbounded on R and the procedure leads to smearing the
wave front of ‘,Zm(‘r,Q;x,é) even for localized initial conditions [36].
To push our construction further we shall find the relation between
SI;Z(T,Q;x,é) and w;.,(0;x,$) for 7 > 0. First, rewrite Eq. (4.5) as

x s/t =

& . S . .

Tia 0k = (1= o — - )o12(@:5.9) (4.14)
where

z 1

m,,(0;k,5) = Q

s —i(w+Kkv) a2k2 + 52

and recall that ?DI;Z(Q;K, s) in (x,1)-space equals to ;.,(Q;x,1) given
by Eq. (4.9). Eq. (4.14) involves two functions: W, (0; x,1) and up
to now undefined function p(z, Q;x,t) which is the only source corre-
sponding to the corrections dependent on . Calculating the inverse LF
transform of Eq. (4.14) we obtain

T12(7, QX0 =W 5 (Qsx, 1) — p(7, 03 X, 1) (4.15)
where
PEOix) =~ [g [a2K2+S2+s/T,x],t (4.16)

and vanishes in the limit 7 — co. The inverse LF transforms in Eq.
(4.16) are calculated in Appendix C. Additionally, it can be shown that
Re[p(z, Q; x,1)] does not cancel Re[w;.,(Q;x,1)] for t >0 and x € A(?)
but to prove that requires lengthy and laborious calculations. Instead we
represent both these functions graphically being convinced that curves
plotted in Fig. 9 may serve as a justification for the above made state-
ment. We point out that from Eq. (4.15) it appears

Re[p(z,0;x,1)] = Re[w ,(OQ; x,1)] — Re[F, (7,05 x,1)]

which together with Fig. 9 shows that the frequency shift noticed
for .,(z,0;x,1) comes from two sources, namely Ww,,(Q;x,?) and
p(z,0;x,1). In view of that one can formulate the hypothesis that the
Doppler-like effects if are observed for mm(Q;x,t) then the solutions
of the GT equation with the same external source also should mani-
fest the Doppler-like effect. We will verify this hypothesis on examples
presented in the next section.

(4.17)
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Fig. 9. Plot of the real parts of w,.,(Q; x,7) and p(z,Q;x,1) fort=1,0=7=1,w=7x/4,a=1, v=0.75 or v=0.25. For v = 0.75 we have the black solid curve no. I
for Re[p(1, 1;x,1)] and the red solid curve no. II for Re[w(1;x, 1)]. For v =0.25 we have the black dashed curve no. II for Re[p(l, I;x, 1)] and the red dashed curve
no. IV for Re[w(1;x, 1)]. These functions were plotted by using Eqgs. (4.10) and (4.16) partially calculated in Appendix C.
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Fig. 10. The plot of w,(a,€;Q;x,1) for a =2/3, € =10, o =7/3, O =1, a=1, and t = 6. The green solid curve no. I is for § =0, the red solid curve no. II is for

p =0.25, and the blue dashed curve no. III is for g =0.5.
5. GT equation: memory functions and the Doppler-like effects

In what follows we shall discuss the appearance of the Doppler-like
effects for the case of stationary observer and moving source on three
examples distinguished by different choices of the memory kernel y(¢).
Recall that S:};(T,Q;X, t) is a sum of Ty (73 x,1) and S?;Z(T,Q;x, t) and
only the second component exhibits the Doppler-like effects.

Based on results presented in Ref. [36, Exs. (a), (b), and (c)] we shall
analyze the solutions of GT equation involving three types of memory
functions, namely:

(i) the localized memory y(¢) for which we have T;(z;x,1) # 0 for
x € A),
(ii) the sum of §-Dirac function and a power-law memory kernel. That
implies that T;(7; x,7) # 0 for x € A(t/¢),
(iii) a power-law memory kernel which leads to T;(z;x,1) # 0 for
xER,

Our task is to check for which aforementioned cases the signature of
the Doppler-like effect is observed for w;,(Q; x, 7).

10

(i) In the first case of localized memory function y(¢) = 6(¢) (7(s) = 1),
we know that f;(&,1), given by Eq. (3.2), equals to L exp(=&s);t] =
8(t — &). Thus, Sm(r, 0; x,1) reduces to T .,,(r, Q; x, 1) presented via Eq.
(4.6) and for 7 — co approaches ,,(Q;x,1) given by Eq. (4.9). Both
of these functions, namely &,.,(z,Q; x,?) and w,,(Q; x, ), manifest the
existence of the Doppler frequency shift as well as the wave front, see
Sect. 4.

(ii) The memory function equals to y(t) = €6(t) + t~*/T(1 — a) (F(s) =
€ + 5% 1), where a € (0,1) and ¢ > 0. For such y(¢) we have AEOE
f(a,e;&,1) found in [36, Eq. (35)], namely

flaeen=27"[(s"" +e)e ™" ety

=®(t—e§)(% e ), (&1 e, 5.1)
where @, (&, y) is the two argument one-sided Lévy stable distribution
D¢ =2 -1 [exp(—&s®); y], being an example of the Wright-Mainardi
M function [60,62]. It can be written in terms of the one argument
one-sided Lévy stable distribution ®,(&,y) = £~'/%®,(ye~1/*). We re-
call that the one-sided Lévy distribution @,(c) vanishes for ¢ <0 and
is nonzero for ¢ > 0. That can be obtained either from its Mikusin-
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Fig. 11. The plot of Re[w,(a,e;0;x,1)] fora =2/3, e =10, w=x/3, 0 =1, a=1, and x =0. The green solid curve no. I is for § =0, the red solid curve no. II is for

B =0.25, and the blue dashed curve no. IIl is for g =0.5.
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Fig. 12. The plot of ‘Z?;Z(a,e;r,Q;x, t)fora=2/3,e=10,w=x/3,7=1,0=1,a=1, and t = 6. The description of curves is the same as in Fig. 10.

ski’s asymptotics or from Meijer G representation, see in Appendix D.
Numerical calculations usually use the asymptotics form of the one-
sided Lévy given by Eq. (D.3). Note also that the calculation of the
inverse Laplace transform given by Eq. (5.1) is based on the formula
1 [exp(—bs)f(s); t]=0( — b)f(¢t — b), and the definition of one-sided
Lévy stable distribution.

Referring to Sect. 4.4, the Doppler-like effect observed in W, , .a-1.,(Q;
x,t) =w(a,€,0;x,t) and plotted in Figs. 10 and 11 should be quantita-
tively noticed in

Tyt 40 (7. 0%, = Ty (e, 657,05 X, 1)
o (5.2)
- / T ,5(5.0:x.8) f (o€ £,1) dE
0

illustrated in Figs. 12 and 13 for the same value of parameters as
in Figs. 10 and 11, respectively. In Fig. 12 we see that the memory
function y () = €6(t) + t~*/T'(1 — a) smoothes out the cusps appearing
in “pure” Doppler-like effect. Nevertheless the trails of this effect do
survive. Moreover, Fig. 12 demonstrates the existence of wave front
for ‘17;2(2 /3,10;1,1; x,1) which can be deduced analogically as it was
done in [36] from the fact that f(a,¢€;¢,1) contains the Heaviside step
function O(r — ¢£) as well. This Heaviside step function ensures that

11

the second argument of @ (&,t — €£) is non-negative and makes the
integral defining ‘,Zm(a,e;r, QO; x,t) non-vanishing on the bounded do-
main of &, namely & € (0,¢/¢]. Thus, S?;Q(a,e;r,Q;x,t) is nonzero for
x € A(t/¢e) which implies the existence of the wave front. The Doppler-
like effect presented in Fig. 13 is also illustrated in Fig. 13, where
<(2/3,10;1,1;x =0,1) is presented as a function of . We see here the
fading oscillations which are stretched as the speed v increases.

(iii) As the last example we quote the power-law memory function,
y() =1t7*/T(1 — a) for « € (0,1) studied in Ref. [36]. In the Laplace
domain it reads $(s) = s*~! and gives

fa1@D= fla€n=2"" """ e 0]

t

=—0o, &),

s 7 (& 1)
where @, (£,1) is the two arguments Lévy stable distribution. f(a;&,1)
does not contain any Heaviside step function. Hence, using the consid-
erations analogical to those presented in [36] it can be concluded that
T a1 ;2(1', Q;x,t) = 2?;2((1; 7,Q0; x,t) does not have the wave front. How-
ever, from Fig. 14 it can be suspected that some frequency shift occurs
similarly as for the real part of 101 ;Z(Q;x, 1) = w,(a; O; x,1) given by
Eq. (4.11). With the help of Eq. (4.9) we get that Eq. (4.11) for x=0
reads

(5.3)
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Fig. 13. The plot of S?;z(a,e;r, O;x,t)fora=2/3,¢=10,w=x/3,7=1,0=1, a=1, and x =0.3. The green solid curve no. I is for # =0, the red solid curve no.

11 is for f =0.25, and the blue dashed curve no. III is for g =0.5.
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Fig. 14. The plot of ‘lm(a;r, O;x,t) fora=0.75, w=7n/3,7=1, Q=1, a=1, and x =0. The green solid curve no. I is for f = 0, the red solid curve no. II is for

p =0.25, and the blue dashed curve no. Il is for g =0.5.

Reltoy(@;0:x,0)] = 5= / SIn(Q, ) (@ &.1)
0 (5.4)

o .
= e sin, (1)

and it is illustrated in Fig. 15 for « = 3 /4. There can be seen that despite
the lack of a wave front, we observe the frequency shift.

6. Discussion

In the Introduction we noticed that the telegraph equation, besides
of using to describe the transmission lines, has been for many years
proposed to serve as an equation which may govern the heat and/or
mass transport phenomena. Physicists, when applying it to this class
of problems, are used to name it the Cattaneo-Vernotte (CV) equation
and consider it as a bridge between the wave-like and the diffusion-
like description of the system. The telegraph equation, because of the
hyperbolic character, admits solutions obeying wave properties. Com-
pared with the commonly accepted diffusive nature of the heat transfer
this leads to the dilemma concerning the existence and properties of
the thermal/heat waves and the equation used to describe them, cho-

12

sen either diffusion or wave-like. Diffusive modeling of the heat transfer
works well in a vast majority of typical situations [6] but phenomena
related to the second sound effects are much better explained when the
wave-like evolution pattern stemming from the CV equation is used
[7]. The CV equation is local in time but it should be remembered
that its frequently quoted derivation is based on the constitutive re-
lation which hides the time nonlocality. Also it is known that many
kinetic phenomena taking place in media of complex structure, to men-
tion anomalous diffusion and non-Debye relaxation, exhibit properties
indicating the nonlocal time evolution and memory dependent model-
ing. This motivated us to focus on the time-smeared telegraph equation
Eq. (1.5) as we are convinced that similarly to the results obtained in
the framework of diffusion and relaxation theories also in this case the
time smearing of the time-local evolution equations will provide us
with better understanding of the heat transport problems. In favor of
investigating GT we emphasize the fact that by using the integral de-
composition procedure and having at hands solutions to the standard,
time-local telegraph equation we are able to construct solutions relevant
to the memory dependent counterparts of this equation and to analyze
them with respect to “classical” wave properties, namely the existence
of wave fronts and the Doppler effect. Comparing the wave-like pat-
tern given by the standard telegraph equation with two examples of the
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Fig. 15. Plot of Eq. (5.4) for x =0, « =0.75, o =x/3, O =1, and a = 1. The green solid curve no. I is for v =0, the red solid curve no. II is for v = 0.25, and the blue

dashed curve no. III is for v =0.5.

memory functions (see Sect. 5) we have concluded that the existence of
wave fronts and “pure” Doppler effect accompanies the presence of the
second time derivative independently from possible (power-like) mem-
ory terms have been added. The wave fronts disappear if the equation
involves only the time-nonlocal operators, however smeared traces of
the Doppler effect survive and may be observable, especially that in re-
alistic physical situations we do not observe sharply manifested changes
but rather more or less smoothed behavior.

We will mention here as a digression that basic physical literature
does not provide us with a precise definition of the Doppler effect. In the
Introduction we recalled the simplest approach leading to the statement
that the Doppler effect appears if a stationary observer notes the change
of pitch heard when a sound source approaches and recedes from it.
More generally the Doppler effect occurs if the wave manifests the fre-
quency shift related to the relative motion of the source, observer and
medium in which the wave propagates. For specifically chosen physical
situations this definition may lead to some quantitative criteria - if the
observer is able to determine the signal frequency and the observer and
the source move along the line which joins them then the observer may
check that the measured frequency changes with respect to the emitted
one o according to the relation Q. = w/(1 ¥ v/a) with ¥ signs adopted
respectively for approach and moving away. If such a factor is identi-
fied within the solution then one can claim that deals with the Doppler
effect. We would like to pay attention that Sect. 4.4 and examples in
Sect. 5 show that if the frequency shift can be noticed for w, (Q;x,1)
then it is also observed for the solution Sy(r, 0; x,1). A similar situation
is with the wavef ronts. Thus, if we only need qualitative information
about the appearance of the Doppler-like effect it is enough to study the
behavior m?(Q; x,t) which is much friendly to analytical and numerical
applications.

7. Conclusions

Throughout the paper we investigated solutions to the (1 + 1)-dim
generalized telegraph equation introduced as a modification of the clas-
sical telegraph equation in which both time derivatives are replaced
by integro-differential linear operators involving memory kernels given
by functions assumed to be nonlocally depending on time and a pri-
ori not identified with kernels which define commonly used fractional
derivatives. The proposed approach extends investigations based on the
standard fractional generalizations of the telegraph equation. Method-
ology rooted in use of the Laplace-Fourier transforms and operational
calculus merged in the framework of the integral decomposition tech-
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nique allows us to construct solutions to the memory dependent evo-
lution equations from the solutions to their time-local counterparts. In
a broader mathematical context this is closely related to the subordi-
nation procedure successfully adopted to solve problems of anomalous
diffusion and non-exponential relaxation. Going beyond the range of
just mentioned physical phenomena we shed light on wave properties
obeyed by the heat transport supposed to be described by the Cattaneo-
Vernotte equation, the twin brother of the telegraph equation, and its
time nonlocal generalization. As a training ground to test the wave na-
ture of the heat transport phenomena we decided to check whether
solutions to the generalized equations meet the Doppler effect and the
existence of the wave fronts known to be exhibited by solutions to the
standard telegraph equation. We found that the Doppler effect, at least
in its smeared form, survives introducing non-trivial memory effects.
Such a statement does not remain true for the wave fronts whose ex-
istence is conditioned by the presence of the second time derivative in
the evolution equation under consideration.
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Appendix A. The Efros theorem

The Efros theorem [66-70] generalizes the convolution theorem for
the Laplace transform. It states as follows:
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Theorem A.1. If G(s) and 4(s) are analytic functions, and

ZLIh(x,&); 51 = h(x,s) (A1)

as well as

ZIfE1);s]= / fE e dt = G(s)e 54, (A.2)
0

exist, then

G()h(x.d(s) = / [ / he. O/ €. de| e ar
0 0

From Efros theorem appears that

)

Z7NG(9)h(x,4(s)); 1] = / h(x, &) f(E,1)déE.
0

(A.3)

Appendix B. Derivation of T'(t; x, 1)

Consider the homogeneous telegraph equation (1.1) with the initial
conditions (1.4). We are using the LF transform method which lead to
the nonnegative solution 7T'(z;x,?). The first step in solving the above
equation is to perform the joint LF transform

o oo

elex [/T(r;x,t)e_” dr| dx,

0

7;“(1; K,S)=
V2r

which turns the initial-value problems (1.3) into an algebraic equation,
whose solution is given by Eq. (4.3). Taking into account the convolu-
tion theorem which states that the Fourier transform of the convolution
of two functions is the product of their corresponding Fourier trans-
forms and the following integral [45]

(9]
/x2+c2
0

we find the inverse Fourier transform of expression (1.2)

[s9]
-1 _ly=xl oS d
S+ 7T 52+ y
_srr / e @ VITT To(y)z_
V241 ls - a
0
The solution to Eq. (1.3) will be the inverse Laplace transform of ex-

pression (B.1). In order to find it, we used the following equations for
the inverse transform [45,71]

Rec>0

cos(bx)dx = Z -lble,
2¢

T(r;x,5)= (B.1)

-
> [ b ] Io(e V2 =20 - b), (B.2)
\/_
A 2 _ 2 _
o [ ] — 51— b)+ ctli(cVt* = b*)O(t b)‘ (B.3)

\s2 =2 iz —p2

The obtained solution is of the form Eq. (4.4), which is obtained from
[56, Eq. (102) on p. 300] and/or [57, Eq. (7.4.28)] by vanishing
T(r;x,1) at t=0.

Appendix C. The inverse Laplace transform placed in Eq. (4.16)

The auxiliary function p(z,Q; x, ) given by Eq. (4.16) can be calcu-
lated by making the Laplace and Fourier convolutions:

t

p(r,Q;x,n:%/ /ml;z(Q;x—y,m

R 0
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e—%\/szks/r dy
uldu

Vs2+s/t 2a

To calculate the inverse Laplace transform sitting in Eq. (4.15) we use
the well-know property of the inverse Laplace transform, i.e. Z~'[f(s+
;1] = exp(=ANZL [ f(s);1]. It allows us to write

x 7! [S €1

exp (- |Y| s2+s/7); u]

N

2 1/(4
e [e VTG

V2 —1/(412) ]
e—u/(27) e—% Vs?-1/(47?)
- Pl [

N

The inverse Laplace transform sitting in Eq. (C.2) are calculated with
the help of Egs. (B.2) and (B.3). They imply

;u]. €.2)

LHS of Eq. (C.2) = g e/ [§(au — ) + 8(au + )]
_ zi ) [lIO(L 2 — )7
T

- = s—Vaul -y )] (€3

2u2 — yz 2

Next, we numerically calculate the integral over y in Eq. (4.16). For
values of parameters Q, 7, a, v, w, and t indicated in Fig. 9 we obtained
presented there curves.

Appendix D. One-sided Lévy stable distribution

The one-sided Lévy stable distribution is defined through the inverse
Laplace transform as follows

_Sa;S]=/C

L

_se do
SD’eS

@ (c)=F"!
a0 = 27

s (D.1)

where the integral contour is described in [64]. For rational a =[/k,
the one-sided Lévy stable distribution can be expressed by the Meijer
G-function and/or the finite sum of hypergeometric function, see [63,
Egs. (2) and/or (3)] and [36, Eq. (31)], respectively. The exact and
explicit form of @, (¢) reads

VK1 GkO ( I jsao >
Qr)k=b/2 ¢ "Lk \ kgl L a0y )’
where a =1/k such that / < k and [,k =1,2,.... According to common
convention the special list of n elements is equal to A(n,a) =a/n,(a +
1)/n,...,(a+n—1)/n which is placed in upper (it is A(/,0)) and lower
(it is A(k,0)) list of parameters. The asymptotic behavior of @ (o) is
given by Mikusinski in Ref. [65] and figures out

D) (0) = (D.2)

1

o (a/0) 200 a
D,(0) @ —————exp |- (1 —a)(a/o)T- (D.3)
V2r(1l —a)o P [ walo ]
and
oo golma
P, (0) ~ Eyams (D.4)

Eq. (D.3) is usually use in numerical calculation with one-sided Lévy
stable distribution.
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ABSTRACT

Telegraphers’ equation perturbed by a uniformly moving external harmonic impact is investigated to uncover information useful for distin-
guishing properties of the time evolution patterns that describe either memoryless or memory-dependent modeling of transport phenomena.
Memory effects are incorporated into telegraphers’ equation by smearing the first- and second-order time derivatives so that the memory
kernel smearing the second-order time derivative acts as the smeared derivative of the smeared first-order time derivative. Such a generalized
telegraphers’ equation (abbreviated as GTE) is solved under initial conditions that specify the values of the solutions and their time derivatives
taken at the initial time and boundary conditions that require the sought solutions to vanish either at the x space infinity or the (+1)/(—I)
boundaries of a compact domain. The question is which solutions would be classified as traveling or standing waves. To answer this, we
consider the Doppler effect and investigate how the frequency and velocity of external sources influence the obtained solutions. Using the
short-time Fourier transform allows us to advance the problem and shows that infinite domain solutions to the GTEs, provided by a model
example involving the Caputo fractional derivatives “D?* and “D? with 0 < & < 1, exhibit a kind of velocity-dependent Doppler-like fre-
quency shift if % < a < 1. The effect remains unnoticed if 0 < o < % This confirms our previous hypothesis that the emergence of wave-like
effects in solutions of fractional equations is related to the occurrence of fractional time derivatives of the order greater than 1.
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It is well known that the Fourier equation, being a first-order
parabolic equation, is used to describe transport processes such as
diffusion or heat transport, which propagate with infinite veloc-
ity. Such a property contradicts the locality principle of the special
relativity theory and thus is difficult to recognize in contempo-
rary physics. Efforts to find a way out of this problematic situa-
tion led C. Cattaneo in the mid-20th century to propose replacing
the Fourier equation with a second-order hyperbolic equation

that describes propagation proceeding with a finite speed, the
latter known and used in signal transmission as the Heaviside
telegraphers’ equation since the 1870s. Telegraphers’ equation
shares all the properties of the wave equations describing damped
oscillations and immediately raises questions about their wave
nature when applied to describe transport processes. This focused
our interest on telegraphers’ equation and its non-local gener-
alizations, such as fractional ones, as mathematical tools that
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could allow us to separate diffusion and wave-like properties
of memory-dependent hyperbolic evolution equations (like the
generalized telegraphers’ equation is) used in studies of anoma-
lous diffusion. As a test phenomenon, we considered the Doppler
effect for two reasons: namely, it is known how to identify signa-
tures of the Doppler effect present in the solutions to the standard
telegraphers’ equation, and this effect may also be sought in
the (1 + 1)-dimensional case, in contradistinction to phenomena
such as diffraction and refraction seen at least in two space dimen-
sions. Assuming that the generalized telegraphers’ equation in
consideration is its fractional version with Caputo fractional time
derivatives of the order 2 and a with a € (0,1], we studied
it perturbed by a uniformly moving harmonic impact. For this
equation, we found and compared solutions for two kinds of
boundary conditions: either those vanishing at 4+/— space infin-
ity or those equal to 0 at +I/ — I bounds of a finite domain. Using
the short-time Fourier transform, we investigated the possible
dependence of the solution frequency on the velocity of the exter-
nal source. We showed that for the infinite domain, the Doppler
effect is observable for « € (1/2,1], i.e., for memory-dependent
generalized telegraphers’ equations with at least one fractional
derivative of order greater than 1 and the standard memoryless
telegraphers’ equation. This means that the occurrence of the
Doppler effect is not necessarily related to the existence of a wave-
front. Solutions to the equation under consideration with « €
(0,1/2] lead to standing wave-type solutions that do not exhibit
the Doppler effect.

