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Streszezenie

Chromodynamika Kwantowa (Quantum Chromodynamics, QCD) zostata zapropono-
wana jako teoria oddziatywan silnych w latach 1972-1973 i przez nastepne pieédzie-
sigt lat byta intensywnie testowana w eksperymentach. Prawdopodobnie najbardzie;j
intrygujacymi wiasnosciami QCD sa wwiezienie kwarkow i asymptotyczna swoboda.
Pierwsza z nich oznacza, Ze natadowane kolorowo stopnie swobody teorii nie mogg by¢
wyizolowane. Druga wtasnosé sprawia, ze oddzialywania miedzy kwarkami i gluon-
ami staja sie stabsze wraz ze wzrostem skali energetycznej. Powyzsze cechy QCD w
sposéb naturalny doprowadzity do badania silnych oddziatywan w granicy wysokich
energii, w ktérej stosowane moze by¢ podejscie perturbacyjne (pQCD). W ciagu kilku
minionych dekad prowadzone byly liczne badania w takich eksperymentach jak Stan-
ford Linear Accelerator Center (SLAC), Hadron—Electron Ring Accelerator (HERA)
w DESY, Large Hadron Collider (LHC) w osrodku CERN, i wielu innych. Obec-
nie, w fazie planowania i konstrukeji znajduje sie nowy akcelerator Electron-Ion Col-
lider (EIC), zlokalizowany Brookhaven National Laboratory (BNL) w USA.

Jednym z gtéwnych celéw wymienionych wyzej badan jest poznanie i zrozumienie
struktury hadronéw, w szczegdlnosei protonu. Mimo, Ze obiekty te posiadajg im-
manentny sktadnik nieperturbacyjny, zwigzany z uwiezieniem koloru, dzieki teoriom
faktoryzacyjnym efekty te moga byé wyizolowane i zmierzone. Co wiecej, wiasnosci
hadronéw mogag byé badane w znaczniej mierze przy pomocy metod perturbacyjne;j
QCD, dzieki réwnaniom ewolucji majacych swe zZrédto w resumacji duzych logaryt-
méw. W perturbacyjnej Chromodynamice Kwantowej obliczane sa tzw. elementy
macierzowe, rzad po rzedzie w rozwinieciu wzgledem silnej statej sprzezenia a. Pod-
czas gdy wiodacy rzad takiego rozwiniecia moze da¢ pewien wglad w dany proces, za-
zwyczaj konieczne jest liczenie kolejnych rzedéw. Ztozonos$é rachunkéw w wyzszych
rzedach wzrasta jednak eksponencjalne i niezbedne staje sie uzywanie algorytméw
zaimplementowanych w formie programéw komputerowych.

Podsumowujac, badania struktury protonu zwigzane sa z dwoma aspektami: per-
turbacyjnym i nieperturbacyjnym. Efekty nieperturbacyjne opisywane sg zwykle przy
pomocy modeli fenomenologicznych, ktérych parametry ustalane sg przez fity do da-
nych eksperymentalnych. Podejscie perturbacyjne natomiast pozwala na zrozumie-
nie wielu cech protonu, takich jak zaleznosé od twardej skali, poprzez systematy-
czne rozwiniecie w statej sprzezenia. Istotne jest jednak, ze opis danych doswiadczal-
nych nie moze byé kompletny bez uwzglednienia obu z powyzszych aspektéw. Modele
fenomenologiczne sg zazwyczaj prostsze niz rachunki perturbacyjne ale obydwa pode-
jscia sa do siebie komplementarne.

Niniejsza rozprawa doktorska oparta jest na badaniach przeprowadzonych przeze



mnie we wspoétpracy z osobami wymienionymi ponizej i bazuje na nastepujacych ory-
ginalnych publikacjach:

* "Sector Decomposition Scheme for N>LO Beam Function"
T. Goda and P. Miillender
Acta Phys. Polon. B, vol. 52, no. 8, p. 947, 2021

+ "Sudakov effects and the dipole amplitude”
T. Goda, K. Kutak and S. Sapeta,
Nucl. Phys. B, vol. 990, p. 116155, 2023

+ "Effects of gluon kinematics and the Sudakov form factor on the dipole am-
plitude”
T. Goda, K. Kutak and S. Sapeta
arXiv:2305.14025, wystane do European Physical Journal C

Badania przedstawione w rozprawie przeprowadzone zostaty zasadniczo w dwdéch
obszarach w ramach QCD: efektywnej teorii miekkich i kolinearnych gluonéw (Soft-
Collinear Effective Theory, SCET) oraz obszaru kinematycznego w ktérym dominuja
partony niosace maty utamek, x, catkowitego pedu protonu. Pierwszy artykut na
powyzszej liscie publikacji zawiera badania w ramach SCET a dwa pozostate dotycza
fizyki matych x.

Prezentowana rozprawa posiada nastepujgcg strukture. W rozdziale pierwszym
dyskutowane sa zagadnienia istotne dla obu z wyzej wymienionych obszaréw. Celem
tego rozdziatu jest wyjasnienie kluczowych pojeé i ustalenie notacji. W drugiej czesci
rozdziatu pierwszego skupiamy sie na bardziej szczegétowym wprowadzeniu do za-
gadniert badanych w kolejnych rozdziatach.

Drugi rozdziat poswiecony jest badaniom funkeji beam w rzedzie N3LO. Klue-
zowym dla tego zagadnienia problemem jest zrozumienie skomplikowanej struktury
rozbieznosci podczerwonych oraz efektywna ich ekstrakcja. Dwa wprowadzone w
tym celu narzedzia to tzw. selector functions oraz rozktad na sektory. W rozdziale
drugim przedstawiony jest kompletny algorytm umozliwiajacy wykonywanie wszys-
tkich calek pojawiajacych sie rachunku funkeji beam w rzedzie N3LO. Algorytm jest
nastepnie przetestowany i uzyty do wyliczenia czesci biegunowej powyzszej funkeji.

Trzeci rozdzial rozprawy skupia sie na dwéch zagadnieniach z obszaru fizyki matych
x. Badania te przeprowadzane zostaly w ramach modeli saturacyjnych, ktére w niniej-
szej pracy zostaly rozszerzone poprzez dodanie waznych efektéw fizycznych. Pier-
wszym z nich byt ezynnik Sudakova, ktéry zostat wtaczony do dwéch znanych modeli
przekrojéw dipolowych tzw. modeli Golec-Biernat—Wiistoff (GBW) i Bartels—Golec-
Biernat—Kowalski (BGK). W drugiej czesci rozdziatu dyskutujemy natomiast znacze-
nie doktadnej kinematyki w ramach faktoryzacji wysokich energii. Pokazujemy, ze jej
uwzglednienie ma znaczenie dla opisu danych oraz uzywamy tak rozszerzonych modeli
do wyliczenia przewidywan dla projektowanego obecnie akceleratora EIC. Rozprawa
zakoriczona jest podsumowaniem oraz trzema dodatkami.



Abstract

Quantum Chromodynamics (QCD) was proposed as a theory of strong interactions
in the years 1972-1973 and, for over the next fifty years, it has been tested exten-
sively in experiments. Probably the most puzzling and characteristic of QCD are the
confinement and asymptotic freedom. The former means that colour-charged degrees
of freedom of the theory cannot be isolated, while the latter causes interactions to
become weaker as a relevant energy scale increases. These features of QCD naturally
led to studying strong interactions in the high energy limit, in which perturbation the-
ory (pQCD) is applicable. In the last several decades, numerous international efforts
have been made, most notably at the Stanford Linear Accelerator Center (SLAC),
Hadron—Electron Ring Accelerator (HERA) at DESY, and the Large Hadron Col-
lider (LHC) at CERN, among others. A new accelerator, Electron-Ion Collider (EIC),
is currently under development at the Brookhaven National Laboratory (BNL).

One of the main objectives of these studies is to reveal the structure of hadrons,
particularly the proton. While QCD is inherently non-perturbative due to colour-
confinement, factorization theorems allow the non-perturbative effects to be isolated
and measured. Although the hadron structure involves a non-perturbative component,
its behaviour can still be studied in pQCD, most importantly via resummation of large
logarithms. In perturbative QCD, one computes operator matrix elements, order by
order in the strong coupling constant, a;. While the leading order (LO) approximation
may give some insights into the processes, it is also important to go beyond. However,
such computations become exponentially complex as the orders increase and use of
automated algorithms implemented in computer programs is indispensable.

To summarize, the study of the proton structure has two aspects: perturbative
and non-perturbative. On the non-perturbative side, models are built and fitted to ex-
perimental data. On the perturbative side, some specific behaviours, for example, the
hard-scale dependence can be studied by calculating series expansion in the strong
coupling constant. As we discuss in this thesis, descriptions of experimental data is
incomplete, if either of the above aspects is missing. In general, phenomenological
models are much simpler to implement than perturbative calculations, while pertur-
bative calculations are more precise, and they can motivate some specific forms of
models. Therefore it is important to approach the problem of hadron structure from
both sides.

This thesis is based on the research conducted by myself in collaboration with
people listed below. The list of the original publications is as follows:

« "Sector Decomposition Scheme for N>LO Beam Funetion'
T. Goda and P. Miillender
Acta Phys. Polon. B, vol. 52, no. 8, p. 947, 2021

+ "Sudakov effects and the dipole amplitude"
T. Goda, K. Kutak and S. Sapeta,
Nucl. Phys. B, vol. 990, p. 116155, 2023

+ "Effects of gluon kinematics and the Sudakov form factor on the dipole am-
plitude”



T. Goda, K. Kutak and S. Sapeta
arXiv:2305.14025, submitted to European Physical Journal C

The research presented in this thesis involves two distinct areas of QCD, namely
the field of Soft-Collinear Effective Theory (SCET), and the field of small-z physics.
The first item in the above list of publications belongs to the former, while the rest of
the items belong to the latter.

The structure of the thesis is as follows. In the first chapter, we discus general
topics which are related to both of the above fields, intended to outline some basic
concepts and fix terminology and notation. In the latter half of the first chapter, we
discuss in depth, the issues relevant for the specific problems.

The second chapter is devoted to studies of the calculative techniques for the N3LO
beam functions. In this chapter, two main ideas are introduced: selector functions and
sector decomposition. A complete algorithm for calculation of phase space integrals
appearing at N3LO is presented and successfully used to compute the pole part of the
N3LO beam functions.

The third chapter is devoted to the two projects in the area of small-x physics.
Since they share some common background, the introductory part, which is focused on
specific models of the dipole cross section, is be given jointly for the two studies. After
the introductory sections, we discuss effects of the Sudakov form factor on the dipole
cross section models, with special reference to the Golec-Biernat—Wiistoff (GBW)
and Bartels—Golec-Biernat—Kowalski (BGK) models. Finally, in the latter part of
the chapter, effects of exact gluon kinematics in the kp-factorization formula of the F,
structure function are investigated in the context of the aforementioned models. These
effects which are reflected in the fit parameters of the models, along with the Sudakov
form factor, are further studied in the context of the future Electron-Ion Collider. The
thesis is concluded by the summary chapter, which is followed by appendices.
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Chapter 1

Introduction to the structure of the
proton

1.1 QCD summary

Let us first summarize the fundamentals of Quantum Chromodynamics (QCD). It ex-
tracts essential parts from Refs. [[1H6]] related to the following sections and thus the
references will not be given unless necessary. Throughout this thesis, h = ¢ =1is to
be understood.

There are four fundamental forces in Nature, namely electromagnetic, weak, strong,
and gravitational. In the short scale (~ 1 GeV~!) physics, the strong force dominates
over other forces by orders of magnitude. QCD is a field theory which describes strong
interactions of quarks, ¢, and their corresponding anti-particles, antiquarks, g. The
force is mediated by gluons, g.

The QCD Lagrangian reads

A . 1 apv a
Laco = Y Wi (il —my) g + (FF}, (1.1)
f

for the quarks of flavour f € {u,d,s,c,b,t}, represented by ¢, and the gluons de-
scribed by the field A, for which the covariant derivative and field strength tensor are
given as

Dl”j = (51']'6” - igsAZtaija

Fo, = 8,A% — 8,A% + gf " AP A%,

and the quark mass mgy;; = 0;;m,. Generators of the SU(3) Lie group, t* = A,/2,
where A, are the Gell-Mann matrices, satisfy the commutation relation

[t“, tb] = j fabege, (1.4)

where f;;s are totally antisymmetric structure constants. We use the Feynman slash
notation p = p*v, with the Dirac gamma matrices v*.
The gauge coupling g, and mass m, are free parameters of the theory, and it is
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customary to define
2

9s
o (1.5)

The third term in Eq. defines QCD as a non-abelian gauge theory, in which
gauge bosons carry the colour-charge, and interact among themselves. This additional
term gives rise to the three- and four- gluon vertices. The self-interaction is one of
the main differences from QED, in which photons do not interact with themselves at
leading order. A consequence of this is the well-known asymptotic freedom, which
will be discussed shortly.

Another notable difference from QED is the presence of colour factors appearing
in the algebra of t*. The colour factors, which are related to splitting probability
strengths of a gluon off a quark, a gluon to two gluons, and a gluon to a quark anti-
quark pair are respectively denoted by Cp = (N2 —1)/(2N.), C4 = N. and Tp = 1/2,
for a number of colours N,. While, in principle, N, = 3, it is often useful to keep it
free so that the large N, limit can be studied.

The Lagrangian respects local gauge symmetry. Under the local SU(3)
gauge transformation

Qs

U(z) = e %@t (1.6)

the field A transforms as
A= Uz)AU () + ; U (z)] Ut (). (1.7)

Additionally, gauge invariance forbids mass term for the gluons m?2A% A%, and thus
the gluons are massless particles, which is consistent with experimental findings.
While one can choose gauge freely, in the following sections, mostly a special class
of gauges called axial (physical) gauges are considered. The characteristics of this
gauge is that only transversely polarized gluons propagate. Consequently, the ghost
field, which may be required in other gauges, is not necessary in the axial gauge. The
gauge-fixing term for an axial gauge with a condition n - A% = 0 is given by

1
Lix=——(n-A%(n-A%), (1.8)
2€
and, for this gauge, the gluon propagator reads
) ., nkpr+phn” FpY
T(—n" + T et 2), (1.9)
pie n-p (n-p)

where, in the following chapters, a choice n? = 0 and £ = 0 is understood. Since, with
this choice, the vector n* is on the light-cone, the term light-cone gauge will be also
used interchangeably.

Unlike in QED, the coloured objects (anti-)quarks and gluons cannot be observed
as free particles. Instead, experimentally, they are observed only as constituents of
colourless hadrons. This property of QCD is called colour confinement.

As a consequence of the self-interacting nature of the gluons, anti-screening effects
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lead the coupling to run. As it will be discussed below, because of anti-screening,
the partons are asymptotically free in the high-energy limit. This is a vital building
block for the perturbation theory. For this reason, one categorizes QCD processes
into two types: perturbative and non-perturbative. The former is computed order
by order in the coupling constant a;, while the latter is usually modelled. A scale
Agep ~ 200 — 300 MeV denotes a characteristic scale of QCD, below which the
coupling is too strong and the perturbation theory fails.

Another important concept which we will discuss in Sec. is factorization.
The main idea is to factorize a cross section into a perturbative part and non-pertur-
bative part, such that non-perturbative effects are confined within some factors and
the remaining part can be computed as a series in as.

Feynman rules and Feynman diagrams, which represent interactions and propa-
gations of particles, form one of the main tools used in perturbative calculations. It is
a set of rules and diagrams.

The Feynman rules in the light-cone gauge are given as follows [1]]. Firstly, the
incoming quarks are expressed by Dirac spinors of following types

p p

— u(p), — u(p), (1.10)
p p
— v(p), — o(p), (1.11)

whereas, external gluons are expressed by the polarization vectors,

p’?ﬂﬂﬂf\ ’?5?5?525?
a “(p), a €*(p).  (1.12)

Quarks and gluons propagating internally are represented by the respective propaga-
tors,

i P J
000 .. LoV Voo
p v P N R i S (1.14)
(p? + i€) p-n
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Interactions of fields, the vertices, are given by
%m\< 7
H i
b2, ba :8

POl g

Po S g fae (gaﬁ(Pl — p2)y + 97 (P2 — P3)a + 9% (ps — pl)ﬁ) ’
(1.16)

— igsti", (1.15)

D2, b7 ﬂ b3, ¢, 7Y

Zgg (fabefcde(gavg gaJ‘foy)
+ facefare(9°9" — g 9"°) (1.17)
+ fade.fbce(g 975 - ga'ygﬂd)) .

D1, a, & P4, d’ (5

In Fig.[1.1]we show the so-called self-energy diagram, where time flows from left
to right. In this diagram a quark-line, ——, emits a gluon oo, which is absorbed
back by the quark line. The letters k and [ denote four-momenta of the particles. The
corresponding scattering amplitude is given by

. - 1 'k + R\ (- F)
— 2 _ pea 2
M = —gsull — k)Yt (g — )(l k)27 tiwu(l), (1.18)

where we consider massless quarks and omit ze in the denominator.
In the diagram shown in Fig. one encounters a loop-

k integral of the type (cf. Fig.|A.1)) [7]]
! m Ak .
—— Lyubble = / kg(k — l) (1.19)

. This integral is divergent in four dimensions. In dimen-
Figure 1.1: An exam- .. C -
ple of self-energy “bub- sional regularization, which is commonly used in high-energy
ble" diagram. physics, the integration is performed in d = 4 — 2¢ dimen-
sions and divergences appear as poles at € = 0. As shown
in App. the dimensionally regularized bubble integral
yields [/7]]

a2 4 d\ ;nd-2 _(d _d
Ibubble —Z( 1) 2 w2l (2— 5) (l ) B (5 - 1,5 - 1) . (120)

Then, one can see that the integral is singular at d = 4. Additionally, one notices that
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in the on-shell limit /2 — 0, the integral (1.20) vanishes. Such integrals of the form

dik

o (1.21)

are called scaleless integrals, and they vanish in dimensional regularization [[7-9].
The diagram of Fig. gives higher-order correction to the quark propaga-

tor (1.13). As mentioned above, loop integrals are divergent in QCD. One class of

the divergences is called ultraviolet (UV). The UV divergences, which also appear in

Eq. (1.20) at £ — oo as
1
L(e) = — s, (1.22)
where g is the Euler—Mascheroni constant ~ 2.718 are treated by renormalization.
The renormalization procedure cancels UV divergences by multiplying the fields, the
masses and the couplings in the Lagrangian by renormalization factors Z;:

71 a-a
_ g, 1.23
Z, 7" 9 (1.23)

1/2 1/2 4qa
W = Zy ", A% =7, A0 g

where the energy scale p is introduced in order to keep the coupling constant dimen-
sionless, and the superscript 0 denotes the bare objects, which were introduced in the
original Lagrangian (I.I). What Eq.(1.23) effectively does is that it introduces the
counter-terms which subtract the UV divergences.

The bare quantities and counter-terms are individually divergent, while their com-
bination is finite. However, one has some freedom in choosing the coefficients of
the counter-terms. One of the most popular choices is the minimal-subtraction (MS)
scheme, in which only the e-pole terms are cancelled by the counter-terms. The mod-
ified MS scheme (MS) is another popular scheme, in which the terms proportional to
1/€ + In(47) — vg are cancelled.

Unsurprisingly, the physical observables, such as cross sections, cannot depend on
the scale u, which was introduced in Eq. (1.23]). Therefore, dependences on g which
appear at intermediate steps of calculations have to cancel. The sets of equations
called renormalization group equations (RGE) are very powerful tools based on this
idea. For example, the coupling a; satisfies

5 005
u o2
1

B = —as(Bo + fras+---), (1.24)

where the ellipsis stands for higher orders in a;, and the first coefficient is

. 1].CA - 4Tpnf . 33 — 2nf

Fo 127 127

(1.25)
It is important to note that, because the number of flavours ny = 6 at most, hence
B < 0. Thatis to say the coupling weakens as the scale rises. As previously mentioned,
the colour factor C4 is related to a splitting of a gluon to a pair of gluons, and thus
one sees here that the asymptotic freedom, as a result of the positive term of Sy, is
indeed related to the self-interacting nature of the gluons.

10
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P4 G L

Figure 1.2: Cut diagrams of 4* — hadrons at O(a;) [[1]. The cancelling contributions can be seen
as the same diagrams of squared amplitudes which are cut at different places to form virtual or real
contributions. Note that the fourth diagram vanishes for massless quark since the loop integral is
scaleless.

While the UV divergences are removed by the counter-terms and renormalization,
one also faces another type of divergences called infrared (IR). These divergences
correspond to a region where radiative corrections are soft (|p| = 0) or collinear (p; ||
p2)-

IR divergences appear also in loop integrals. As desired, cancellations of IR di-
vergences from real and virtual contributions is guaranteed by the Kinoshita-Lee-
Nauenberg (KLN) theorem [10,/11]]. This has a simple intuitive interpretation that
experiments cannot distinguish, for example, the final state ¢ from ¢ + g, when the
angle between g and g is too small. An example of contributions discussed in Ref. 1],
which shows cancellation of IR divergences are given in Fig. The diagrams shown
in there are called cut diagrams, and represent squared amplitudes, where, for exam-

2
ple, the first diagram represents one of the contributions in ‘Mf/ )_mqg‘ whereas the

second diagram contributes to Mﬂs ) MA(/O) ",qg The superscripts (0) and (1) indicate
the number of loops. As we shall dlSCUSS later, the IR singularities also appear in the
initial state radiation. The KLN theorem cannot be applied here and another treat-
ment is required. Since we are interested in the high-energy processes, the masses of
light flavours {u, d, s} will often be ignored.