I. INTRODUCTION

The event that undoubtedly influenced the development of
telegraphers’ equation was the deployment of the first transatlantic
telegraph cable in August 1858. The cable was laid between Foilhom-
merum on Valentia Island (western Ireland) and Heart’s Content on
the east coast of Newfoundland. The project was a huge engineer-
ing challenge for the time, both in terms of the manufacturing itself
and the subsequent cable laying. However, from an electrical point
of view, the circuit used was rather simple. It consisted of a pair of
3000 km long wires with a DC voltage source at one end and a mirror
galvanometer at the other end used to detect changes in current on
the line. Messages were sent by an operator using the Morse alpha-
bet, which is a series of dots and dashes. This very expensive project,
unfortunately, did not yield good results. It took up to two minutes
to send a single character, which translates into a speed of about one-
tenth of a word per minute. It took more than 17 h to send the first
dispatch.' To overcome the problem of long information transmis-
sion times, scientists such as James Clerk Maxwell, Lord Kelvin, and
Oliver Heaviside began working on a profound understanding of the
physics of electrical impulse propagation in long cables. One of the
most important results of this work was Heaviside’s paper, published
in 1880, in which he presented his analysis of signal propagation
in cables using telegraphers’ equation that he derived.” Heaviside’s
work gave us the first conceptual understanding of the transmission
line and a set of mathematical tools still used today in transmission
line analysis. Telegraphers’ equation, originally used for transmis-
sion line analysis, also has other unexpected, versatile, far-reaching,
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and by no means less important applications, such as the descrip-
tion of heat transport in liquid helium’ or the description of the
so-called bioheat transfer occurring in biological tissues.”” As for the
theoretical relevance of telegraphers’ equation, it is worth recalling
that this equation has been extensively studied within the frame-
work of microscopic models related to phonon hydrodynamics and
the viscous heat transfer equation®™ and is used to describe heat
transport’'' as well as diffusion processes in a confined domain." It
can be derived using the persistent time random walk model consid-
ered in Refs. 13-16. Telegraphers’ equation has also been generalized
using the concept of fractional derivative. An equation of this type
(commonly called the generalized telegraphers’ equation, GTE) has
been used to describe anomalous diffusion,'’~*' thermoelasticity,*
and chemical reactions,””** as well as biological phenomena such as
heat conduction in muscles and blood.”

In this paper, we will consider the GTE of the Volterra type
with smeared time derivatives and an external harmonic point-wise
source. Sg(x, t) = Q8 (x — vt) cos(wyt) where Q > 0 and w, > 0 are
the amplitude and frequency of the signal generated by this source,
while v > 0 is the speed of the source. The GTE equation takes the
following form:*

t

! 1
f n(t—E)Bgzu()?;x,é)d€+;/ y(t = &)u(P;x, £)dE
0 0

+ [b* — @32 u(P;x, H) = Sp(x, 1), 1)

for t € R, and is equipped with initial conditions
uPin0) =@ and JuZixn| =w@. @)
t=0

Equation (1) will be solved using two kinds of Dirichlet boundary
conditions, namely,

lirin uP;xt) =0 (3)

and
u(P;—Lt) =u(p;LH =0. (4)

We recall that the y(f) and n(f) functions, appearing in Eq. (1),
denote the memory kernels responsible for the smearing of the first-
and second-order time derivatives, respectively. Memory effects
coming from smearing the time derivatives and realized by intro-
ducing functions y and 1, mean considering a non-local temporal
evolution scheme in which the current state of the system depends
on its previous history. For the case y (f) = n(t) = 8(f), where §(¢)
is the Dirac distribution, evolution is local and Eq. (1) becomes the
standard telegraphers’ equation.

The goal of this paper is to determine [based on the bound-
ary conditions given by Egs. (3) and/or (4)] whether we can classify
solutions to Eq. (1) as traveling or standing waves. To judge this
challenging problem, we aim to investigate whether we can observe
a velocity-dependent frequency shift (aka the Doppler, or Doppler-
like effect) in the solution u(y;x,t) when considering both types
of solutions. To achieve this goal, we will compare the solution
u(y;x, t) with the reference source provided by the standard, time-
local telegraphers’ equation with external harmonic impact, whose
solution is known to exhibit properties characteristic of the Doppler
effect.””* Thus, the paper is organized as follows. In Sec. 11, we study
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the GTE in which the time derivatives are smeared by the mem-
ory functions related to one another. Next, we solve this equation
under two kinds of boundary conditions. We assume that the solu-
tion vanishes either at 4+/— space infinity or at the boundaries
+1/ — I of the solution domain. In Sec. III, both types of solutions
are illustrated for local and fractional cases. Section IV presents
the numerical analysis of the frequency spectrum that characterizes
the solutions obtained so far. The results of our investigation are
summarized and discussed in Sec. V. Four appendices devoted to
lesser-known mathematical details supplement the main text of the

paper.

Il. SOLUTION TO THE GTE WITH A MOVING SOURCE

The GTE (1) is an inhomogeneous integrodifferential equation
in which the inhomogeneity is constituted by the external source
information, which is encoded in Sg(x,t). Its solution u(y;x,1t) is
the sum of upom (Y3, £) solving the homogeneous equation, i.e.,
Eq. (1) without Sg(x, t), and tiphom (75 X, £) being the special solution
of inhomogeneous Eq. (1). The information on the initial condi-
tions (2) is moved to upom (V; %, 1), Whereas uiphom (V3 X, t) contains
the knowledge about external source. The solution of the analyzed

pubs.aip.org/aip/cha

equation, this is
U(P; %, 1) = thhom (73 % ) + Uinhom (V5 %, 1), (5)

significantly depends on the assumed shape of memory functions n
and y. Details of considerations focused on the choice of the above-
mentioned memory functions were presented in Refs. 17, 29, and 30.
From a general point of view, the functions n and y appearing in
Eq. (1) could be any mutually independent well-behaved functions;
however, as shown in the above-cited papers, these functions must
be coupled as follows:

n(f)=/ y @)yt —§)ds. (6)
0

The justification for the above condition is as follows. For a func-
tion £, of class at least C%, for which the derivative at zero vanishes
the smearing of its first derivative denoted by °9 is given by the
expression

“0,f(t) = f y (£ — )3f(E)de.
0

The smearing of the second derivative of this function will be
given by

°9; (*a.f) (t)=/ y (= 10)0;, [70,, ft)]dty
0

t t
= / y(t—t)oy |:/ y(t — )0, (tz)dfz] dt
0 0

= / y(t—t) [y(O)atlf(tIH / 3y (v (1 — £)3,f(1)) dtz] d,
0 0

= / [y(t—tl)y(tl)f(O)Jr f y(t—tl)y(tl—tz)agf(tz)dtz] dt,
0 0

tr ph
= / |:/ y(t—t)yt — tz)aéf(tz)dtz] dt,.
o LJo

By introducing the variable £ =t — #;, we get

t —t,
“a.(af) 0= [ | rere-n- S)dé] 02 fitr)dts
0 0

from which the relation (6) follows.

A. The case of the infinite domain, i.e., solutions to
GTE satisfying the boundary condition (3)

With the above in mind, the first step toward the solution of
Eq. (1) with the boundary conditions given by Eq. (3) uses the joint
Laplace-Fourier (LF) transform.”’ It turns the initial-value prob-
lem into an algebraic equation, whose solution is given by the LF

transform of Eq. (5). From Eq. (1), we find that
iihom (P34,9) = P ()00 (0%, 57 () o ()
+ P20 (510,57 (5)) Wo (k) )
and
Bunbon (75,9) = D1 (873 6,57(5)) S, 9). (®)
The auxiliary functions present in Egs. (7) and (8) read

s+ 1/t
s+ s/t + b* + a’k?

150 (bZ;K,S) =
)
X 2 1
Dy (b5k,5) = N
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The inversion of the LF transform in Eq. (7) obtained by using the Efros theorem*>****~* reads

uhom()’);xa t) = / uhom(l;x)s)ff(%-st)d%-) (10)
0

in which

x+aé

o (15 %, £) = le % [uo<x—as)+uo(x+as>]+—e % f e [Io (ZZ—t a252—<x—r)2>
x—ak

x+at
+ aé—all <i a’€? — (x — r)2>i| dr + Le_ﬁ / (i‘/ a?k? —(x—r) )wo(r)dr, (11)
@E2 — (x —1)° 2at 2a x 2

(x

where

=+/1—472p?, and (12)

f&n =27 [P 7954, (13)
It is known that up,m (1;x, £) is nonzero inside the compact region
x € A(§) = [—aé&, a&]. Furthermore, it is the solution of the homo-
geneous telegraphers’ equation, i.e., Eq. (1) for Sg(x, f) = 0, which in
(x, t)-space for b = 0 can be found in Ref. 36 ([Eq. (102) on p. 303])
and/or Ref. 37 [Eq. (7.4.28)]. We point out that Eq. (11) for b= 10
is also in Ref. 27 [Eq. (4.4)]. The derivation of Eq. (11) by using the
integral transform method is shifted to Appendix A.

Since upom (7; %, &) is independent of external harmonic impact,
we concentrate on the special solution of the inhomogeneous
equation denoted as uinom (75X, &) and given by Eq. (8). First, we
take into account the convolution theorem, which states that the
Laplace transform of the convolution of two functions is the product
of their corresponding Laplace transforms. Next, we find the inverse
Laplace transform of Eq. (8) to be given as

t
Uinhom (V3 5 1) = / ! [‘71 (bZ;K,SJ;(S)) ;5] Srlic, t — &)dE,
' (14)
where

Srlic, ) = F[Sg(x, 1);k] = Qe™"" cos wyt. (15)

Thereafter, we proceed analogously as in the derivation of Eq. (11),
i.e., employ Efros’ theorem and the inverse LF transform. For
Uinhom (V3 X, 1), it results as

uinhom(J;;x) t) = % / Ccos (wO(t - s)) [Sl(x) t)g) +32(xx t,f)] ds&
0
(16)

where
76, (P,é) [
\/7

e} /2 — p2
S.(p:6) =f ¢ % sinh (a—py) & (»6)dy

0

2t

o hE) = (x+1/[t—€])]dp,

17)

—at

[
and

* 8, (p,
D LE) = (p 2 cos[ L

00 2
Gz(P,r‘E):f e sm(”’ = )g;(y,é)dy
0

with o defined by Eq. (12) and
& €) =27 [e?TOsE]. (19)

The derivation of Eq. (16) is presented in Appendix B. Note that
from the conjecture formulated in Refs. 29 and 27 and proved in
Appendix C of this paper, we know that for the memory function
y (¢) containing the Dirac-§ distribution, the solution (16) is nonzero
in the compact domain A(?).

G+ vt — ) ] dp,
(18)

B. The case of the bounded domain, i.e., solutions to
the GTE satisfying the boundary conditions (4)

Requiring the Dirichlet boundary and initial conditions given
by Egs. (2) and (4) we can solve Eq. (1) utilizing the separation of
variables method. To do this, we analyze a homogeneous equation,
namely, Eq. (1) with Q = 0, and assume that it has a solution of the
form

Unom (V3 %, 1) = X(x) T(1). (20)

Substituting this expression into Eq. (1) without Sg(x, t) and using
the separation of variables method, we obtain two equations for
the unknown functions X and T. For the first of them, the relevant
equation is

X (%)

dx?

+o X()—O 1)

with boundary conditions X(—I) = 0 and X(I) = 0. The Sturm-
Liouville problem related to Eq. (21) has eigenvalues 1, and cor-
responding eigenfunctions X,,(x) that are, respectively, equal to

22 (2n+1)°
)\nz% and Xn(x)=cos|:

T(2n+ 1)x

21 ] (@)

where n € Ny. Using the obtained eigenfunctions X,,(x), we look for
the solution of the inhomogeneous Eq. (1) in the following series
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form:
o0
U@ t) = Y a7 X, (x). (23)
n=0
By substituting Eq. (23) into Eq. (1), we obtain the following equa-
tions for the coefficients ¢, (y; 1):

/ Dt — )02, (P5£)dE
0

1 [ R N
+ ;f y(t—E)3ec,(V36)dE + Ny (v31) = L, (1),  (24)
0
where A, = b> + A, and

L= 291 [cos(R,1) + cos(Q-1)]  with Qu=m(2n+ 1)211 + wy
(25)

being the coefficients of the point-wise source Sg(x, ?) in the space
spanned by X,,(x). Equation (24) can be solved by taking its Laplace
transform. This leads to

T (735) = 7 ()0 (Aus s7(5)) cu(750)
o od
+ 72O (AsP(9) Zain|
+ 01 (A 5P (9) Li(s). (26)

Formally, Do(A,5s) and D1(A,;s) have forms of 1:)0(A,,; K,s) and
D1 (Apsk,5) given by Eq. (9) for k = 0 and b* = A, respectively.
Nevertheless, it should be noted that there is a significant difference
between these pairs of functions. Namely, Do(A,;s) and Dy (A,;s)
are defined only in s-space whereas the members of the second pair
Do(Ans &, 8) and Dy (A, &, 8) are given in (s, k)-space. Further, we can
rewrite 9 (s)Dy (A,,;sﬁ (s)) and p2(s)D, (A,,;s)? (s)) in the following
forms:

P©)00 (A sp(9)) =" — Aus Dy (Aus s (9) (27)

P20 (AP () =52 — 519D (AnssP(S))
— Aus7201 (A sP(9)) (28)

and, then, calculate its inverse Laplace transform, remembering
that Z~[s7!;¢] = 1 and £~ '[s7%t] = t. Using the properties of
the Laplace transform, ie., .2~ [s™"f(s);t] = [y (t — &)"'f(&)dE/
(n — 1! for n > 1, and Efros’ theorem, we have

Wi Ant) = 1— A, [ { / Vl(An;§)g;7(§,r)d$}dr (29)
0 0
and

vl()?;An;t)=t—r_1/ {/ vl(An;S)fp(cf,r)dS}dr
0 0

t oo
A, / { / vl(An;E)gy(E,r)dé}(t—r)dr (30)
0 0
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with g; (0'; 1) given by Eq. (19), f; (0; 7) given by Eq. (13), and

sinh (%«/1 — 4A,,1'2)
J1=4A,2

Vi (A f) = 277730 (31)

The coefficients ¢,(y;0) and ¢,(7;1)|—o expressed in terms of the
initial conditions (2) and in the basis X,,(x) read

1
ca(y;0) = %/ Uy (%)X, (x)dx and
-1
(32)

T i) 1fl (X, (0
—cn (P =— | wo(0)X,(x)dx,
dt 4 =0 I J, 0

and it turns out that they do not depend on the memory function
y (). Thus, we will rename them as ¢,(0) = ¢,(y;0) and ¢,(#) |0
= ¢,(¥;1)|s=0. For example, for the fundamental initial conditions,
ie., ug(x) = 8(x) and wy(x) = 0, we have ¢,(0) = I"! and vanishing
n () i=o-

Applying the Laplace convolution, as well as the Efros theorem,
the inverse Laplace transform of the last term in Eq. (26) figures out

t

27 [ A7 DTG ] = / L7 [D1(Ai 5P () 7] L(t — D,
0

(33)

In analogy to Sec. 11, we can also present u(y; x, t) as the sum of
the homogeneous solution given by

Uhom (?: X t)

> d
=Y X |:Vo()9; A 16,(0) + 11 (93 Ay t)d—tcn(t)]tzo] (34)

n=0

and the inhomogeneous solution that figures out
uinhom(),/\; X, t)

= ZXn(x) [/t,?_l [ﬁl(An;sﬁ(s));r] L(t— r)dr] . (35
0

n=0

I1l. SOLUTIONS TO GTES FOR CHOSEN EXAMPLES OF
MEMORY FUNCTIONS: MEMORYLESS, I.E,,
TIME-LOCAL, VS MEMORY-DEPENDENT CASES

In this section, we shall discuss solutions to the GTEs for the
case of a moving source and a stationary observer located at some
point x. To illustrate the problem, we will concentrate on two exam-
ples that differ by the choice of the memory kernel y and, in the
first case, we consider a localized memory kernel while in the next
case, we investigate a power-law kernel. Since the frequency shift is
suspected to be noted only in the inhomogeneous solution, we focus
solely on this part of the solution.
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A. Memoryless, i.e,, the time-local evolution

1. Time localized memory function: Solutions with
boundary conditions Eq. (3)

When y (f) = §(t), then we arrive at the standard telegraphers’
equation

1
Fu(l;x,0) + —du(l;x,t) + [0 — a®32Ju(L;x, £) = Sp(x, £). (36)

T
The homogeneous solution up,m(1;x, ¢) of this equation under the
boundary conditions (3) is given by Eq. (11), whereas its inhomo-

geneous solution inhom (15 %, £) can be obtained by using expression
(16). It yields

t [
Uinhom (13 X, 1) = g/ e ¥ cos[wot(1 — u)]
wa J,

X (31 (x) L, M) + 32(3‘: t, u)) du’ (37)

pubs.aip.org/aip/cha

where Egs. (17) and (18) reduce to

o sinh (;—r’,/a2 —p2> » 1 .
Jl(x,t,u) —/; WCOS [E (x+ Vt[ —Ll])] ip
and

oo sin (% pz—az) »
Ja(x, t,u) = /; W cos [E (x+vt[1 — u])] dp.

We recall that o is defined by Eq. (12) which for b = 0 is equal to
one, and Eq. (37) goes to Ref. 28 [Eq. (24)].
Taking first the Fourier transform and then the Laplace inverse
transform, we obtain an alternative form of Eq. (37), namely,
uinhom(l; X, t) = U(l, wo; X, t) + U(L —wo; X, t)s (38)

where

—t/(27) 1 - ¢
vlopnt = 2" g (t _ M) 1+ psignx, (r,wo;t— M) + | hont—8) | =A@ w0, (\/azfz — x2)

4C(t,wy) a

1-p2

at + Bx ol (,/azé2 —xz)
2(1-p)  Jag -

The auxiliary functions read

h(z,wo;y) = exp[A(, wy)y] sinh[C(7, wp)y], and

(40)
k(t,wp;y) = exp[B(t, wp)y] sinh[C(t, wy)y]
with 8 = v/a, and
. : 2
A(t,wp) = %, B(t,wy) = %,
(41)
C _ iwf (1_ i b? B ot \'?
o) =G ' "t W —4fzwg> -

Notice that for b = 0, the right-hand side of Eq. (39) is proportional,
as it should be, to Ref. 27 [Eq. (4.6)] and/or Ref. 28 [Eq. (13)]. Recall
also that to derive Eq. (39), we proceed similarly as in the case of
deriving Eqgs. (7)-(12) presented in Ref. 28.

2. Time localized memory function: Solutions with
boundary conditions Eq. (4)

The solution of the standard telegraphers’ equation under
the boundary conditions Eq. (4) is given by Egs. (34) and (35).
In the homogeneous part the auxiliary functions vo(y; A,;t) and
V(Y3 Aust) for p(s) = 1read

a xI/a

Qeioll/y

__@(t_ﬁ)k(r,wo;t_m). (39)
4C(t, wy) % 1%

V(L A t) = V(A t) = L7 [ st/ 't]

245/t + A,

t
—e % |:cosh (2—\/1 - 4Ant2>
T

1 t
+————sinh | —y/1— 4An12>] 42
V1 —4A,7? (21' (42)

and v;(1; A, ) = v (A, ) given by Eq. (31). The inhomogeneous
solution (35) can be presented as

o0

Uinhom (13X, 1) = Z[Inq(n; t) + Int_(n; )] X, (x). (43)

n=0
The integrals Inty (n; t) are equal to
Qr A, — Q2L
2L (A, - Q3+ Q2

t

X [cos(Qit) — ¢ % cosh (2—\/1 - 4A,,1'2>:|
T

Qr 1

2 A, - R + 2

A, + Q2 t
—:/(%Aie’ﬁ sinh (;\/1 — 4Anrz):| , (44)
- n

where Q. are defined in Eq. (25).

Inty(n;t) =

[Q4 sin(Q+1)
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B. Evolution dependent on power-law memory
function

As the second example of the evolution pattern, we consider
Eq. (1) with the memory kernel whose Laplace transform is given by
7(s) = s*!, where € (0, 1). In this case, Eq. (1) takes the form of
a fractional equation

1
DXu(x,t) + =Du(x, t) + [b* — a*3]u(x, £) = Sp(x, 1), (45)
T

with

(Cth) ) = 1 R

F(m—ﬁ) 0 (t_S)IJrﬂfmdé

denoting for m — 1 < B < m the Caputo fractional derivative of
order f8.

1. Evolution governed by the power-law memory
function: Solutions with boundary conditions Eq. (3)

The general method of solving GTE based on applying the joint
Laplace-Fourier transform was presented in Sec. II A. For the case of
Eq. (45), it boils down to using the functions gu—1(y,£) and f; (¥, §),
previously introduced by Eqgs. (19) and (13), and here given as

gs"‘*l(%s) Z(Da(yrg) and f“ 1(}/35) E(D ()’»f) (46)

in which @,(y,§) =
distribution.””*

To find the solution satisfying the boundary conditions given
by Eq. (3), we use expression (16) and, as in the previous exam-
ple, we set n = &£/t and determine &, (p, ) and &, (p, n) defined by
Egs. (17) and (18), respectively. Then, we remove the parts depend-
ing on t and u shifting them to the final expression tispom (s* 15 X, £).
That gives

y Ve, (Ey~1%) is the one-sided Lévy stable

to{ 1
Uinhom (813 %, 1) = Q— n*~" cos[wot(1 — n)]
2ma J,

X (1t ) +iJ2(x t,n)) dn (47)
where

6. n)

| e

Ity = [— G+ vel1 = )| dp,

pubs.aip.org/aip/cha

and
Foxtn) = j("%i)z cos [— (x+ vE[1 — 3]) ]dp,
(49)
e
&, (p.n) = Eua [(—1 —iVp? = o) ”21 ]
tﬂ
_Ea,ot |:( 1+l\/lﬁ) nz.r ]

The two-parameter Mittag-Leffler function E,, was obtained with
the help of the Euler formula for the sinus hyperbolic function and
the integral representation of E,, presented in Ref. 30 [Example 2
for $ = 1] or Eq. (D4) for u = a.

2. Evolution governed by the power-law memory
function: Solutions with boundary conditions Eq. (4)

To find the solution of Eq. (45) with boundary conditions
Eq. (4), we incorporate the method and results presented in
Sec. II B. The solution of Eq. (45) is equal to the sum of Eqgs. (34)
and (35), where X, (x) is defined by Eq. (22). At first, we calcu-
late upom (s* 15 x, 1), which contains the coefficients vo(s*~!; A3 1)
and v;(s* 7} A,;f). They are the inverse Laplace transforms of
(A3 s%) and Dy (A3 s%) defined by Egs. (27) and (28), respec-
tively. We calculate them with the help of (D1) which gives

VO(sa_l§An; t) = ]- - AntzaE(ot,Za);Zot+l (_ta/‘[) _Antza) (50)
and

151 (Sa_l; An; t) =t— T_l ta+1E((x,20t),m+2 (_ta/,[) _Antza)
- Ant2a+1E(a,2a),2a+2 (_ta/f) _Antza) . (51)

Equation (34) contains also ¢, (0) and ¢, (t) |~ for n € Ny which are
given by Eq. (32) and depend on the initial conditions u(x) and
Wy (x), respectively.

The solution wippom(s* 'x, %) contains Eq. (33) which, after
applying (D1), becomes

—2a
L7 (A st = 27 | —————
[D1(Awss®)s7] |:1+s—°‘/1: =Tl

= f’za_lE(a,Za),Zot (_711/‘[’ _A”rza) : (52)

Inserting Eqgs. (50) and (51) into Eq. (34) as well as Eq. (52)
into Eq. (35) we reconstruct the results obtained by using Ref. 39
[Theorem 2.4] or Ref. 40 for the Cattaneo-Vernotte equation. The
inhomogeneous solution figures out

(48) =
“ Uinhom s 3t
Gl(P!n) =Eot,ar |:(_1+\/ aZ_pZ) n2‘[ i| ~
g Z (x) {/ 1,2 E(O{ 2a), Za - —1711, _Anr,Zm) In(t - r)dr} .
_Eot,a |:<_1 - Uz_Pz) 1 ]; n=0
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IV. THE TIME-FREQUENCY ANALYSIS: NUMERICAL
STUDY USING THE SHORT-TIME FOURIER
TRANSFORM

In this section, we present the results of the time-frequency
analysis of the signals derived from the memoryless telegraph and
fractional telegraph equations discussed in the previous section.
These results will be illustrated using spectrograms. The analysis was
conducted using the short-time Fourier transform (STFT), defined
in both the time and frequency domains as

STFT!(t,p) = / b (DI (r — e P dr, (54)

STFTF(t,f) = e / SR (v — fe>™ dv, (55)

respectively. In the above formulas, s denotes the analyzed signal,
whose Fourier spectrum is denoted by 5. The h function is the
so-called temporal observation window with the Fourier spectrum
denoted by h. The square of the modulus of the short-time Fourier
transform is called a spectrogram. STFT in the time domain involves
performing a Fourier transform on successive fragments of the sig-
nal that are selected by a sliding window. In the frequency domain,
on the other hand, STFT involves the inverse Fourier transformation
of a fragment of the signal spectrum selected by a frequency-shifted
window spectrum. In time-frequency analysis based on the short-
time Fourier transform, the selection of a wide window h results in
high resolution on the frequency axis while lower resolution on the
time axis. Choosing a narrow window produces the opposite effect
described above. In all the results shown below, a wide Tukey win-
dow was used to generate the spectrograms. This window is defined

v=0.25 —
6 le—6
5
5
4

4
N
=z
o 3
23
[
3
o
o
w

> 2

1 1

0

2 3 2 3
Time [sec] Time [sec]

FIG. 1. Spectrograms of the signal (37) being the solution of standard
telegraphers’ equation for x =0, Q=0.1, = =1.0, a=1.0, b= 0.2, and
wy = 67.
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0.002 4
0.001
0.000 1
—0.001 4

—0.002 4

0,t)

0.002 -

u(l; x

0.001 A
0.000 -
—0.001 4

—0.002 4

FIG. 2. The signals (37) used for generating Fig. 1 for v = 0.25 and v = 0.75.
The remaining values of parameters are equal to x =0, Q=0.1, T = 1.0,
a=1.0b=0.2and wy = 67.

as follows:
1
h[n]:f|:1—cos< nn)], 0<n< LN,
2 OtTN (56)
N N
hin] =1, L
2 2

In addition, for 0 < n < g, the condition h[N — n] = h[n] is satis-

fied. Tukey’s window can be viewed as a convolution of a cosine lobe
of width 2 with a rectangular window of width N (1 — ). The

v=0.05 —
10 le—6 s
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5
¥ 7
- 4
o
c
s ° ;
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FIG. 3. Spectrograms of the signal (43) being the solution of standard telegra-
phers’ equation for x =0, @ = 0.1, t = 1.0,a = 1.0, b = 0.2, wy = 67, and
[=1.0.
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0.004 1 —— v=0.05
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0.000 A
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t

T -0.004

0.0041 — v=0.1

u(l;x=0

0.002 A

0.000 -

—0.002

—0.004 4

0 2 4 6 8 10
t

FIG. 4. The signals (43) used for generating Fig. 3 for v = 0.05 and v = 0.1.
The remaining values of parameters are equal to x =0, Q=0.1, 7 = 1.0,
a=10b=0.2 wy=6mr,and/ = 1.0.

parameter N is related to the number of samples of the analyzed sig-
nal. Spectrograms are widely used in various fields, including audio
processing, speech analysis, biomedical signal processing, and envi-
ronmental monitoring. They help identify patterns, features, and
anomalies in complex signals. By examining the spectrogram, one
can observe transient events, harmonic structures, and modulation
effects.”’

A. Memory independent evolution

The results of time-frequency analysis for the signal solving
telegraphers’ equation for two distinct boundary regimes are defined
by Egs. (37) and (43). Their spectrograms, calculated using two
different values of velocity v each, are presented in Figs. 1 and 3,
respectively. Here, the horizontal red line indicates the frequency
at which the maximum value of the spectrogram occurs. Note that

0002 y(1; x, t = 0.86)

0.001

0.000

-0.001

-0.002

FIG. 5. The signal (43) for v = 0.05. The values of parameters and initial position
X is the same as in Fig. 4.

ARTICLE pubs.aip.org/aip/cha

00021 u(1; x,t=0.86)

0.001

0.000

-0.001

FIG. 6. The signal (43) for v = 0.1. The values of parameters and initial position
x is the same as in Fig. 4.

Figs. 2 and 4, which show the signals for which respective spec-
trograms were generated in both cases, concern the case when
observers remain at rest at the origin of the coordinate system
(x = 0), and the parameters Q = 0.1, 7 = 1.0, a = 1.0, b = 0.2 and
wy = 61 are used. However, they were obtained for different ranges
of the source velocity and, additionally, for the signal (43) restricted
to the boundary domain |I| = 1.0. Differences seen at first glance in
the shape of plots and their possible explanation/interpretation will
be addressed below.

For the solution of the memoryless telegraphers’ equation in
the case of an infinite area of signal propagation (in fact, the equation
is equivalent to the one that describes damped oscillations), we
observe on the spectrogram Fig. 1 a shift in the signal frequency that

le—6 le-7
3.5
30 g
2.5
2.0
15 4
1.0
0.5
0
0 0

FIG. 7. Spectrograms of the signal (47) solving the fractional telegraphers’
equation for @ = 0.25. The values of parameters and initial position x is the same
asinFig. 1.
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FIG. 8. Spectrograms of the signal (47) solving the fractional telegraphers’
equation for @ = 0.75. The values of parameters and initial position x is the same
asin Fig. 1.

depends on the external source velocity. On the other hand, for the
solution of the same equation restricted to the finite area, i.e., with
boundary conditions (4), we do not observe any significant shift in
the frequency of the signal associated with changing the velocity of
the external source, see the spectrogram Fig. 3. But here, it is impor-
tant to note that the observation is made over a sufficiently long
period for the signal moving with the velocity a = 1.0 to reach the
area boundary, reflect off it, and go backward to meet and interfere
with much slower waves emitted by the external source. It comes
into play for time lapses approximately equal to 2 and larger, as seen

0.004
0.002 A
0.000 A
~0.002
)
o —0.004 -
I : - . . : : .
%
7 0.004 — v=075
%
< 0.0021
0.000 A
~0.002
~0.004
0.0 0.5 1.0 15 2.0 25 3.0

t

FIG. 9. The signals (47) used for generating Fig. 7 for v = 0.25 and v = 0.75
The remaining values of parameters are equal to x =0, Q=0.1, = = 1.0,
a=1.0b=0.2 wy =67 and o = 0.25.
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> —0.0010 4
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0.0010 -

u(s* 1 x

0.0005 -
0.0000 A

—0.0005

—0.0010 A

FIG. 10. The signals (47) used for generating Fig. 8 for v = 0.25 and v = 0.75.
The remaining values of parameters are equal to x =0, Q=0.1, = = 1.0,
a=10,b=0.2 & = 6w, anda = 0.75.

in Fig. 4. Such a scenario, if it happens, leads to the formation of
periodic oscillations interpreted as standing waves that have neither
wavefronts nor well-defined propagation velocities, and because of
that, do not manifest the existence of phenomena more or less iden-
tifiable with the common Doppler effect. However, for lapses of time
during which the signal does not yet reach the area boundary, the
solution Eq. (43) is the same as the solution Eq. (37). This encour-
ages one to ask for some deeply hidden traces of the Doppler effect,
which could be found if one studies the solution for a short, or very
short, time. To support these efforts, we present Figs. 5 and 6, in
which, for a sufficiently short time, one may observe a cusp in the

v=0.05
0.000
0.000

~

z 0.000

>
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£ 0.000
0.000

4 6 4 6
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FIG. 11. Spectrograms of the signal (53) solving the fractional telegraphers’
equation for & = 0.25. The values of parameters and initial position x are the
same as in Fig. 1.
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snapshot of the solution u(1;x,t), here plotted as a function of x.
According to the arguments given in Ref. 27, the occurrence of such
a cusp comes from the sudden change in the observed frequency,
which happens when the moving source passes by the observer’s
location. The effect may be considered a shadow of the Doppler,
or Doppler-like, effect. A similar conclusion, however, formulated
only qualitatively, may be deduced from the behavior exhibited by
the envelope of standing waves, as seen in Fig. 4. The time distance
that separates subsequent antinodes decreases with growing veloc-
ity v, which may be translated into the increased frequency at which
antinodes appear. Nevertheless, the frequency of component waves
that altogether form the standing waves does not change. Summing
up the considerations made so far, we remark that manifestations
of the existence/non-existence of the Doppler effect sought for solu-
tions to Eq. (1) with boundary conditions Eq. (4) put on are also
obscured by the fact that in our analysis we did not touch the
question of periodic boundary conditions and the problem how to
incorporate the external current into Eq. (1) in such a case.

B. Memory-dependent evolution |

Figures 7 and 8 show the results of the time-frequency analysis
for the solution of Eq. (1) for power-law memory for two differ-
ent values of the alpha parameter, namely, « = 0.25 and o = 0.75.
Recall that these values of the o parameter characterize, respec-
tively, the so-called “heat (diffusion)-type” or “wave-type” regimes
of the fractional diffusion-wave equation. The solution, defined in
an unbounded domain, is given by Eq. (47). For just mentioned val-
ues of «, they are shown in Figs. 9 and 10. The spectrograms reveal
a frequency shift for o set to 3/4. In contrast for « at 1/4, we do not
observe any significant frequency change despite variations in the
speed of the signal source. The insertion of power-law memory into

v=0.1 le—6
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FIG. 12. Spectrograms of the signal (53) solving the fractional telegraphers’
equation for @ = 0.75. The values of parameters and initial position x is the same
asin Fig. 1.
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FIG. 13. The signals (53) used for generating Fig. 11 for @ = 0.25.

Eq. (1) causes a faster decay of the signal that is the solution of the
equation compared to the solution described by Eq. (37) and for this
reason numerical results presented in Figs. 5 and 6 are limited to the
time interval [0, 3]. Based on our previous numerical and analytical
investigations, we can conjecture that a signal frequency change in
response to source speed variations will occur for the solution (47)
when the alpha parameter exceeds 1/2. Conversely, no such change
is expected for alpha values at or below 1/2.

C. Memory-dependent evolution Il

Comparing solutions to the GTE given by Eq. (1) with two dis-
tinct variants of boundary conditions put on we paid attention that
interpretation of our results in terms of the Doppler effect is clear

FIG. 14. The signals (53) used for generating Fig. 12 for @ = 0.75.
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FIG. 15. The signals (53) for v = 0.05 and different values of alpha.

for the standard telegraphers’ equation and highly suggestive for
its memory-dependent extension with o > 1/2 if infinite domain
boundary conditions are taken into account. Physically, adopting
such conditions means that we deal with waves that may travel
all the space and can be identified with traveling waves. For the
bounded domain, we face the situation in which standing waves
have to appear, and we can repeat arguments given in Sec. [V A—the
Doppler effect, if observed for longer lapses of time, should not be
seen. Figure 11 confirms this statement, but Fig. 12 does not. More-
over, the plots exhibited in Figs. 13 and 14 do not show similarities
with those of Fig. 4, they are of the type relevant for traveling waves.
Nevertheless, we keep claiming that solutions to Eq. (1) with bound-
ary conditions reducing its domain to be finite have the nature of
standing waves which do not exhibit the Doppler effect and that sig-
nals of the form given by Figs. 13 and 14 are artifacts whose causes
lie beyond our current knowledge—e.g., looking at Fig. 15 we note
that the signal is starting to show the standing wave properties only
for o = 0.99, i.e., for an equation which being almost telegraphers’
equation does not exhibit the Doppler effect if solved in the bounded
domain, see Fig. 3.
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V. SUMMARY

Throughout the paper, we considered the generalized tele-
graphers’ equation of the Volterra type, abbreviated as GTE, in
which the first- and second-time derivatives are replaced by non-
local time integrodifferential operators modeled by smearing the
usual time derivatives with some memory functions. According to
the composition rules and causality arguments, these memory func-
tions are mutually related to one another in such a way that the
smeared second derivative gives the action of the smeared derivative
on the smeared first derivative. This means that the time deriva-
tives involved in the equations under consideration are coupled
and that our model does not fit the class of fractional generaliza-
tions of telegraphers’ equation, which admit independent extensions
of the first- and second-time derivatives to their fractional coun-
terparts. Interested in exploring wave properties of this type of
memory-dependent equation, especially regarding possible man-
ifestations of the Doppler effect, we considered GTE perturbed
by a uniformly moving external harmonic source. We solved this
equation for the (1 4 1)-dimensional case under the initial condi-
tions stating that the solution and its time derivative at the initial
time are given by two functions that depend only on the space
variable x. Additionally, for the choice of boundary conditions, we
assumed that the solution of the GTE under study vanishes either
at x — Fo00 (infinite domain case) or at x = =/ (bounded domain
case). Depending on the boundary conditions considered, the solu-
tions were found to represent either traveling or standing waves.
In both cases, we illustrated examples of equations describing dis-
tinct models of evolution, namely, the memoryless, i.e., standard,
telegraphers’ equation or its Caputo sense fractional version involv-
ing power-law memory functions. 7>* with 0 < « < 1. To recover
whether the velocity at which the source moves influences the signal
frequency spectrum, we performed the numerical time-frequency
analysis using the short-time Fourier transform. For the infinite
domain case, intuitively identified with the physical picture of “trav-
eling wave,” it enabled us to state that a signature of the velocity-
dependent frequency shift seen for the memoryless case emerges
in the memory-dependent case if o € (%, 2) but remains unnoticed
if & € (0,1). Our results differ from previous findings*** accord-
ing to which postulated generalizations of telegraphers” equation to
the fractional ones in the Caputo sense split into two subclasses,
called the “wave-like” and “heat (diffusion)-like,” for which the
basis of differentiation is the existence or non-existence of a wave-
front, equivalent to the occurrence or absence of the Doppler effect.
Within the results coming from our considerations, manifestations
of the Doppler effect, or (more precisely) velocity-dependent fre-
quency shifts, may also be observed if wavefronts are lacking, which
is known to be true for typical non-local time evolution patterns.
Nevertheless, a full explanation of these phenomena remains an
open problem that, first of all, requires clarification of the notion
of signal velocity for memory-dependent time evolution.
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APPENDIX A: DERIVATION OF EQ. (11)

To calculate the inverse Fourier transform of Upem(Y;«, 1),
j=0,1, we use the Fourier convolution of ¥y (k,s) itg(x) and
D1 (k,s) wo (k). Hence, we obtain

/_OQ F! [1:10 (k,8)3x —y] uo(y)dy

00
o0
— / E s+ 1/.[ e L;yl s2s/T+b2
2

N “o()dy

(AD)

and

./;00 F1 [1:)1 (k,8);x —y] wo(y)dy

*a 1 N
= = e @ VIR w(yydy.  (A2)
/_002 24 s/T + b2 i

Finally, taking the inverse Laplace transforms of Egs. (A1) and (A2)
we get Eq. (11).
APPENDIX B: DERIVATION OF EQ. (1 6)

Since the order of Fourier and Laplace transform is arbitrary,
first we take the Laplace and then Fourier transform. Let us start

pubs.aip.org/aip/cha

with rewriting \:)1 (k, s) in the form

T 1 1 .
— |: — —i| if k € (—2arto,2ato),
1

- 1
s+ 2;01 s+ o

D (b k,s) = "
it 1 L
— | — — = otherwise,
P2 |:s+ —1;:02 5+1zrp2i|
(B1)
where
o1 = p1(k) = Vo? —4t2a’k?,
(B2)

02 = pa(K) = V4r2a’k? — o2,

and o is given by Eq. (12). For both of the above cases (Bl),
using Efros’ theorem, we determine the inverse Laplace trans-
form v, (b?; k., £) = f’l[sl(bz;x,s?(s));é] and get the following: if
k € (—2ato,2ato) then

- 2t [y . P1
b, E) = — 7 sinh ( =y ) gy (7, &)dy, B3
B (050, 6) m/o e F sinh (L) g 0n6)dn (B3)
and otherwise

O 2t (% 4 P
v (b%5K,6) = — | e ¥ sin (—y) &(.&)dy.  (B4)
P2 Jo 27
Taking into account the convolution theorem which states that the
Laplace transform of the convolution of two functions is the prod-
uct of their corresponding Laplace transforms, we find the inverse
Laplace transform of expression (8) as

: )
ﬂinhom(?;x,t)=/ L7101 (,57(9)) €] Sp(k, t — £)dE,  (B5)
0

where Si(k, t) is given by Eq. (15). Thus, we obtain Eq. (16) with
Egs. (17) and (18).

APPENDIX C: PROOF OF THE CONJECTURE
PRESENTED IN REFS. 29 and 27

The solution of the generalized telegraphers’ equation, in which
the memory functions 7n(#) and y (f) satisfy relation Eq. (6) and are
obtained for the initial and boundary conditions given by Eqs. (2)
and (3), is nonzero in a compact domain A(f) if the memory
function 7(¢) contains a §-Dirac decomposition.