1.2 Deep inelastic scattering

As we discussed, on the one hand, processes whose scales are sufficiently larger than
a characteristic scale of QCD (Q > Aqcp) can be computed as perturbative series in
the strong coupling thanks to the asymptotic freedom. On the other hand, processes
which are characterized by lower scales (Q < Aqcp) cannot be computed in pQCD.

One of such objects which receives genuinely non-perturbative contribution is the
parton distribution function (PDF), which describes the structure of a hadron. The
PDFs can be extracted from experiments, and throughout the history of QCD, a type
of experiments called deep inelastic scattering (DIS) played a crucial role in revealing
the structure of the proton.

Two important types of DIS processes are depicted in Fig.[1.3]and they correspond
to

e~ (k) + X(px),

e~(K) + X(px) + Yiov), 120

e” (k) + P(pp) — {

11
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My

I Rapidity gap

MXNmP

Figure 1.3: Schematic view of DIS (Left: Inclusive, Right: Diffractive) in the single-photon channel.

in both of which, an electron and a proton collide by exchanging a space-like virtual
photon with momentum transfer ¢ = k — k¥’ and ¢*> < 0. In the left-hand-side picture,
inclusive DIS process is shown. Here, only the scattered electron is singled out, while
all the final-state hadronic activity is summed up. In the right-hand-side picture, the
process of diffractive DIS is depicted. It is characterized by the rapidity gap in the
final state, in which the system X has an invariant mass near the proton mass, thus
the proton remains (almost) intact. It is also possible to exchange charged vector
bosons W=, in which case, the process is called charged-current DIS, in contrast
to the neutral-current one. In this section, we will consider only neutral-current,
inclusive DIS.

Let us start by summarizing the kinematic variables of DIS for convenience [[12]]

¢=k-K)? =-, s = (pp + k)%, W2 = p%,
yoped WEAQomb g gy
mp 2mp
¢ % _ Q? (1.27)
CC_2pp-q C 2mpr W24+Q2—m3’
_pp-q _ 2mpv WA+ Q*—-m} _1_%
pp -k (s —m?%) (s —m2) E,’

where the energies of the initial and final state electrons E, and E, are given in the
proton rest frame, in which y € [0,1] is the fractional energy loss of the colliding
electron, whereas v is the energy of the photon. /s is, as usual, the centre-of-mass
energy of the incoming e~ + P system, and W is the invariant mass of the hadronic
final state.

Let us also introduce two important limits: the so-called Bjorken limit, in which
Q? — oo for fixed z, and the Gribov-Regge limit, where z — 0 for fixed Q2. DIS is
commonly described in the so-called infinite-momentum frame (IMF) [[13]], where the
proton is boosted along the z axis, and its momentum is given by pp = (P,0,0, P),
for large P > mp compared to the proton mass. The importance of this frame is, as

12



CHAPTER 1. INTRODUCTION TO THE STRUCTURE OF THE PROTON

we will discuss in more detail in Sec. that the proton appears as a frozen, thin
disk, due to the Lorentz contraction and time dilation. The Breit frame [[13]], which
is also a common frame, is characterized by the photon momentum being given by
q= (07 0,0, Q)

At leading order in aey,, the scattering amplitude for the process depicted in the
left-hand side of Fig.[1.3]is given by [[12}[14]

o
iM = (z’e)%(k’)fy“u(k)zz — (X|J"|P), (1.28)
where X denotes "anything"” in the final state, and for which the cross section (electron
spin averaged) is given by

1 &3

K 1.2
40 = fux @r 2E'Z(27T Ok =pr=px)3 sgﬁs'M' (129

where the flux factor in the proton rest frame is flux = 4E.mp [[14]]. This can be
expressed in terms of a leptonic tensor L*”(k, ¢) and a hadronic tensor W, (p,q) [4,
12114]:

S MP = COE 2)2 L, (P|J*|X) (X|J"|P), (1.30)
spins
where 1
W=~ (2m)*6*(q + pp — px) (P| J*|X) (X| J” |P). (1.31)
X

The leptonic tensor describes the emission of a photon from the electron, while the
hadronic tensor describes the process where the photon interacts with the proton.
The leptonic tensor is calculable in QED, while the hadronic part is not a perturbative
object. Nonetheless, it has a general form [4},12, 14—16]|1_-]

W (p,q) = — (9”” - qqq ) Wi (z,Q%)

n <p¢ _ q,ipz; Q> (p; _ q,,pz; Q> W, (m 0 ) (1.32)

_Z.EMV)\GPP)\qJWS (.Z', QZ) )

which follows from the conservation of the electromagnetic current
QW = qW* = 0. (1.33)

The third term of Eq. (1.32)) vanishes (parity violating structure function) [4,(12}|14/]
if we only consider the photon case, therefore, in what follows, we will focus on the
first two terms. The scalar functions, W; and W5 are commonly replaced by the so-

! Details of a full form for the weak interaction with non-zero quark mass can be found in Ref. [[16],
p-357.
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called structure functions [4,/12,14]
Fi(z, Q%) = Wi(z, Q%) and Fy(z, Q%) = vWy(z, Q?). (1.34)
One can express the cross section for inclusive DIS in terms of F; and F5 as

do 4ma’mp
dWdQ? (s — m3)2Q? File, @)
4 ((s—m?a)(s—WQ—QP) _1) 2mp

m%Q?

It was observed that, at sufficiently large @, the structure functions depend only on
a scaling variable z (commonly refereed to as Bjorken x) [4,/12,/14]. This motivated
the idea of the parton model [4], in which the proton consists of point-like partons [4,
12,/14]]. Moreover, the structure functions F; and F» are related at leading order
by [45/12}/14]

(1.35)

Fy(z, Q7).
W2+Q2—m3 °

Fy(z,Q?) = 2zFy(z, Q?). (1.36)

This relation, called Callan-Gross relation, originates from the nature of spin-1/2
partons [4,(12,/14]. We can also define the structure functions for transversely (T)
and longitudinally (L) polarized photons:

2£L'F1 = FT = or, (137)

4m2a

2

F2—2.’L'F1=FL= agr, (138)

4120

therefore
F, = Fr+ Fy. (1.39)
In the parton model, one naivelyﬂ writes
Fy(z) =z} (f(@) + f(2)), (1.40)
!

where e are the parton charges and f(z) are the parton distribution functions (PDF's),
and the sum runs over the (active) flavours, f € {u,d,s,---} of the partons. In this
case, the PDFs are the probabilities of finding a parton which carries the momentum
fraction z of the proton.

1.2.1 Factorization

In the Bjorken limit, where @@ — oo for a fixed value of z, the relevant time scale is
~ 1/Q, while the typical time scale of interactions inside the proton is ~ 1/Aqcp. In
what is called the impulse approximation [4,12,17]], the photon interacts with the
proton which is practically frozen. As mentioned earlier, in the infinite momentum

2This definition is exact in the so-called DIS scheme [2}|4]. However, throughout this thesis, we
shall use PDFs in MS scheme.
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frame, where the proton is boosted, the proton pictorially looks as if it was a frozen
flat disk [4]. The idea that in the Bjorken limit, the interaction of the photon with
the proton is independent of the mutual interactions of quarks is vital in the following
discussion.

When we consider the photon-parton interaction to be decoupled from the low-
scale partonic interactions, the matrix elements can be factorized at the level of prob-
abilities. Then, the factorized formula for the structure function reads [2]]

Fy, = ;/zl d?gfa/A(& pr)Ha(x /€, pr,q) + higher twists, (1.41)

in which the hard, perturbative part is described by the partonic cross section H,
and the non-perturbative effects are encoded entirely in the parton distribution func-
tions, fq/4, for the parton species a. It is also important to note that H, is the same
for different types of colliding hadrons A. The remainder, which is of the order of
O(Adcp/@%) [2,/13]], is called the "higher twist contributions”. The name comes from
the terminology introduced in the operator product expansion approach [2,/12}13].

One notices that in Eq. (1.41)), ur dependence was added in the PDFs. This is
the factorization scale which effectively controls the resolution of the probe. In fact,
while it was discussed previously that the KLN theorem guarantees the cancellation
of divergences in the real and virtual corrections, the singularities originating from
collinear emissions in the initial state remain. The initial emissions are therefore
absorbed inside the definition of the PDF's which acquire scale dependence. Because
physical quantities, like F5, cannot depend on the additional scale pg, similarly to the
case of renormalization, one obtains a set of equations for the PDF's, which describe
the factorization scale dependence. These are called the Dokshitzer—Gribov—Lipatov—
Alterelli—Parisi (DGLAP) evolution equations [17-21],

of ldz o
2-J 2 — heiadhat)
7 (W(w,u) /m 9

> P}?f(z)f’(x/z,f)] : (1.42)
=

where the LO Altereli—Parisi (AP) spilliting kernels are given by

1+ 22
Pé;’)(z)=op<1_z)+, (1.43)
PO (2) =Tr (& + (1 - 2)%), (1.44)
O, z 1—=2 _ 11C4 — 4nsTF _
P, (2) =2C4 ((1 — + . +2(1 z)) + 5 0(1—=2), (1.45)
1+ (1—2)2
PO(z) = CF%. (1.46)
In the above expressions, ()4 denotes the so-called plus-distribution:
1 z)— f(0
(3) sw=12-10 (1.47)
T/ + T
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CHAPTER 1. INTRODUCTION TO THE STRUCTURE OF THE PROTON

q(z, p%)

Figure 1.4: An example of a ladder diagram, in which krs are ordered as pr > ki > kor > ---.
The splittings below the factorization scale ur are absorbed inside the PDFs. Notice that due to the
flavour mixing in Eq. (1.42), this diagram is only one of many contributions to DGLAP evolution.

for some regular function f(z).

As one can see, the evolution (1.42)) mixes PDFs of different parton species.
DGLAP evolution can be pictured as a ladder diagram shown in Fig. In this
diagram, the photon probes a quark, while the evolution involves different types of
partons by a series of splittings. The leading contributions correspond to situations
where, at each step, the transverse momentum scale increases strongly, and even-
tually reaches the factorization scale, ur. That is to say, the leading contribution is
characterized by the strong ordering,

pr > kir > ker > - > Qo (1.48)

where we set the starting scale of the evolution to be Qg ~ 1 GeV. Also, it is a com-
mon practice to set pup = @, which we will employ. The configuration (1.48), is en-
hanced by large logarithms, In(Q/Qo), which are effectively resummed by the DGLAP
equations. Configurations in which one or more of > orderings from Eq. are
replaced by ~ correspond to subleading corrections to the DGLAP equation.

Let us see how we can get an intuitive picture of DGLAP evolution [13]]. One first
considers a distribution at scale Qq, f(z,@3). The parton branches, thus reducing
its z, while increasing its virtuality u2. Eventually, the parton reaches the scale @2,
where it enters the hard process. The increase in f(x, u?), for a small increase in u?,
is expressed as (for now considering no mixing with different types of partons)

ou? 1 Qs
] 2 s / s /2 _ /
0 fin(z, 11°) e /w dz dz2ﬂ_P(z)f(w 1) (x — zx") (1.49)

which is simply all splittings from f(z, u2) weighted by the splitting probability P(z)
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(unregularized splitting function). On the other hand, the decrease is given by

2

6 fous (1, 1) = %f@c, W) [ da'de 2 P(a)3(a — =) (1.50)

Therefore, in total, the change of the parton distribution reads

df( / dz— x/z u?)/z — (x,,uQ)]. (1.51)

One can see now that the expression in the square bracket makes the limit z — 1
regular. Using the plus distribution, one arrives at

2
MZ%M’;L) = /m1 %g—;P(z)f(x/z,ﬁ). (1.52)

This, when generalised to multiple parton spices, yields the DGLAP equations (1.42).
This view of DGLAP evolution, called parton branching, is popular in Monte-Carlo
simulations [[13].

Let us now introduce a function called the Sudakov form factor [|13]]:

w? d'u,’2 Qg
A1) =exp |- [ S0 [az22Pz)] 1.53
(1, 1) exp[ [ S [ 425eP ) (1.53)
With this, Eq. (1.51) can be written as
f@,pw?) , 0 2,2
A(ug, p*), (1.54)
AR, )" oo k)

for which we obtain, with the initial distribution f(z, u2)

55 ai) = 2 [ 42 P(2) /7] -

I d d s I
o) = M) o) + [, : AL} [0 P (el (1.59)

Due to the absence of plus distribution in the above Eq. (1.55), the z-integral requites
some upper cut-off. Above this cut-off, the branching is considered to be unresolvable.
The Sudakov form factor has a simple interpretation in this picture as a probability
of evolving from pZ to u? without resolvable emissions, thus it is often termed as the
survival factor [|13}22].

What is remarkable about the collinear factorization is that the PDF's defined in
Eq. are universal. That is to say, the factorization of the Drell-Yan (DY)
process

p+p—=l+1+X, (1.56)
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involves the same PDFs as those obtained in the DIS processes:

dUDy

A0y ;/m déa /wB dépfr/a(éa, @) f55(Em, @%)0 7 i(xa/éas 2B/ER, @),

(1.57)
where aﬁ_}ﬁ(xA/ﬁA,xB/gB,Q% are the partonic cross sections for the lepton-pair

production processes f 4+ f — 1+ 1.
Indeed, the leading order collinear PDF's can be thought of as number densities,

and can be obtained from the creation-annihilation operators, where, for quarks, we
have [2,/4, 23]

Funl€1) = Gz [ e (PIV Eor, ko ) ). (158)

From the above, the operator definition of collinear PDF's in the axial gauge is given
by [2,/4}23]

fQ/A £a /dw— —iePte” Pl@(07x_70l)7+¢(07070J.) |P>7 (159)

Foral&: 1?) = [ e P (P (0,07, 0, F(0,0,00)F P),  (1.60)

2m §P+
where the superscripts + and — denote components given by the Sudakov decompo-
sition

+

pt=p 7+p 7+pL, (1.61)

where n is a light like vector collinear to pp, with a axillary light-like vector 7, which
satisfiesn-n=2andn-p, =n-p, =0.

1.3 Soft-collinear effective theory

1.3.1 Strategy of regions

Problems in QCD often involve several disparate scales, for example, an invariant
mass of a lepton pair and its transverse momentum in the Drell-Yan (DY) processes
in the back-to-back limit. In order to simplify the calculations, one may naively con-
sider an expansion of an integrand around a small scale, for example, a ratio of small
transverse momentum and the hard scale. However, it may happen that the inte-
gration and the expansion do not commute. The correct approach to that problem is
provided by the so-called strategy of regions (expansion by regions) [24-27]. This, as
the name suggests, decomposes the phase space into appropriate kinematic regions,
and for each region, the integrand is expanded in the corresponding small parameter.
When added, such integrals produce the correct asymptotic expansion of the original
integral.

Consider a problem with two scales, A; and Ap, where A; < Ay. In this case, the
integration can be split into two parts, where the expansion around A;/k and k/Ap,
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respectively, are considered:

A 00
1= [ dk f®lnca+ [ dk SR - (1.62)

where f(z)|, < 1 means the Taylor expansion of f(z)in the small-A limit.
In fact, in the strategy of regions [24,25], one considers

I'= /() ddk f(k)|k/Ah<<1 + /0 ddk f(k)|Al/k<<1 - chro—bin, (163)

where the integration is performed in d dimensions, and thus the divergences are di-
mensionally regularized. The last term, called zero-bin [27]], accounts for the overlap-
ping region between the two integrals. Contributions from such overlaps are possible,
in principle as the integrals in Eq. run from O to co. The zero-bin contribution,
however, often yields scaleless integrals which vanish in the dimensional regulariza-
tion [26,27]]. One should note that the terms in Kq. may generate, respec-
tively, additional UV and IR divergences as 1/e poles, even if the original integral
does not [26]]. These poles are expected to cancel each other in the sum.

In order to apply this method, one first needs to identify the relevant regions with
singularities. In the above example, Eq. (1.63)), the integral was decomposed into two
regions: hard and soft. For the problems we will discuss later, there are more regions
with singularities.

The idea of expansion by regions gave rise to the Soft-Collinear Effective The-
ory (SCET) [27H30]]. Let us introduce two light-like vectors

n* = (1,0,0,1), n* = (1,0,0,—1), (1.64)

such that
n? =0, 7’ =0, n-m=2. (1.65)

With these reference momenta, one decomposes a momentum as given in Eq. (1.61).

The two reference vectors can be chosen differently, and there is, in fact,
a certain freedom to do so, which is called reparametrization invariance [27,31]. A
sub-class of this invariance is that, under rescalings

n—(14+0)n and n— (1-96)n, (1.66)

with an infinitesimal parameter §, the condition (1.65]), remains unchanged.
It is also convenient to define the transverse size

and label a momentum as

(P4, -, Pr)- (1.68)

In this notation, the hard (h), n-collinear (c), m-collinear/anti-collinear (¢) and soft
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(s) regions are, respectively, expressed as

(I, 1, 1)l ~ Q(1, 1, 1), (1.69)
(L, L, )l ~ QO 1,0), (1.70)
(Lo L)l ~ QUL Y2, ), (1.71)
(o, 12, )]s ~ QA2 A2, \2), (1.72)

where A < 1is a small parameter. In some cases, one needs to consider also a hard-
soft region ~ Q(A, A\, A). The theory which involves such region is termed as SCET};,
whereas the hard-soft contribution is absent in SCET} [27].

Once the regions are identified, one performs derivative/multipole-expansions.
For example, in the collinear region of k, a scalar product can be expanded as

(k + 1) = 2k_1, + O(N). (1.73)

The small expansion parameter is commonly defined as A ~ ‘g for some momen-

tum ¢ and @2 = |¢?| of, for example, a back-to-back lepton pair in the DY process. As
we will see below, this parameter is a very useful tool in SCET, as the different fields
are characterized by the scaling in terms of A, as defined in Eqs. (1.69)-(1.72).

In an effective theory, one constructs an effective Lagrangian which reproduces the
expanded integrands. Therefore, one can obtain expanded integrands directly from
Feynman rules of the effective theory. In SCET, field operators are decomposed into
collinear, anti-collinear and soft components. The hard field ty,.q is integrated out
and absorbed in factors called Wilson coefficients, which are coupling constants of the
effective theory [27,32]]. In practice, however, the Wilson coefficients are calculated
by matching to the full theory, i.e. QCD. In SCET, the effective Lagrangian reads

L=LcA Lo+ Ls+ Loy, (1.74)

and, it involves Wilson coefficients, Which are adjusted such that the results obtained
from the effective Lagrangian (I agree with the full theory (I.1)) results. Except
for the soft-collinear interaction term L., the Lagrangians of respective degrees of
freedom are copies of that of QCD [27,]32]]. As a consequence, only operators which
involve both of the two collinear fields gets matching corrections [27,32].

L. contains interaction terms between soft and (anti-)collinear fields. Which
interactions between the fields are allowed in the Lagrangian is to be determined from
momentum conservation. For example, the interaction of the soft and collinear fields
is valid since

(A2 1,0 4+ (A2, 02,07 ~ (A2, 1, 1), (1.75)

whereas the interaction of the anti-collinear and collinear fields is invalid since
(VL0 + (L, X%0) ~ (1,1, 4), (1.76)

which gives rise to the momentum in a region which is not any of the SCET fields (1.69)—
(1.72).
When the Lagrangian is specified, one then needs to define operators. An impor-
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tant concept in SCET is power counting, in which operators and fields are expanded in

the parameter A\. The behaviour of the fields is obtained by considering a time-ordered
product [27,32]

y e~ (1.77)

(01T {ths(2),(0) } [0) = igE

In the case of the soft quark field, the scaling of the momentum is p ~ (A2, A2, \?),
and its conjugate x scales like ~ (1/A2,1/X%,1/)?), thus the right-hand side is ~
(A%)*2%. One, therefore, obtains ), ~ A3. The above case was simple due to the
uniform scaling of the momentum. In the case of the collinear fields, one decomposes
the fields with the projectors

_ @ and P = 7%7‘, (1.78)
which yields, for the quark field,
&= P, and Ne = P_1)... (1.79)

The scaling can be found as

olT {&:(w)Zc(O)} 0) = 2/ (;lwz))4 ¢4¢p —p;-zO 7? o

_ / p e—zp-x
(2m)1p? +i0 2 ’

(1.80)

and similarly for 7., which shows that they scale as &, ~ X and 1, ~ A2. The small
component 7, can be integrated out [27,/32].

SCET inherits gauge invariance from QCD, however the gauge transformation is
also decomposed into soft and collinear parts [27]]:

Vi(z) = e @, where 0,0%(z) ~ (A2, X2, A\2)0%(x), (1.81)
Vy(z) = e @ where 0,0%(z) ~ (\%,1,1)0%(x). '
On the one hand, the soft fields transform as
Ys(@) = Vi(x)hs(w),
(1.82)

AL(@) =+ V@AV (@) + SVila) (V] (@)

then D%(z) — V,(z) D*(x)V(x). On the other hand, the collinear fields transform as

be(x) = Vis(z-)te(2),
Al (z) = Vi(z-) AL(2)V (2-).

Notice that the argument of the gauge transformation is z_. This is due to the mul-

(1.83)
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tipole expansion:

Vi(z) 2 V(z-) + 2.0, Vs(z) + 2+0_Vi(2), (1.84)
o 002)

where, for the collinear field, z ~ (1,1/A2,1/)). The transformation property of the
gauge field A#(x) ensures that the mixed covariant derivative

D* =DF —ign- As(z_), (1.85)

transforms as
DH(z) — Vy(z_)D*(z) Vi (2_), (1.86)

where the soft and collinear covariant derivatives are defined in analogy to Eq.
with appropriate fields replacing A.