Proof. The proof is based on the use of the integral decompo-
sition method to solve Eq. (1), where we take 7(s) = P?(s) where
7(s) = € + fi(s) and pu(®) = L7 '[1(s);t] is a Sonine function. In
the homogeneous solution of Eq. (1), the key term is f;(§,1) > 0
for positive arguments and f; (£, t) = 0 for non-positive arguments.
If it contains the Heaviside step function ®(-), then up,n (7;x, 1) is
nonzero in a compact region, namely,

foriw @ ) = e L7 e 5™ + 27 As)e e MY,
(C1)

After applying the inverse Laplace transform property, ie.,
L e Ph(as); t] = a~'O(t — b). L [h(s); (t — b)/a] (see Ref. 43
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[Eq. (1.1.2.1)]), we obtain

Forn E:1) = Ot — €) |:g;1 (sé - s) +elfy (sef - s)}
)

where f;, (-, —) and g; (-, —) are given by Egs. (13) and (19), respec-
tively. In the case of an inhomogeneous equation, whose solution is
given by Eq. (16), the same role is played by g.,; (¢, y) > 0 for posi-
tive arguments and g; (€, f) = 0 for non-positive arguments, which,
with analogous arguments as before, contains the Heaviside step
function. O

APPENDIX D: TWO-VARIABLE PRABHAKAR
FUNCTION

In this paper, we use the two-variable Prabhakar function™
defined by the inverse Laplace transform as follows:

a —1+a—pun
K% ls—;t
a15% + a,s% + a3
a as H
= P E a1 <_a—t“, — =P ) . (D1)
1

a;

Its integral representation can be found by using Efros’ theorem due
to which the left-hand-side (LHS) of Eq. (D1) reads

LHS of Eq. (D1)
t o0 —[L
_ a s
= ' ———;uld
/0. |:a152“+a23"‘+a3 u:| "

_ T ! . [ £
_/o{fo @ [alsz+azs+a3,s]$ [t ,u]ds}du.
(D2)

The first inverse Laplace transforms placed in Eq. (D2) is equal to

_ a1
LN
|:a152 + as + a; $i|

2a, exp (—2—‘;21- ) ‘ £ ;
= ——————%sinh | —,/a5 — 4a1a5 |, (D3)
Va3 —4aa, 2a

1

which for a;, =7, a, =1, and a; = tA, gives vi(A,;1) from
Eq. (31). Now, we use the integral representation of two-parameter
Mittag-Leffler function E, ,, deduced from Ref. 45, this is

7 By (—xt%) = / e g1 [s""“e’y‘a; t] dy. (D4)

0
Therefore, Eq. (D1) reads

az as
taJrHE(a,Za),aJrqul <_ - ta> I t2a>

ay a

——y

a t Y.
= ! X / ut! |:ELW <—2 >
Va; —4aas 0 a;

Y
— Ea, (_T;”a>] du, (D5)
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where

Y. =a, +./d} — 4a,a;. (D6)
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ARTICLE INFO ABSTRACT

Article history: The paper studies the exact solution of two kinds of generalized Fokker-Planck equa-
Received 7 January 2023 ) tions in which the integral kernels are given either by the distributed order function
Received in revised form 4 April 2023 ki(t) = fol t=*/I'(1—p)du or the distributed order Prabhakar function ky(a, y; A; t) =
Keywords: fol e;ylfﬂ()\; t)du, where the Prabhakar function is denoted as e;fjfﬂ(k; t). Both of
Anomalous diffusion these integral kernels can be called the fading memory functions and are the Stieltjes
Distributed order memory kernel functions. It is also shown that their Stieltjes character is enough to ensure the non-
Distributed order Prabhakar function negativity of the mean square values and higher even moments. The odd moments

Volterra-Prabhakar function of distributed
order
Bernstein function

vanish. Thus, the solution of generalized Fokker-Planck equations can be called the
probability density functions. We introduce also the Volterra-Prabhakar function and
its generalization which are involved in the definition of ky(«, y; A; t) and generated by

it the probability density function p,(x, t).
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The anomalous diffusion is characterized by the power-law mean square displacement (MSD), i.e., (x*(t)) =~ tH. It
encompasses the sub-diffusion (u € (0, 1)) and super-diffusion (i € (1, 2)). For u = 1 we have the normal diffusion and
u = 2 it is the ballistic motion. It is known that the sub-diffusion character is obtained by investigating the anomalous
diffusion, for example, either with fractional derivative in the Caputo sense or the Prabhakar derivative [1-5]. These both
fractional derivatives can be presented as fot k(t — £)9:f(§)d & in which k(t) for the Caputo derivative reads

K
K= ——— and  R(us)=s"". we(01), (1)
r(1—up)

and for the Prabhakar derivative one has k(t) = Kx(«, i, v; A; t),

- B p A\
Koo, . yidst) = e, (A:t)  and I<z(a,u,y;5)=1<1(u;5)<l+S—a> : (2)

* Corresponding author.
E-mail addresses: katarzyna.gorska@ifj.edu.pl (K. Gérska), tobiasz.pietrzak@ifj.edu.pl (T. Pietrzak), trifce.sandev@manu.edu.mk (T. Sandev),
zhivorad.tomovski@osu.cz (Z. Tomovski).
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0377-0427/© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/
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with A > 0, u € (0, 1), and « € (0, 1). The Prabhakar function e(};’ﬁ(t; )) is equal to

o r
y Ry X i y _ (¥ )z
ey p(A; ) =t"E, 4 AtY),  where Ey 5(2) = ; —r!F(,B o) (3)

is the three parameters Mittag-Leffler functions and (y); = I'(y + r)/I'(y) is the Pochhammer (raising) symbol. The
symbol 'A’ denotes the Laplace transform of f(t), this is f(s) = Z[f(t); s], where the Laplace pairs are s = t. From Egs. (2)
and (3) it follows that Ky(«, u, v; A; t) goes to Kq(u; t) either for A = 0 or t <« 1 because E:’l_#(—kt"‘) ~1/I(1— ).
For more information about the Mittag-Leffler function we refer to [6-11].

Despite the power-law MSD, in many experiments it is also observed a ultraslow-diffusion, for which MSD grows
logarithmically with time, (x3(t)) ~ In"(t). For instance, it is observed in the Sinai model [12] describing the one-
dimensional thermal random motion of a particle in a random potential, which is also related to the random-field Ising
models [13] and mechanical DNA unzipping [14,15], in the motion in aging environments [16,17], in iterated maps [18],
as well as in annealed (renewal) continuous time random walks with logarithmic waiting time distribution [19], to name
a few. It is generated by the distributed order memory kernels introduced in Refs. [20,21] and, next, considered in,
e.g., [22,23], in which the authors took the integral over u € (0, 1) of Eq. (1),

k(t)—/l oy and &(s)—/lsﬂld _s-1 (4)
e Tra- ot =, H= Sns

We can also integrate Eq. (2) over i € (0, 1) and consider the so-called distributed order Prabhakar derivative [1,24]:

1 3 . R 2 y
l<z(oz,y;k;t)=f e, 1_,(t)dp  and kz(a,y;k;5)=l<1(5)(1+s—a) , (5)
0

where «, y € (0, 1) and A > 0. Notice that the integral in Eqs. (4) and (5) can be arbitrarily changed by setting 8 = u+p,
p € N, which is used to determine the higher types of fractional derivatives. For instance, p = 0 was used in the anomalous
diffusion with distributed order derivative [20,21,23] or in its Langevin pictures [25]. The special case with p = 1 is used
in [24,26,27].

The memory kernel is involved in the generalized Fokker-Planck equation being the Volterra type equation,

/ k(t — &)0:p(x, £)d & = 3Z[B(x, t)p(x, t)] — dx[A(x, O)p(x, t)], (6)
0

where we assume that the diffusion B(x, t) and the drift A(x, t) coefficients are independent on time. Moreover, we take
B(x, t) to be a positive constant B and A(x, t) is equal to zero. We recall that Eq. (6) for k(t — &) = §(t — &) is the
Fokker-Planck equation. The fundamental solution of Eq. (6) with B > 0 and without the drift term, i.e. A(x) = 0, in the
Fourier-Laplace space reads

- k(s)
plk,s) = ——— (7)
sk(s) + Bk2
and taking its inverse Fourier transform we get
. 1 [sk(s) /50
X,S)= —y/—¢€ B, 8
p(x,s) =\ B (8)

Due to the Bernstein theorem A we conclude that p(x, t) is a probability density function (PDF) if p(x, s) is a completely
monotonic function (CMF), i.e., it is a non-negative function belonging to C* whose all derivative alternate. It is satisfied
in twofold: either (a) for [k(s)/s]'/? being CMF and [sk(s)]'/? being the Bernstein function (BF) or (b) for [sk(s)]'/? being
the completely Bernstein function (CBF) [28].

Remark 1. From (b) and the property (a2) in Appendix A follows that slAc(s) = lf/(s) is CBF, which implies that there
exists conjugated with it a CBF function @(s) = s/lf/(s) = 1/k(s) [29, Proposition 7.1]. Moreover, from [29, Theory 7.3] it
appears that k(s) is a Stieltjes function (SF) which with conjugated with it another SF M(s) = 1 /@(s) forms the Sonnine
pair [30,31] satisfying the Sonnine equation, e.g. [32]:

k(s)M(s) = s ". 9)
Thus, Eq. (8) solves also

plx. £) = polx) + /0 M(t — £)B2p(x, £)dE. (10)

where po(x) = p(x, 0) for the fundamental solution is the §-Dirac distribution. Notice that Eq. (10) is the Sonnine partner
of Eq. (6) and can be obtained by inserting Eq. (9) into Eq. (6), as is shown in [8].

2



K. Gorska, T. Pietrzak, T. Sandev et al. Journal of Computational and Applied Mathematics 433 (2023) 115306
The brief description of CMF, BF, CBF, and SF are presented in Appendix A.

Remark 2. We note that the generalized diffusion Eq. (6) can be obtained within the continuous time random walk
theory, by parametrizing the random walk x(t) in terms of the number of steps u via the following coupled Langevin
equations [33], see also [11],

x(u) = ¢(u),
) = E(u).

Here u is called the operational time, which is connected to the physical time by the total t(u) = foué(u’)du’ of the
individual waiting times & for each step. Furthermore, ¢{(u) is a white Gaussian noise (({(u)) = 0 and (¢(u)¢(v)) =
28(u — “/)); while &(u) is a generalized stable Lévy noise with a characteristic function L(u, s) = exp[—usk(s)] and Lévy
exponent ¥(s) = sk(s). This so-called subordination approach can also be used to show the non-negativity of the solution.
Therefore, for the memory kernels (4) and (5) the corresponding Lévy exponents read as ¥i(s) = (s — 1)/Ins and
&(a, YA S) = lfﬁ(s)(l + As™¥)”, respectively.

In this paper, we give the exact solution of the generalized Fokker-Planck equation with distributed order derivatives
as well as calculate the exact form of its MSD. The paper is organized as follows. Section 2 is the mathematical background
of further consideration. We introduce the Volterra-Prabhakar function and its generalization as well as we study their
properties. In Section 3 it is shown that the Volterra-Prabhakar functions appear in the definition of memory kernels k;(t),
ky(a, y; A; t) and their Sonnie partners. The MSDs as well as the higher moments are calculated in Section 4 whereas the
PDFs is found in Section 5. The paper is concluded in Section 6.

2. Volterra-Prabhakar function

Volterra’s function is defined as follows [34,35]

t _ ! LA n 1 and t>0 11
M’&a%_FU+ﬂL£ Tutat+1n ® «(f)>—1 and >0, an

whose particular cases are
a=8=0: v(t) = u(t, 0, 0),
a#0,=0: v(t, a) = ult, 0, o),
a=0 B#0: pult, p)=ut, B, 0).
The Laplace transform of the Volterra’s function wu(t, 8, «) is given by [34]

1

2L, B, a); sl = s (12)

More information about Volterra’s function can be found in Refs. [34,36-40]. Here, we present some properties of the
Volterra’s function, which are used in the paper.

Proposition 1. Fort > 0, « > 0, and p € R we have

/O £t — £, p)dE = I(a)v(t, a + ) (13)

and in particular

/ (e — £, —a)dE = I'(a) ().
0

Proof. Proposition 1 can be proved by direct calculations in which we involve the definition of the Euler’s Beta function
B(x,y) = I'(x)I"(y)/I"(x +y). These calculations read

C et _ Y 1 /t a=Tl¢p  g\U+p :|
/(;S v(t E,p)dé—/o —F(1+p+u)|:0§ (t—=§)"Pdé&|du

o] tu+a+p ( )
= —— Bla,1+p+u)du 14
A 'l4+p+u) { P+u)
[ee] tu+ot+p
= I'(&) du
o I'l+a+p+u)

Using the definition of Volterra’s v function for the integral in Eq. (14) we complete the proof. O

3
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Proposition 2. Fort > 0,x € (0,1), y € R, and p € R we get

(a)
f r eerde =3 M
vt =g p)e (i 6)dE =) =t an + p), (15)
n=0 ’
(b)
v(t,an+p) = / ea u+p+1(t Adu (16)
0

n=,

where the Pochhammer (raising) symbol (y), is defined with Eq. (3).

Proof. To prove Proposition 2(a) we use the series form of the Prabhakar functions (3) and change (in a legitimate way)
the order of integral and series. Hence, we get

[ v .met g 106 = Zn,r) S [ et - g e,
0

The use of Eq. (13) allows one to obtain Eq. (15). Thereafter, representing the right-hand side (rhs) of Eq. (16) by the
definition of Volterra’s function and changing the order of series and integral we have

[e¢]

(=) ut M)
Z - (yv(t,an+p) = / pznvru+p+an+1)du

n=0

where the series constitutes the three-parameter Mittag-Leffler function (3). In this way we proved Proposition 2(b). O

Let the function
o0
€y p(Ast) = /0 e’ wipr1(As)du (17)

be called the Volterra-Prabhakar function which for y = 0 and/or A = 0 reduces to v(t, p) It has the following properties:
(A) Applying the Leibnitz rule for differentiation under the integral sign in (17), this is (k ty=e’ , (A;t)[6,10],
we obtain the following recurrence relation:

n
den

In particular, %[60}:,”()»; )] = € o(A; t), 45 [ea (A 0] = €4 (A5 t), Cf—[ (A )] =€)
we obtain the general form

n

T e O = € (3 0, keN.

(B) Next, we give a convolution relation between Volterra, Prabhakar, and Volterra-Prabhakar functions. Since,

£ [eg[”p()\; t); s] Lut,B—1,a—1);s] =2 [e(’;’p(k; t); s] Zul(t, B, a);s],
by the convolution theorem of the Laplace transform, we obtain,

6;/717()"; t)*l’L(ta /3 - 1s o — 1) = e(};,p()\'; t)*u“(ts 131 a)

Furthermore, from
& el (A t)is]z [eg‘p,()»; t); s] = f[ y:ip/(?» t); ]«ff[v(f); s],

we get the convolution semigroup property

dt“ a,f—n

lel ,(A; )] = € pn(rit) for neNp.

(A; t), etc., i.e., by induction

o, 2n

L txel st =€t (A t)xu(t).

In partlcular,
g A t)x€q p(k t) = u(t, 1, 1).

In order to evaluate the integral representation of €., p(A;t) for 0 < o < 1, we consider the inverse Laplace transform of
the Volterra-Prabhakar function.
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™

Fig. 1. The Bromwich contour.

Proposition 3. The Laplace transform of the Volterra-Prabhakar function € p(A; t) is given by

sozy—p—l
<z [eo}z/,p()"; t), S] = m =Y [eg,p()\,; t) * V(t), S] . (18)

Proof. Notice that Z[e} p(A; t); s] contains two integrals: one of them is placed in the direct Laplace transform and another
one is settled in the definition of the Volterra-Prabhakar function. Changing the order of these integrals the proof of
Proposition 3 follows immediately. O

Notice that Eq. (18) can be also presented as
Zleh(hit)s]=5P(s — 1) ko, v As ).
The use of Eq. (5) in which by appropriate chose of the values of «, y, and A, enables us to write
.Z[e[},(—l; t);s] = s’p’llAcl(s).

By using the already established integral representation results and certain earlier investigations by Stankovié,
Tomovski et al. [41] in a lucid and transparent way, gave an elegant proof, that the function eg’ (A; t) is CMF under
the conditions «, 8 € (0, 1), ¥y > 0 and ay < . Alternative proof can be obtained by taking the product of two CMFs,
i.e., t#~1 and three parameters Mittag-Leffler function E;’, ﬂ(—x). The mathematical rigorous proof, being the extension on
Pollard’s proof presented in [42], that E;”B(—x) is CMF can be found in [9].

Example 1. Using Bromwich integral for inverse Laplace transform of (17), we will find integral representation for
Volterra-Prabhakar function with A = 1 and 0 < « < 1. The complex integral can be evaluated by taking into account
that the integrand has the branch point at s = 0 and the pole at s = 1. The point s = exp(izr) = —1, (for @ = 1) is
isolated singular point. For all non-integer values of «, the power s® is given by s* = |s|%e!®28) where |arg(s)| < 7, that
is, in the complex s-plane cut along the negative real axis. The Bromwich contour used in the integration is presented in
Fig. 1. The contour consists of the straight line AB, a large semi-circle of radius R, a small circle about the origin, and a cut
along the negative axis. According to the Jordan lemma, the integrals over the large semi-circle parts BC and GA vanish as
R — oo. Thus contributions to the integral come only from the loop H, starting from CD, encircles the circular disk DEF
and finishes to the lower side of the negative real half-axis, i.e., FG parts of the contour and from the pole at s = 1. The
residue at this point is ef /27. For oy — p > 0 the integral over the small circle DEF vanishes when ¢ — 0 and therefore,

1 c+ioco AV =P et
e (Lhit)y=e! (t)=-— et —————ds= — +f,(t),
ap(10) = € (1) 27 /C_ioo (s* +1)slns 2y +ap(t)

where

1 sV =P
()= — [ e ———ds= 2K} (r):t].
a.(t) Zni/H (s* + 1)slns [ a.p(") ]
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r ! r
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Fig. 2. Linear-linear (left) and log-log plot (right) of the function ZVE&’,W for « = 0.4.

By applying the Titchmarsh formula [43, Eq.(11.6.5) on p. 316], it follows

1
KO)C/,IJ(r) = —;jm {(

rey—p eiﬂ(ay_p) }

re e 41y (rei”)In(r i)

roev—p-1 elt(ay—p-1)
R m { (reefme 1) (im + lnr)} '
Next, we remove the imaginary part from the denominator. To realize this purpose we multiply and divide Eq. 1 by
[r* exp(—imra) + 117 = |z|” exp[— iy 0,(r)] and (— iz + Inr). Thus, we get
elm@r=p=1) 717 e=ir8()(— jzr 4+ Inr) }

1z|% (72 4+ In? 1)

y rov=p 1
Ky ,(r)=— - Jm {
with

lz| = [r** 4 2r* cos(ma) + 11> and  6,(r) = arctan [ Tt :| :

cos(ra) +r—«
Then, the spectral function kernel K ,(r) can be written as

re?=P=1 (Inr)sin[(ay — p) — y0u(r)] — 7 cos[w(ay — p) — yOu(r)]

Ky ,(r) = 5
[r2® 4 2r* cos(war) + 117/2(72 + In* 1)
Finally,
e o -
el ()= T /0 e K} ,(rdr, (19)
where I?g,p(r) = —KJ ,(r). Since €, ,(0) = 0 then from Eq. (19) we obtain the following result

® 1
/(; Ky ,(r)dr = TR

We ask now, under which conditions on parameters, the kernel K p(r)isa negative function, i.e., Rgf p(1) is positive in
respect to r? Since r2*+2r% cos(ra)+1 > r2*—2r*+1 = (r*—1)?> > 0 and 72+In’r > 0, one option K (1) to be negative
isa €(0,1/2], y > 0,and ay = p or ay —p = 2k, where k is integer number. In this case, 27’Ko’,’p(r) = ZVK,i/w(r) > 0or
2VI<O’,/ p(r) = 27K, K’ _(r) > 0 are the densities of a probability measure concentrated on the positive real line (see Figs. 2,
3,and 4). If p = 0 y > 0 then we will analyze the sign of the argument y[wa — 6,(r)] of sin and cos functions. So, if
a€(1/2,1)and 0 < r < 1 then

sin(ra) r~*tan(ma)

tan(ra) — = <0,
cos(ra) +r—¢ cos(ra) +r—¢

sin(ra)
or tan(ra) < oSl

function for 0 <r < 1

ie, ma < 0,(r). Hence, y[ma — 6,(r)] < 0, i.e., Eg,o(r) > 0. So, ZVE;’YO(r) represents density
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Fig. 3. Linear-linear (left) and log-log plot (right) of the function ZVEKW for y = 3.0.
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Fig. 4. Linear-linear (left) and log-log plot (right) of the function 2Vk¢{ay for y = 2.0.

By applying the Bernstein theorem, we obtain the following results:

Proposition 4. Let y > 0. The following assertions hold true:

(a) €l ,(t) — ;—;tis CM on (0, 00) for « € (0, 1/2] and oy — p = 2k, k € Z;
(b) €} .ay(t) — % is CM on (0, 00) for o € (0, 1/2];
(c) € o(t) = 57 is CMon (0, 1) for « € (1/2, 1],

Consequently, under the same conditions, the functions of the previous proposition are log-convex, since every CM
function is log-convex, see [44]. In particular, for y = 0 we obtain the integral

1 /OO e~ (Inr)sin(zp) + 7 cos(zp)

vit,p)=€° (t)=¢e' — —
(£:P) = €a,(0) T rp+1 72 +1In’r

dr.

Hence,

=1.

—r

/°° 1 p+1(lnr)sin(np)+ncos(np)dr
0 T n24+1n’r

For p € [0, 1/2] the integrand of the last integral is positive, so it represents a PDF. Furthermore, for y = p = 0, we
obtain the Ramanujan integral (see [38, Eq. (16.2.3) on p. 27])

et 1

r nz—i—lnzrdr.

(t) = €go(t) = €' — /000
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Hence,
o
1 1
[t e
o Tm24+In°r
The integrand of the last integral is a positive function, so it represents a PDF.

Proposition 5. The following assertions hold true:

(a) The function e* —v(t, p) is CM and log-convex on (0, oo), for p € [0, 1/2];
(b) The function et —v(t) is CM and log-convex on (0, co).

The cases 1 < « < 2 and y € N we leave for the reader. For an idea, we refer to Ref. [41].
A more general form of the Volterra-Prabhakar function, associated by (11) is

o0
€r 5o t)_/ uPel (s t)du, (20)
0

which we will call Volterra-Prabhakar function of distributed order. In particular, ea 0.p(Ai t) = eg,p(k; t).
Without proof, we will present slight generalizations of Propositions 1 and 2.