For the collinear gauge transformation, the soft field is invariant [|32[], while the
collinear field transforms as

e(x) = Ve(z)€e(2) and D* = V,(z)D*V/(z). (1.87)

One notable feature of SCET is that the derivatives of fields may not be suppressed,
for example,

n - 0Ye(x) ~ 1. (1.88)
The inclusion of infinite unsuppressed derivatives is achieved with [27]]
> CTL — n
/ dC(E)ola +tn) = 3 2 (- 9)" (). (1.89)
n=0 """

Because of this, SCET operators are non-local. Products of non-local operators are
not gauge invariant, however, gauge invariance can be restored by the use of Wilson
limes [27]]:

0
W.(z) = Pexp [zg/ dsn - A.(z + sﬁ)] ,

0 (1.90)
Sn(z) = Pexp [zg/ dsn - As(x + sn)] ,
which transform as

We(z) = Ve(z)We(), (1.91)
1.92)

assuming VI (—oon) = 1. With this, one can obtain gauge-invariant fields

o(z) = WH(z)&o(2),

Xe(+) = W (2)&(0) .

AY = Wi (D*W,) .
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Now, with the soft Wilson line, one re-defines the collinear fields as follows:

&e(x) = Si(z-)e0 (),

A = 81(z ) AKOS, (2 ) o0
This allows the interaction term to be written as
Leys = Ej—im *Detsbe = Zj;n (iDs + Ac) &
it | (1.95)
=0 (i0+ AD) €,
where the fact that the covariant derivative along the Wilson line is zero
n-DsSp(z-) =n-Ds_S,(z-) =0 (1.96)

was used. The new interaction term in Eq. (1.99)) is free of soft-collinear interactions,
cf. (1.75)), at leading order (also between collinear and soft gluons, see Ref. [27]).
Finally, one has

Lscer = L9 +£0 + L, (1.97)

in which no interactions between different regions are present. The procedure of
Eq. is called decoupling transformation and it is a key step towards factoriza-
tion in SCET. Due to the disappearance of soft-collinear interactions, the states are
decomposed as

1X) = |X.) ® | X) ® | X, . (1.98)

From now on, the super script @ is dropped, but the re-defined fields of Eq.
should be understood. One should also keep in mind that the decoupling is correct
only at the leading order in A, and it does not mean that the soft effects disappear.
With the components presented above, the current, which is relevant for the SCET
definition of hadronic matrix elements analogous to Eq. is matched such that [|33]]

J* = Cv(—¢*)9 Xz S= 7" Sn Xer (1.99)

where Cy is a corresponding Wilson coefficient. With Eq. (1.99) and the decomposi-
tion of Eq. (1.98)), the hadronic matrix elements, which appear in the hadronic tensor
of DY cross section factorize as [33]]
2
(N1 (p)Na(p)] T ()" (0) [N (p) Ne(P)) = |Cu (@2, )|

x Woy(z) (Ni(p)| Xc(w)zixc(o) N (0)) (Vo) %:(0) Exel) |9

2 2
(1.100)
where the soft Wilson-line correlator is defined as
3 Lo (ot i
Woy(z) = = (0| Ttr (81(2)Sr(2)) T (Sk(x)Sa(x)) [0). (1.101)
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Figure 1.5: A schematic view of factorization of a Drell-Yan process with beam functions.

Multipole expansion with z ~ (1,1,1/X) for ¢ ~ (1,1, \) gives WDY(O) =1[33]. This
object resums soft, wide-angle radiation, and it is therefore called the soft function.
The remaining factors in Eq. (1.100)

M@ @O M)l MO @ e, (1102

are called the beam functions, respectively for the collinear and anti-collinear sectors.
Factorization of Eq. is schematically depicted in Fig. in which H corre-
sponds to |CV|2, and either parts represented by B correspond to the matrix element
of each sector: collinear and anti-collinear. The factorized hadronic matrix elements

in Eq. (1.100) is the main object that will be studied in Chapter

1.3.2 UYV renormalization of SCET

In QCD, as we discussed earlier in Sec[1.1} the UV divergences, which appear in the
loops, are renormalized by the replacement of the bare coupling with the renormalized
couplin The remaining IR divergences cancel with IR divergences of real emissions,
when the process under consideration is sufficiently inclusive.

Consider a scattering amplitude in QCD with on-shell external legs, p? = 0, and a
corresponding amplitude in SCET. Since we are not summing up the unresolved real
radiation, the amplitude in general divergent. Ignoring spin and colour indices, the
matching of the Wilson coefficients, C', means

Maeo({pi}, €) = C({pi}, ) Mscer({p:}, €). (1.103)

In the above, arbitrary number of loop corrections is understood:

Maceo({pi},€) = Mg)éD({Pi}, €) + Z—;MgéD({pi}, €)+---. (1.104)

3Unless otherwise stated, conventional dimensional regularization (i.e. all momenta and polarization
are d = 4 — 2¢ dimensions and gluons have 2 — 2¢ helicity states) and MS scheme are considered
hereafter.
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It was shown in Refs. [|34}35[ that there is one-to-one correspondence between the
IR divergences in the on-shell amplitudes of QCD and the UV divergences of operator
matrix elements of SCET. These UV divergences of SCET can be renormalized by a
multiplicative factor Z [27,34-36]], which is a matrix in colour space:

(Mpi},1?) =lim 27 ({p:}, € 1) IM({p} €) - (1.105)

This leads to the following RGE:

dinp (M}, 1)) = T}, 1) [M{pi}, 1)) (1.106)

where the anomalous dimension I'({p;}, u?) satisfies

T(pd ) =27 (ph ) i Znhesd). (1L107)

This, in turn, means that the Wilson coefficient of Eq. (1.100)]) satisfies

d
dlnp

Cv(Q*,1?) = T({p:}, *)Cv (Q*, 11?). (1.108)

In Ref. [34] it was conjectured that

ij 523
to all orders, where
o quark
(T‘;)aﬂ =4 —t%, anti-quark, (1.110)

~ifuss  gluon

and the first sum runs over combinations of external legs (i # j and unordered), and
sij = £2p; - p; (the sign is negative if one is incoming and the other is outgoing).
The cusp anomalous dimensions vyeusp and 7; € {’yq,fyg} can be found in Ref. [36].
The renormalization factor Z is known up to O(a?) in the conventional dimensional
regularization scheme [|36|], which we use here.

1.3.3 Operator definition of the beam function

In SCET [27], the transverse position dependent beam function is defined in terms of
SCET operators as [33], ¢f. Eq. (1.100)

By dhoi) = - [ dt e S NG xem+21) %)y (X1 ING),
(1.111)
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In comparison to the SCET definition of collinear PDFs cf. Eq. (1.59)

—iztn %
bope(zo) = 5 [ db 7 > (N@IX) 1X) g (XIXO NG, (1112
one can see that the difference is in the presence of the transverse separation z .

With the above beam functions, DY cross section naively factorizes as [33]]

dc  4na
dQ?d’dy  3N.Q2s

2 2i 2 —ig1-T L
‘CV(Q 7/”’) 47T/d Tje€
p (1.113)
X Ze [ q/N1 Z17xJ_Hu’)B§/N2(227xinuf) + (q ~ 6)] +0 <M2)

with a matching coefficient Cy (Q?, ), ¢f. Eq.(1.100).
Evaluation of Eq. (1.111)) is often done in the axial gauge [33,/37,/38]], where

n-A=0, (1.114)

thus the collinear Wilson lines, Eq. (1.90), reduce to unity. However, in this gauge,
the gauge dependent part of the gluon propagator, Eq. (1.9), contains a linear de-
nominator. This denominator is related to an additional type of singularities present
in SCET, the so-called rapidity (light-cone) singularities [33,37]]. This singular-
ity is not regularized by the standard dimensional regularization [|33},37,39]], and in
Refs. [33,[39]], an additional, analytic requlator o was proposed.

Introduction of a breaks the symmetry of n <+ m and p < p, and thus the two
beam functions are no longer symmetric, that is, one requires two different functions,
n-collinear, B, and @-collinear (anti-collinear), B. While rapidity divergences cancel
in a product of beam functions [33}40]], @ dependence survives as a result [33},[39].
This phenomenon is called collinear anomaly. The hard-scale dependence, however,
can be exponentiated by re-factorization into the form [|33},38]]

mTQz

4e—2E

F(:cT)
tiB 61 ) BralonDlo = (s ) Byl ab) Bl e, (1119

where Bf/j(z,xQT) are the bare (re-factorized) beam functions. Notice that, after re-
factorization, the beam functions recover symmetry between the collinear and anti-
collinear sectors. At this point, the beam function contains UV and IR divergences ﬁ
The UV divergences are removed by the Z-factor [34,(38,41,/42],

B’L/](z xT) ZB(CC%’ )BZ/J(z x%a/”’)) (1116)
Fi(z7) = F(w) + Z{ (W), (1.117)

4 As previously discussed, UV divergences of SCET operator matrix elements corresponds to IR
divergence of QCD.

26



CHAPTER 1. INTRODUCTION TO THE STRUCTURE OF THE PROTON

and in MS scheme,

2,7\ €
ol = (“ - ) AMER) (1.118)

thus obtain renormalized beam function B;/;(z, 2%, u), which is free of the UV diver-
gences.
Renormalization scale invariance of the cross section with Eq. (1.108)) implies [33]]

d Q>?
dlnNCV(Q27/-l'2) = lrisp In (F) + 27q] CV(QzalJ'z)a (1119)
(2 2\ _ opF
dlnqu (.’L'T,/J, ) - 2I‘cusp’ (1120)
LB (z,2%,u?) = |TE_In orit — 29%| Byn (2, 7%, u?) (1.121)
dlIl,LL g/N\Z, Ty b)) = cusp de—27E Y q/N\Z, Ty b ), .

where '}, is the cusp anomalous dimension in the fundamental representation and

74 is the quark anomalous dimension. For the case of gluon-initiated processes, By,

A

Il and 72 are replaced with T'g, ) and 49 respectively.

When z7 < Aéch, B;/;(z,z%) can be expressed by the operator product expansion
of the form [33}38]

Byn =Y. Tiy; ® dyn + O (e7A3cp) (1.122)

J

where ¢;/n are the collinear PDFs, and ® denotes Mellin convolution
1 d¢
A(z) ® B(2) = / AG/OBE) (1.123)

Factorization (1.113]) and matching described above are schematically shown
in Fig.

Naturally, one cannot compute the hadronic matrix elements of Eq. per-
turbatively. However, Eq. (or an analogous expansion of B;/y(z, %)) enables
one to obtain the matching kernels I;/; from the parton-to-parton beam functions B; ;.
Hadron-to-parton beam functions can then be constructed from the convolution of
these matching kernels with standard collinear PDF's.

1.4 Sector decomposition and selector functions

As we will see in Chapter[2], phase-space integrals of scattering amplitudes involve ex-
pansion around singularities. The objective of this section is to introduce techniques,
that enable one to transform integrands in which the divergences are factorised as
simple monomials.

To introduce the key concepts, we will use a toy model which simulates the inte-
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grand in d dimensions:
1
I= / dzrdza (21 — 22)2) 3 (@1 + 22) "1 (1 — @) "1 (1.124)
0
In the above one can consider also an implicit factor which is regular everywhere,

but as it does not affect the argument, it will be left implicit. This integral cannot be
evaluated numerically since the integrand is divergent when

1 = Ta, (1.125)
1 =0& x5 =0, (1.126)
Zo=1. (1.127)

Thus, one has to first extract the divergences as 1/e poles in the Laurent expansion,
and only after that can one evaluate the coefficient numerically. To this end, one first
needs the divergences to be factorized as monomials. In general, the integrands at
hand have complex structure of divergences, where Eq. exhibits three types
of non-monomial divergences. Here, the case corresponding to x; — x5 and z; + x5 are
termed manifold and overlap type singularities respectively. The condition (1.125)
correspond to the former, whereas, the condition (1.126)) corresponds to the latter.
The divergence of the type is called end-point singularity.

In order to transform the integrand such that all the divergences occur in the
monomial form, two techniques are to be introduced here. One is called sector decom-
position [43,44]] and the other is known as selector functions [45-47]].

Let us start with sector decomposition. The idea of sector decomposition is that
one cuts the phase space into sectors, such that, in each sector, the divergences are at
the end point of phase space, and by applying changes of variables, one can construct
a set of sectors in which the divergences are all in simple forms of monomials. The
schematic view of the process is depicted in Fig. One can demonstrate this in

Eq. (1.124) as follows. Firstly, one inserts
1=9(x1—x2)+0(a:1—x2), (1128)

thus cutting along the line ;1 = x5. Then, applying the changes of variables z; —
(1 — z})zs and zo — z1(1 — x4) to the respective sectors yields

1 1
I= /0 dm'l/o dzy 23 2’ [ 72 — o) M1 — 2y
1 1
- / d:cl/ dr's 27V %', T2 — 20) M1 — @y 4 zals) T (1.129)
0 0

Let us first consider the first term. Here, one has the divergences at z; = 0and 2’y = 0
as desired, and another at 1 — x5 = 0, which can be turned into the divergence at 0
simply by cutting the sector at zo = 1/2 and applying o — x}/2 and 2o — (1 —1z}/2),
respectively. In this method, one cuts the phase space as demonstrated above and
obtains a set of sectors with simple, explicit form of divergences.

Now, let us turn to the case of the second term in Eq. (1.129). The two poles

28



CHAPTER 1. INTRODUCTION TO THE STRUCTURE OF THE PROTON

)

Upper limit

Manifold (Line)

1 = T2

I

T9 > Iq

X1 > To
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(a) Schematic view of sector decomposition. Various types of divergences
changes of variables, the overlap and manifold types become end-point singularities (pink dashed).

T2

\

are shown in red. After

(b) Schematic view of decomposition by the selector functions. Selector functions do not deform the
space but simply select subsets of singularities. One applies the sector decomposition on those selected

singularities.

Figure 1.6
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of z717¢ and z; '~ are in the required from, however, we have another one which is
an overlapping-type divergence. Naturally, one may use the above technique until all
the divergences are sorted out, but it may be simpler if, instead of using theta func-
tions, one used smooth functions which can selectively suppresses the divergences
(Fig.[1.6D). This is the idea of the selector functions. The advantage of the method is
that one does not necessarily need to use changes of variables thus there is less danger
of complicating the expressions, which make the integration prone to numerical inac-
curacies. Another benefit is that one can keep track of the physical meanings of each
divergence. For the above case, instead of going straight to the sector decomposition,
let us multiply the integral (1.124]), by the selector functions

One can see that the first term suppresses the divergence at o = 0 and the second
term suppresses the one at zo = 1. Let us first consider the term multiplied by (1—z5),
which, after the sector decomposition 1 — x125 and xo — z129, is given by

1
Il—a:2 = /0 da:ld:ljz ;(;2—14-6(1 _ .’131)_6(1 . $1)_1+2E(1 + :131)_1_6
1
+/ dxidz, x1—1+e(1 — x1x2)—€(1 _ x2)—5(1 _ xz)—1+25(1 + z2)_1_€. (1.131)
0

This form contains only the divergences at 0 and 1, and what was not in a simple
form is suppressed by the selector function. Similarly, the other term becomes

1-— i)
(1= z122) + (1 — x2)) e
1-— T1T2
(1 =z1) + (1 = z13)) 1+

1
I, = / dridzy x5 (1 — zp) "1
0

(1.132)

1
+/ d.’l,'ldflfz .’L'l_l+€l'2_1_€(]. _ m2)—1+2e
0

Again, all the divergences occur at 0 or 1.
Once all the divergences are factored out in the monomial form, one can extract
the poles as a Laurent expansion. This is achieved by the so-called plus prescription:

/01 dez " f(z;€) = —%f(O; €) + /01 dxf(x; GL;LGf(O; €)

= —% /01 dzd(z) f(z;€) + /01 dz [x_1_€]+f(l';€)a

(1.133)

where f(z;e€) is regular everywhere and [...], is the plus distribution.

Integrands which appear on the right-hand side of Eq. are regular, and
all remaining integrations can be performed numerically by expanding the integrand
around € = 0. While, in principle, the integral [} dz [z7!], f(z) is finite, one needs
to pay extra attention near the point z = 0, as the integrand behaves as ~ 0/0 and
having a good control of the numerical accuracy is critical.

As demonstrated above, one can limit the use of sector decompositions only to the
cases of manifold and overlap types of singularities and the rest can be treated with the
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selector functions. Moreover, as it will be discussed later, evaluation of lim, o f(z)
becomes highly non-trivial at N3LO.

1.5 Small-z and gluon density

As discussed in Sec in the moderate-x regions the parton distribution func-
tions are obtained from the starting distribution f(z, Qo) and the DGLAP evolution.
The evolution equations determine the () dependence of the PDFs and resum large
logarithms of @. By examining the AP splitting kernels, Eqs. (1.43)—(1.45), one
sees that, as x — 0 (Regge—Gribov limit), the emissions of gluons dominate due to
the denominator z. In this region, therefore, one is primarily concerned about gluon
densities in the proton [12].
In the small-z limit, the Regge theory predicts [[13]]

Fy ~ Bpa®P ™! + fra®r, (1.134)

where ap ~ 1 and ag ~ 1/2 are the Pomeron and Reggeon trajectories, respectively.
One can interpret the two terms in the following way. The first, Pomeron term, de-
termines the effects of flavour singlet sea-quarks and gluons, while the second, the
Reggeon term, determines the valence-quarks contributions [13]. In Eq. (1.134)), the
limit z — 0 is approximately a constant: z*P~! ~ z°. However, experimental data
(see Fig. 4.2 of Ref [13]]) show a rise with decreasing . We will see presently that
this can be partially described by the double asymptotic limit of DGLAP evolution,
where one takes double-leading-logarithm approximation (DLLA), namely resum-
ming (a;sIn(Q/Qo)In(1/z))". For this analysis, it is convenient to move to Mellin
space:

6 =/0°om"‘1f(w)dw, (1.135)
]_ c+i00 o~
f@) == [ a0 (1.136)

A key feature of the above transformation is that the convolution of Eq. (1.123]) be-
comes a simple product. Therefore, noticing that the small-z limit corresponds to

j =1, and the Mellin moments of the splitting functions, 7_,52) and 7&2), are divergent,
the DGLAP equation for the gluon PDF takes the form

0§, 1) _ as(p) ) (N\xfs ©)( 2\ ~ 2Cy
w 8,u - 2T ’Ygg (J)g(]nu)> ﬁ/gg (.7) ~ ]'T].’ (1137)
and its solution reads
TR NP E _ CA ln(u2/A2)
g0, %) = §(4, o) exp l(j = 1)] , Where §= B In <ln(u3/A2) . (1.138)
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The inverse Mellin transform gives

aale) = 51 [dat e |G- Dma/o)+ ] s

This integral can be approximated by expanding the integrand in j around the saddle
point jo =1+ ,/m. Then, the asymptotic solution reads [[13]]

29(z, 1) ~ 3o, ) exp |2/E n(1/3) . (1.140)

The z dependence can be characterized by the exponent if the initial distribution,
3(jo, 12), is approximately a constant, and this solution is only valid if g(jo, u2) does
not behave too steeply in the limit z — 0 [13]]. (The growth is weaker than power of
1/x, yet stronger than any power of In(1/z), as noted in Ref. [48]].)

Therefore, in the large-Q?, small-z limit, DGLAP evolution predicts a rise of
the structure function. However, as one reaches even smaller-z or low-Q? regions,
one needs the full leading-In(1/z) approximation which is described by the Balisky—
Fadin—Kraev—Lipatov (BFKL) equation. The BFKL equation resums leading In(1/x)
with not only the leading In(Q?), which was the case in DLLA, but with full @* de-
pendence [[13]]. The phase space has a strong z-ordering,

I K1 K - K T, (1.141)

instead of the strong kr-ordering (1.48]), which was present in the DGLAP case. The
BFKL equation is a linear evolution equation in z, and can be schematically written
as [13]]
where the unintegrated gluon density, F, appears in the kr-factorization formula,
which we will discuss in more detail in Sec. and Kgrki, is the BFKL evolution
kernel.

The BFKL equation has two well-known problems [13,49]. One of them is that
when it reaches high rapidity Y = In(1/z), the transverse momentum may enter non-
perturbative region [13,/49,/50]]. This effect is called infrared diffusion. The other
problem concerns more with what we are interested in here: the well-known prediction
of leading order BFKL equation is a power-like rise of the structure function

Fy~ g 22 (1.143)

in the small-z limit. Asymptotically, however, the unitarity (Froissart) bound restricts
the rise to be [[13,/49]

Ototal S In’(s), (1.144)

which is clearly in disagreement with the BFKL prediction. While the unitarity bound
does not tell whether the cross section grows maximally or slower, the analysis of

32



CHAPTER 1. INTRODUCTION TO THE STRUCTURE OF THE PROTON

Ref. [49] suggests, indeed, the In*(1/x) behaviour. The disagreement will not be
resolved even when higher order results are included [51]).

In an attempt to account for saturation, Gribov, Levin and Ryskin [[52]] and Muller
and Qiu [53]] proposed a nonlinear extension to DGLAP equation [[12]:

2
ag(x7Q ) . asCA /zl dy (y, Q2)

(@)  w Joy?
3 9 (1.145)
_ _4m (%CA) i/ld_y 242)(y, Q?)
N1\ ) gl gV Q)
where the two-gluon correlation function g (x, Q?) is often expressed as
(zg(z, Q%)
9@ (z,Q%) = =22V L (1.146)

mR2 ’

with an effective proton radius R. The main feature of Eq. is the second term,
which compensates the rise of g(z, @?) as the gluon density becomes high. At the scale
Q ~ Qs, the first and the second term become similar in strength, thus the growth of
the gluon density is tamed. The scale, Q)s, characterising transition to the saturation
regime is called the saturation scale.