Proposition 6. Fort >0, «, 8 > 0, A, y € R we have

(a)
t
/ Y7 u(t — &, B,a)dE = I(a) u(t, B, 2a),
0
(b)
‘ y =L (=)
/O ut—§&, B, a)e, 4(A;§)d§ =n§ o o i(t, B, an +a + B),
(c)
y e (A
ea,ﬂ,a-t,-ﬂ()" t)_Z ! (t,,B,om—i—a—i—,B).
n=0 :

Proposition 7. The Laplace transform of Ea p.p(A; t) for Re B > 0 reads
oy —p—1
(s + A) (Ins)+A"

Furthermore, the following convolution relation holds true,

ot /3 p()" t) - e)/ ()" t)*“’(t’ :350)

Zley g p(A;t); s =T(14 )

Proof. The Proposition 7 can be proved by direct calculations in which we use Eq. (20) and change the order of integral
with the integral defining the direct Laplace transform. Hence, we have

o0 o0
f[éaﬂp()% t);5]=/ uf [/ ee Zu+p+1()‘ t)dt]du
0 0
say—p—] o]
= —/ uPs~du.
(s* + 1) Jo
The use of [~ ufs™ du = I"(1+ B)(Ins)~'~# finishes the proof. O

Proposition 8. Fora >0, 0 <Me f < 1,0 <NRes <Rey < 1—NRe B, p € R the Mellin transform of €/
by

. B, o(t) is given

—af X/
v Ca afm v\, D+ 8 pt+s s
Meq 5 05 S) = —S)kg;( h )“T +0f = =y + = =01,
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Proof. Using the Mellin transform formula for Prabhakar function,

Vo v LTI (y —s)
MNE, ,( t),S]—F(y) @ —as) (0 < Re s < NRe y),

we have

MeX . (t):s] = Oouf’ oorS” (t)ydt |d
’ea,ﬁ,p ’ 0 0 au+p+1
o0
:;/ Ar(EEPTS) p V_M du
al'(y)[(1=5) Jy o o

af ®© p+s p+s
_ B TR
‘r(y)m—s>f ”F< * )F(y YT )d”’

Let us use | = 2 and apply the definition for the gamma function

] / uﬂ[/ / —(x+y) LH-’ 1yy u—I— ldxdyi|du
u
:/ / e‘("+3’)xl‘1y’/‘l_1dxdy/oouﬁ (i) du
o Jo 0 y
00 oo ~(p+1)
=r+1) f / oY) yl=1yr=i=1 (m%) dxdy.
0 0

Recently, Maryam Al-Kandari et al. [45] introduced the following integral operator

a
(Tof Yx ff (rrte) tz’glf<x—Tb1>dr1df2.
O

Takinga=b=1,x=1,a=1—1, 8=y —land f(1r;/12) = [In(r;/71)] A+, we get
J=T(B+1) T, In"P=1)(1).

Substituting x+y = v and y/x = w, we obtain x = v/(14+w), y = vw/(1+4w) with Jacobi-determinant -
and

((xy — v/(1+w)2

]:F(,B—l—UF(y)/OO w1 4+ w) 7 (Inw) BV dw
0

=I(B+ DI (y)Ui+)2).
where
1
Ji = / w1+ w) 7 (lnw) PV dw
0
and
oo
b= / w14+ w) 7 (Inw) P dw.
1
To solve the last integrals, we will apply the integral 14, p.552 given in [46],

T\t et =\ (s 1
/ (l“)?) (wy %7 ””;(k)wwqy

(p>0,q>0,r>0,0<s<r+2)

withr =—8,p=1q=1,s=y. Namely,

1 1 —(B+1) 5
12=/0 (lnz> ( o7 — dw=1TI(- ,B)Z( )l—l—k)

Analogously,

h==1r=p)>" (‘V)(y — I+ k).

k
k=0
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Then,
h+hL= F(—ﬂ)z <_ky>[(l+ k)P — (=y+1- k)ﬁ]
k=0

(ReB>0,0<Rey <1—Rep) O
3. The distributed order prabhakar kernel and its sonnine partner

The distributed order kernel IA<1(s) and distributed order Prabhakar kernel IA<2(a, y; A; s) fulfill Kochubei’s limits given
by [47, Egs. (3.1) and (3.2)] from which it appears that [sk;(s)]~! and [ska(c, y: A;s)]7! vanishes at s > 1. Hence, both of
them can be called the fading memory function [48,49].

In Ref. [24] it is shown that IA<1(5) and IA<2(a, y; A; s) are SFs and they can be presented as slAq(s)/s and sIAcz(a, Y A;S)/S,
where slA<1(s) and slA<2(oz, y; A; s) are CBFs (Athe property (a6) in Appendix A). It guarantees that Remark 1 is satisfied which
means that exist the Sonnine partner of k{(s) and ky(«, y; A; s). Namely

-y
) = —— = 2 and Bhle,yihis) = Ly(s) (1 + i) , 21)
skis) s-—1 ska(a, v A;8) s*
and «, y € (0, 1) with A > 0.

The asymptotic behavior of kq(t), ka(c, y; A; t) and their Sonnine partners at short time t can be found by applying

the following Tauberian theorem [50].

Theorem 1. Forf(s) = Z[f(t); s] such that for s — 0 it can be presented as

f(s):s*L(l), for p >0,

N

then
f(t) ~ L tPL(L), t — 0o
I'(p)
for L(t) being a slowly varying function at infinity, i.e., lim;_, % =1 forany a > 0.

Proof. The proof of this theorem is presented in Ref. [50]. O
Tauberian theorem is also valid if s and t are interchanges, that is s — oo and t — 0 [50].
Example 2. The asymptotics of IA<1(s) and IA<2(oz, y; A;s)ats — 0 read
1 .
and  ky(a, y; A;8) 2 AV ————,
sIn(1/s) e,y 25) In(1/s)
for o, y € (0, 1) and A > 0, which from Theorem 1 give

M)~ and ke yiat)~ 1
= 2OV = T Y ay) Int’

S—(l+ay)

ki(s) ~

for t — oo.

We note that at s — oo we cannot apply Theorem 1 since IA<1(5) and lAcz(a, y:s) can be only approximated by (Ins)™!

without any power function.

Example 3. The asymptotics of 1\711(5) and 1\712(01, y; A; s) for small and large s read, respectively
I\A/Il(s) ~In(1/s) and 1\712(05, y; A s)~s*1In(1/s) for s—0

as well as
Mi(s) = My(er, y; A;s) ~s 'lns  for s — oo.

Then, we cannot apply Tauberian’s theorem (Theorem 1) because p = 0 and/or, respectively, p = —ay which for
o,y € (0, 1) gives negative value. For s 3> 1 Theorem 1 gives

1
M;(t) = Ma(a, y; A5 t) >~ In . for t — 0.

The use of the Laplace transform of convolution allows one to invert Egs. (5) and (21), as well as express the distributed
order Prabhakar kernel and its Sonnine partner in the forms which correspond to kq(s) and M;(s). Indeed, we have

10
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t
kz(%)ﬁ)»;t):/ kit —&)e, g(A; £)dE (22)
0
and
t
Ma(a, y; 2; t)=/ Mi(t —&)ey o(2; £)dE. (23)
0
Moreover, the inverse Laplace transform of IA<1(s) gives
> 1\ 1
ki(t)=¢ 1— - s st =v(t, —1) — v(t), (24)
where v(t, p) and v(t), for p € Z and t > 0, belong to the family of Volterra’s function presented in Section 2. For
Mq(t) = 1[M1( s); t] we take the inverse Laplace transform and use [51, Eq. (2.5.2.2)]. That allows one to get
1 1
My(t) = et 2! [@ t] — — el Ei(—t), (25)

where Ei(—t) = — ftoo exp(—u)/u du is the exponential integral. Next, we substitute Eqs. (24) and (25) into Egs. (22) and
(23), respectively. In the case of ky(«, y; t) Proposition 2 enable us to write

o n

kol yihit) =Y =

n=0

_V)n [V(tv on — 1) - \)(t, an)] )

where v(t, -) is Volterra’s function and (y ), is a Pochhammer (raising) symbol. The same result we obtain by taking the
inverse Laplace transform of IAcz(a, y; s) in which we first present (1+ A/s*)" as the series indexed by n € Ny. The crucial
step consists on calculating .~ '{s~*"J[In(s)]~!; t} with j = 0, 1. That can be done by employing Eq. (12). Moreover,
Proposition 2b and Eq. (16) allow us to express ky(«, y; t) as the difference of Volterra-Prabhakar functions,

kala, yi dst) = €, (A 1) — €, (A 1),

To get the exact form of My(«, y; t) we will use Eq. (22) for which we substitute Eq. (25) and apply the series form of
the three parameters Mittag-Leffler function given by Eq. (3). That gives

t e¢} . _)\‘r
Mz(Ol, Vs A t) = _/ eE El(—.’;:) Z M(t _ E)Olr—l dg
0

!
— ! I'(ar)

—_OOM tf'_ _ gyar—1
= ; e foe Ei(—£)(t — &)1 dg, (26)

where we change (in a legitimate way) the order of sum and integral. The integral in Eq. (26) can be calculated by using [52,
Eq. (2.5.1.7)] which implies

v+ ar)

) 27
(O[T)j ( )

t (o]
/ e Ei(—£)(t — £) 71 dé = I'(ar) In(t) ey 14ar(t) =t > ¢
0

j=1

where ¥(z) = ;—z In I"'(z) is the digamma function such that y(1) = —C ~ —0.57721 is equal to the Euler-Mascheroni
constant taken with minus sign. Inserting it into Eq. (26) allows us to find the exact form of M;(«, y; t), namely

M2<a,y;x;t)=1n(%)2(; Ph iy e11+w(r)+z i Zf 1yU+an) (28)

(ar);
in which we employ the series form of three parameters Mittag-Leffler function and Prabhakar function. At short time
t < 1 from the asymptotic of three parameters Mittag-Leffler function we have eq j44,(t) >~ t*"/I'(1 4 ar) [6]. That
implies that the first term of Eq. (28) which contains the logarithmic function is proportional to In(1/ t)E;’J(—)»t“) which
for t « 1 gives In(1/t). The second term with two series at short time vanishes because for t — 0 the only term which
can survive is for r = 0 and j = 1 that gives y(1)/I"(0) ~ 0. As a conclusion we can say that Eq. (28) reconstructs the
behavior of My(«, y; A; t) found with the help of Tauberian theorem (Theorem 1) at t < 1.

11
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4. Mean square displacement and higher moments

The PDF py(x, t) = 2 '[P;(x, s); t], where p;(x, s) is given by Eq. (8), is symmetric function with respect to x. Thus, all
its odd moments vanish and only the even ones are different from zero which for n € Ny read

") = /xznp,;(x, t)dx =271 [[ X*"pi(x, s)dx; t}
R R

-1 n d2n —ikx o
=Y (-1) e pilx,s)dx; t ,
R

2n
dx =0

(29)

where we used x*" exp(— ikx) = (—1)”% exp(— ixx). The integral in Eq. (29) is the Fourier transform of p;(x, s), so we
can write
2n
Xty =27 [(—U"mm(x, s); t}

with f),;(/(, s) given by Eq. (7). Setting now y = iK\/B/[SlA((S)] we get

d?" - B 1"1d*™" 1
- D ,8)=(—-1 n _ _
g Pt s) =(=1) | sk(s)] sdy*1—y?

. B 1"1 d* 1 1
= (_1) 7 e 2n +
| sk(s)] 2sdy" |1—-y 1+y
[ B 7" (2n)! { 1 N 1 }
[sk(s)] 25 [(1—ypmtt - (Q4ypntt ]’
Finally, at the limit of y = 0, we obtain an extreme equal to 1.

XN = 2n)! B 2~ s [sk(s)]"; ) = (2n)! B .2 [sTIM"(s); t]

¢ R (30)
= (2n)!B" / Z7M"(s); u]du,
0

where we apply the Sonnine Eq. (9).

All the moments (xz”(t))f< for IA<(s) = lAq(s) and IAc(s) = IAcz(oe, y; A; s) are non-negative which follows from the property
(a1) given in Appendix A. Indeed, at the beginning of Section 3 it is shown that sIA<1(s) and sIAcz(a, y; A; s) are CBF. Thus,
due to the property (a3) it appears that [5121(5)]‘” as well as [slAcz(a, y; A;8)]7" are CMFs. Next, the use of the property
(al) finished the proof.

4.1. Mean square displacement
Taking n = 1 in Eq. (30) we get the MSD
(X2(t) = 2B2 Y[s%k(s) 7 t) = ZB/tM(u)du.
0
The first approach to calculate the MSD for IA<1(5) and f(z(a, y; §) is to use Tauberian theorem, see Theorem 1.

Example 4. For (x*(t)) i = (x3(t)); we have

N —1[ 1 , f 0,
L1 5] = 28Iy ()" ~ 281 ° n(1/s), for s—
s2Ins, for s— oo,
and respectively

Int, for t— oo,

2 ~
x (t»l_ZB{tln(l/t), for t— 0.

Example 5. In the case of (x?(t)) Py = (x2(t)), we can approximate it as follows

A7vs~(=eY)n(1/s), for s — 0,
s~21Ins, for s — oo.
12

LLX(t))2; 5] = 2B[s*ky(et, 3 5)] ! ~ 2B {
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Because oy € (0, 1) then 1 — oy € (0, 1) and we can apply the Tauberian theory which gives

ATV Int, for t— oo,

2 ~ 1‘1 o
& (t))Z_ZB{ tln(]/lg), for t— 0. (31)

In the next approach we calculate the exact form of (x?(t)); and (x3(t)),. For (x*(t)); we have
t
V= ZB/ M;(u)du = —28/ e"Ei(—u)du

=232j—![1/f<1+j>—1nt1 (32)
=1
e . 1

= 2B S(1 ) + 2Bt — 1)1 (—)
;j!w( +4)+ 2B(e’ —1)In(

where we employ [52, Eq. (2.5.1.7)]. The series in Eq. (32) is the exponential generating function which is given by [53,
Eq. (4.2a)] and reads

Eq. (33) enables us to express (x?(t)); in the form

= C + e'[In(t) — Ei(—t)]. (33)

(x*(t))1 = 2B[C + In(t) — e" Ei(—1)]. (34)

Let us now consider its asymptotic behavior at short and long time t. At t < 1 we can approximate E{(t) = —Ei(—t) =~
— In(t) + t [54, Eq. (6.6.2)]. That reduces Eq. (34) into (x*(t)); ~ 2B[(—C +In 1) (e’ —1) + te']. Next, notice that
exp(t) >~ 1+t at short t we approximate it as

1 1
(x*(t))1 >~ 2B(1 — C)t + 2Bt In o= 2Bt In o

this is the asymptotics obtained from Theorem 1. At t > 1 the exponential integral behaves as E{(t) = —Ei(—t) =~
exp(—t)/t [54, Eq. (6.12.1)]. It means that for t > 1 we have (x?(t)); >~ 2B[C + In(t) — t~']. The most important term
there is equal to 2B In(t) which was indicated by Tauberian theorem ( Theorem 1).

In the case of the MSD calculated for the distributed order Prabhakar derivative we proceed similarly as for (x?(t));.
Hence, we can write

(x*(t))2 =ZB/ My(a, y; A; u)du:ZB/ {/UM1(§)eZYO()L;u—$)dE}du
o UJo
Z(”f( al /[/uegEi(—é)(u—é)ar_ldf}du,
Mo 0

where in the first equality we apply Eq. (23). To get the next equality we employed the series form of three parameters
Mittag-Leffler function (3). The integral over & € (0, u) inside the square braced is calculated in Eq. (27). That allows one
to present (x>(t)), as

X2(t))5 232 V)r /1n(u)e1,1+ar(1;u)du+z%/ -l dy |, (35)
0 = 0

For calculation of the first integral in the square bracket we need the following Proposition 9.

Proposition 9. For a > 0 and t > 0 we have

/tln(u)e (1 wdu = () ey pualt) - L p (Ot (36)
o 1,14a b — 1.2+a 1+a1—,(2+a)2 2 a+2’a+25 .

13
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Proof. Let us employ the series form of the three parameters Mittag-Leffler function (3). Hence, we have

t o0
In(u)e;. / uin(u)du
/0 nt+alt ]z: F(1+J+a)

00
t1+]+a

O airra X arirar
S r2+j+a) = A+j+ar2+j+a)

(37)

where we used [55, Eq. (2.6.2.2.)] according to which
t » t1H+a )
u*'In du=—,[lnt—1+'+a‘].
|t m du = [0 145+ 0

Thereafter, the first series in Eq. (37) due to Eq. (3) is the Prabhakar function. The second series there gives the generalized
hypergeometric function of type ,F,. That finishes the proof. O

The second integral in the square bracket reads

t . tor+
/ uHldy = . (38)

Finally, inserting Eqgs. (36) and (38) into Eq. (35) we obtain

1\ o= () (=A)
((t)2 = In (;) 3> VT e12rar(1: )
r=0 ’
o0
(—Ato) 1,14+ ar
t oF ot
+ Z +arr'F2+ar) (2+ar,2+ar ) (39)

> —At*) (]—i—ozr
+Z r'F(ocr Z]

=i

The latter sum in this equation, i.e. ijl G+ ar)/(ar); is calculated as 94Eq or(X)|a=1 [56]. In a short time, the second
and third series in Eq. (39) can be neglected. At t < 1 we can approximate e; »,(1; t) as t'**"/I'(2 + ar) and insert
it into the first series. That gives tIn(1/t)E] ,(—At*) where E} ,(—At*) ~ 1/I'(2) = 1. Thus, (X*(t)); at t < 1'is
proportional to t In(1/t). It means that we obtain the behavior 1nd1cated by Tauberian theorem (Theorem 1), see Eq. (31).
In the opposite case, i.e., at large t, the most important term is also the first series. From [6, Eq. (4.4.17)] appears that
124ar(1;t) 2 =t /T(1+ar) for t > 1. Hence, (x*(t)); =~ ln(t)EZ,l(—M), in which with the help of [57] we approximate
Eg ((=At)as A7Vt /(1 —ay). That leads us to the asymptotic behavior of (x*(t)), at the large time given by Tauberian
theorem, see Eq. (31).

4.2. Standard deviation, skewness, and kurtosis

Because the odd moments are equal to zero then the standard deviation reads
o =,/ (x%(t)) i

The MSD (xz(t))f<1 = (x%(t)); is given by Eq. (34) whereas (xz(t))f<2 = (x%(t)), is presented by Eq. (39). Moreover, the
skewness 3 = E[(x — (x))*]/o> proportional to the odd moments vanishes which appears for symmetric PDF. The
expectation operator is denoted by E.
The kurtosis according to definition for symmetric PDF figures out
El(x — (x);)*1 (")
Ha = =

4 22"
o) (x ),}

Eq. (30) for n = 2 gives the 4th moments which depends on the MSD. Indeed, we have

t
(xX*(t)); = 24B? / 2 IMP(s); uldu
0

=24B2/ [/HM(u—s)M(é)dé]du (40)
0 0

t t
:2432f M(g)[/ M(u—f)du}ds.

0 &

14
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Setting now u — & = y we get that the integral in square bracket reads

t t—&
/EM(u—s)du= [ Mg)ay = 28 e -

Substituting this results in Eq. (40) we obtain

(W) = 12B /0 M(E) 6t — £)); dE. (41)

Proposition 10. For t > 0 the following convolution integral formula holds true

t 2
/ e® Ei(—&)In(t —&)d& = —C% e +%(1 —e')—(2C+Int)e'(Int) + (C + 2Int)e Ei(—t)
0

— C(Int) - (Int? + 2t e’ @} (—t, 3, 1),
where @;E}’”(—t, 3,1)= 3F3(;';j;; —t) is the generalized Hurwitz-Lerch function.
Proof. By Laplace transform method and convolution theorem, we have

t
& |:/ e® Ei(—&)In(t — £)d&; s} = ¢ [e"Ei(—t); s] . [In(t); s]
0

1
= —Z[Ei(—t); s — 1] ;(c +In5s) (42)
_In’s L Ins
T s(s—1) ss—1)
where we have used Eq. (25) and .Z[Int; s] = —(C + Ins)/s. The first inverse Laplace transform can be calculated by
using [51, Eq. (1.1.1.13)], namely
- F .
7 () ;t] = e‘”t/ L7 VF(s); u]e™ du.
Ls+a 0
Setting a = —1 and F(s) = (Ins)?/s, we have
27! [_In’s it =et/te“‘$1 _(lns)z;u du
Ls(s—1) 0 S
nz t t t
= (CZ - F) e[/ e Vdu+2C etf e “(Inu)du+ etf e “Inu)Ydu (43)
0 0 0

2 t t
= (C2 - %) (e' —=1)+2Ce' / e “(Inu)du + ¢ / e U(Inu)du,
0 0
where according to [51, Eq. (2.5.1.7)], we have
1 2 2
s [E;t} —(C+Intp - (44)
S 6
To calculate the first integral given by Eq. (43) we can apply [55, Eq. (1.6.10.2)] which leads us to
t
/ e Y(lnu)du = Ei(—t)— C —e 'Int.
0

In the next integral we use the series form of exponential function and change (in legitimate way) the order of integration
and series. That allows us to get

/t e U(lnu)*du = i Sl ft u"(Inu)?
0 r=0 rt 0
e () - (—t) G
1,1,1 1,1 _
=2t3F3<2 5 2;—t> —2t(Int)yF (2 2;—t> —(Int)* (et —=1)

1,1,1
= 2t 3F; (2’ 2’ 5 —t) —2(Int)(C — Ei(—t) 4+ Int) — (Int)*(e7t —1),

15
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where 2F2(2 5: —t) = (C—Ei(—t)+Int)/t. From [58, Eq. (1.25)] we can obtain that 3F3(;‘;:; ; —t) is equal to the generalized
Hurwitz-Lerch function @;f}’l)(—t, 3, 1). Finally, we have

l 2 2
Pl L 24+ ) e oret @3 (—t, 3, 1)+ 2(C + Int) e Ei(—1)
s(s—1) 6

, (45)
T
— (2C +Int)(e" +1)(Int) — C* + 5
The latter inverse Laplace transform reads
1 t 1 t 2(t
| o e S du= [ myyde = O (46)
s(s—1) 0 s—1 0 2B

where we employed Eqgs. (25) and (32). Insertion of Eqgs. (45) and (46) into the inverse Laplace transform of Eq. (42)
finishes the proof. O

Example 6. From Egs. (34) and (41), we obtain

t
(O = 2432f M1(£)[C — e * Ei(§ — t) + In(t — £)] d&
0 (47)

= 12BC (x*(t))1 + 24B ef/ Ei(—&)Ei(£ — t)d & —2432/ ef Ei(—&)In(t — &)d &.