A similar extension to the BFKL equation was proposed by Balitsky and Kovche-
gov (BK), in which the recombination term was included to be [54-56]]

ON(ro,Y)  [d*
gy = | 5 Kerxw(ro,ri,mo) (1.147)

X [N(Tl,Y)+N(T2,Y) —N(T’(),Y) —N(T’l,Y)N(T'Q,Y)],

where N o2
asN, T
KprkL(ro,T1,72) = —— 523, (1.148)
T TriTs
and
ro=2x—1Y, r=x—2, ro=2—1, (1.149)

where x and y are the transverse positions of ¢ and g in the colour dipole, and z is the
transverse position of additionally emitted gluon. The above form of the BK equation is
given in the so-called dipole formalism, with the dipole amplitude A/, which is directly
related to the gluon density as we shall discuss further in the next section. The BFKL
equation (1.148) can also be formulated in this framework, which corresponds to
Eq. without the last non-linear term. [[13]]. As it was pointed out in Ref. [57]],
also the running coupling in Eq. has considerable effects.

It was shown in Ref. [58] that the BK evolution equation exhibits asymptotic
solution at large Y, a property called geometric scaling [59]. It means that in the
saturated region, the dipole amplitude depends only on one variable:

N(rY) = N(rQ,), (1.150)

where In (Q;) ~ Y.
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q

T, K

x/z,k% E

Figure 1.7: Kinematic variables of the gluon contribution to F». The momentum fraction of the gluon
is ¢/z as it has to contribute via the quark box. While, in the DGLAP case, the crossed rung digrams
were sub-leading, in the small-x case, the diagram on the right-hand side contributes at the leading
order.

1.6 DIS at small x and the dipole formalism
In this section, the inclusive DIS process depicted in Fig.
e +p—=>7(q) + plp) > e + X, (1.151)

will be considered. In the region where z ~ 0.3, the dominant contribution comes
from the valence quarks (see for example MMHT PDFs [60,61]]). As z decreases,
the sea quarks come into play. However, it was observed that the momentum fractions
carried by the quarks and anti-quarks do not add up to 1, and about a half of the total
proton momentum is carried by the gluons [12]]. At LO, gluons do not interact directly
with the photon, and thus are suppressed. However, as x decreases further, gluons
quickly dominate over other partons (see for example Refs. [[60-H62]), which can be
seen from the divergent term of the AP evolution kernels (1.43)—(1.46). For this
reason, in the small-z region, it is reasonable to only consider gluons. The evolution,
therefore, occur predominately via the process g — gg, and the LO DIS interaction
happens through a quark box depicted in Fig.

For a moderate to large x, inclusive DIS is described sufficiently well with collinear
factorization (1.41)). As one approaches the small-z region, resummation of the large
logarithms, log(1/z), is necessary, thus a new type of factorization, called the k-
factorization (high-energy factorization) [[63-68], should be used. In this section,
kr-factorization of the Fy structure function is outlined.

The Sudakov decompositions of k and & (Fig.[1.7)), with p and ¢’ = ¢ + zp, read

k=ap— B¢ + Kkr and k=ap—bq + kr. (1.152)

Then, the contributions to the structure function F3, depicted in Fig. for trans-
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versely and longitudinally polarized photons, factorize in the form [62,/69]

Fr(z, Q2 2Q2/dk2/ dﬁ/d 2 ¢ ]:‘dlpole(x/z kTa )

KT kr —kr ? 1 1y?
ot a7 [+ 7] (2 - =25 >+m;<ﬁ_m>],
(1.153)
2 2
Fi(e, Q) = XL vl B B / ap | dw} ¢ WFS ()2, b, 1)
61— a/3) x [4@%2(1 -0 (5-2) ]
(1.154)
where 2 2
L_, . Frtmy ki
Yo T or .
and
Dy = k74 B(1 - B)Q* + m}, (1.156)

Dy = (kr — kr)* + B(1 — B)Q* + m.

In kp-factorization, the long-distance effects are absorbed into the dipole gluon density
(unintegrated gluon density) F4P°e, The unintegrated gluon density is related to the
integrated gluon density, for large @, hence in the DLLA limit, by [48,70-72]

zg(z,Q?) = /0Q2 k7 FUP° (2, k7). (1.157)

More precisely, in Egs. and Fr and Fj, are factorized into the hard
part describing v*g — ¢q (Fig. and the gluon density F4P°e, The dipole gluon
density here is described by the BFKL evolution equation [13]], which resums large
In(1/z). One should note that, since the gluons are not directly probed by the photon,
the argument of F4Poke is z /2 instead of z.

Now, let us revisit the derivation of the dipole-factorization formula in Refs. [[69),
70] and show that the difference boils down to replacing z/z with z = x (1 + 4mfc/Q2)
of Ref. [73]].

With the result of Refs. [69,/70], outlined also in App. one has

5 ) -
2 D1 D2 2w

2
/dzh',T Kr K,T—kT :ng/ﬂh_eikT.rQ
or \D, D, 2m

2(Nyr), (1.158)

2(Nyr). (1.159)
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Figure 1.8: The dipole picture of DIS and its kinematic variables.

Inserting the above back to Eqs. (1.153) and (1.154), one obtains

d’k
Gdipole(x/z) T) = - T

. , 2
3 e a(u2)}'d1pole(x/z, k%) |1 _ esz-r

(1.160)

Then, assuming no implicit k7 dependence, one arrives at the dipole factorization
formula of Refs. [69,73]]

2 d2
FT(wan) = 626?419—7(_2 /01 d:B/ ﬁadipole(x/za 7")@(1 - .’L'/Z)

(1.161)
[ [ﬂz +(1- 5)2] NZKZ(Nyr) + mchg(Nlr)],
e d’r
F 2 = 2Q_ Za o Udipole 1-
1o, Q) =636 05 [ 48 [ (apoana(e/= )00 ~ 2/2) e
[4@2/32<1 - 5)2K3(N1T)] -
Hence, factorization of the structure function Eqs. ) and (1.162)), can be

written compactly in the from [69,(73]]
2 1 d2 9
2\ _ Q r =~ 2 ) ~
F, ($,Q>—zf:ef_47r2 X e % (8. ouan(B), (1163

where p = T or L, the photon wave function, |¥ (z, 3, Q2)|2, describes a splitting of
the incoming photon into a gg pair with light-cone momenta fractions g and 1 — 8
respectively, and the dipole cross section, oqipole (%, 7), describes the interaction of the
colour dipole with the proton. Eq. tells us that in the small-z limit, the DIS
process can be seen as an interaction between a proton and a ¢g colour-dipole, as
depicted in Fig.

In the above derivation, it was assumed that only e*7" =) depends on &7, which
resulted in 62 (r — ') (' see App. . This means that the dipole size is constant
throughout the process [70]]. This assumption is indeed not true if we consider the
definition of z in Eq. (1.155). It is a subtle but an important difference between the two

m2
schemes. In Ref. [73], £ = zp; (1 + 4Q—2f) was used to suppress the regions, where

Q@ < 2my, such that the photo-production limit (@* — 0) can be studied. From the
derivation above, it is now clear that Z naturally arises from z/z in Eqs. (1.153)) and
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(1.154)). Comparing with Eq. (1.155]), this is the minimum value of 1/z where k7 =

k' =0, 8 =1/2. This assumption motivates one to introduce massive light quarks to
replace the non-zero kr and /.. Another subtlety is that in the above derivation, the
coupling a; was considered to be independent of k7, if not constant. If one considers
the running coupling with k1 dependence, cf. Refs. [[62,(74]], the dipole factorization
becomes incorrect [[70].

In Eq. (1.160), the term multiplied by 1 corresponds to the case where the gluons
(wave function and the complex conjugate) connect to the same quark/anti-quark,
and the term multiplied by e*7™ corresponds to the case where the gluons connect
to different quark/anti-quark (c¢f. Fig.[1.7). Eq. can be inverted, and thus
the dipole cross section, gaipoie(,7), and the dipole unintegrated gluon distribution,
Fdirole( k2), are related to each other by [694|70L|75]

4 dsz

Odipole(Z,T) = v/ 2 o, FUPole (g k2) (1 — e*rT), (1.164)
c T
. N, [ &
Ols]:dlpOle(l', kr%) = E —(27:)‘2 elkT'rvzo'dipole(l‘,r)- (1165)

Using Eqs. (1.165) (1.157), it is straight-forward to see that [[70]]

7T2T2 1/'!'2
N, Jo
N w’rla,zg(x,1/r?)

N,

dk%as}" (z, k%)

lim G4ipole =
50 dipole

(1.166)

The behaviour of the dipole cross section in this region, ogipole ~ 72, is referred to as
colour transparency [69476], which means that the dipole effectively becomes colour-
less as it gets smaller.

In dipole factorization, the dipole cross section is an object which describes the long
distance effects. While there are evolution equations, most notably the BK equation,
which describe dependences on z, the dipole cross section requires, to an extent, a
model. In Sec. a brief overview of some successful models will be given.

Before ending the section, let us outline a few important points on another type
of gluon densityP} called the Weizsiiker-Williams (WW). The WW gluon density is
a number density of gluons [[79,80]. It was shown in Ref. [81], that in the large-N,
limit, various gluon densities appearing in the (I)TMD factorization (cf. Sec. can
be expressed in terms of the WW and dipole gluon densities.

Furthermore, when one considers the assumption that the colour charge density
distribution of the target is Gaussian [[80,82], the WW gluon density can be obtained
from [[79,80,83,84]

&Pr 1

—ik-r
(27‘(‘)2 r26 NAdj, (1.167)

a FVV (z, k?) = %2 / d2b /

For more involved processes such as double-virtual Compton scattering, one need to consider Gen-
eralized Parton Distributions (GPDs) [77}/78]. However for our discussion, we will only consider two,
namely the dipole and WW gluon densities.
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p, effective colour source

A, soft gluon field

Figure 1.9: CGC view of the dipole-proton interaction [86]]. Proton valence quarks (three lines at the
top) emit particles with momenta p > zpp, which become effective colour source, p, inducing a gluon
field A. The interaction of a dipole with A is described by Wilson lines.

where the adjoint dipole amplitude is related to the fundamental one by [8385]]
Nag; =1 — (1 — N)Ca/Cr, (1.168)

In the large-kr limit, both of the above two gluon densities are expected to behave
similarly like ~ k;z [80]. However, in the small-kr limit, their behaviour differs
substantially: FdPole ~ k2 and FWYW ~ log(k2) [80].

1.7 Colour glass condensate

Color Glass Condensate (CGC) 48,4986, 87] is an effective theory of high density
gluon system. Let us consider v — p collision in the infinite momentum frame, where
the hadron carry the most of the momentum, c¢f. Fig. Two degrees of freedom are
defined in CGC: the colour source (fast partons), p, frozen in time, and a dynamical
soft gluon field induced by the source, A as depicted in Fig. For the soft gluons
with high occupational number, the classical description is valid. These two degrees
of freedom are separated in the corresponding light-cone momentum by a scale A,.
(Notice the strong ordering in z means strong ordering in the light cone momentum
p+.) The classical equation of motion reads:

(D F™)  (z) = 6" T pg (z_,z1). (1.169)

The physical observables, such as cross sections, are weighted averages of the solution
of this equation. The non-linear effects in Eq. describe recombinations of
gluons.

The expectation value of an operator O is obtained from a functional integral

O, = [ [DAW, [11O1r], (1.170)

with the weight functional W, [p] of colour charge density p. The integral in Eq.
averages the expectation value Olp] over a random distribution of p. The weight W is
universal, like PDF's, while it contains all twist contribution.

For example, in the McLerran—Venugopalan (MV) model for large nucleus A, a
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Gaussian weight is given by [86]]

2/ —
Wa [p] = N exp l_%/df"ﬂﬁ(—ﬁ;)], (1.171)

where \,(z7) is the average of p2(z~,z,).

As we go lower in z, the dominant colour sources become gluons. The MV weight
can be evolved in the separation scale A, in a RGE called the JIMWLK equation [[49),
86/ :

8WA+ [p] . )
m =-H [,0, %] Wi, [p] (1.172)

were the evolution kernel, #, is called the JIMWLK Hamiltonian.

The BK and JIMW LK equations are related to each other such that the BK equa-
tion is a large- N, limit of a mean field approximation of the JIMW LK equation. In fact,
it was observed that the differences, despite of the approximations, are small [49].

The dipole cross section in CGC can be viewed as a scattering cross section of a
colour dipole with the field of soft gluons induced by the charged source p. Recalling
that the Wilson line resums interactions of a quark with soft gluons in eikonal ap-
proximation, the S matrix for the dipole cross section can be written in terms of the
fundamental representation Wilson line U [f| as

Tdipole = 2/d2b(1 ~5) = 2/d2b (1 - Ni (trU(@)U' () ) . (1.173)

Tg

Consequently, in CGC, the dipole gluon density is defined as [80,/88]

2 2
Q3 = qiNe S / d°ry e—iqrui

T on2q (27)?2 N <trU(O)UT(H)> : (1.174)

g

From the JIMWLK equation, one obtains

Yy <tr U(z)UT(y)>mg - _2:23\/'0 d’z ( _(z);(z)i 2)?
< [<Uf(x)U(y)>zg - Ni (ix (U (@)U () tr (UT@)U@)))@J] .
(1.175)

The above form requires the knowledge of a four-point function, which in turn leads
to an infinite hierarchy of equations, called the Balitsky hierarchy [86]. However, in
the large- N, limit, one has [86]]
(tr (U (2)U(y)) tr (UT(z)U(y))>x9 ~ (tr (UT(x)U(y))>xg (tr (UT(z)U(y))>xg ,
(1.176)
U = Pexp [—ig [ dz™ A} (z™, 21 )T,], where A*[p] is the solution of Eq. in the covariant

gauge, —V2 A% = p and A represents the last gluon with momentum k4 < p of the cascade (when
p+ is fast parton).
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thus Eq. (1.175]) reduces to the BK equation (1.147).

1.8 Improved TMD factorization

In the small-z physics there are two commonly used factorization schemes, namely the
transverse momentum dependent (TMD) factorization [89]] and the high-energy (k)
factorization [64]]. Both of these factorizations decompose cross sections into gluon
densities and hard kernels, which can be schematically written as

do
dP.S.

=" Gi(z, k) Hi(z, k7, Q), (1.177)

where on the left-hand side we have differential cross section over the phase-space,
P.S., and we denote gluon densities by G;, and the hard kernels by H;.

The TMD factorization is in general not restricted to the small-z region, while
the formalism assumes kinematic region of @? ~ kr < Pr, where the momentum
imbalance kr is small compared to the individual jet momentum Pr. In contrast, the
high-energy factorization is valid in the small-z region, and the kinematic region of
validity is Q? < kr ~ Pr.

As we saw earlier in Egs. and (1.154)), which are instances of the high-
energy factorization formulae, the relevant gluon density in the high-energy factor-
ization is the dipole gluon density (1.174]), whereas in the TMD factorization, several
gluon densities appear [[81]]. Most notably, in the large- N, limit, TMD factorization
involves two gluon densities, namely the dipole and Weizsécker-Williams gluon den-
sities.

Due to the condition kr < Pr, the TMD hard functions ignore the kr-depend-
ence [[81], that is, the partonic cross sections are on-shell, and kr-dependence is solely
in the TMD PDF's. In the high-energy factorization, in contrast, the impact factor,
as we saw earlier in Eqgs. (1.153) and (1.154]), is dependent on kr, that is the hard
function is off-shell and both the hard function and the PDF's are kr-dependent.

Therefore, one sees these two schemes as complementary, and the Improved Tra-
nsverse-Momentum-Dependent (ITMD) [81,90] can be viewed as an unification of the
high-energy factorization and TMD factorization. The key point which differentiate
ITMD from the TMD is the off-shell hard functions which carry the kr-dependence.
This, in other words, removes the constraint of Qs ~ kr < Pr, and thus allowing for
description of the full range of momenta Qs < kr < Pr. Asproven in Ref. [91]], ITMD
framework resums all kinematic twists of (Qs/kz)"™ and (kr/Pr)™, and equivalence of
CGC and and ITMD can be found when the genuine twist (multi-parton interactions)
are ignored.

1.9 Summary of the chapter

In this chapter, we have addressed fundamental concepts which form a basis of de-
scription of particle interactions at high energies. In the low-scale domain, QCD is
non-perturbative, and hence the expansion in the coupling constant is inapplicable.
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The factorization theorem allows one to isolate the long-distance (low-energy) phe-
nomena, from the short-distance (high-energy) phenomena for which the perturbative
approach is valid.

In processes such as DIS and DY, the objects which describe the low-scale physics
are called the parton distribution functions (PDFs). In the high energy limit, the fully
inclusive cross sections are described by the collinear PDFs, which depend on the
Bjorken scaling variable z. In the collinear factorization, the Bjorken scaling is loga-
rithmically violated, which in turn makes it necessary to resum the large logarithms
In 42, which renders the PDF's factorization-scale-dependent.

In the small-z limit, another type of large logarithms, In(1/x), appear, which must
also be resummed. This is achieved by the BFKL equation which predicts a sharp rise
of the gluon density, and hence the rise of cross sections, with decreasing z, which
eventually violates the Froissart bound.The problem is solved by the BK equation,
which incorporates the phenomenon of saturation by introducing a non-linear correc-
tion on top of the BFKL equation.

Descriptions of less inclusive observables also require another type of PDFs called
the transverse-mementum-dependent (TMD) PDFs. The universality is violated in
this case and one requires multiple species of TMDs in the description. In the region
of moderate z, a type of TMDs called the beam functions can be computed in pertur-
bation theory, in which the non-perturbative effects are contained inside the standard
collinear PDFs. Operator definitions of the beam functions can be provided by the
soft-collinear effective theory (SCET), in which the fields are decomposed into soft,
collinear and anti-collinear parts, which do not interact with each other at leading
order in the expansion parameter A. The hard degrees of freedom are integrated out
and absorbed inside the Wilson coefficients, which are obtained from matching to the
full theory, 7.e. QCD.

In the following chapters, we will discuss how, in practice, the beam functions are
obtained, and how the models of gluon densities describing the saturation effects can
be improved by incorporating additional physical effects.

41



Chapter 2

Towards the NSLO beam funetions

2.1 Phasespace integration for real emissions

2.1.1 Overview

At leading order, the partonic beam functions are simply given by [38]]

0

BY)

Beyond LO, one needs to evaluate Eq. (1.111). Pure-virtual diagrams do not con-

tribute to the beam function, since they involve only scaleless integrals [38], thus, at

NLO, only single-real emissions are needed [33,38]]. The NLO beam functions were

computed for the DY process (¢ — qg and g — ¢q channels) in Ref. [33]. The NNLO

beam functions were computed in Refs. [38,/92], for which the real-virtual (RV) and

double-real (RR) contributions were needed. Recently, in Refs. [93-98]], N3LO beam
functions of quarks and gluons were obtained.

While the beam functions can be obtained using the methods of loop calcula-
tions [38,92H98]], which yields analytic result in terms of multiple polylogarithms,
the complexity of the problem makes numerical approach an appealing option. In this
chapter, a scheme for calculation of the beam functions based on numerical integration
at N3LO is discussed.

In this study we consider the channels depicted in Fig. and, in particular,
the contribution proportional to the colour factor n;C%Tr. In order to evaluate the
beam functions, one first needs to calculate collinear splitting amplitudes. While the
splitting amplitude was computed independently for this project [99], later it was
also computed in Ref. [100]. Since for our calculation, we need a space-like splitting
amplitude, the above result of Ref. [100] has to be crossed, as we shall discuss in
Sec.

The diagram in Fig.[2.2]is an example of a cut diagram with triple-real emissions.
As discussed later in Sec. one additionally needs diagrams which involve virtual
emissions which correspond to cutting relevant diagrams at different places in analogy
to the cases depicted in Fig. The main interest of this study is the method of
phase space integrals for real emissions, and this involves extraction of the divergences
which arise when emitted particles become soft or collinear to one another. Additional

(Z,.’L‘T) = (5”(5(1 — Z) (21)

42



CHAPTER 2. TOWARDS THE N°LO BEAM FUNCTIONS

denominators denominators
Iy (la +13)? (L + 1+ 13)?
lo - (la+13) - (l+1l+1s)
P I (p—1l—15)? (h+1)?
q (p—l—1ly—I5)? (p—l—ly—13)?
n-l n-l
(lh+ 12+ 15)? (la + 13)?
(b +1la+1s) - (la+13)
(lh +13)? (p—1h)?
P—ll—l2—l3)2 (P_ll—lz—l3)2
n-ly n-ly

Figure 2.1: Kinematical variables and Feynman diagrams of N3LO splittings contributing to the term
proportional to nfTpC%, in the ¢ — g¢'q'g channel. Divergent propagators are highlighted in red and
the corresponding denominators are listed.

Figure 2.2: An example of cut diagrams at N3LO splitting in the ¢ — g¢’g’g channel.

divergences, called the rapidity divergences, appear as a consequence of expansion by
regions. The divergences, in the case of the former, can be regularized by dimensional
regularization, that is, by integrating in d = 4—2e dimensions. In the case of the latter,
divergences are regularized with help of additional analytic regulator, «, as we shall
discuss in Sec. . With these regulators, the integrals can be Laurent-expanded
around € = 0, a = 0, ¢f. Eq. (1.133). However, as we shell see shortly, in practice,
the integrand is not guaranteed to behave well in the z; — 0 limit.

2.1.2 Matrix elements

The starting point of our calculation is obtaining the ma-
trix element defined in analogy to Eq. (1.111)), in which
the proton N(p) is replaced by a quark g(p). As previously
mentioned, in the SCET framework, the Lagrangians of
the respective regions after the decoupling transforma-
tion, Eq. (1.94), are simply the copies of the QCD La-
grangian. Hence we can effectively use the standard Feyn-  pigure 2.3: A cut diagram of

man rules of QCD (1.10)—(1.17). g — qg contribution for the

At NLO, the matrix element for the contribution de- beam function at NLO.
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NN

Figure 2.4: Schematic view of the replacement of the propagator (2.4).

|3

picted in Fig. is given in the covariant gauge by [27]]

ﬂ ! (2.2)

2] (p—UL)*
where ¢ is the incoming quark and [; is the emitted gluon momentum. While the
exact role of this matrix element will become clear in Eq. (2.19)), for the moment, it
should be understood as an object closely related to the hadronic matrix elements of
Bq. (L.ITI).

One immediately notices that the difference between Eq. and the regular
squared splitting matrix element is the presence of % As it was previously mentioned,
squared amplitudes can be conveniently depicted by the cut diagrams, Fig. A
regular cut diagram in QCD can be obtained with the Feynman rules by placing the
lines (propagators), which are cut, on mass-shell. This effectively means applying the
replacement

|]\/[<1—Hz.q|2 = _%SCF tr l(?’ - 11)7“?%(1‘ - 1)

5o omt () =20 () 0(B), (2.3)

I

for the propagators which are cut. This is known as the unitarity cuts [7|]
The replacement should be used for the lines which are cut in Fig.
however the lines terminating at the convolution sign ® require special treatment.
The correct matrix element at the level of the Feynman diagrams can be obtained by

attaching a spinor u(7/2) (or possible other spinors depending on the diagram) to the
either side of the legs. That is to say, instead of the replacement (2.3]), we replace the

propagator as

d _ 4_(n\y (N4 _dpd

i 5) G~ 24
for the line going into the hard process, (represented by ®) as depicted in Fig.

An equivalent method is to use QCD splitting amplitudes. Let us consider a QCD
scattering amplitude with n on-shell external legs carrying the momenta p;

|Mn(p1ap2a"-7pn)>- (25)

The collinear factorization [[101,/102] tells us that in the collinear limit, for example
p1 || p2, the amplitude factorizes to

|Mn(p1,p2, s 7pn)> = Sp(p17p27 P) ‘Mn—l(f)7p3 s 7pn)> ; (26)

where ‘Mn(f?,pg e ,pn)> is a reduced amplitude, with n — 1 external legs in this

case. The splitting matrix Sp(py, ps, P) describes the collinear splitting, which we are
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interested in. More specifically, we need a triple-collinear splitting function P which
is the colour-averaged splitting matrix squared

~ ~ 12
P(p17p27p37p47P) = ’Sp(p17p27p37p4ap)‘ . (27)

Following the prescription of Refs. [102,103]], one can obtain Sp by computing a
matrix element for the process

a(5p-) = a(P) +9() +7 (1) + 4, 2:8)

with standard Feynman rules, where the momenta are as labelled in the top-left dia-
gram of Fig. except for g, which is replaced by

3 (p— X3, 0)? ¢ _

P — (p— ) M=l e g ) 2.
P=(p-3h) -2 m =g - (2.9)
This can be thought of as a modified unitarity cut, (2.3):
N o Pot (P?). (2.10)

7
We have verified that the above two prescriptions (2.4]) and (2.10) are the same

up to a factor, in the following way. We first decompose the right-hand side of (2.4
into gamma matrices and momenta:

i L7 a ar
Fag o T AW 2
Using the the identity
Yy = g7 + g — g0 — iy, (2.12)

and noticing that the there is a symmetry under the exchange of ¢° <+ ¢°, for which
the term with the Levi-Civita tensor vanish, one can rewrite

2%4 [’y ] g =2iq4 [v*] (2q - nq — ¢*n)*
:‘;_;(,1 _ 2;27;) (2.13)
Lp
In the end, we get
q%gq% = Z—;ﬁ (2.14)

Then we find that the two prescriptions (2.4) and (2.10), respectively, can be
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l4 l3

15 I3 D ly
e

Iy Il

L P

Figure 2.5: Conversion between time-like and space-like splitting functions amounts to exchanging
one of the outgoing leg with the incoming leg.

reformulated to produce the same results

. 2
% = 54 (¢ - 2;%7?) and % 2q4g7ig (2.15)
where the on-shellness of P is guaranteed by the definition . In the above, we
have used the fact m-q = zp_. The factor differentiating the two prescriptions needs to
be included if one is to use the QCD splitting functions to compute the beam functions.
While the process (2.8)), we considered above corresponds to a space-like splitting,
in Refs. [100-102,/102], the splitting functions are time-like. In our calculation, we
need a space-like splitting function, for which the appropriate conversion amounts to
crossing the incoming momenta and one of the outgoing momenta, depicted in Fig.
We note that, the incoming momentum on the left-hand side diagram is defined as

l _ﬁ_ 2.16
Z;) - (S )" 20

whereas P on the right-hand side diagram is given by Eq. (2.9).

With the method described above, the calculation of the matrix elements can
be carried out following the standard Dirac-Clifford and colour algebra. Computation
of the squared amplitude is a tedious task, and it is most efficiently done with help
of computer programs such as FeynArts/FeynCale [[104-108]]. The pure-real N3LO
splitting amplitude was computed independently for this project [99] and, it was also
computed later in Ref. [100].

2.1.3 Phase space integration

Consider the definition of the parton-to-parton beam function following Eq. (1.111),
where the hadron N is replaced by a parton. An anti-collinear beam function, B;/;(z, z3)
is defined also analogously to Eq. (1.111)), whereas n and p are replaced with n and p.
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Eq. (1.111)) can be rearranged as follows:

Byy(z, 5%, b / dt e~ P

7

; (g(p)] e HH=0%(0)e™ 7720 |1X) T (X] X(0) |a(p))

— i Z /dteitﬁ-((l—z)p—k)/ddke—ikl-a}_L
T X

< (a0 1%) % (XIx(0) o)
- §/ d'he 5@ (11— 2)p — b))

7

* {a(p)| x(0) 1X) 5 (X[x(0) la(p)) .

(2.17)

where p is a momentum operator which returns p and k respectively of the initial
quark and the final emissions. In the second equality, we used the relations

p-CL'J_:O and k-CL‘J_=]€J_-.’IIJ_. (218)

Let us now consider the case of triple real emissions

BE (2, 2r) = / dk [H / (;rdi 5 12)]

x 81k — 3 1)8(A- (k - (1 — 2)p))e™*=" | M(q > ad'79)
’ (2.19)

where |M(q — qq'q'g)|? is the matrix element we have discussed in the previous sec-
tion.

The phase-space integral of Eq. (2.19) can be written explicitly in the light-cone
coordinates and 4 — 2¢ dimensions:

n 1 o 0o o lz 1—-2¢
ll:[lm/o dli_/o d|liJ_|/d1 Q). lLlJ_‘S-‘_(lz?)

8- (30— (L= 2)p)| > Lo Pe 55+ (2.20)

One can see here that the [_ component is not regularized by e. Indeed, as previously
mentioned, this divergence (rapidity/light-cone divergence) in the region where [;_ —
0 requires additional regulator [33,38.39]. We employ here the method of Ref. [39],
which introduces a factor N
(1) , (2.21)
liv
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for each emission 7. One should, however, keep in mind that the limit & — 0 has to be
taken before the limit € — 0. More importantly, this regulator has to be the same for
the collinear and anti-collinear beam functions, thus the two are no longer symmetric
under the exchange of n <> 1, p <> p. The symmetry is only recovered after the re-
factorization, Eq. (1.115)), where this divergences are cancelled and the @ — 0 limit
is taken.

On top of introduction of (2.21)), in order to simplify the integration, we replace

e~thiaL with |y |2e el (2.22)

as a consequence, the result differs by a factor

J a2k (Kp)7e s (i>_
J a2k (K3)o e Hr (

(2.23)

-(3)" e v

where in the last line, r stands for the number of real emissions, n is the order in a,
and also the contribution from a-regulator, Eq. (2.21)), was restored.

In summary, in order to calculate a pure-real correction to a beam function at order
n, we nee to evaluate the integral

[T e ()

(2.24)
x§%(k — E:U5 — (1= 2))kuPe ™ F M (g — g+ X)P,
where the scale-dependence has been extracted by rescaling
I =1 /p-, I_—1_p_. (2.25)
Eq. (2.24)) is related to the beam function, Eq. (2.19)), by
BZ(Z =p" v C (2%, n, 1, e)Ié") (2.26)
Bz/] =p;"*v"*C(z%,n,,0 e)IgLi , (2.27)
where
xz ra+ne oA (—6)
C =(=F : 2.28
(wr,m,m,0,€) ( 4 ) (ra+ne)T' (1 — e+ (ra+ ne)) (2.28)
Using the notations of Ref. [38]
2 2,2
_ Trp-v _ 1Y 1. MTT
L.=In (46_2%) , L,=In P L =In pp— (2.29)
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and p, = p_ = @, one finally gets

B(n ,T) (Z, CII%, QV, ,UJ2) — (47T)—neeraLc+neLJ_6—(2ra+ne)ny

i/j
y el'(—e¢) 100(2) (2.30)
(ra+ne)T'(1 — e + (ra+ ne)) Bvs 77
’ﬂ'f' F - —(n,r
) Q’#Q) — (47r)—neeraLa+neLJ_e—ne'yE ( 6) I( ) )(Z), (231)

Byy (7n nL(1L— (1—n)e)) B4

where we have generalized the notation for r real emissions at N*LO. Notice that the
scales z2 and @Q? are absorbed inside the prefactor and the integrals I g/ and I (T n)

are only functions of z.
The main challenge in the evaluation of integral (2.24]) is its complex structure of
divergences.

2.1.4 Phase space parametrization

Let us now consider a general phase space integrations of real emissions. One can
parametrize the momenta of real emissions I; = (E;,[;) such that [41]

1

,0,0, sinfy, coséb,),

o~
=
;—A

1
1

o~
[
Il

o~
[

‘ , ,0, sin ¢ sinfy, cos g sin by, cosby),
| (2.32)

ol

S
|

sin x3 sin @3 sinfs, cos x3 sin @3 sinfs, cos ¢ sinfs, cosbs),

where the mass-shell condition {? = 0 fixes l_; = E;. Then, the relevant scalar prod-
ucts become
li-n=E;(1—cosb,), ly - m= FE1(1+ cosb,),
ly - n = Ey(1 — cosbsy), ly - = E5(1 + cosbsy),
l3‘n=E3(].—COS€3), l3 n E3(1+C0$03),

l1 -1y = E1E5(1 — cos 0y cos 0y — cos ¢y sin 6 sin 0y),
l1-13 = E1E5(1 — cos 6 cos 63 — cos ¢3 sin 0 sin 65), (2.33)
l2 . l3 = E2E3 (]. — COS X3 sin ¢2 sin ¢3 sin 02 sin 93

— COS ¢h2 €OS 3 sin B, sin O3 — cos O cos 63) ,

Thus, the momenta are parametrized effectively as r+2 dimensional vectors for r real
emissions.
Since, in this scheme, the external momenta are integrated in 4 — 2¢ dimensions,
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for the case r < 4, one can trivially integrate part of the hyper-surface using [41]]

2/
/SH a0 = f o (2.34)

In the N3LO case, at most, one momentum has five non-trivial dimensions. We there-
fore employ the formula [41]]

[ a0 =005 [ deosn

I'(1 —2¢) -1 235
(5(1 —cosp)+d(1+p) — 26% [(1 _ cos? p)—1-6]+) ’

for one of the dimensions of the third momentum.

In the parametrization (2.33)), the soft, n-collinear and m-collinear (anti-collinear)
divergences of [, for example, correspond to the limits £y — 0, §; — 0 and 6; — ,
respectively. Clearly, the [;, I;-collinear divergences of the products I; - [; are not a
simple endpoint singularities in this parametrization, even for the simplest l; -l5, which
diverges only when ¢o = 0 and 6; = 6, simultaneously. Now, one can identify that
this is a overlapping manifold singularity, ¢f. Egs. and (1.126). On top of
this, one encounters the denominators of the type (I3 +12) -7 and 2l; - Iy —n - (I; + 12).
The former arises from the internal gluon propagator in the light-cone gauge with
momentum [; + Iy and the latter from the propagator denominator (p — (I1 + l2))?,
cf. Fig. Naturally, there is some freedom in the choice of parametrization. For
example, one can parametrize the momenta such that l; - Iy = Ey F5(1 — cos 612) at the
cost of [; - m and [; - @ becoming complicated.

As discussed earlier (¢f. Sec. [2.1.2]), one encounters the light-cone divergences
in the present integration. For such case, one may choose to parametrize momenta
with light-cone coordinates instead of , where the transverse components I;;
are defined in the analogous way to the above case of Eq. (2.32)), only that they are
d — 2 dimensional:

Lio + 1y

9 O, s 7liT sin(@), liT COS(Q), M) (236)

L= ( .

This parametrization is more intuitive recalling that the rapidity divergences corre-
spond to the limits

that is the limits where the rapidity In (;Z;) — —00.
With the help of selector functions, one can select a parametrization for each emis-
sion, which is optimal for a given subset of divergences. For instance, parametriza-
tion (2.32)), or equivalently (2.33)), is suitable when the unsuppressed divergences
occur at m-collinear limits, while if we are to handle the [y, l3-collinear divergence, it
is clearly not a good choice.
Once the momenta are suitably parametrized, it is convenient to put the expres-
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sions in a unit hypercube parametrized in variables z; € [0,1]. In order to do that, for
the angles and the energies, one can use replacements of the form

cos(0;) = 1 — 2x; and Ey — 1 xlx . (2.38)
-
The light-cone variables can be also transformed in an analogous way:
Zi
li_ — Z; and lxr — , (239)
1-— M

where the minus components are restricted by the delta function in Eq. (2.24]) to be
after the rescalings (2.25). In the parametrization (2.33)), one encounters also
l1-lo = E1E5(1 £ cos ¢ sin 65 sin 6, — cos 61 cos 0s). (2.41)

For such a case, one can use the change of variables [41]]

(1 —2¢)(1 — cos(6;) cos(6s)) = sin(6;) sin(6s)

2.42
€08(92) = T os(61) cos(@) £ (1 — 20) sin(6,) sin(By) (2.42)
which, together with (2.38), yields
2 _ 2
I -1y — (21 — o) (2.43)

zo +x1(1 — 2z2) + 2\/(1 —1)21(1 — z2)22(1 — 20,

where the third variable, ¢, is no longer related to any divergence. With this para-
metrization, the triple collinear limit is clear at 1 = x5, and can be transformed to an
endpoint singularity as demonstrated earlier in Sec.

2.1.5 Selector functions

As we saw in Sec. selector functions can be very useful in suppressing subsets of
divergences while keeping the rest of active divergences. We shall employ the term
primary sector for the sectors defined by the selector functions. For each primary sec-
tor, with its corresponding subset of divergences, we choose the optimal parametriza-
tion and apply sector decomposition procedure. In the example of Sec. we used
the selector functions {z2,1 -z} ¢f. Eq. (1.130). In this section, a general treatment
of selector functions, which is required by the N3LO calculation, is discussed.

Let C; be a set of maximally divergent limits with the corresponding selector func-

tion S;:
_ 1, ifi=y (2.44)
0, ifi#j '

A maximally divergent set is a full set of limits which can occur simultaneously. In two

S;

Cj
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CHAPTER 2. TOWARDS THE N°LO BEAM FUNCTIONS

dimensions, for example, one may have a set {z; — 0,22 — 0}, as one of such sets,
but not {x; — 0,29 — 0,25 — 1}, since the last two cannot happen simultaneously.
In this example, {1 — 0} and {z; — 0} are not maximally divergent set since they
are subsets of a larger sets (¢.e. they are divergent but not maximal).

One should note that there are cases of limits which are not allowed to happen
simultaneously by the matrix element. In other words, they correspond to unphysical
points in the phase space. For example, the case where the minus components /;_ of
all real emissions vanishing is suppressed by the delta function 6(3°1;— — (1 — 2)p-),
cf. Egs. (2.19) and (2.24)). In other words, even though a set is a superset of some
possible limits without double counting the variables, the limit may not be divergent
(i.e. they are maximal but not divergent).

A complete set of selector functions must satisfy

385 =1. (2.45)

The functions which fulfil the above requirements, Eqs. (2.44]) and (2.45)), can
thus be obtained by the following definition [41,/109]:

1

S; = , (2.46)

1 1 1

di(...+E+d—i+m+...)
where

if i
g 170 iegC (2.47)

c | = 0, ifce CZ

In the above, d;|. means taking limit c of d;.
A simple way to construct d; would be to use the products

di = H’Uj, (24:8)
J
where v; are variables (or functions of variables) which vanish in the limit ¢; € C;.

2.1.6 Selector functions with light-cone singularities

For the case without light-cone divergences, it suffices to use the relative angles and
the energies of emitted particles such that [41,45,[109]

1 —cosf,p collinear
v; = {14 cosf,s anti-collinear . (2.49)
E, soft

Therefore, a sector for soft and collinear limit of /1, for example, would be

dll,soft, coll. = El(l - cos(91)). (2.50)
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The presence of rapidity divergences complicates the treatment already at NNLO.
In this section, we will propose selector functions which fully address requirements
posed by the calculation of the N3LO beam functions. The main idea is unchanged
and Eqs. (2.46)-(2.48) are used to construct the selector functions. What is different
from those in Refs. [[41},/45] is the presence of transverse components.

In order to illustrate this point, let us consider the NNLO case with real emissions
ly, lo. Let us first take the m-collinear limit, where the relative angle of 7 and [,
vanishes. In addition, one may take a limit where [; becomes soft. This is now a
maximally divergent limit, as no other divergent limits are left. However, instead of
the soft limit of Iy, one may also take the n-collinear limit of Iy, provided that E; is
large enough so that ly7 # 0, ¢f. Eq. (2.37)). These two limits can easily be separated
by a choice of the transverse momenta, where in the former, lo7 # 0 and the latter
li7 # 0. This demonstrates that, in order to treat the light-cone divergences, it is
necessary to incorporate the transverse components I, in addition to the angle and
energies.

In order to construct a full set of selector functions, one can start with determina-
tion of sets of vanishing variables, c¢f. Eq. (2.49), where these sets now contain infor-
mation on the transverse components. Additionally, the possibility of limits E;* — 0
needs to be taken in account. For simplicity, the sets can be grouped by selections
of transverse components, and within the group, we can safely make a set of selector
functions with angles and energies. Therefore, for three-particle emissions, we have

15} = BraplSunn b, SreylSuzal SraniSuasl, (2.51)
where {S;} denotes a list of selector functions [S1, Ss, ...], which satisfy
> Seim =1, > Srgw =1,
i i<k
(2.52)
D_5i=222 SrmSuin =1
i i j#k
For the triple-real-emission case, transverse selector functions are given by
I3 Lir lor
Sr = , , . 2.53
g hir + lor + lsr hir + lor + lsr lir + lor + lar ( )

In practice, different sectors in the transverse momenta are related to each other
by permutations of the momenta, thus in the current case it suffices to generate
ST(LQ){S(J‘;LQ)} in Eq and take permutations ST(273){S(]';2’3)} and ST(1,3){S(j;1,3)}
to produce the full set.

In this method, one initially obtains 66 primary sectors for the N3LO case. It
turns out that it is more convenient to combine some sectors, if simple parametrization
for the divergences are possible simultaneously. This results in 39 primary sectors.
Tab. shows the sets of vanishing variables for S;,; 2), where lAZ denotes a rescaled
momentum [;/E;.

The angles (scalar products) and energies, or the corresponding light-cone vari-
ables, listed in the same block of Tab. (e.g., rows labelled dbl. m-coll.) can be
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Name Relative angles Energies

tpl. coll. lh-ly Il a3 E, E,

dbl. n-coll. I -1y li-n l-n E; E,

dbl. m-coll. l1- 1y lh-m Irm E, E,
Lh-ly Li-m Iynm E;' B

Lh-ly Li-m Iyn E'Y B,
L-l, hLm bm E7Y Byt

coll. & m-coll. Iy 13 lh-n E; E,

coll. & m-coll. ly 13 lh-m E; E,

il . ig i2 ‘n E2_1 El

coll. & n-coll. lhom  ly-l3 E, E,

n-coll. & m-coll. Lh-n [lL-m E; E,
li'n Ihm E;'  E

coll. & m-coll. Lh-m ly-l3 E; E,
L-m y-ls E'Y B,

n-coll. & m-coll. lh-m Iy-n E; E,
L-m Iyn EfY B,

dbl. n-coll. & m-coll. | ly-lo  Lin ly-n I3-m E;j' E
n-coll. & dbl. m-coll. || I - I3 Lh-m lyn I3-m Egl E;
il'ig il‘ﬁ iQ'TL ig'ﬁ El_l E3_1

dbl. n-coll. & m-coll. || I; - I5 lhom lIyn I3-m Eg_1 E,
n-coll. & dbl. -coll. | ly-n  ly-lz ly-m I3-m E;' FE
lion b-ls L-m I3-m E' E;t

Table 2.1: Examples of sets 1b which can be used to construct selector functions Sy;.; 2y, (i.e., for

the sector I3 # 0). lAZ denotes rescaled vector lAZ = [;/E;. The rows which are not separated by lines
are combined into one sector by simply taking the sum of the corresponding selector functions. (tpl.=
triple, dbl.= double)

simultaneously parametrized in simple forms described in Sec. [2.1.4]

The full expression of the N3LO selector functions is too large to be presented
here, but it is available at
https://github.com/Tomoki-Goda/Supplementary-materials.git),

Nevertheless in order to get some insight in the our selector functions, let us take
the limit F3 — 0, I3 -n — 0, which recovers the NNLO selector functions, which are
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compact enough to be presented:

g — E% i2+ Zg_ l?+ Zl— lA2— E% Z2+ i2_ l] . iQ lAl_ lAQ_
N D, Do ’ D, Dy ’
E% i2+ ig_ (1 + E%) il : z\2 l?_,_ lA2— E% i2+ ig_ E1E2 lAl . iz lAl_
ADIA ) ADAQ o 121 - D, (2.54)
E% l1_|_ ll_ E1E2 l1 . l2 l2_ E% l1_|_ l1_ ll— l2+ l2—
Dy Ds ’ D, Dy
E'% f1+ I (1+ E%) Iy Dy Iy l3+ E% i1+ I -0y I Iy
D, D3 ’ D, D3
where

A

Dy = (E}hy b + B3l b ),

Dy= (B, b +0h-bh (1+E) B b+l (BiBat+ b)), (255)
Dy= (h-B, b +bh-b (B:Baly + 0 ((14+E3) By +h))).