0 0
The second term in Eq. (47) can be calculated by using [52, Eq. (2.5.11.6) p. 77] and it reads
2

t
/ Ei(—&)Ei(€ — t)d& = 2(C +1Int)e ™t —2(1 — tC — t Int)Ei(—t) — ¢ [%
0

+ 207 (=, 3,1).

+(C+1n t)2]
For the integral of the third term, we will apply the last Proposition 10. That allows us to obtain the exact form of (x*(t)).

5. Probability density function pj(x, t)

We begin with finding the explicit form of the PDF p;(x, t) for the memory kernels ki(t) and ky(«, y; A; t) for which
we have P, (x,t) = p1(x, t) and pk (x, t) = po(x, t), respectively. For that purpose we are using the general form of PDF

given by Eq. (8) in which we take I< 1(s) from Eq. (4) and kz(a y; A; s) from Eq. (5). Thus, we have

o0 r
. . U=\ 1,
pilx,t) = gpl(r, x.t) where pi(rixt)=—— ( \@) T b1 (O (48)
where b, = (r 4+ 1)/2, as well as
& o0
Pt =3 [ pitrine - e o) (49)
r=0 0

Proof of Egs. (48) and (49). Without specifying the memory function IA<(s) we express Eq. (8) as

i, 0 IZ PUVEY. ot for s (50)

and we set b, = (r + 1)/2. Here, we assume that the inverse Laplace transform of the series is the same as the series of
inverse Laplace transforms. Next, we express [k;(s)]’r in the series form

X

[i(s)1" = (Ins)™ (1_1> —n Y

j=0

M

16
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That allows one to calculate .~ [s"~" k%" (s); t], namely

o0
~ —b,): .
s kt]’r(s); t] = E ( j'r)] 27 [ (Ins)Pr; ]

j=0
> 0 b — 1 - b 1)
= T

L N0
= —€ s
F(br) 1,br—1,—by
where we used Proposition 6. Inserting it into Eq. (50) we end up the proof of Eq. (48).
In the case of p,(x, t) using the memory function k;(«, y; A; s) only the inverse Laplace transform in Eq. (50) will be
changed. Employing Eq. (5) and the Laplace transform of convolution we have

~ ~ )\ ybr
2N k(e v s s))Pr by = 27! [sbrlk’;f(s) (1 + 5—a) ; r}

o0
_ / 2 s R (s), £ — 16,7 (s £)d .
0
Employing now Eq. (51), we finish the proof of Eq. (49). O
6. Conclusion

The paper presents the exact solution of the generalized Fokker-Planck equation whose integral kernel k(t) informs
on the form of smearing first-time derivative and it is called a memory function. With respect to the form of the memory
function, we considered two examples of the generalized Fokker-Planck equation. In one of them, we take the distributed
order kernel denoted by kq(t). In the next example, we studied the generalized Fokker-Planck equation with distributed
order Prabhakar kernel k(c, y; A; t). We showed that k{(t) and ky(«, y; A; t) can be expressed as the differences of
Volterra functions or Volterra-Prabhakar functions, which was introduced in the present paper, respectively. Thereafter,
we calculated the MSDs, 4th moments, and PDFs. The non-negativity of these functions is ensured by the Stieltjes character
of ky(t) and ky(«, y; A; t).
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Appendix A. Completely monotone, Stieltjes, Bernstein, and completely Bernstein functions - a brief tutorial [11,29]

The completely monotone functions (CMFs) are a class of non-negative functions G(s) of a non-negative argument
whose all derivatives exist for s > 0 and alternate, i.e., (—1)" G™(s) > 0, n € Ng, where G™(s) = d" G(s)/ ds". According
to the Bernstein theorem [29] we can connect in a unique way the CMF and non-negative functions: s € [0, c0) — G(S) €
CMF iff

oo
G(s) = / exp(—st)g(t)dt (A1)
0
and if g(t) > 0 for all t € [0, co).
Among the important properties of CMFs we present the following.
(a1) The product of two CMFs is also CMF.

Note that Eq. (A.1) is the real-valued Laplace integral of a non-negative function g(t) and in order to deal with the Laplace
transform its argument has to be complex. Hence, G(s) and the Laplace transform of g(t), denoted as g(z) are different
objects: the first of them is a real function of s > 0 while the second is complex-valued and depends on z € C \ R_.
Knowledge of analytic continuation of G(s) — g(z) is important because these are special analytic properties of g(z)
(known as Herglotz conditions, [59,60]) which determine, e.g., according to the Theorem 2.6 of Ref. [61] quoted as Theorem
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of Ref. [62], conditions under which g(z) is representable as the Laplace transform of a nonnegative measure defined on
positive semi-axis. In the majority of probabilistic applications, we may restrict considerations to the real variable s and
treat g(s) as the real function G(s) but to find the inverse Laplace transform of g(z) we must have the variable z complex.

The next class of functions needed in our considerations is that of complete Bernstein functions (CBF) [11,29]: c(s)
is CBF, s > 0, if c(s)/s is the Laplace transform of CMF restricted to the positive semiaxis, or, equivalently, in the same
way restricted Stieltjes transform of a positive function named also as the Stieltjes function (SF). Note that all SFs are
completely monotone, i.e., SFs are a subclass of CMF.

The following properties of CBFs and connected to them SFs will be used:

(a2) The composition of CBFs is CBF;

(a3) The composition of CMF and CBF is another CMF;

(a4) The composition of SF and CBF as well as CBF and SF is another SF;

(a5) The algebraical inversion of SF is CBF and the algebraical inversion of CBF is SF;
(ab) If c(s) is CBF then c(s)/s is SF and if c(s) is SF then s/c(s) is CBF.

CBFs form a subclass of the Bernstein functions (BF). These are defined as non-negative functions whose derivative is
CMF [11,29]: h(s) > O is BF if

(=) "h"(s)>0, n=1,2,....
Appendix B. Proposition 10 for t < 1
For t < 1 the following convolution integral formula holds true

t
f ef Ei(—&)In(t —&)d& = —e'(C + Int)* + Ce' Ei(—t) + 2(Int) e Ei(—t) — C(Int) — (Int)?
0

o0 —u

Z : Xn: r RE :

— —_— — 4+ et/ {— Ein(u) + Ein(—u)} du,
2

—n+1)P = o LU u

where Ein(t) = fot(l —e "ydu/u.

Proof. The inverse Laplace transform of the first term of (42) which contains the square of logarithmic function can be
calculated by using [38, Eq. (19.5.2)]

A

e A=1112 c. ] — _ 2

27 s In s,t]_—F(XH){[w(/\H) Int]” — ¢'(x + 1)}. (B.1)
Namely,

1 ln25. — o1 1 lnzs' — o1 2 S —n-1.

<z [S_l,t}_,z [s]—l/s’t = (In s)nX:;s it

=3 2 s s ] = 3 {wn+ 1) — Int P —¢/(n+ 1)}%.
n=0 n=0

Hence,

t 2 2
fefEi<—s>1n(r—s>ds=z1['“;t]—zl["‘—s;t]+czl[ Ins ;t].
0 s—1 S ss—1)

Using the inverse Laplace transform we have #~'{(Ins)/[s(s — 1)]; t} = fO[ £~ (Ins)/(s — 1); u] d u, which from Egs. (25)
and (32) appears to be equal to fot M;(u)du = (x*(t))1/(2B). Now, from Eqs. (34) and (B.1) we obtain

t S t" 7.[2
/ e Ei(—€)In(t —£)dé = 3 {[Y(n+1)—Inef = y'(n+ 1} — (Int +CF + =
n=0

0 n!

— Ce'Ei(—t)+ yInt 4+ C?

. (" o {r (B.2)
=D AW+ DP = ¢/ (n+ D)= —2Int) Y y(n+ 1)~
n=0 n =0 n:

2
n efant—(lnt+C)2+%—CefEi(—t)JrcmtJrcz.
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Let H,(,s) = ZZ:1 k=, s = N is a sequence of harmonic power numbers, where H,(f) = H,. Since, ¥(n+ 1) = —C + H, and
Y(n+1)=n2/6 — Y1 n?=nr%/6—H?, (see [63,64]), we obtain,
2
T
[Y(n+ 1) = y/(n+1) = C = 2CHy + (Ha)’ =~ + HP
2

b4
=—C?>=2Cy(n+1)+ (H,)? — =+ H®.
That allows us to write

%) n 00 n 2 X n
A+ 1P —v'(n+ 1)) % —2(nt)Y " y(n+ 1)% =— (c2 + ”—) > £

6 n!
n=0 n=0 n=0

 in o no (B.3)
—2C+n0))° Y1 +n)+ 3 (HaY —t S HE o
n=0 n=0 ’ n=0 :

Usually it is assumed that ¥/(1) = —C which means that Hy = 0. Then, Eq. (B.3) can be presented as

2 o in
t

LHS of Eq. (B.3) = — (C2 + %) e +2(C? +CInt) = 2(C +1n0) Y —p(1+n)
n=1

[o.¢] tn' [o.¢] tn
2 (2) 2
n=1 n=1

The abbreviation LHS means left-hand size. Next, we use Eq. (33) in which is calculated the generating function for the
digamma function and apply results of Ref. [63]. By employing the umbral calculus the authors show

00 £ 00 1 n ¢ 72 00 1 n ¢r
S e (o i LA IE SRty aice
| 2 | 2 |
— n! — (n+1) ! 6 — (n+1) —r!
o0
tn t du
Y (Hy = =¢f / [2Ein(u) + e Ein(—u)] —
— n! 0 u

where Ein(s) is defined in Proposition 10. Collecting all obtained in this proof results we get

2

LHS of Eq. (B.3) = —C2 e’ +2¢€'(C + Int) [Ei(—t) — Int] — %

ad 1 Lot . t[ ]du

— E —E —+e/ 2 Ein(u) — e" Ein(—u)|—.
2

— (n+1) — r! 0 u

Finally, by substituting the term of the right-hand side of the last equation in Eq. (B.2), the proof of the proposition is
completed. O
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Abstract

We study the generalised Langevin equation (GLE) approach to anomalous dif-
fusion for a harmonic oscillator and a free particle driven by different forms of
internal noises, such as power-law-correlated and distributed-order noises that
fulfil generalised versions of the fluctuation-dissipation theorem. The mean
squared displacement and the normalised displacement correlation function
are derived for the different forms of the friction memory kernel. The corres-
ponding overdamped GLEs for these cases are also investigated. It is shown
that such models can be used to describe anomalous diffusion in complex
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media, giving rise to subdiffusion, superdiffusion, ultraslow diffusion, strong
anomaly, and other complex diffusive behaviours.

Keywords: anomalous diffusion, generalized Langevin equation,
mean squared displacement, correlation functions

1. Introduction

The behaviour of a test particle of mass m, that is coupled to a thermal bath of temperature,
T, can be described by Newton’s second law for a particle in the presence of a deterministic
external potential V(x) and a stochastically varying force £(7). When the friction acting on
the test particle is given by the constant value o, the resulting dynamic is described by the
standard Langevin equation for a Brownian particle [1-3],

dv(x) Con
P _e), 50)=v0), m

where x(#) is the particle displacement and v(¢) is its velocity. The stochastic force, i.e. the
‘noise’, £(¢) is Gaussian, has zero mean, and is white such that its autocovariance is d-
correlated, (£(r+1")&(t)) = mkgT~od(¢") with thermal energy kgT. The mean-squared dis-
placement (MSD) encoded in the stochastic equation (1) scales quadratically (‘ballistically’)
at short times, at which it is dominated by inertial effects, and then crosses over to a linear
time dependence beyond the characteristic time scale 1/7.

In the following, we will consider generalisations of the stochastic equation (1) that include
‘memory’, by which we mean non-localities in time. A simple example giving rise to memory
is the Brownian harmonic oscillator (‘Ornstein-Uhlenbeck process’)

mx (1) + mryox (1) +

i) =v(t), mv=—mwx(t) —myv(t) +& (1), )

where ,(7) is zero-mean white Gaussian noise. The subscript v denotes that this noise appears
in the equation for v(¢). On purpose, we here use the phase space notation explicitly keeping
the velocity v(z) in the second equation. Suppose that v(0) = 0, so that we can integrate the
second equation from ¢ =0, yielding

b= [ (wx ) 46 () fm) @)
Substituting this result back into the first equation in (2), we find

)'c(t):—/OIK(I’)x(t—t')dt'+§x(t), )
where we defined the memory kernel K(r) and the positional friction (1),

K(t)=we ™, &(1)= %/Ote‘%’/gv (r—1t")adr’. 5)

At sufficiently long times ¢ < 1/ (or when we start the process at t = —oo) the Ornstein-
Uhlenbeck process reaches equilibrium and satisfies the fluctuation—dissipation theorem
(&()&:(1)) ~ (x?)eqK (|t — 1'|) with the thermal value (x*)cq = kgT/(mw?).

From our result (4), which is characterised by an exponential memory, one thus cannot
conclude that the underlying Ornstein—Uhlenbeck process is non-Markovian. However, we
showed a general property: namely, when integrating out Markovian degrees of freedom,
memory effects in the resulting equation for the test particle of interest emerges [2]. Indeed,
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much more pronounced memories, such as power-law forms, can be affected by eliminating a
quasi-continuum of Markovian degrees of freedom, see, e.g. [2, 4-6].

For a general friction memory kernel +y(¢) the dynamics of a stochastic process is described
in terms of the generalised Langevin equation (GLE) [2]

mi (1) +m/0t7(t—t'))'c(t/)dt/+ d‘?T(x) =£(1), x(@)=v(r). (6)

The second fluctuation-dissipation theorem (FDT) is then valid in a thermal bath of temper-
ature 7, where fluctuations and dissipation come from the same source. The FDT relates the
friction memory kernel ~(¢) with the correlation function &(z) of the random force [2, 7, 8].
The FDT allows one to write

(E+1")E(") =C(1) = kT (7). (7)

Here the friction memory kernel is assumed to satisfy [9]
Jim () = ligs3 ) =0, ®

where the hat denotes the Laplace transform of (7), i.e. ¥(s) = Z{~(¢);s} = fooo ~(r)e %ds.
We note that when the noise is external in the sense of Klimontovich [10], i.e. the noise is
not provided by a heat bath in a non-equilibrium systems, the relation (7) does not hold and
(&(1)&(t")) = C(r—1') is used instead. When we again consider the harmonic oscillator and
use the unit mass m = 1 (i.e. V(x) = w?x?/2), then (6) can rewritten in the form [11]

x(6) = (x(0) + / Glr—)E()dl', v(D)=(v(0)) + / g(t— e dr, ©)

(x(1)) =xo [1 fwzl(t)] +vG (1), (1) =vog(t) —wxG () (10)

are the average particle displacement velocity, respectively, given the initial conditions xy =
x(0) and vy = v(0). Moreover, we introduced the so-called relaxation functions G(z), I(t) =

fot G(&)d¢ and g(1) = deEI), which in the Laplace space read

. 1

G(s):m7 g(s)=sG(s), and I(s)=s"'G(s). (11)

These functions are used to calculate the following four fundamental quantities:

(i) the MSD [9]
(X (1)) = 2kgTI(f) = 2kBT/ G(&)dg; (12)
0

(ii) the diffusion coefficient D(¢) = %d()i# that, due to relation (12) can be expressed as

D) = ksTG (1) :kBTdId—(tt), (13)

compare the proof of relation (13) for the GLE in the free-force case in [8, 12];
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(iii) the normalised displacement autocorrelation function (DACF), that can be experimentally
measured which under the initial conditions (x3) = kgT/w?, (xovo) = 0, and (£(#)x) = 0,
can be represented as [13, 14]

{x (1) xo0)

(x3)

Different DACFs for fractional GLE are studied in [14];
(iv) the normalised velocity autocorrelation function (VACF) [9]

Cx=

:1—w21(t):1—w2/0[6(5)d§. (14)

2
Cvl = VO gy - 00 _ 4T, 15)

In the large friction limit, we neglect the inertial term m3(¢), and the resulting overdamped
GLE (6) has the form

/Iv(tf )i () de’ +
0

The solution of this overdamped equation is of particular interest due to its application in
modelling the anomalous dynamics of colloidal (micron-sized) test particles or the longer-
time internal motion of proteins. Large friction, which appears due to the liquid environment
means that the acceleration ¥(¢) is negligible in comparison to the effect of the friction term.
Single-particle tracking of colloidal particles in an optical tweezers trap [15—19] or the internal
motion of proteins can be considered as the effective motion in an harmonic potential [20, 21],
the motion is described by the GLE

V& _ e, x)=vio). (16)

t
/'y(t—l/))'c(t')dt/—i—mwzx(t)zﬁ(t), () =v(r). 17)
0
The relaxation functions in the overdamped limit read
G, () =2"" _ N=2"—2" .| and
o sy (s) +w?’ 8ol = sy(s)+w? |’
-1
L=2"— . 18
0= || 9

For the case of a white Gaussian form for the noise £(¢) the GLE (6) corresponds to the
classical overdamped Ornstein-Uhlenbeck process with friction coefficient 7. In the force-
free case this further reduces to the Langevin equation (1) for a force-free Brownian particle.
At times ¢ > 1/ the MSD is then given by (x*(¢)) ~ 2[kgT/(vom)]t, and thus the diffusion
coefficient becomes D = lim,_, o (x*(¢))/(2t) = kg T/ (m~o), whose physical dimensions are
[D] = length®time~". The latter result for the diffusion coefficient of a Brownian particle in
fact represents the Einstein-Smoluchowski-Sutherland relation [22-25].

Different forms for the friction memory kernel, particularly power-law forms [8, 9, 26-29]
and Mittag—Leffler (ML) forms [11, 13, 14, 30, 31] have been introduced to model anomalous
diffusion, for which the MSD scales non-linearly in time,

2 2D,
<X (t)> - P(l_i_’u)lﬂy (19)
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where D, is the generalised diffusion coefficient with physical dimension [D,]=
length2 time™ ¥, and where « is the anomalous diffusion exponent. We distinguish the cases of
subdiffusion (0 < ¢ < 1) and superdiffusion (1 < p) [32]. Anomalous diffusion of this power-
law form occurs in a multitude of systems across many scales [33—38] and it is non-universal
in the sense that the MSD (19) for a given 1 may emerge from a range of different anomalous
stochastic processes [39-44]. We also mention that anomalous diffusion based on the GLE
with crossovers to a different ;1 exponent or normal diffusion can be modelled in terms of
tempered power-law kernels as introduced in [45] and applied to the anomalous diffusion of
lipids in bilayer membranes [46]. Similar crossovers can be achieved in terms of formulations
with distributed-order kernels as discussed below. We also note that non-Gaussian processes
with power-law correlated noise was shown to emerge from a superstatistical approach based
on the GLE [47, 48] and interactions of GLE dynamics with reflecting boundaries were ana-
lysed in [49].

In previous work [29] we considered the GLE for a free particle driven by a mixture of N
independent internal white Gaussian noises

)= &), (20)

i=1

such that each has zero mean, (&;(¢)§;(¢)) = 0 and correlation
(GN&E) =05G (1" —1), 21

where d;; is the Kronecker-d. The correlation function of the additive noise £(z) is then [29],
see also [50],

N N N
(EMe)) = <Zaz-£f (0> (r'>> =Y (&0& ). (22)

i=1 i=1

From the second FDT (7) we thus see that the noise fulfils

N
> aFGi() =ksTy (1), (23)
i=1
where 7(¢) is the associated friction memory kernel. In [29] the GLE with internal noises
of Dirac-9, power-law and ML types were analysed, and various different diffusive regimes
obtained. Moreover, it was shown that friction memory kernels of distributed order can be
used to describe ultraslow diffusion with a logarithmic time dependence of the MSD. In what
follows we consider a stochastic harmonic oscillator driven by a mixture of internal noises,
from which we recover the results for a free particle in the limit of vanishing force constant.
The purpose of introducing a mixture of different noises is due to some experimental obser-
vations, showing that two types of noise are needed to model the motion of a tracked particle
in intracellular transport in biological cells [16, 51, 52].
Here we analyse the MSD and DACEF for different forms of the friction memory kernel.
In section 2 we specify the GLE approach to anomalous diffusion. We analyse the relaxation
functions, MSD, and DACF for Dirac-§, power-law, and combinations friction kernels. The
corresponding overdamped limits are analysed and the force-free limit recovered. Distributed-
order friction memory kernels are considered in section 3. It is shown that such kernels yield
ultraslow diffusion, strong anomaly, and other complex behaviours. The overdamped motion
of a harmonic oscillator driven by distributed-order noises is investigated in detail. A summary
is presented in section 5.
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2. GLE in presence of white and power-law noises

We study the GLE for both white and power-law noises and their combinations. At the end of
this section, we also derive the overdamped limit.

2.1. Additive white noises

The simplest case of the GLE is obtained for a test particle connected to a thermal bath of tem-
perature T effecting N additive internal white Gaussian and zero-mean noises, equation (20),
in which each component fulfils ¢;(r) = 8(¢) (i.e. Ci(s) = 1). Physically such a joint noise may
stem from an environment with different components. As we assume that the noise is internal,
from the second FDT we conclude that the friction memory kernel is given by

N sz
¥ (s) = L 24
y(s) ;:1 toT (24)
in Laplace space. From relation (11), we obtain the relaxation function G(f) in the form

1
G =L 5——;
(®) {52+/~£s+w2’[}

S . (=5 ) sinh (5 Vi —4e2) (25)

K2 — dw? 2 2

where k=31 a?/(ksT) > 2w. The limit w=0 leads to the known result G(r) = [1 —
exp(—+«t)]/k [29], i.e. a constant diffusion coefficient in the linear time dependence of the
MSD on time in the long time limit (+ — c0),
ksT)*
(x*(1)) ~2Dt, where D= (157)2 (26)
Dlim1
We note that in the short time limit G(¢) ~ ¢, leading to (x?()) ~ ¢, which means ballistic
motion. Writing £ = 2w, in terms of the compound frequency w, = Z,].V:l a?/(2kgT), then
D(t) = texp(—w.t), and the MSD is given by

(1) =w 2 [1 = (1 +wet)e ], 27

Therefore, the relaxation function I(¢) from (14) with I(f) = w™2[1 — Cx(¢)] is defined in
terms of

Cx (1) =e™""/? | cosh (%\/ K2 — 4w2) +

sinh (5 Vi = 4w2)] . (28)

2

With our notation x = 2w, itis given by Cx(#) = (1 +w.f)e~ . The case k < 2w, i.e. the case
of underdamped motion, yields in the form

K2 — 42

Cx (1) = e~ "'/% | cos (1 4w? — 52) + ——=sin (1\/ 4w? — 52)} . (29)
I 2 4?2 — K2 2

Thus, the MSD in the long time limit approaches the equilibrium value (x*(1))eq = 2kgT/w?.

A graphical representation of the NDCF Cx(#) is given in figure 1. From panel (a) we conclude

that in the overdamped case, the NDCF shows a monotonic decay to zero, without zero cross-

ings. The underdamped case shows oscillatory behaviour of Cx(#) with zero crossings (panels

(b) and (c)), where oscillations become more pronounced for increasing oscillator frequency.

6
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Cx()

Figure 1. Normalised displacement correlation function for x=1: (a) overdamped
motion £ > 2w (28), w = w, = 1/2 (solid line), w = 3/8 (dashed line); w = 1/4 (dot-
dashed line); w = 1/8 (dotted line); (b) underdamped motion (29), w = w, = 1/2 (solid
line), w =5/8 (dashed line); w =3/4 (dot-dashed line); w =7/8 (dotted line); (c)
underdamped motion (29), w = w. =9/8 (solid line), w = 11/8 (dashed line); w =
13/8 (dot-dashed line); w = 15/8 (dotted line).

Remark 1. Let us analyse the diffusion coefficient in this case somewhat further. We see that if
we consider a single internal white noise the diffusion coefficient is D; = (kgT)?/a?, for i =
1,2,...,N. From relation (26), by using the relation between harmonic and arithmetic mean,
we obtain

1 Zivzl Di
D= Zﬁvzl,% < N (30)
So we see that if the particular diffusion coefficients D; are identical and equal to D, the
diffusion coefficient for N independent internal white Gaussian noise terms scales inversely to
N,D=D/N.
If we write D; = a?/(27;) in a random walk-like notation, where a? represents the squared
lattice constant or the variance of the jump length PDF [39, 40, 53], we rewrite the compound
diffusion coefficient as

1 2 2 D
=—F 5= = ‘jv - = 31
> 72y 2N{(t) N

i=1 a2

In this sense the equality in (30) always holds. We note that the mean time (7) may be a
misrepresentation of the largest time scale 7, max;{;}, depending on the underlying set {7;}.

2.2. Different power-law noises

We now turn to generalising the results of [29], where the authors studied the GLE for free
particles and N independent internal noises, by using a harmonic potential, corresponding to

7
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the Hookean force F(x) = —mw?x, in the GLE (6). To this end we first recall the considerations
in [28], where the authors study the GLE for a harmonic potential and one internal noise,
and then generalise these results. We mention that in [28] complementary polynomials are
used to analyse the overdamped, underdamped, and critical behaviours of the oscillator. Here,
our investigation is based on multinomial Prabhakar-type functions, £y 5(s; @) (see [54] and
appendix A). Despite the somewhat complicated notation, their definition and use in analytic
calculations are in fact quite straightforward.

2.2.1 Power-law noises. ~ We first consider the single-term internal power-law noise with
correlation function ¢; (1) = 1 /T'(1 = A;) (i.e. (i (s) = s™ 1) for A; € (0,1). Thus, the fric-
tion memory kernel due to the second FDT (23) is given by 71 (f) = a3(;(¢)/ (ks T). Then the
GLE (6) reads (using unit mass)

2
ar

kgT
Due to the power-law friction memory, the friction terms can be compactly written in terms of
the fractional Caputo derivative (CD,A‘, and the GLE (32) is often referred to as the fractional
Langevin equation [27, 40]. The Caputo operator for \; € (0,1) is defined via D" x(¢) =
fot)'c(t’)(t— t')~Mdt' /T(1 - );), see for example [50, 55]. The relaxation functions G (%),
I, (1), and g (r) are obtained by inverting the Laplace transform (11). They are given in terms
of the multinomial Prabhakar-type functions &) 5(s;@) = 1°7'Ez) s(—a1t™ ..., —anty)
where i = py,...uy and @ = ay, . .., ay (see [54] and appendix A) as

B0+ —LDMNx(r) +wWx()=€(r),  x(D)=v(r). (32)

Gi () =2 {( + A +?) it} = o apa (5WPA1), (33)
and

Li(t)=Eppxys(twhAl), g (t)=Enp i (twAr), (34

where A; = a2 /(kgT). For ¢ >> 1 these functions are estimated by the two-parameter ML func-
tion, see (A.8), whose asymptotic behaviours follow from equation (A.10), such that

_ _ Ay Pt A\ A

Gi(t) ~isoo AT TPNTE —WNJAY) ~ise — = 35
1() t— 1 )\1,/\]( w / l) t— w41—\(_)\1) w4 F(l—)\l)’ ( )
L(f) ~ ATYME (_ 2N /A )~ 1z ﬂi (36)

1 t—o0 A AL +1 w 1 t—00 2 2 F(l — )\1) )

and
—1 -2 2 A 2

81 (t) ~t—oo A] t E/\l,)\lfl (_w r /Al) ~t—o00 (37)

WD (=1=\)°

The same results can be obtained by calculating the appropriate overdamped relaxation func-
tions such that we have lim,_,o, G (t) = Gy (¢), limy_,o0 11 (1) = I,;1 (1), and lim,_, o g1 (¢) =
80:1(7). From the result for the relaxation function I, () we conclude that the MSD in the long
time limit approaches the equilibrium (thermal) value (x*(¢))eq = 2kpT/w?* via a power-law
decay, i.e.

(38)

(1)) 1m0 (8 ())eq [1 A N ]

S WDIT(1-))

8
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By asymptotic analysis in the short time limit ballistic motion is also observed since the MSD
A—X

behaves as (x?()) ~ % _All“é57—)\]|)'

For the force-free case (w = 0) the MSD becomes

(2 (0) = Tt [
§2=A + A,

_ t4— A
:ZkBthEZ—/\I,3 (—Altz_A‘) N{ ti A14r(57,\]57 t—0, (39)
[ t— 00,
from which we conclude that from ballistic motion in the short time limit, the particle turns to
subdiffusion in the long time limit [29].

2.2.2. N power-law noises. The compound fractional Langevin equation, i.e. the GLE in
which we use N independent internal noises, for m =1 reads

20+ D> ADNx (1) +wx () =£(r). (40)

The friction memory kernel yy(t) becomes Z]rv:l ~,(t), where ~,(7) is defined analogously to
~1(#) above, but instead of a single internal noise we now have N. Here, we assume that 0 <
A1 < -+» < Ay < 1. Using short-hand notation we denote the relaxation functions gy(#), Gn(?),
and Iy (1) by the function Fy;;(¢) indexed by j = 1,2,3 such that Fy;; (f) = gn(?) is obtained for
J=1, Fno(t) = Gy(1) for j=2, and Fy;3(t) = In(t) for j=3. The auxiliary functions Fy;(t)
read

Frng(t) =E@a-x,..0-2w)y (B w? Al,...,Ay) (41)

in terms of the Prabakhar-type function. Following [54] we check the behaviour of Fy(r)
in (41) at long . In this case we obtain that Fy,;(f) tends to the relaxation function for
N=1,1i.e.

Fj (1) ~imoo AT T EN s gjon (0PN JAY) (42)

Their further asymptotics in the long-time limit # — oo depend on the value of j, such that for
Jj =1,2,3 we get equations (35)—(37), respectively. Making use of equation (42) we calculate
the quantities (i) to (iv) defined in the introductory section is necessary to describe the time
evolution of stochastic systems coupled to a thermal bath.

Based on these results the MSD can be shown to be given by the expression

(P (1)) =2ksTEn2—x,. . 2-ap3 (WAL Ay). (43)
Thus, by asymptotic analysis, in the long time limit, we find the behaviour
A M

(0 ()N ~i00 (8 (1)eq |1 (44)

(=X
The MSD approaches the equilibrium (thermal) value (x*(t))eq = 2kgT/w? in power-law fash-
ion, instead of the exponentially fast relaxation for the normal Ornstein-Uhlenbeck process.
Note that similar power-law relaxations are known from subdiffusive continuous time random
walks [32, 56] and from the time-averaged MSD of the fractional Langevin equation [17, 57]
in an external harmonic potential. From equation (44) we see that the noise with the smaller
exponent A; has the dominant contribution to the oscillator behaviour in the long time limit. We
also note that the same result for the MSD in the long time limit can be obtained by Tauberian

9
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theorems (see appendix B) if we analyse the behaviour of jN(s) in the limit s — 0 [58]. The
short time limit £ — 0 yields Iy(¢) =~ 2 /2 — Ayt*=* /T\(5 — \y), so we conclude that the noise
with the largest exponent \y dominates the dynamic in the short time limit.

For the force-free case (w =0), we recover the result for the MSD obtained in [29], which
in the short time limit behaves as (x*(¢))y ~ > — A; %, while in the long time limit we
find (x?(¢))y ~ t*'. Thus, the highest exponent is the dominant contribution in the short time
limit, while the lowest exponent has the analogous role in the long time limit.

The DACF (14) in the case of thermal initial conditions (x2) = kgT/w?, (xovo) = 0, and
(&()x0) = 0, from equations (14) and (41), we obtain

Cx(t) =1 —w?Ean-n,...2-xp) 3 (WAL, Ay). (45)

Its asymptotic behaviour in the long time limit via equation (36) reads

2 2 2 —A

w w w Ay
Cx (1) ~ioo | — —ME — M) =Ey [ ) oo
x(0) i Al M'*'( A ) A1( A T (1= A)

(46)

Thus we obtain a power-law decay, approaching the zero line from positive values for A\; €
(0,1), and from negative values for A; € (1,2), if we consider a memory kernel defined in
Laplace space as 9(s) = va:lskf_l, 1 < A <2. Since E,(—x) is a completely monotone
function for « € (0,1) [59-62], we conclude that the normalised displacement correlation
function is completely monotone in the long time limit for A; € (0, 1). A more detailed ana-
lysis of Cx(#) is provided in section 2.4 for the case of high damping, which has more prac-
tical application in the theory of anomalous dynamics in single particle tracking and pro-
tein dynamics. We mention that the equality in equation (46) was proven in [63] and [64,
remark 3].

2.3. Combinations of white and power-law noises

In the same way, as for the power-law noises, we can analyse the relaxation functions for a
mixture of J- and power-law distributed noises. The approach given in [29] can be applied in
the case of a harmonic oscillator driven by P white noises and Q power-law noises (P + Q =
N) as well. Here we consider the special case 7(t) = B16(¢) + Bat—*/T'(1 — \) where B =
o?/(kgT), By = 3*/(kgT), and 0 < )\ < 1 [29, 65].

With the help of equation (A.2) we see that

G(1)=Epnr-ana (tw®,B,By). 47

From equations (A.3) and (A.4) we can calculate the associated integral and derivative which,
respectively, lead to /(¢) and g(7). Then, the MSD obtained from equation (12) reads

<x2 ([)> = ZkBTg(2,2—/\,l),3 (l‘;wz,Bz,Bl) . (48)

Notice that equation (48) in the force-free case w =0, after applying equation (A.15), can be
recognised as [29, equation (27) for A\; = A, A\, = 1], namely,

(F (1)) =2kgTY _ (=Bo)" 12~V 2EH ] L (=Bur). 49)
n=0
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The asymptotic of the MSD at short and long times are calculated from equations (A.5)
and (A.6), yielding

(x* (1)) ~i—0 573 4 TN (50)

for t — 0, and for 7 > 1 we have

2kg1 w? 2kg1 B t A

2 BL X by B 2

X~ (1)) ~ t"E t ~Nyoo —— |1 —— ——— 51
< ( )> t—00 BZ A 14 ( Bz ) —00 B |: 2 F(l )\):| ) ( )

which means that the MSD has a power-law decay to the equilibrium value (x*(f))eq =
2kpT/w?. We conclude that the power-law noise is dominant in the long time limit, and the
white noise in the short time limit, as naively expected. We note that in the force-free case
(w = 0), in the long time limit the particle shows anomalous diffusion of the form (x?(¢)) ~ #*,
while in the short time limit ballistic motion is observed. This means that the fractional expo-
nent has a dominant contribution in the long time limit [29].

For the DACF Cx(¢), we obtain from relation (14) that

Cx(t)=1- wzg(z,zf,\,l)g (sz,Bz,Bl) ; (52)
from where the long time limit follows,

2

w? w B, A
Cx (1) ~isoo | = =—1E —— ) ~ioo 53
X() 1—00 Bz /\,l+/\( 32 > t—00 wzl—‘(lfk) ( )

We conclude that Cx(z) in the long time limit is a completely monotone function since 0 <
A < 1, showing a power-law decay to zero.

Following the same procedure one may consider mixtures of white noises, power-law
noises, and ML type noises. The calculation of the relaxation function can be represented
in terms of multinomial Prabhakar functions [29, 54].

2.4. Overdamped limit

Next, we analyse the high-damping limit, in which the inertial term m¥(r) can be neglected.
Then, the relaxation functions are defined by equation (18).

The case of a mixture of N internal white noises considered in section 2.1, for the MSD
(x*(£))o = 2kpT1,(t) and the DACF Cx,(t) yields

—1 2
2 - 1 s o\ 2keT | _wt
(x*(£))o = 2kgTZ {m+w2 ,t} =3 {1 exp ( - r)} , (54)
w? Duw?
Cx,o (f) =exp <f;t) =exp <77kBT t) , (55)

where & is given below equation (25) and D is defined in equation (26). We find that Cx ,(¢)
has a monotonic exponential decay, as expected. In the short time limit the MSD has a linear
dependence on time, (x%(¢)), ~ 1, as it is expected.

For the case of N power-law noises, it follows from relation (12) in the overdamped case
that

2kgT wr Ay An—1
<x2 (t)>0 = WE(AN,ANfN,.“,)\Nf)\NH);)\N+l <taA7NaA7Na"'a AN 5 (56)

1
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w2 w2 A] AN,1
Cxo()=1— ITNE(,\N,,\WA,,.<..,AN7/\N,.);AN+1 (t’fTN’fTN""’iAN ) . (5D

In the long time limit the particle shows a power-law decay of the MSD to the equilibrium value
of the form (44), which means that the lowest fractional exponent has a dominant contribution,
while in the short time limit anomalous diffusion of the form (x?(¢)), ~ t*" is observed, i.e. the
highest fractional exponent has the dominant contribution at short times. For the force-free
case (w=0) the MSD shows characteristic crossover from (x*(1)), ~ t* for short times to
(x%(t))o ~ 1 for long times, i.e. decelerating subdiffusion.

The DACF shows an asymptotic power-law decay in the long time limit, i.e.

Ay M

AT(T=N) %)

(JJZ A
CX,o (t) ~Nt—o0 E,\] <—X1t 1) ~Nt—o0

Thus, we can use equation (16) in the overdamped limit case, which is simpler instead of the
GLE (6), to analyse the asymptotic behaviour of the harmonic oscillator in the long time limit.

A graphical representation of the DACF is presented in figure 2. From panel (a) we see
that by changing the values of the parameters \; and \, for fixed frequency w there appears a
non-monotonic decay of Cx ,(f) without zero crossings, approaching the zero line at infinity
(see solid line), a monotonic decay without zero crossings to zero at infinity (dashed line),
a non-monotonic decay without zero crossings approaching zero at a finite time instant and
at infinity (dot-dashed line), or a non-monotonic decay with zero crossings approaching zero
at infinity (dotted line). All long-time decays of the DACF are of power-law form to zero,
as it can be anticipated from relation (58). The behaviour of Cx(¢) for different values of the
frequency w and fixed values of A; and )\, is shown in figures 2(b) and (c). We see that there
are different critical frequencies, i.e. the frequency at which Cx ,(f) changes its behaviour, for
instance, from non-monotonic to monotonic decay without zero crossings, or the frequency at
which Cx ,(r) crosses the zero line. Such different types of critical frequencies were discussed
in [28].

Figure 3 depicts the MSD for unconfined and confined motion. For free motion the MSD
may have monotonic, non-monotonic, and oscillatory behaviour, turning into a power-law form
in the long time limit. For the confined case the MSD has different behaviours at intermediate
times, and in the long-time limit, the MSD has a power-law approach to the equilibrium value
(x2())eq = 2kpT/w?.

In the same way as above, we obtain the following DACF for the case of a mixture of a
white noise a and power-law noise (see results 2.3),

o0 wz n . B2 L
Cxo() =) —5 ) "Bl (51 ) (59)
n=0
for0 < A< 1, and
= w?\" An Bi i
Cx,o(f)zz B 5 W _th ; (60)
n=0

for 1 < A <2, where B; and B, are given at the beginning of section 2.3. These results are
equivalent to those obtained in section 2.3 in the long time limit for the GLE when the inertial
term is not neglected, as it should be.
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Figure 2. Normalised displacement correlation function (57) for the following cases
for N=2: (a) w=1, A2 =3/2, \; = 1/8, (solid line), A\; = 1/2 (dashed line), \; =
7/8 (dot-dashed line), A\; = 5/4 (dotted line); (b) A\; = 1/8, A, =3/4, w=0.5 (solid
line), w =0.75 (dashed line), w = 1.8959706 (dot-dashed line), w = 2.5 (dotted line);
(©) A1 =3/4, A2 =3/2,w=1 (solid line), w = 1.617 (dashed line), w = 3 (dot-dashed
line).

3. Distributed-order Langevin equations

It has been shown that the distributed-order differential equations are suitable tools for mod-
elling ultraslow relaxation and diffusion processes [29, 55, 66—70]. In the case of distributed
order differential equations, one uses the following memory kernel (see for example [70])

1 -
10 =™ [ PO 1)

where p()\) is a dimensionless, non-negative weight function with fol p(A)dA = ¢, where c is
a constant. When ¢ = 1, p(\) is normalised. The distributed order memory kernel mixes frac-
tional exponents from O to 1, and is obtained when the summation in the memory kernel in case
of N fractional power-law functions turns to integration. If we substitute the distributed-order
memory kernel in the GLE (6) we transform it to the following distributed-order Langevin
equation

dv(x)

1
x(t)+§1T/o p()\)CDf‘x(l)d)\—}—?:f(t), x(1)=v(r). (62)

Here we note that assumption (8) is satisfied for distributed-order Langevin equations since

limy_,0 59(s) ~ lim,_,0 fol p(\)s*d)\ = 0. Thus we can use the representations of MSD, VACF,
time-dependent diffusion coefficient and DACFs in terms of the relaxation functions.

13
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<x2(t) >

Figure 3. MSD (56) for the following cases for N=2: (a) w=0, \; =1/2, \2 =1,
(solid line), A, = 5/4 (dashed line), A, = 3/2 (dot-dashed line), A, = 7/4 (dotted line);
(b) w=0,\; =0.1, A, = 1, (solid line), A\, = 5/4 (dashed line), A\, = 3/2 (dot-dashed
line), A, = 7/4 (dotted line); (c) A\j = 1/2, A, =7/4, w =0 (upper solid line), w=1
(dashed line), w = 1.5 (dot-dashed line), w = 2 (dotted line), w = 2.5 (lower solid line).

We now consider the distributed-order Langevin equation (62) in the presence of the con-
stant external force F. Then we have

1
WHEIT/(, p(NDMx()AN—F=¢(1), x(1)=v(1), (63)

from which, by the Laplace transform method, we obtain

wn:@m»+ﬁbufmammc (64)

where (x(¢))r = FI(t) and 4(s) is given by equation (61), and where

1 s~
G)=2L""d — it d I()=2L""3 ——i17. 65
0= e 0= g ©
The latter expression corresponds to (11) for a free particle (w = 0). Thus, we conclude that the
generalised Einstein relation (x*(1))r = [F/(2kgT)]{(x?(¢)) r—o is satisfied for the distributed-
order Langevin equation (62), where (x*(f))r—o = 2kgT-L ' {s![s® +59(s)]~';t} is the
MSD for the case of a free particle.