The first factor in each selector of Eq. selects the transverse components,

and the second factors select the angles and energies.
Further taking the n-collinear limit of [;, we get

i2_ and ErEy
(E1E2 + lA2—) (E1E2 + lAz—)

(2.56)

which are the only non-vanishing selectors. The remaining valid limits are the soft
limit of 3, and the rapidity limit of Iy (E; — oo, l} — 0). These limits leave, re-
spectively, only the first and the second selector function in finite, hence the
selection is complete.

Instead, one can take another interesting limit where l}ﬁ — 0, while keeping Il ~
1. In this case, the second (angles & energies) part of the selector functions
collapse to O or 1, leaving the transverse selector functions from each sector:

lTl lT2
_— and —_— 2.57
lr1 + o lr +lre ( )

In this case, when the energy of [; is sufficiently high, l; may contribute to n-collinear
divergence.

2.2 Sector Decomposition

While different in complexity, the sector decomposition demonstrated earlier with a
toy model, Eq. , remains valid. As we shall see in this section, at N3LO,
there are four variables (let them be called x1, xs, x3, z4), which produce poles at the
same time in each sector, and the expression is regular in the remaining 5 variables,

cf. Sec.
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In Fig. lists of potentially divergent denominators and corresponding lines in
Feynman diagrams were shown. In general, at N3LO, we have the following denomi-
nators:

(h+ )%, (o + 13)?, (h+15)? (2.58)

(ll + s+ l3)2, (2.59)

(P -l - 12)2, (p —ly— 13)2, (P -l - 53)2, (2-60)
(p—l1—12—l3)2, (2.61)

and

I -m, Iy -m, l5-m, (2.62)

(I + 1) -, (o +13) -, (I +15) - m, (2.63)
(lh+1l+15)-m, (2.64)

from the gauge-dependent part of the gluon propagator. Because of the selector func-
tions, we only need to consider a subset of them at a time.

Let us focus the case corresponding to the first row of Tab. labelled “tpl.
coll.”. In this primary sector, the most obvious overlap singularity arises from the
denominator (2.59). On top of that, propagators such as

(p—ll—lg)z =2(l1 -l2—(l1+l2)-p), (265)

give rise to overlapping singularities, in the case of Eq. (2.69)), an overlap of E; and
E,. As it was shown earlier, three relative angles can be parametrized such that, after
the transformations (2.42)) and (2.38)), the scalar products behave as

lA1 : lAQ ~ T, lA2 : is ~ T2, il : lA3 ~ (331 - 302)2, (2.66)
and the energies behave as
El ~ I3, E2 ~ T4, (267)

where Z; = lz/Ez
The propagator denominators (2.59) and (2.65) can be written with some coeffi-
cients A;, B; and C; in the form

(- ls+1 - L+ 1y - 13)* ~ ((m1 — 22)°T4 A1 + T123T4 By + 2273C1), (2.68)
(l1 . l2 - (ll + lg) . p) ~ ((.’L’l — 132)2IL'3.'13'4A2 + .’E3B2 + .’1’)402), (269)

which illustrates the complex structure of overlapping singularities.

The process of sector decomposition amounts to a recursive application of changes
of variables as demonstrated in Sec. In this primary sector (the fist of row of
Tab.[2.1), for example, we obtain 13 secondary sectors.

A schematic view of sector decomposition for light-cone variables is shown in
Fig. [2.6] While the decomposition in Fig. [2.6] is incomplete, it illustrates an im-
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I — zq_lelzz_ — Uy lyp

==
i— Lir \

lIQ_ — l‘llfl_ =1
/ 12

lll_ > l,2_
lir = zalor \ZQTk—> lLirzs
lor > Lir Lir > lor
!
I /
T xT
T — 5 ! rx;—1— 2
1 2 .’L'l SN % 1 2
.’E1<% .’II1>% .’II1<% .’L'1>%

Figure 2.6: Schematic view of sector decomposition for minus components and transverse components.
The variables z1, 2 and ] are in the range [0, 1]. As one can see, the condition at the nodes, effectively
determine the order in which the limits are taken cf. Eq. (2.72).

portant aspect: that decomposition can be viewed as ordering of variables in size
cf. Eq. (1.128). For example, by performing the decomposition

[llT — CL'lzT, l2T — CI?llT] s (270)
where z € [0, 1], we are making sectors in which l17 and lor are ordered differently:
[hr < lor, lor < li7]. (2.71)

As a result, after sector decomposition, taking the limits z; — 0 in different orders
have to produce the same result. Naturally, divergences in the form of monomials
satisfy such requirement. Conversely, there should be at least as many sectors as there
are orders of limits one can take to get distinct divergences of the original expression.

For example, cf. Sec.

1
1 = for zo — 0, 1 — 0, (2.72)
z1(z1 + 22) xllm for 1 =0, zo — 0,

shows that we need two sectors, at least.

For the case of a combination of denominators and (2.69)), indeed, there are
13 different orders to take limits in which we get distinct divergences. Our decompo-
sition satisfies this condition, which serves as a check of the method. After the full
sector decomposition, the 39 primary sectors are further decomposed to 447 sectors
in total. A Mathematica file in which the complete algorithm described above, valid at
N3LO is provided at
https://github.com/Tomoki-Goda/Supplementary-materials.git.
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2.2.1 Laurent expansion and integration

Once the divergences are sorted out, as described in the previous section, they can be
factored out as simple monomials. At N3LO, we have

I= / lHdmZ] [tReg imegpltar2e 1m208 ) (0 @0, - -+ 5 €, @), (2.73)

where the function W(zy, o, - ;€ @) is regular in each variable. We note that, in
general, the powers of monomials in Eq. is different for each sector. One can
then proceed to apply the plus-prescription of Eq. (1.133)). This, in practice, boils
down to replacing the monomials by

1

—1+ae+ba
A
a€ + ba

é(z) + [x_H‘“’LbO‘L : (2.74)

Then, one gets

/ ]__[d:rZ xy TRy T2 10BN (0 32, - s @)

—142a —1-2¢,.,—14+a—2¢,,—1—2a—3¢ .
+/0 lHd.’IJ;| [.’L‘l ]+.’IJ2 .'173 1:4 W(.’L'17$2,- .. ,6, a)
A

1 1
=Tae3/o [ 11 dmi]W(O’O)(O,O,'“,xi"')

i€regular

1 1
+144€4/0 [ H d.’L’Z] W(O’O)(O’O7ax1)+

i€regular

+ /01 ll__[ dmi] [:rl‘l] [z;1]+ [m§1]+ [gg;l]er(O,O)(xth,...)
+2a/ lHd HIOg )L[x51]+...W<o,0>(x17x2,...)+...,

T

(2.75)

where, in the second equality, expansions around @ = 0 and € = 0 are performed
including the plus distributions, and W@ (- . . ) denote coefficients of Taylor expansion
of W(--- ;€,a). We stress that the expansion in a has to be performed before that
in €.

2.2.2 Numerical integration

The integrals in Eq. can now, in principle, be evaluated numerically for a given
value of z. In practice, the evaluations of lim,, o W(ei)(... 'z; ---) are highly non-
trivial and require proper treatments in order to avoid numerical instabilities. While
they are by construction regular in those limits, in reality, the naive evaluation often
yields 0/0, thus it is ill defined.

In order to circumvent this problem, we evaluate the limits in the following way.
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At the level of the integrand, expressed in terms of scalar products, the size of the
expression is moderate and can still be handled. The exact parametrizations of the
scalar products, however, are not necessarily simple, particularly after the sector de-
composition and the integration over a non-diverging variable with the delta function
d(3; li——(1—2)). This prevents one to handle the expression explicitly in the variables
z;. One can instead hide the complexity within the scalar products, and apply sector
decompositions to them. For the scalar products which are parametrized to vanish in
the limits ; — 0, one can naturally have the corresponding variables factored out.
Thus, the scalar products can be written in the form

v; - v; = o' el sp(v; - v;) where sp(vi - )|, #0.  (2.76)

While the genuine poles can be extracted in this manner, there remain some spurious
poles which involve cancellations among the sp functions.

We observed that the majority of the spurious poles is related to combinations of
momenta, I; — I;. For a triple-collinear limit, two variables describe angular configu-
rations relative to n and each other after the non-linear transformation of Eq.
is applied. Let them be z; and x5 here. Then, the scalar products I; - n, [; - n and
l; - 1;, for example, scale respectively as z1, z; and |z; — 3| in those variables. Con-
sider [z1] — [z2], where [ | means that they are hidden inside scalar products. Sector
decomposition transforms this expression, for example, as follows

[21] — [22] — (2125 — ] - [(1- 5)902] — =] (2.77)

When the scaling is extracted as in Eq. (2.76), it reveals only one of the overall scal-
ings:

z (10 -2 - ) =22 (2.78)

This demonstrates, that , for example, in an expression M a spurious pole

may arise, which can only be removed when the hidden scalings, as in Eq. (2.78), are
realized.

A Mathematica program was written to search and extract such hidden scalings,
and with this, one could take the limits x; — 0 safely. Once the relevant limits of
WG9) are obtained, the integrations can be performed. For thiss purpose, we used
PARNI [110] Monte-Carlo integration library.

2.3 Refactorization and renormalization

As a part of the renormalization procedure discussed in Sec. one replaces a bare
coupling with a running coupling, which, in MS scheme, are related by

ab = & (1°) Za(p?)as (1), (2.79)
where a 7
%= = (2.80)
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and
(Y
Ea(u?) = <4W6_7E> , (2.81)
262 =1-a.0) (2 ) ety (B - 0) vowun. s

This leads to the following expansion of the beam functions:
B(O)ren + agB(l)ren + aZ2B(2)ren + al;'gB(S)ren

= BO 4 0,6,BY + ¢ <§2 B2 _ Pota 3(1))

v e - 2 (% A ).
€

€2 2¢

(2.83)

where the factors &, are often absorbed inside B [38]], and we suppressed the argu-
ments (2, z%) and the label i/5 of the beam functions in order to simplify the argument.
The subscript “ren” is added to differentiate the coefficients of un-renormalized and
renormalized couplings. Therefore, we see that the latter receive contributions from
lower order results. Additionally, one needs to consider a product of beam functions
in order to cancel the poles in e, ¢f. Eq. (1.115). Thus, at O(a3(u)), one has

[BB] Pren { B lB@) N 8(2) 660 ]

+B© lBRRR+B§§’LV+B§§)W 260 (B(z) +B(2)) (@ /81) B(l)]} (2.84)

e 2

+{B<—>E,},

which must be regular in . The subscripts R and V' denote the real and virtual
emissions, respectively.
For the NNLO case, one observes that the a poles cancel within each {...} of

B3] @ren _ {Bmﬁm +BWBY + BOBY. + B(O)B%}

72 | 70) (2 60 BV 4 Bo45(0) (2.85)
{B BY +B B;&}—{ ©B" + 2B 13(1)}

This is simply because the cancellations must occur regardless of the values of y and

v, ¢f. Egs. (2.79), (2.26) and (2.27)). That is, the cancellation occurs within each
coefficient of un-renormalized coupling, and also within the contributions with the
same total number of real emissions]

L A product of beam functions scales as v" for r total real emissions of the collinear and anti-collinear

beam functions, see Eqgs. (2.26)) and (2.27).
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N

Figure 2.7: Left: ¢ — qq'g’g contribution at NNLO. Right: kinematics of time-like splitting.

At N3LO, we have and analogous structure
3 ren — — — —
[8B]”" = {BYBR + BB, + BB, + B Bike
+ {B“)Eg‘), +BYBY + BOBY,, + B(O)Bg")/v}

{B(O)B(S) + B(O)ng}
- (2.86)
_bo {B“)B(” +BYBW 4 28082 4 9B B§§R}

250 {B(O)B + B9 Bg‘)/}

. <50 N 51) {B<1> BO 4 3(1)3(0)} |

€ 2

where the cancellation of « poles in the last three lines is guaranteed from the NNLO
calculation. For the problem at hand, the cancellation of & poles within the first line can

serve as a test of Bg’l)m. We note that in general, as one goes higher in the expansion in
a, higher orders in a and € are required, which can be explained as follows: consider
B®  which has at most 1/’ pole, then, in order to obtain €® term of B(i)g(k), one needs

up to € term of BY.

2.4 NNLO example

As a first test of the method, we show explicitly the steps of calculations at NNLO,
which can be compared to the literature. At this level, our method is not strictly
necessary, however, it is still useful for outlining some technical details.

Let us consider the contribution depicted on the left-hand side of Fig. where a
real gg pair is emitted. We first compute the time-like splitting depicted on the right-
hand side of Fig. As discussed in Sec. the splitting amplitude is given

by

dapd"”
M, iy = 195155 tklv(P)fy“v(ll)b—2u(l3)fy“v(l2), (2.87)
(Ia +13)
where s
P=-S1+ 227, 2.88
2t o B" (2:58)
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no. | transverse sizes relative angles energies
1 Lir L1y E,
2 lir li-n E;
3 Lir li-m E,
lir Zl ‘N El_l
4 Lt Lh-n I-n E;?
5 lor L-m ly-n E?
6 lor lo-m E,
7 lor li -1y E,
8 lor lo-n E,
lor l,-7 E;!

Table 2.2: Vanishing variables of 8 primary sectors for two real emissions, where I; = l;,/E;.

¢f. Tab. (2.1) and Eq. (2.49).

and Ii+1 I +1
B Vigh
d — guu_(1+2)_n + (b +b)'n (2.89)
n- (L + 1)
The colour matrices in Eq. (2.87) can be evaluated to be
a 4b sab 1
£9.£2,6% = T (@lajk - Faija,d) , (2.90)

thus, when squared, we get a factor of T2(N2? — 1), which becomes TrCr, when
2

averaged over colour. In fact, this is the only contribution to B; /21 which is proportional
to CrTrny, and thus the validity of our calculation can be verified by comparing with
the result of Ref. [38].

With the standard Dirac-Clifford algebra, implemented in FeynCalc/FenArts [104-
108]], we reproduces the result of Ref. [102]]:

2 2 8123
‘Mq—ﬂzq’é'g =4g; CFTFFQ;;
2.91
X (1 _ 26) ((Z +2 ) _ S23 ) _ t%31 4 421 —+ (Z2 — 23)2 ( )
T s $123523 29 + 23 ’
where
" _ 2(8132’2 - 8122’3) 323(2;2 — Z3) (2 92)
231 =T 7 P .
and
2 lLin
sii = (Li+1;)7, 2 = e (2.93)

Crossing to the space-like splitting can be achieve by the following momentum
replacements for the legs of the emitted particles: lo,l3 — —I1, —ls, ( see Fig and
the renaming l; > pand p —p —1; — .

After the crossing and rescaling, one find a term in the matrix element, which we
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shall denote by A

2o + o — 1) (liloe — li_lay)?
(U 12)2(h + )2 (s + oy — 20y - 1)

Now let us consider an integral

ddll ddl2 v ¢ v “ + 7712\ o+ 772
(2m)d-1 (27r)d-1 E E o7 (1)o7 () (2.95)

X & (ll— +lp- — (1 - z)) |11J_ + lzJ_|2 6_”“““'214.

A= (2.94)

Let us first analyse the term (2.94)). It has three types of denominators:
li - 1p, 20y - ly — by — loy, Lo +1o. (2.96)

These three denominators have their origin in the internal propagators depicted in
Fig. For the gluon propagator, we have an additional denominator @ - (I; + I3)
from the axial gauge gluon propagator, cf. Eq. (1.9).

The first denominator is associated with the

Lol L +1 collinear divergence of two momenta, while the other

2 e I, two are related to the double n-collinear and double

_ \\ n-collinear divergences, respectively. One important
p=np- I, point to note is that, due to the delta function

/ (5(l1_ + Iy — (1 - Z)), (297)

bholp —liy — oy the double m-collinear divergence is suppressed. Like-

wise, the exponent e~(11+21)* suppresses the double
n-collinear divergence. Therefore, what remains is
the [, ls-collinear divergence. At first sight, it appears
to be more divergent than 1/x, however, the numerator also vanishes in the same [y, lo-
collinear limit. In order to see how this scales, we parametrise the momenta as

Figure 2.8

ll = El(]., O, sin@l, COSHl),
lo = E5(1, sin x; sin xa, cos X2 cos 6, sin 1 + cos x; sin 6y, (2.98)

cos x1 cos ; — cos 2 sin x1 sin 6;),

such that l; - Iy = E1E(1 + cosx1). There are 8 primary sectors at NNLO, as we
summarize in Tab.

Let us take an example of primary sectors in which x; and E; potentially leads to
divergence (row 1 in Tab. [2.2), and further parametrize in the unit hyper cube of z;
variables,

cosx1 = —1 + 2z, FE, = l

(2.99)

1—5(31.

The rest of the variables are guaranteed to be trivial thanks to the selector function,
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i.e. the first element in (2.54). That is to say, any limit other than z;,z, — 0 is
regular by construction. Therefore, the knowledge of variables other than z; and z,
is redundant and can be hidden. Scalings of the scalar products can be extracted as

L+ ly = z1298p(ly - 1g), Ll =z15p(liy - l21), (2.100)
li -n=xz18p(ly - ), Iy - m=zsp(ly - M), (2.101)
lo-n=sp(ly-n), lo -1 = sp(ly - 7), (2.102)
L -l =2tsp(lin - lhy), loy - lo1 = sp(la1 - loy), (2.103)

where sp(l; - ;) are the non-scaling parts of ; - I; (i.e. limg, 4,0 sp(l; - I;) # 0).
Ignoring trivial Jacobian and the selector function and letting €, @ — 0, the inte-

grand of Eq. (2.95) reads

z12(sp(l1+)sp(la—) — sp(l1-)sp(l2+))?

> BB(sp(s - )2 (@isp(h) + splla—)2(@1225p(l - o) — w15p(s) — 5p(lar))?
(2.104)

While it is not divergent in the limit ; — 0, divergence in x5 appears to be too strong.
Similarly to the discussion in Sec sp(l14+)sp(la—) — sp(l1-)sp(l2+) indeed scales
as ~ /T9 and reads

(1= 2)y1 — 221s) (2(w4 — ya) /5aT50s + v/Z2(@s — s))

T2 , (2.105)
yi (2(5”4 — Y4)y/T2Z3Y2Y3 + T2(T3 — Ya) + y3)
where
vi=1-—uw, (2.106)

which reduces the power of the divergence in (2.104) to z;*. Once such scaling com-
binations are found, it suffices to replace one of the sp functions, for example

sp(l+)sp(la-) — v/T2spP/ (l2+)
sp(l1-) ’

such that the spurious poles are cancelled without increasing complexity of the ex-
pression. The new function sp’(lo4) behaves much like the other sp functions, while it
is no longer related to lo,.. Applying this technique recursively, one eventually arrives
at integrands whose singularities take forms of simple monomials.

As we saw earlier, some expressions do vanish in the limit z; — 0. In fact,
Eq. vanishes in the soft limits (¢.e. single soft limit of g — ¢q is not divergent.
cf. AP kernel Py, Eq. ). Consequently, the first pole is €71, At this order in e,
there are two sectors which contribute, and they are both [y, l5-collinear sectors, with
different momenta allowed to be soft (i.e. row 1 and 7 in Tab.[2.2)). The scaling of

sp(lay) — (2.107)
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the integrand is x7'~* 2517, Therefore, it can be expanded as
2,2),1
A C)

9/4,nyCpTR

:(271.)—2(01—1) /dxgdx4 [ (_W(0,0) N J dzo (é)_FW(O, 362)) N W(0,0)

4e3 4e2 2¢2

€ 2¢

1 1, 2 (L )2
Jam (£), W(a1,0) & GRUC ””)+0<(%)2,€0>] (2.108)

1

o W(O’o) (1111, 0) 2
= — (2m) 2D /dmlxgdm4 (w1>+ +0 ((%) ,eo>

€

—2(d-1) (0.0) i
= OV a0 o (2 0),

€ I

where dependencies on other variables and parameters are implicit We have used
above, the fact that, in the soft limit

lim W(z1,z2) = 0. (2.109)
x1—0

The additional super script "1" in Eq. denotes that it is the contribution from
the primary sector 1 ( see Tab. , and the subscript nyCrTF denotes that it is
the coefficient of this colour factor. The integration of the last line of Eq. is
three dimensional and can be performed analytically with Mathematica. Since the full
integrand is too large to be presented here, we show only the z;-integrated result:

= e 1-

- (2.110
Z1 3(1 - "L‘3)2\/ (1 — 1174)1}4 ( )

This has an integrable singularity at z4 = 0, 1, which can potentially spoil numerical
accuracy. Such singularities can be removed by a change of variables

/d:v WO (z,0)  —m(1—2)((—8x2+8z4—1)z+22+1) _ 5 (1)
1

r; — (1 —122)% (2.111)

whose Jacobian is 4z;(1 — z?), hence

(0,0)
/ dz, w (5171, 0)
T

_ —2m(1 — z) ((—8a§ + 322§ — 40z} + 1633 — 1) 2 + 2% + 1)~y (2.112)
3(1 — z3)%4/2 — z2 )
Further integrations over 3 and z4 yield
2 2
(2,2) _ _o(d—1) —2T (14 2% ( 0 g)
I (2) = (2m) Bel—2) +0( - ), (2.113)
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l2

Lt
p L e 1y

Figure 2.9: By taking the Iy, l3-collinear limit of ¢ — qq’q’, one gets a configuration of ¢ — qg at the
leading order in the Laurent expansion.

where the factor of 2 was inserted to account for the two contributing sectors, thus we
drop the super script. We notice that this result has the same dependence on
z as Py, Eq. (1.43). Moreover, Eq. is in deed proportional to the NLO beam
function in ¢ — gq channel [38]]. This is because we are taking the collinear limit of
a qq pair which originates from a gluon, as it is shown schematically in Fig.