3.1. Force-free case

We first consider the distributed-order Langevin equation for a free particle with w = 0. Note
that a weight function of the form p(\) = Z?]:l a?§(\— ;) yields the fractional Langevin
equation and we have the compound white Gaussian noise, see section 2.2.2. For p(\) = o?

we obtain the uniformly distributed noise [69]

14
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1 -
_ .2 !
ksTv(t) =« /o F(l—)\)d)\’ (66)

which was used by Kochubei in the theory of evolution equations. In [29] we analysed the
GLE for a free particle with friction memory kernel of distributed order (66) and showed that
the MSD in the long time limit is given by

2 (kB 7)

(¥ (1)) ~is00 [C+logr+¢'E; (1)], (67)
where C = 0.577216 is the Euler-Mascheroni (or Euler’s) constant, Ei(—f) = f e /x)dx
is the exponential integral [71], and E,(¢f) = —Ei(—t). From the asymptotlc expansion

Ei(f) ~s00 t‘le_’zz;(l)(fl)kk!t_k [55], which has an error of order O(n!t~"), we obtained
that the particle shows ultraslow diffusion, i.e. (x*(¢)) ~_s00 [2(ksT)?/a?](C +log?) [29]. In
the short time limit, again ballistic motion is observed.
Consider now the power-law case p(\) = a?8\~!, where 3 > 0. Then the friction memory
kernel becomes
) [ g—1 I -

For the MSD in the long time limit, we obtain (see (65) based on Tauberian theorems)

) 2(kBT)2 log’t
(" (1)) ~i—s00 fm

o
From this result, we conclude that this power-law model leads to ultraslow diffusion (for 5= 1)
or a strong anomaly. In [72] a strong anomaly means the behaviour of form (x?(f)) ~ log” ¢,
which for v = 4 has the same form as the MSD of the Sinai diffusion model in a random force
field [73, 74], compare also to the discussion in [75]. We also note that the Sinai diffusion here
occurs due to the friction memory kernel, while in a quenched disorder landscape the Sinai
diffusion occurs due to the thermal random motion of a particle in a random potential [76, 77].
Thus the physics of the logarithmic anomalous diffusion is different in both cases. However,
as demonstrated in [73], the statistical behaviour in terms of the MSD and PDF are strikingly
similar. Result (69) for the MSD is equivalent to the one obtained by Eab and Lim [68], since
the long time limit considered here corresponds to the case of the overdamped limit (the inertial
term X(z) is neglected) studied in [68]. The same result for the MSD can be obtained from the
distributed-order diffusion equation [67] in which the weight function corresponds to the one
considered in the memory kernel (68).

Next we consider the weight function p(\) = a?/(A — A;) for 0 < A\ <A < Ay < 1, and
p(X) =0 otherwise [66]. With the help of relation (65) the MSD yields in the form

2 (i) s ()

k=0

(69)

(* (1)) = 2ksT| =

(70)
X ,u(t,n— 1,(2— /\2)n+ ()\2 — Al)k+2)
which in the long time limit becomes (use the Tauberian theorem in equation (65))
2(ksT)’ o~ peCedon
2
X~ (1)) ~
&) Moo= ;F(Az—(Az—Al)nH) 1)

x I — A =AY (D — Ao —A)n+1)],
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where we used the Volterra function p (¢, 3, «) defined in appendix C, and ¢ = 1% is the
digamma function. Thus, we conclude that in the long time limit the MSD has the ultraslow

form
2(kgT)> A2 — Ay
a? F(l—i—)\l)

For \; =0 and A\, = 1 we arrive at the result (66) obtained for uniformly distributed noise with
a logarithmic MSD dependence on time. In the short time limit the particle performs ballistic
motion, as well.

Such relaxation patterns of logarithmic form and ultraslow diffusion have been observed in
the analysis of distributed-order relaxation and diffusion equations by Kochubei [69, 78—-80]
as well as by Mainardi et al [55, 70].

(X (1)) ~is00 A nt.

3.2. Harmonic oscillator: overdamped limit

‘We now move on to consider the distributed-order GLE for a harmonic oscillator with different
weight functions in the overdamped limit. For the uniformly distributed noise (66) we obtain
the following form of the MSD

-1 —1
) _ s _1 s~ logs
No=2kgT L1 = b —opprp—t ] = 280 L
(0o B {ka-ﬂsogls_’_wz } B {w2logs+As—A } (72)
B

where A = o?/(kgT). From Tauberian theorems (see appendix B) we analyse the asymptotic
behaviour in the long and short time limits. At long times (f — oo, equivalent to s — 0) it
follows that

2ksT - s~ 2T, [1 &
<X2 () ~i00 132 7! T3 P Moo 7323 124 2 -t
w 1= Shogs w s slogs

2kgT A

(73)

w?

where v(z) is the Volterra function, see appendix C. Thus, the DACF in the long time limit
becomes

A
CX,o (t) ~r—oo —El/ (Z‘) . (74)
At short times (t — 0, or s — 00), we find for the MSD and DACEF that
2kgT _,_, [logs 2kgT 1
S 1{%”}: A t(log?+1_7)v (75)
and
w? 1
Cxo (1) ~imo 1= —ct(log—+1—7 ), 6
respectively.

Now consider the distributed-order noise (68). From the relaxation function 7,(¢) the MSD
becomes
2kgT -1
= 7132 371 7: ;f 5
w %V(log%) ~(v,—logs) + 1
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where y(a,0) = fog “~le~"dt is the lower incomplete Gamma function. Taking the long time
limit yields

<x2(t)>0Nt~>oo 2];2]1{1—;1_‘(1—0—1/)31 {i(logi) ;l:|}

2kgT AT(1+v)
~t—o0 1—— an 7
e 2 [ w? log"t (78)
from which we obtain the asymptotic behaviour of the DACF,
2kgT A T'(1+v)
Cxo(t) Moo —5— ————- 79
X,o( ) — wz w2 log”t ( )
In the short time limit, we find
2k T log” 1
2 B t
)o~is0 —— 57— 80
<x()>o t—0 A F(lJrV) (80)
and
W? log” 1
Cxo(t) ~ol — — 1. 81
X,o() t—0 AF(I—i—I/) ( )

Similarly, we obtain for the distributed-order noise (61) with weight function p(\) =
a?/(M—X) (0< A <A< X <1, and p()\) = 0 otherwise) the asymptotic forms of the
MSD:

2k T AJw?
2 B
0o ~Yt—oo 1— 37)\ - 77)‘ ) 82
<x (l)> — 2 { ()\2 — )\1) [V (l 2) l/(t 1)}} ( )
in the long time limit, and
2k T Qe A)nts
2 B
o™ 83
<X (l)> t—0 A ZF[(Ag*A])n+)\2+1] (83)

n=0
X [mgrﬁﬂﬁ C o =AY (Da— M)A+ 1)}

in the short time limit. From here we can easily find the DACF.

From these results, we conclude that the distributed-order GLE may be used to model vari-
ous anomalous diffusive behaviours, such as ultraslow diffusion, strong anomaly, and other
complex diffusive regimes.

4. Further generalisations

4.1 LE with power-logarithmic distributed order noises

Let us consider the Langevin equation (6) with the logarithmically distributed-order friction
kernel

1
(1) = (ksT)”! / r(3/2-)

10g>‘71z T s—1

dA with A(s) = ———
Vi with - 5(s) kgT +/slogs’

(84)
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which satisfies the condition (8). The relaxation function /(¢) defined by equation (11) assumes
the form

—1

I(H)=2""

(85)

s(s—=1)
S+ 7 iioss T 2

As itis challenging to calculate the exact form of equation (85) for general # > 0 we concentrate
on the asymptotic behaviour for small s < 1, yielding

N g1 1 1 {_1 T 1 T \/E}
s

T(s) ~pg o _ Vs
() ~s50 w2 = - 5 = + kpTw? \/slogs  kpTw? logs
kgTw? \/slogs

where we take the zeroth and first-order terms of the series expansion. If s tends zero then the
term /s/logs can be neglected. Thus, we have

A 1 ™ 1 1 s
1(s) ~gy0 —5 |57 d I(t) ~eo — |1+ ——v(t,—1/2)].
(8) ~50 2 N ke T \/glogs:| an () ~imsoo 2 { +kBTw2V(7 / )}
(36)
This allows us to find the MSD and DACEF for ¢t — oo,
2kgT 2w T
2 B
<x (t)) ~Ni—00 wz + — w4 (t,*l/z) and CX([) ~Nt 500 7@1/(@71/2)
Note that for w =0 we get
51 51
<X2 (l)) = 2](]3T$71 m,l N oo 2kBT$7] m,l
57+ kT +/slogs keT \/slogs
2(ksT)* _, logs 2(kgT)* _,_, | log?t
oo T < §3/2 (s—1) [ oo ™ <z 53/2 i
2(ksT)* 1 4 (kgT)*
(B ) 7[1/21 t= (B ) 1/21 ogt. (87)

T T TRy BT T

‘We note that in the short time limit ballistic motion is observed, as well, due to the effect of
the inertial term.

4.2. Langevin equation with distributed-order Mittag—Leffler noise

In the next example, we study the GLE for a harmonic oscillator with the ML friction memory

kernel
I N 1 log*H
t)=—— [ Ex(—t")dA o) 88
(@) kBT/O (=) (7(”‘) keT slogs ’ (88)

which satisfies the condition (8). The long-time asymptotic of the relaxation function I(r)
involved in the MSD and the DACF can be calculated by use of the Tauberian theorem
(appendix B) in which we consider the limit s — 0 of I(s). Thus, we have

18
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-1 1 1 1 log2
I(t):$_1 1 fog‘“ ;t ~t—o0 720‘?_1{77]{ T. 2%”‘}
5 w K w= slogs
S2+1<TT log; +w2 B g
1 log2
=—[1- 1. 8
=20 (89)

In the force-free case with w = 0 we observe ultraslow diffusion, since the relaxation function
I(?) has a logarithmic time dependence,

ke T log?! ke T
1(t) ~psoe 2 gl{ 2 ;z} = 2" logr = kgTlog, 1. (90)

log?2 s log?2

In the short time limit the relaxation function behaves as () ~ 2.

4.3. Distributed-order Langevin equation with Caputo-Prabhakar derivative

In this part, we now consider the GLE (6) for a harmonic oscillator with the choice of the
distributed-order Prabhakar friction memory kernel
1 s—1

—_,\—0
:kBiTrOgs(l—ks ", 1)

1 17 . A~
V(t):kBiT/o t AEf,ﬂlf/\(—t”)d/\ with 4 (s)

We consider two cases, the first one for 0 < p,d < 1 and the second one for —1 < p,d < 0. In
both cases the condition (8) is satisfied. If we substitute the distributed-order Prabhakar friction
memory kernel in the GLE (6) we arrive to the following generalised Langevin equation

ksT dx
with regularised fractional derivative

() + L/0 (CDi:?,()er) (Hd\+ v =£&(n), x(0)=v(), (92)

(P20) 0= [ 0=0) B (oole=o) s ar

Using the Tauberian theorem we calculate the asymptotics of the relaxation function /().
(i) In the case 0 < p,6 < 1 and for  — oo we have

-1 —1
S )
1(r) ~Hoo$‘1{ ~z} ~ f—l{~t}
1 s—1 —p\— 9’ e 24 1 s=1gps?’
w2 + KTlvogs (1 + p) we+ kBTlogssp

1 s! 1 1 1 g 1+ed
—1 . ~ 1) - .
oo —wz.f ——— il i wzz it

1+ pio e s kpTw? log!
1 1 =P
e E{  kpTw?T (1 — pd) logt} ©3)

From the asymptotic form of /(#) we obtain the long time behaviours of the MSD and DACEF,

2kgT 1 P8

> _ L
0 (0) ~imvoe w2 WA (1 - pé) logt

(94)

and
1 1=Pd

1) N e ——.
Cx (1) i kpTw?T (1 — pd) logt

95)
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In addition, note that in the free particle case (w = 0) the long-time limit (or for the over-
damped case when we neglect the term with s%) becomes

1 PN
1) s (1 +577) logs . logs
I(t) ~iso0 k8T ZL { 1 it ~isoo kg TZL mvf
-1 —1—ps 1 P8
~Nt oo kBT.,‘Z N log },t N oo kBTm 10gt (96)

(ii) Replacing p by —p and 6 by —¢ in equations (91) and (92) we find

1 os—1
" kgT slogs

1
v (1) ! /t‘*E:Zl_A(—t‘/’)d)\ and 4 (s) (1+s")°, 97)
0

where 0 < p,d < 1. The relaxation function I(¢) for w # 0 reads

—1 —1
N N
I([)Nt_mcf_l{ 'I}N f_l s s Y 4
1 s—1 6, .2 =0 1 s—1 2’
kT logs (1 +sp) tw kT logs tw

1 57! 1 1 1 1
= 792ﬂ—1 Y oo 79%—1 - .
w? { 1 - } o0 W2 {s + kpTw? slogs’ }

T ksTw? Togs
1 v(t)
w? [ * kBTwz] ©8)

For w =0 the long time asymptotic of /() is equal to

~1
_ 1 s A 1 logs
I(t) =kgTZ {S_l (1+sP)5’[} =00 ks T.L {s(s—l)’t}

Togs
=kpT[C +1logt+e'E; (1)]. 99)

Note that the relevant MSD is the same as obtained for the force-free case by using the
distributed-order fractional derivative, i.e. equation (67) for o = 1.

4.4. Langevin equation with distributed-order Volterra function

We consider the GLE for which the friction kernel is based on the Volterra functions v(z, —«)
and u(t,—3) for 0 < o, 8 < 1, see appendix C. In the first case the friction memory kernel in
t and s reads

1 1 os—1
"~ kgT  kgTslog’s’
thus satisfying condition (8). For the GLE for the stochastic harmonic oscillator (w # 0) the
long time limit (r — oo) of the relaxation function 7; (#) yields in the form

57! 1 1 1 1
LH=¢"1" —— 1t ~ -] .
1( ) {S2+ k;T s—1 +UJ27 t—00 wz {S + kBTw2 s10g2s7 }

log? s

_ 1 (1)
_E|: + kBTw2:| ’

1
" () / v(t,—a)da and 4 (s) (100)
0

(101)
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In the force-free case (w = 0) we obtain [60, equation (45)]

L=2" ﬁ%f ~isoo kg T L1 o8 3 it
s +mlogzs S(S—l)

= kpT| — (C*+72/6) e + 20’ @V (1,3, 1) — 2(C + log1) €'E; (1)
—(2C +1log?) (e' + 1) (logt) — C* 4+ 72 /6. (102)
Here <I>* (1) s the Hurwitz—Lerch function, see [81].
In the second case, the friction in ¢ and s spaces turns out to be
(1) —-k;],/£1u<n-—5>dﬁ nd 52 () = e s (103

Here we consider only the force-free case, i.e. w=0. In that case we find the asymptotic of
L(7) at long times. Using that loglog s is a slowly varying function, by Tauberian theorems we
find that

1 logl logl
D (6) g soo kT p—1 { U08S) Uoglogs) 1 o) loglogs
s(logs 1) s(1- )
logs
1 1 1
~isoo kg T L1 {710glogj;t} = kT loglog . (104)
s s

Finally, we consider a memory kernel of distributed order in respect to both parameters in
the Volterra p function:

1,
w0 =gz [ [ npa-nasa (105)
B! Jo Jo
and
. I (s—1)(logs—1)
¥ (s) = kBT 0 so‘/o log*B'H ms(log%) (loglogs)

For w # 0 the long time limit of the relaxation function I5() yields

(106)

—1
— ! $ .
Ln=2 24 L _(=D@ogs=l) o o i
ksT s(log3s)(log10gs)

s~ .
[_ 1 (0D '
kpTw? s(log3 s) (loglogs)

1
1
t—00 7$
w

L fL, 1 1 ,
700 W2 s ksTw? 52 (log’s) (loglogs)”
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qu 1 1 ! -t
70 W2 s kpTw? s2 (log® 1) (loglog -L7)

1 ! !
. 1 . 107
=00 3 { * kyTw? (log®f) (loglog 1) } o

5. Summary

We studied the GLE for an external harmonic potential and the free particle limit for various
cases of the friction memory kernel. In particular, we derived the associated MSD and DACF
for the different chosen forms for the friction memory kernel of Dirac delta, power-law, and
distributed-order forms. Various anomalous diffusive behaviours, such as subdiffusion, super-
diffusion, ultraslow diffusion, and strong anomaly, are observed. Special attention was paid
to distributed-order GLEs and distributed-order diffusion-type equation. For different forms
of the weight functions, we obtained ultraslow diffusion, strong anomaly, and other complex
diffusive behaviours.

It will be interesting to compare the results obtained here for the GLE to the case for
external noise [10], i.e. when the second FDT is not satisfied. In both cases, superstatistical
and stochastic variations of the diffusion coefficient and anomalous scaling exponent (Hurst
exponent) have been analysed recently [47, 82—-86]. Studying such concepts in the frameworks
developed here will significantly enlarge our current range of stochastic models for disordered
systems. We also note potential generalisations with respect to subordinated GLE models such
as those studied in [87, 88], fractional GLE [14, 31], as well as the presence of stochastic reset-
ting [89] in the system, including resetting in the memory kernel [90, 91].
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Appendix A. Multinomial Prabhakar type functions £ ;) 5(t;a)

The multinomial Prabhakar function S(Q),ﬁ(t; d) with gy > pp > -+ > p,, >0, see [54], is
related to the multinomial ML function E(z) g(—ait!, ..., —a,t"") as follows

5(ﬁ)ﬁ (t;ﬁ) = tﬂilE(mﬁ (—alt“‘7...,—amt”’"). (A.1)
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Its Laplace transform reads

. sti—=h
L{E).p(6:d);5} = . (A2)

Kyaa! +amsﬂlfﬂm “+ ... _"_azsﬂlfﬂz _|_a1

Theorem 2.3 from [54] implies that the following identities hold true:
t
/ iy (§:d)dE = Ey g1 (54) (A3)
0
d . -
3808 (60) =€y g (@), B>1. (A4)

The asymptotic behaviours of the multinomial Prabhakar function for r < 1 and > 1 are
equal to

< ( ) HB-1 "o B
7). (68) ~is0 mr — 3, (A5)
(1), — T (3) jle(6+Hi)

Eyp (68) ~imsoo @ 'PTTVE, g (—aray ) (A.6)
respectively. Equation (A.1) implies the series representation of £y 5(s;d), that is

m G B— I+Z— ik;
(—1)f ke TT a)e 0
Ey.p (1) = Z Z ol k! - m (A7
k=0 by Fhn =k Lee e - fome (5"‘2/':1#1"9)
I ERER] ‘m 2

from which it appears that we can represent the multinomial Prabhakar function by the sums
of the three-parameter ML function [92], i.e.

1 ST(547) (=)
E} 5(—t") = A8
mo N = R X T T (A8)
whose the Laplace transform reads
no—p3
LIPTE (—at)isd = (A.9)
{ u,ﬂ( ) } ()\+su)6

For § =1 the three-parameter ML function becomes a two-parameter ML function, while for
=0 =1 it becomes one parameter ML function. The asymptotic expansion of the three-
parameter ML function follows from the expression [93, 94]

_(S o

5 (0+n) (=2)"
Evp ZFB p(6+n)) n! (4.10)

withz>1,and 0 < p < 2.
For example, for m =2, we have

1
Eui ), (a1, a2) = Z( a) f (Bt paj = lEuT,j g (@) (A.11)
Jj=0
:Z( a)y FTRITIE L (—at®). (A.12)

~,
Il
(=)
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Moreover, equation (A.2) for m =2 under condition |a;s™*! 4+ aps™#2| > 1 gives

= (_l)r — (1) —1 r+1 az -
g(/t],/zz),/f (t;ahaz):z a,iJrl tﬁ #2( ) EHI*MZAﬂ*HZ(V‘Fl) _;ltﬂl 2 (Al3)
r=0
o0 r
(_1) B—pi (r+1)—1 pr+1 a —
=) B iy | =) (A.14)
—0 % 2

From equation (A.7) for m = 3 after some laborious calculation can be derived, e.g. follow-
ing formula which is used in our manuscript

00 j 00 k
_a3)j —aj .
Epur i), p (01,02, 03) = Z ( Z (Za) (k+j)!

il |
- =k (A.15)
B—1+prk+paj pitk+1 o
X1 Eﬂz7ﬁ+lt1k+mj (—axt™?).

Appendix B. Tauberian theorems [95]

If the Laplace transform pair 7(s) of the function r(r) behaves like
F(s)~sPL(s7"), s—0, p>0, (B.1)

where L(?) is a slowly varying function at infinity, then r(¢) has the following asymptotic
behaviour [95]

1
r(f) ~ ——t"7'L(1), t— 0. (B.2)
L' (p)
A slowly varying function at infinity means that
L(at)
t_l)l})lc 0 =1, a>0. (B.3)

The Tauberian theorem works also for the opposite asymptotic, i.e. for t — 0.

Appendix C. The Volterra family functions

Volterra’s function is defined as follows [96-98]

(t,8,0) = ! /oo L du, R(B)>—-1 and >0 (C.1)
PO =T058) )y Tutarn)™ an ’ '

whose particular cases are

a=B=0:  v()=n(10,0),
a#£0,8=0: v(ta
a=0,8#0:  p(,p

The Laplace transform of the Volterra’s function u(z, 3, ) is given by [98]

1
X{H(Eﬁﬂ)as}:m~ (C2)
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Appendix D. Derivation of equation (84)

Since,

A ! (T(a+1) [(a+1)
—st.a A—1 — i 1—A
/0 e ¢ (log t) dr= 761)‘_1/0 e Vdr = T {Sail} =1, {Sail}

_ T(a+1) /S(s—t)”‘t_“_ldt: I'(a+1)T(—a)
0

INQEEDY s (1—=A—a)’
(D.1)
fora=—1/2, we get
> /2 A—1 T
—sty1 (1 - t)dt:— 0<A<l. D.2
/0 ¢ o8 SIAT(3/2—a) oS (:2)
Here I} denotes the Riemann-Liouville (fractional) integral, defined by [50, 55]
L[ fn)
") (1) = / dr, t>a, R > 0. (D.3)
(L2 (1) Wy =) (1)
Then,
1 (e
kT (s) :/ I'(3/2—\)dA [/ e 11/ (1ogA*1r) dt]
L N 01 (D.4)
§—
=TV 0 S 77T\/§logs'
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