Note that we have a divergence at z = 1 in Eq. (2.113), which would have been,
in fact, regularized by a, had we kept « finite in the calculation. This can be seen by
considering an integral with a test function f(l;_,ls_):

I= / dly_dly (f_)a (f_)a 5 — (1= 2)(l + b)) flli, o). (2.114)

Using the delta function,

=Jo (i) (=a=an) 0 )Haf(l"(l 57)

hence, z = 1 is regularized by a.
Taking this into consideration, the correct result is recovered:

%—)—% (ga(l-zw%w)(a)). (2.116)

This, in fact, makes our calculation of leading € insufficient at z = 1. While a poles
cancel at the end, we have terms proportional to ¢ in higher order of expansion

—1+4-ae+ba 1 0o &
z; > +b“+(9( 6), (2.117)
which, when combined, makes additional contribution to the leading € pole. Nonethe-
less, we will for the moment consider the case z # 1.

In order to compare the result with the literature, we need to multiply it
by the factor from Egs. and (2.81). This factor gives additional power of ,
thus the leading order is O(e~2).

To the first three leading orders in € at z = 1/3, our numerical results (test) show
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perfect agreement with Ref. [38] (ref) the numerical errors:

g 222 4.44L, +1.27
tC’Ft'l—'}:"nf(]‘/3’ T) 62 + €

2.22 4.44LL +1.26

+4.44L% +2.55L, +6.85, (2.118)

BY . (1/3,22%) = +4.44L% +2.53L, +6.95, (2.119)

CFTan 62 €
es 2.22  4.44L, +1.26

BthtTan(l/?», z7) = z T Le +4.44L% +2.51L, +6.92, (2.120)
—5ref 2.22 444LJ_ + 1.26

Be,rpn, (1/3,27) = = +4.44L% +2.53L, +6.95.  (2.121)

€

where we estimate the error to be < 5%.

2.4.1 Numerical results at N3LO

Before discussing our numerical result at N3LO, we would like to point out that, in
fact, we obtained an important result in the previous example of the NNLO calculation,
which is necessary for the calculation of the N®LO beam function, namely a new term

in the NNLO beam function
41+ 2H)a

S (2.122)

which originates from Eq. (2.113).
This is absent in the result of Ref. [38], since it goes beyond a° order. However,

in our formulation, the term (2.122)) appears at leading-order in € and next-to-leading
order in /e due to the expansion of the prefactor, Eq. (2.31):

2
Clar,2,2,a,¢) = —i€+ﬁ+0(e°, (%) ) (2.123)

We now turn to the calculation of the quark-to-quark beam function at N3LO fo-
cusing on the nyC2TF colour factor. The building blocks presented so far in this
chapter was implemented entirely in Mathematica [[111]], except for the numerical in-
tegration. Starting from the matrix elements, we apply the algorithm presented above,
which leads to the expression (2.75)). Each plus-prescribed integral can be evaluated
numerically for a given value of z, which we did with PARNI Monte-Carlo integration
library [110].

As discussed earlier, products of beam functions expanded in as, as in Eq.
form groups, within which a poles cancel. For the case at hand, cancellation of
poles involves only the first group of terms in Eq. (2.86]). Let us call the sum of these
terms R:

R(z1, 2) =BY (21)Bign(22) + B (22) Bk (1)
+ BO (21)Biynn(z2) + B (22) Biha(1)
=B (22)Bap(1) + B (1) Bigh(22)
+8(1 — 22)Bopn(z1) + (1 — 21) Bk p(22),

(2.124)
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where, in the second equality, we used Eq. (2.1)), and for the moment we will suppress
the argument zp for simplicity. By considering the case where zo # 1, the delta

functions multiplying Bgl)m(zl) vanish and one is left with

R(z1, 20 £ 1) =BD (2)Bok(21) + B (21) B (22) + 6(1 — 20)B s (2).  (2.125)

Therefore, a-pole cancellation can be checked by taking the limit oo — 0 of

R(1,2 # 1) = BY (22)By(1) + B (1)Bizh(22) +Bithn(22), (2.126)

known

which must be regular in this limit. The first two terms in Eq. (2.126) are available
in Ref. [38]], and considering the case zo = 1/2, we get

1\ (1 1
BY () Bl + BV (1B, (5)

s (3) -5 (3) 0

(2.127)
a5 5 Loy
+ O(a®) + other colour factors.
From our direct calculation, we obtain [|99]
BY nfC%TF(%,x%) = é (—26—2 — 26—2 o (e°)> + 0%, (2.128)
ESL, nfo;TF(%’z%) = é (26—2 + 26—:2 + % +0 ( )) +0(a%), (2.129)

where we estimate the numerical accuracy to be ~ 2 — 3%. We see the cancella-
tion (2.126)) of the ap poles between Eq. and our results (2.128) and (2.129),
which is a strong validation of our approach.

The next check to the result is the renormalization group equations [34,42]]. How-
ever, this requires the knowledge of the virtual contributions, cf. (2.86).

2.5 Summary of the chapter

In this chapter, we have discussed construction of a scheme needed for calculation of
the N3LO beam functions. This required, in particular, extraction of all singularities
generated by the final-state emissions. According to the KLN theorem, IR diver-
gences of loops and real emissions cancel when the observable under consideration is
sufficiently inclusive.

In order to accomplish the extraction, two main concepts had to be introduced:
selector functions [45-47|] and sector decomposition [43}44]]. The former selec-
tively suppress subsets of divergences, thus allowing, otherwise unfeasible, optimal
parametrization of momenta for the Laurent expansions of divergences. The latter
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disentangles, and further simplifies the divergences, which have, in general, complex
structures.

The calculation was carried out in the light-cone gauge, which is characterised by
the gauge-dependent part of the gluon propagator (1.9). As discussed in Sec.
in addition to the soft and collinear divergences, beam functions exhibit the so-called
rapidity divergence. These divergences are not regularized by the standard dimen-
sional regularization, and require an additional regulator. We employed the so-called
analytic requlator [33,39], a, whose poles cancel when a product of the collinear
and anti-collinear beam functions are considered. After the cancellation, hard-scale
dependence remains, but it can be further factorized and exponentiated. Physical di-
vergences which appear in the renormalized beam functions can be either removed by
multiplicative Z factor, which is related to the IR divergences in QCD, or absorbed in
side collinear PDF's.

At the end of this chapter we used the complete algorithm to compute the a-pole
part of the beam function and anti-beam function at N3LO, and found that the two
contributions cancel in the product as required.
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Chapter 3

TMDs at small z and saturation

3.1 Theoretical framework

3.1.1 Models of dipole cross section

The dipole cross section, which we saw in Eq. (1.163)), is an integral over the impact
parameter b of the dipole amplitude A, which appeared in Eq. (1.147):

Udipole(x’r) = 2/d2bN(!L‘,’I", b) : (31)

In order to stay consistent with the Froissart bound (1.144), M has to satisfy the
so called black disk limit [48], which restricts N' < 1. The factor 2 in Eq. is re-
lated to the optical theorem [48]]. For a constant, 6-like, proton profile, the integration
over the impact parameter yields 2 = wR?, where R is an effective size of the proton.
One may also consider more realistic b-profiles [112]. One of possible consequences
of the b-dependence is that the oaipele(z, 7) may rise logarithmically in the saturated
region, see Ref. [112]]. This is still in agreement with the Froissart bound, which
limits the growth not to be steeper than ~ In?(s). The interpretation is that the cross
section is limited by the growth of the effective size of the target (black disk), which
grows logarithmically [71]).

As discussed in Sec. the dipole amplitude can be obtained by solving, for
example, the non-linear evolution equations like BK [544/55] or more general
JIMWLK [113H118]]. Nevertheless, it is often useful to have a simple model,
which may also be used as an initial condition for the evolution. The Golec-Biernat—
Wiisthoff (GBW) saturation model [[73}75] is one of such examples and it is also
popular as an initial condition parametrization [[57,119-121].

In the GBW saturation model, the dipole cross section is parametrized as

2y A
sepw(z,r) =00 (1= ), where Q@) =8 (%) B2

The parameters {oo, zo, A} were fitted to DIS data for F, [122-H125]. It was also
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proposed to replace [[73]]
4m3
such that, for my # 0, the small-Q? limit remains finite. We discussed in Sec. that
this replacement has its origin in the gluon kinematics, ¢f. Eq. (1.163).
What is important in Eq. is that, when the dipole size r is small, the dipole
cross section scales as
r’Qi(z)

0GBW|7'<<QS = 09 4 ) (34)

whereas, as r grows, the cross section saturates at gg. The transition to the region
where the saturation behaviour is dominant is governed by the z-dependent saturation
scale Qs(z).

Another feature of the GBW model is that the dipole cross section depends only
on rQs(z) rather than two variables r and z separately. This behaviour is called
the geometric scaling [[59]. We have previously discussed this phenomenon in the
context of the BK equation, ¢f. Eq. (I.147). Both the solutions of the BK equation
and experimental data support the existence of such behaviour 50,59, 126].

While the GBW model showed remarkable success in description of experimental
data with its simple form, its validity was restricted to the region of relatively small Q.
In order to describe the data at higher photon virtualites, Bartels, Golec-Biernat and
Kowalski (BGK) proposed an improved model [70]]. In order to account for the small-r
limit, Eq. (1.166)), the dipole cross section was modified as follows:

2
OBGK = 00 (1 — exp l_,,jw aS(M)xg(x7“)]> , (35)
NCO'O
where
¢ 2 - 5.6
= + and zg(x, Q) = Agz™(1 — x)>°. (3.6)

Thus, the fit parameters of the BGK model are: {09, Ay, A, C, po}. This can be
thought of as an eikonalized extrapolation of the small-r limit described in Ref. [[72].
This form renders the dipole cross section in the correct small-r limit, Eq. (1.166)),
while in the large-r limit, where u ~ @y = Qo, recovers the behaviour of the GBW
model.

The models presented above assume 6-like profile of the proton, thus a proton is
effectively treated as a fixed-size, uniform disk. Plots of the dipole cross sections and
the dipole gluon densities of the GBW and BGK models are presented in Fig. At
the bottom of each subplot, coloured contour is shown. In the top row, the dipole cross
sections of the two models are shown. Overall, they are similar in shape, and the areas
in pink correspond to the saturated region (plateau), while the areas in blue correspond
to the colour-transparency region (~ r2). The figures visualize concepts of the colour-
transparency region and the saturated regions, and that the latter expands to lower-r
regions as z decreases. The BGK model shows stronger decrease in moderate- to
large-z region as z grows. This is largely due to the factor (1 — )% in the gluon

71



CHAPTER 3. TMDS AT SMALL z AND SATURATION

GBW BGK

logyo (olx, r)foy)
logyo (alx, r)fay)

Figure 3.1: Top: An example of dipole cross sections, oqipole(%,7)/00. Bottom: An example of dipole
gluon densities, FdiPoe(z, k2)/0y.

density. The bottom row shows the dipole gluon densities computed from the models

as Eq. (1.165). The differences between those of the GBW and BGK models are
clearly visible. The BGK gluon gets a second bump in the small-z region due to
DGLAP evolution [[70]. It is also worth pointing out that the shapes of the lines
in blue for the GBW model are the same over x (i.e. the blue lines are identical up
to a shift), while that of the BGK model no longer shows such a feature. This is a

consequence of the loss of geometric scaling.
One may in principle incorporate a little more realistic proton profile, which was

achieved by Kowalsky and Teaney (KT) [[112]], as yet another extension to the GBW
and BGK models, in which the exponent was multiplied by a Gaussian profile function.

In a simpler version, Ref. [85]], one may consider a factorized impact parameter profile
N(z,b,7) = N(z,r)T'(b). (3.7)

In the case of the K'T model, the resulting dipole cross section after integration
over the impact parameter rises logarithmically at large r. In fact, a form in which the
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dipole cross section rises logarithmically was considered already in the first paper of
Golec-Biernat and Wiisthoff [[73] (see also Ref. [[72]] for the methods of unitarization).

3.1.2 Saturation scale

As already discussed, the saturation scale is an intrinsic scale in the saturation phe-
nomenon, and it is a key element in the models. The pioneering work of Gribov
Levin and Ryskin (GLR) [[52]] has incorporated recombination of gluons at the level
of collinear gluon density in the proton. Let us consider an unintegrated gluon density

defined by (¢f. Eq. (1.157))) [69,[71]]

Ozg(z, k7)

e Flz, kr). (3.8)

By re-expressing the Gribov—Levin—Ryskin—Muller—Qiu (GLR—-MQ) equation (1.145)
as [48,/52,/53]]

o2 2 ch 9 ch -
aln(lx/gx()%]?l()cp) _ ¢ zg(z, Q") — 2((;';—,517222@9(%’@ )%, (3.9)

the saturation scale can be defined as a scale at which the linear term and the non-
linear term of the above are of the same order, 7.e.

Prg(z, Q%) _

By combining this with Eq. (3.8), one obtains the condition

OF (x, k?)

5 ~0. (3.11)

This condition is met at the ridge (peak) of the unintegrated gluon density in the
(z,k%) space. The pink bands in the contour plots of the bottom row of Fig.
which shows a,F(z, k2) obtained from the GBW and BGK models, can be thought of
as the saturation scale. The figures show clearly the ridge around kr ~ 1GeV. This
line of Q2(z) in the (x, k%) space is called the saturation line (and historically also
called the critical line). In the GBW model, where

a ]:-dipole Nc k% e_g% (3 12)
s = 0o ’ :
GBW (27‘(’)2 Q%
the ridge corresponds to
OasJ G%){Z)\lfe 0Q> Ne ki (., 2\ = k%
or =0 @nrQe (k7 —Q2)e % =0. (3.13)

Therefore, one sees that the condition is met at k2 = Q2. We note Eq. (3.8)) is true
only in DLLA, while Eq. describes effects beyond DLLA. Therefore, the above
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argument should not be regarded as rigorous. Nevertheless, it is useful as it illustrates
important feature of the model. In the original GBW model, the saturation scale was
defined as a scale where

Odipole = 00 (1 — e—l) ~ 0.6305. (3.14)

The condition (3.14]) can be used as a definition of the saturation scale also for the
BGK model [127].

However in general, the dipole cross section can rise logarithmically [[73864112],
thus the definition Eq. may become unsuitable and it is more advantageous
to consider the transverse momentum at which the unintegrated gluon peaks as the
saturation scale. In other words, it can be interpreted as a typical kr scale of gluons
at a given x.

3.1.3 Sudakov form factor

As already discussed, in cases where the transverse momentum is not comparable with
the hard scale of a process in consideration, one encounters the Sudakov type large
logarithms In(Q?/k?), which should, in principle, be resummed [40]. The Sudakov
form factor is related to soft emissions which give small transverse momentum to the
parton entering the hard collision. In the language of parton branching, it is also
referred to as a survival factor [22,128]], due to the interpretation of the Sudakov
form factor as a probability of parton evolving without emitting any particle between
two scales.

The hard scale dependence in the leading-log (1/x) approximation is a subleading
effect. Thus, one may expect that introduction of a hard scale into the dipole cross
section enhances the moderate-z region. As shown in Refs. [129,|130], simultaneous
resummation of In(1/z) and In(Q?/k2) can be achieved consistently, owing to sep-
aration of contributing regions in the phase space. In particular, in Ref. [88], the
Sudakov logarithms were resummed for the dipole gluon density.

At leading order, the perturbative Sudakov factor reads [88]

2
Sthn @) = 52 [T )% (%), (3.15)

For the case of the running coupling a;,(u?) = 1/(bg In 5 ) at LO, one gets

QCD
S o _ Ca [ Q?
pert( Q ) 27Tb0 In </’l‘b

1+ a(u)bln (%
N 5)00 (Mb) 1n<1+a(,u12,)b01n(65—22))], (3.16)

a(p;)bo b
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11C4—2nf
12

where by = . The lower limit of the integral is set to be

:CS/T', (317)

where Cs = 2e77E, and g = 0.577 is the Euler-Mascheroni constant.

In principle, one can include also the non-perturbative Sudakov factor [40,(131}
132]:

S(r, Q2) = Spert("" Qz) + Snp(ra Q2)7 (3.18)
where [131]]
Sup(r, Q%) = a7 +ggln( ) <go> (3.19)

Introduction of r, is paired with the modification of Eq. (3.17)

= Ce/r: =C%/r* + C3/r? (3.20)

max’

for some cut-off ry.«. The effect is such that stared variable r, < ry.« remains in the
perturbative domain, and freezes the perturbative Sudakov factor when r 2 ry.,, and
in such region the non-perturbative Sudakov factor plays its role.

In our Sudakov-improved model of Ref. [133]], the non-perturbative Sudakov fac-
tor was omitted since the effect was negligible. The details of its effects in the GBW
model will be discussed later in Sec.

The Sudakov form factor, S(r, @?), can be included as follows. Firstly, by com-
bining Eqgs. (1.164) and (1.165)) one can write

Pk , ,
UdiPOIG(x’ ’I') = /m (1 - Zkt r) /d2 Zkt.r vzfo'dipole(xa’r )7 (321)

and following Ref. [88]], the Sudakov factor can be inserted in the above to yield

d’k 2
Tdipote(, 7, Q%) :/(27r)2;<;2 — etker /d2 Tetki T g=S(r',Q )Vf,adipole(:c,r'). (3.22)

A new object Xgipole 0n the left-hand side depends on the hard scale, Q?. The integral
can be partially performed analytically and one obtains [133|]

Sdipole (T, 7, Q%) / dr'r’ ln< ) —5(r',Q? )VT/odlpole(x ). (3.23)

Ydipole(Z, 7, Q%) is identical to gqipote(z, T, @?) if the Sudakov effects are ignored. This
new function should be thought of as an object which appears in the dipole factoriza-
tion, where it is defined by Eq. (1.160) rather than the dipole cross section defined
with the CGC operators, Eq. (1.173).
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124[GeV?] | GBW + Sudpere | GBW + Sudpertnp | | #25[GeV?] | BGK + Sudper; | BGK + Sudpert tnp
1 2.71 2.72 1 1.18 1.17
2 2.66 2.67 2 1.21 1.17
3 2.64 2.65 3 1.25 1.21
4 2.64 2.64 4 1.29 1.21
5 2.64 2.65 5 1.32 1.22

Table 3.1: x2/dof of fits with and without the non-perturbative Sudakov factor, with 5 values of pZg
for the Sudakov factor. It is clear that when p2g is set small, the effect of non-perturbative Sudakov
factor is negligible. It is interesting to see that, for the BGK model, inclusion of the non-perturbative
factor indeed weakens the dependence on the choice of ugs.

type light quark mass [GeV] | g [mb] | zo(107*) A | x?/dof
GBW my = 0.14 23.8 1.12 0.308 | 5.27
GBW + Sud my =0.14 23.0 1.32 0.287 | 3.37
GBW my; = 0.0 19.1 2.58 0.322 | 4.44
GBW + Sud m; = 0.0 18.6 3.11 0.299 | 2.66
type light quark mass [GeV] | o [mb] | A, Ag C | pd [GeV?] | x?/dof
BGK m; =0.14 33.1 |1.33 | 0.0553 | 0.420 1.76 1.62
BGK + Sud m; = 0.14 30.7 16.28| -0.380 | 0.677 3.09 1.27
BGK m; = 0.0 23.3 |1.18]0.0832 | 0.329 1.87 1.56
BGK + Sud m; = 0.0 22.2 | 8.67| -0.500 | 0.670 3.83 1.21

Table 3.2: The parameters and x2 per degrees of freedom of the GBW and BGK models for the fit with
the HERA data (Q? < 650 GeV?2). Two cases with massive light quarks and massless light quarks are
presented.

3.2 Sudakov-improved GBW and BGK models

In this section the results of the fits of saturation models to HERA data are discussed.
We have fitted the GBW and BGK models to the F; data from HERA [134], using
Eq. (1.163)), where the data were selected with the conditions

0.045 < Q? < 650 GeV?, z < 0.01, (3.24)

for which there are 378 available data points.

Since we were not primarily concerned about the low-Q? limit, the replacement of
Eq. was not strictly necessary, hence two classes of fits were studied, where, in
one case the light quark mass was set to zero, and in the other case it was set to 0.14
GeV. The charm and bottom quarks were taken into account with the masses 1.3 and
4.6 GeV respectively. Additionally, the forms of p in Eq. and pp in Eq.
were modified as proposed in Ref. [[76]:

uE = Ho (3.25)

where po; = po and C; = C, for the gluon in the BGK (3.6), and po; = pos and
C; = Cg = 2e 7, for the parameters of the Sudakov factor (3.20).
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Tab. shows preliminary fit results with and without the non-perturbative Su-
dakov factor with several values of pg. For both cases, the effects are negligible for
small values of pgs. Therefore, a value p2g = 2 GeV?2, which produces reasonable
result, was used. While the non-perturbative Sudakov factor is ignored, it is nonethe-
less interesting to see that for the BGK model, the non-pertirbative Sudakov factor
reduces the effect of what value of pgg being used.

In Tab. the results of the fit are summarized. In the top subtable, the parame-
ters of the GBW model, with and without the Sudakov factor, for the cases of massive
and massless cases are presented. Differences in oy and z, are clear between the mas-
sive and massless light quarks cases. These differences are a natural consequence of
the factor (1+4m%/Q?) multiplying z, see Eq. (8.3), and Eq. (1.163). The effects of
the Sudakov factor show similar trend for both the massive and massless light quarks
cases. Even though changes in the parameters are moderate, the fit quality improves
substantially. As it was the case in Refs. [[76,/127] for inclusive DIS, the massless
light quarks version appears to be preferred. In the bottom subtable of Tab. the
results of the BGK model for the same setups are summarized. Again, the effects of the
light-quark mass and the Sudakov factor seem uncorrelated, and the Sudakov factor
gives qualitatively similar effects in the massive and massless cases. The observation
that the Sudakov form factor affects similarly to both massive and massless cases is
related to the fact that the Sudakov factor acts at high-@Q region whereas the effects
of mass is primarily prominent in the low-@ region. The improvement in the BGK
model is less significant compared to the GBW model, yet it is of the order of 20%.
In comparison to the GBW model, the difference in fit quality between the massless
and massive light quarks cases is small. One may also notice that A, became negative
in the new fit. This means that the initial condition on the collinear gluon no longer
rises with 1/z, and thus, the rise has to originate from the DGLAP evolution [70]],
which we have discussed in Sec. ¢f. Eq. (1.140). For the rest of this section, only
the massless light quarks case will be considered following Refs. [76,/127].

In the top row of Fig. the resulting dipole cross sections are shown. The
plots are normalized by o in order to make the differences of the other parameters
more clearly visible. The left-hand side plot of the GBW model shows some effects in
the scaling region. The effect is uniform over all range of r < 1/Q;, and appears to
make the z dependence milder. On the right-hand side of Fig. the BGK model is
shown. In the transition region, near 1/Qy, the effect is uniform over both r and z,
increasing the cross section. In the small-r region, the differences are bigger for
larger z and smaller r. This means that the region corresponding to large @ and
moderate z is the most strongly affected. In the second row of Fig. the dipole
gluon density is plotted. Both the GBW and BGK models show similar patterns. The
difference pointed out above can be also seen in the bottom row of Fig. showing
the saturation scale. On the left-hand side, one can see a milder dependence on x
for the case of the Sudakov-improved GBW model, while on the right-hand side, the
saturation scale is almost uniformly lifted up.

Figs. and show how the models describe the data. At the bottom of each
figure, the histogram gives the y2-value at each value of Q2. Clearly, for the GBW
model there is a significant improvement at large @?, while for the BGK model, the
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improvement is even over the whole range of Q2. However, when one looks at Fig.
closer, particularly around @2 ~ 15 GeV?, one notices that the change is more promi-
nent in the moderate-xz region. In fact, if one plots the z-slope of F5, it becomes clearly
visible (see Fig.[3.5), that indeed, the moderate-z region receives the largest modi-
fication, while the GBW model shows uniform decrease in the z-slope. This effect is
expected, as the hard scale dependence is a subleading effect in the leading log(1/x)
approximation. Incorporation of such dependence delays the breakdown of the lead-
ing log(1/x) approximation. That is to say that it is expected that the Sudakov factor
extends applicability of the model further to the moderate-z region.

Fig. shows the contour plots of gluon densities. As a reference, also the hard
scale-dependent/independent non-linear Kutak—Sapeta (KS) gluon densities [[135-
137]] are plotted. While they differ quantitatively, the qualitative effect of the inclu-
sion of the Sudakov factor is similar. For both cases, the Sudakov factor suppresses
the moderate-z region. This is in agreement with a common treatment of the gluon
density in the large-z region, namely the multiplication by a factor (1 — x)2nspectator—1
for ngpectator Spectator quarks [12,138,139]]. In the plot of the BGK gluon, it is also
visible that the Sudakov factor smears out the distribution wider. The plot also shows
that the Sudakov factor has little effect on the saturation scale, while the profile of the
gluon density changes substantially.

3.3 Effects of exaet gluon kinematics in the GBW and
BGK models

3.3.1 Dipole factorization revisited

As discussed in Sec. the original GBW and BGK models were fitted using the
dipole factorization formula (1.163)), which is defined in position space. In this section,
we shall discuss fits carried out in the framework of kp-factorization [[133]] defined in
momentum space, which we discussed in Sec. With a change of a variable

K=k — (1 - ,B)kt ) (3.26)

Eqgs. (1.153) and (1.154) can be integrated analytically over the angle ¢ to yield [62}
4]

Bz, @) =Y L L[ dk; / 4B [ drtyars (1) F2 (2 /2, K)O(L — 2/2)

(5 + (1 - 8)?) (5—; - 2) 4 (mh @280 - ) (2 - 1), 32D
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for

= /3(1 - B)Q* +mj, Ny =7 + (1 Bk, (3.29)
N3 = k7 — (1 - B)%k2, Ny=k?+B(1 - Bk '
For the fitting, the form (3.27)) of kr-factorization was used. The gluon density
is obtained by evaluating Eq. (1.165). In Sec. it was discussed that the kp-
factorization enables one to fit the dipole cross section with exact gluon kinematics.
In order to proceed, let us mention a few points concerning the gluon densities of the
GBW and BGK models. For the GBW model, the gluon density, Eq. (1.165)), can be
obtained analytically:

fdlpole CA k2 k2
abw (@, kT) = 004—2@6 : (3.30)
For the BGK model, it has to be computed numerically. The direct numerical inte-
gration tends to be unstable due to high oscillation of the Bessel function, and thus

the use of the method of Lyness [140], which we shall discuss in Sec. is ad-
vantageous. Alternatively, in Ref. [[141], the gluon density was matched to %ﬁ’ﬂ)
at high kr, ¢f. Egs. (3.8) and (1.157)). Together with their treatment of the running
coupling, the gluon density of Ref. [[141] is positive definite, while for our case the
gluon density can be negative. This, as discussed in Refs. [[141,(142] originates from
the behaviour of the dipole cross section near r ~ 0, which decreases faster than r2.

The key question here is how to treat the coupling in Eq. (1.164). While the
approach of Ref. [141]] has its benefits, if one follows the derivation of the dipole
factorization in Sec. it is still natural to have a coupling constant encoded in the
dipole cross section. Considering the small-r limit of the GBW model

0w (2,7)],«q, = *Q5/4, (3.31)

in comparison to cf. Eq. (1.166)

r’nla,(u?)zg(z, pu?
Odipole (T3 7,0, & (Ng) g “), (3.32)

suggests that the GBW model is an approximation in which a,(u?) and zg(z, u?) are
independent of r [70]. For this reason, in order to account for the running coupling
in Eq. (3.27), we assume that «;, in Eq. is constant for the GBW model, and
thus explicitly multiply by the running coupling

o Fadw (@, k)

s (1) P (2, k) = o) == PG =0, (3.33)
where 1
2\ _
as(l’b ) - 110, —2n; 1 ( )a (334)
127 0g Aécn

and Ajcp = 0.09 GeV?2. The factor 0.2 is an arbitrary normalization and, since its
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n Levin Sum

9 —5.751 x 107° | —4.998 x 104
12 || —1.5891 x 10~° | 2.5567 x 1074
15 || —3.803 x 10~ | —1.5069 x 10~
18 | 6.639 x 10713 9.743 x 10~°
21 || 2.6728 x 1071 | —6.722 x 10~°
24 || 2.6744 x 10713 4.866 x 107°
27 || 2.6744 x 10713 | —3.655 x 107°

Table 3.3: Computing [ 9 Jo(rk)(1 — e~") with k = 10 adding up to n th term. Levin-accelerated
case reaches the true value of ~2.674x10713 far more quickly, and shows superior stability.

effect is absorbed by oy, it bears no importance. (For a more detailed analysis of
the dipole gluon density from the BGK model see Ref. [141]) While there is some
ambiguity on what the argument of a,(u?) should be, we follow Ref. [74] and use

pr=kE+ K+ md+ ol (3.35)

where p2 = 4 GeV? is added in order to freeze the coupling at low scales. This value is
chosen from the results of preliminary runs, which turned out to work well. Fitting of
this parameter is not desirable due to strong correlations with the other parameters,
particularly with oy.

Unlike in the dipole-factorization formula, Eq. (1.163), the argument of FdiPole jn
Egs. and is ¢/z, not z, therefore, the gluon density enters the region
of large-z, where the model is not expected to be valid. Particularly, the assumption
that the parton density is dominated by gluons is no longer true. While one may
multiply the gluon density by a factor (1 — z/2) in order to suppress the threshold
region [139], from a preliminary fit, it was observed that the effect is rather limited
and for the case of the BGK model, the fit quality was deteriorated.

3.3.2 Computation of gluon densities

In the evaluation Eq. (1.167)), convergence of the integral may be slow due to high
oscillation for large k. For such integration, one can employ a method summarized in
Ref. [140]. Essentially, the integration is carried out between, anti-nodes of Jy(rk).
Then, the total integral is written in the form of infinite sum

i+1 dr
I= Z / = Io(rk)oapote(a,7), (3.36)

where we use a; = 7(i + 1/4). This sum can be accelerated with series transfor-
mation described in Ref. [[143-145]. Remarkable power of Levin’s transformation
is shown in Tab. This trick is also useful in the computation of dipole gluon
density. While there are several methods for numerical integration, we chose to im-
plement the method of Clenshaw and Curtis (CC) [146], which is tightly related to
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the Chebyshev approximation. The idea essentially is to expand the expression in
the basis of Chebyshev polynomials, thus reducing the integral to the integration of
Chebyshev polynomials. In general, quadrature formulae are written in the form

[ df(@) =Y af(w) + B, (3.37)
=0

where the coefficients c; are specific to the quadrature formula and E is the remainder.
Unlike the Gauss quadrature formula, in this method of CC, a set of points z; used
for the n-point quadrature can be reused for the 2n-point quadrature. An estimate
of an error, E, can be obtained by comparing the n-point and 2n-point results, for
which n-ponit result can be trivially obtained in the CC formula, while the Gauss
formula requires additional evaluation of f(z) at n points. Using Eq. with the
CC quadrature, one can numerically compute gluon densities efficiently.

3.3.3 Fits with exact kinematics

We have fitted the GBW and BGK models to the F5 data from HERA [[134] with the
same setup as in the previous fit see Sec[3.2}

0.045 < Q? < 650 GeV?, z <0.01
number of data points = 378, (3.38)
My, Mg, ms =m; =0GeV, m,=13GeV, my=4.6GeV,

and the modified star-prescription is used for the BGK model (3.6).

A new numerical program was written with help of CERNLIB (DPSIPG) [[147],
GSL [148]], CUBA [149] and ROOT [150] libraries to evaluate F». As discussed
earlier in Sec. the ¢ and b flavours were taken into account with the mass 1.3
and 4.6 GeV, respectively, and the light quarks were set to be massless. The fitting
was performed using MnMigrad and MnSimplex of ROOT::Minuit2 [[151},152]]. The
following cases were studied:

* GBW model with the fixed coupling in kr-factorization (kr-GBW),
* GBW model with the running coupling in kr-factorization (re-kr-GBW),
* BGK model in kr-factorization (kr-BGK),
and, the following results from Ref. [133]] were used as a reference:
* GBW model with massless light quarks in the dipole-factorization (r-GBW),

* GBW model with massive light quarks in the dipole-factorizations (r-GBW-
massive),

* BGK model in the dipole-factorization (r-BGK).
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- oo [mb] zo (107 p) x?/dof
r-GBW 1.907e4-01 | 2.582e4-00 | 3.219e-01 | 4.438e-+00
r-GBW-massive | 2.384e+01 | 1.117e-+00 | 3.082e-01 | 5.274e+00
kr-GBW 3.344e+01 | 1.333e+00 | 3.258e-01 | 4.396e+00
re-k7-GBW 1.520e+01 | 2.648e+00 | 3.211e-01 | 2.447e-+00
- oo [mb] Ag Ag C wa [GeVz] x?/dof
r-BGK | 2.326e+01 | 1.181e+00 | 8.317e-02 | 3.294e-01 | 1.873e+00 | 1.556e+400
kr-BGK | 3.470e+01 | 1.048e-+00 | 2.205e-01 | 2.391e-01 | 9.954e-01 | 1.527e¢+00

Table 3.4: Fit parameters of respective models. The parameters of the dipole-factorization cases are
taken from Ref. [[133]].

The results of the fits are summarized in Tab. The fit quality of kr-GBW is
almost unchanged from r-GBW, while rc-k7-GBW shows remarkable improvement,
almost halving the x? value. It was pointed out in Ref. [57,[119,|120] that in the
BK evolution, the running coupling corrections have considerable effects. Another
notable point is that, except for the normalization oy, the parameters are very similar,
particularly those of re-kr-GBW are almost identical to those of 7-GBW. This can be
seen also in Fig.

Let us analyse also the difference in oy. Recalling that the difference between the
kr-factorization formula and the dipole-factorization formula is in z/z, where this
enters the GBW formalism via (3.3)), it is easy to see that, as  grows, the dipole
cross section gets suppressed (Keeping in mind the suppression by the photon wave
function in the large-r region.). Such effect was discussed previously in Ref. [[121]]
in the context of the BK equation. In fact, this suppression is the motivation given
in Ref. [73] for such modification of z, so that in the small-Q? limit, the total cross
section remains finite. Since

2 2
(1+27%) < (1 B
the kr-factorization case receives more suppression. Consequently, the normalization
factor oy rises to compensate for it. Thus, one would expect that the massive light
quarks partially simulate the effect of z/z. It is therefore interesting to see that the
parameters of kp-GBW are closer to those of r-GBW-massive than to the parameters
of -GBW. However, it seems that there is a compensating factor in rc-kr-GBW.
While the GBW model remains almost unaffected, the BGK model shows slightly
bigger change. The difference is more prominent in the small-z region (Fig. [3.7),
particularly noticeable in the second peak of the gluon density. The change is clearly
visible in the saturation scale of Fig. The resulting F3 of respective models is
plotted in Figs. and While the r-GBW and kr-GBW show little difference,
re-kr-GBW exhibi better fit quality in the high-Q? region. This is clearly visible in
the histogram at the bottom. As for the BGK model, the difference is too small to be
seen in the top plots. However, the bottom histogram reveals some differences. While
the small-Q? region is somewhat improved, as a whole, the changes cancel out.

(3.39)

K2+ m}
B(1-p)Q% )’
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Figure 3.7: The dipole cross section, the dipole gluon density at z = 1072, 1075, and the saturation
scale for the GBW (left) and the BGK (right) models. Note that the dipole cross section and the gluon
density are normalized by o .
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Figure 3.10: Weizsicker-Williams gluon density at z = 1073. Top row: comparison of the dipole-
factorization fit and kp-factorization fit results. Bottom row: comparison of the respective models with
and without the Sudakov factor at u = 17, 67 GeV.The green dotted line is the KS gluon [[153]], and
the green dashed line is the reBK gluon [[154].

3.4 Dijet production at EIC

The F; structure function is an inclusive object and it is only moderately sensitive to
the shape of the gluon density. To probe kr-dependence of the gluon better, we shall
now apply the dipole cross section obtained above to the electron-dijet correlation at
the Electron-Ion Collider (EIC), following closely the method of Ref. [[153].

We consider dijet production in DIS

etp—oet+h+hH+X. (3.40)

At leading order, in the small-z limit, this process is dominated by the ¢q jets [80]. It
is therefore closely related to the dipole picture we discussed earlier, see Fig. In
the Breit frame, where the photon momentum is given by ¢ = (0,0,0,Q), at leading
order, the jet momentum imbalance pr = |p17 + par|, where p;7 and par are transverse
momenta of the jets, equals the gluon transverse momentum k. This makes dijets an
interesting process. For the region where pr < Pr ~ pir, por, One may use power
counting to take leading order in pr/Pr, which leads to the transverse-momentum-
dependent (TMD) factorization, cf. Sec]1.8]
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Figure 3.11: Weizsiicker-Williams gluon density at z = 1073. Top row: comparison of the dipole
factorization fit and kp-factorization fit results. Bottom row: comparison of the respective models with
and without the Sudakov factor, at 4 = 17, 67GeV.The green dotted line is the KS gluon [153]], and
the green dashed line is the reBK gluon [[154].

In the large-N, limit of the TMD factorization, there are two types of gluon den-
sities, namely the dipole gluon density and the Weizsécker-Williams (WW) gluon
density [79,80,83,84]]. It was shown in Ref. [80] that the dijet process in DIS
can directly probe the WW gluon, FWW(z, k?), where the differential cross section
factorizes as B

doV'P—99X
dP.S.

with the hard function H,«g-_,45 describing interactions of an off-shell photon with
an off-shell gluon producing a qg pair. FVW(z, k%) has an interpretation of a number
density of gluons inside a proton, while F4P°e(z k2) does not have such an interpre-
tation [79,/80,84].

We carried out our study in the framework of the Improved Transverse-Momentum-
Dependent (ITMD) factorization [81,83,90] introduced in Sec. This framework
is implemented in the program KaTie [[155]], which is used to compute the cross sec-
tions. The ITMD factorization is a generalization of the TMD factorization where the
momentum imbalance in the latter is restricted to be small [81,83]]. That is to say,
ITMD resums (Qs/kr)"™ and (kr/Pr)™ [81,83], thus extends the region of applica-
bility up to kr ~ Pr. The difference of Eq. from the regular TMD is that the

= FVW(z, k2)H ey —sq, (3.41)
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hard function has an off-shell gluon ¢*, thus rendering the kr dependence in the hard
function as well [81].

For the region where the TMD factorization is applicable, Qs ~ k7 < Pr ~ @, one
needs to resum the large Sudakov logarithms log(kr/@), as well as log(1/z) [80]. As
with the previous case of the dipole gluon density, it was shown in Refs. [88,/129,156]]
that consistent resummation of such logarithms is possible owing to the separation of
the corresponding regions. Resummation of the Sudakov logarithms is achieved by
the formula

o dr

r

C
WW k;2 2\ F
FU(z, k%, p”) /0

D= JO(Tk)e_S(r’“2)UdipoleAdj.(17,7“), (3.42)

where we use the Sudakov form factor [88,/156]

2,.2
S(r, u?) = as Ve In? ( adkd ) , (3.43)

47 4e—2E

in which the coupling constant was set to as = 0.2.

Following Ref. [153]], we study the azimuthal correlations of jets and the final state
electron in DIS, as this observable is sensitive to soft emissions and saturation effects.
Here, only the proton case is considered, because we focus on the Sudakov effects and
the exact gluon kinematics. We use kinematical cuts suggested in Ref. [153]]

E. = 15GeV, E, = 135GeV, Q? > 1GeV?,
0.1 <v < 0.85, ARp.eit < 1, pray > 3GeV,
—4 <y121ap < —1.

Grids of the Weizsédcker-Williams gluon density were produced by evaluating
Eqgs. and (3.42). The gluon density at z = 1073 is plotted in Fig.[3.11]with the
hard-scale-independent Kutak-Sapeta (KS) gluon [135,/153,/157]] and the running-
coupling BK (re¢BK) gluon density [120,/154,/158]]. Clearly, the GBW and BGK
models falls much more quickly than the KS and reBK gluon densities. In general,
expected behaviour in the large-kr region is ~ k;Q [[79,180], while oggw behaves
like ~ e7*7. As in Ref. [153]], the Sudakov factor enhances the small-kr region and
suppresses the large-kr region. In other words, it broadens the gluon distribution.
In comparison to the result of Ref. [[153]], the effect of broadening by the Sudakov
factor is significantly more pronounced in the case of the GBW and BGK models. The
hard-scale-dependent GBW and BGK models, as a consequence, become closer to the
KS and re¢BK gluons, ¢f. Fig. 2 of Ref. [[153].

Figs. [3.12] and [3.13] show electron-jets azimuthal correlation in the Breit and in
the Lab frame respectively. In the top row of Fig. we see better agreements of
out results with the KS and reBK for the new kr-factorization fits for both the GBW
and BGK models. However, the overall normalization of the gluon density depends on
the coupling a;, which we assumed to be 0.2. Nevertheless, Fig. shows clearly
the effect of the parameter g¢. In the middle and the bottom row, we demonstrate the
effects of the Sudakov form factor, which qualitatively agrees with that of Ref. [153]]
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by lowering the cross section.

Fig. shows the electron-jets correlation in the Lab frame. Here, the differ-
ence between KS and GBW and BGK is more prominent, while reBK shows similar
pattern to the GBW and BGK models. The effects of the Sudakov factor are similar
to those in Ref. [[153]] at relatively high A¢, while at smaller A¢ region, the effects
are reversed (¢.e. the cross sections were slightly lowered in Ref. [153], while here,
they are significantly increased).

Finally, Fig. shows the jet-jet correlations in the Breit frame. Again, the
GBW and BGK models exhibit considerable deviation from the KS gluon. The dif-
ference from the previous plot is the disagreement of the GBW /BGK models and the
rcBK in the small-A¢ region. Similarly to the previous plots, the Sudakov factor af-
fects the models somewhat differently from the KS gluon in Ref. [153]. The effect
enhances the cross section considerably in the small-A¢ region, making it closer to
the KS gluon result.

The results shown in Figs.|3.13|and [3.14|are natural, as back-to-back configura-
tion in the respective observable corresponds to the small-k7 region of gluon densities,
and, as it can be seen clearly in Fig. the GBW and BGK gluons do not fare well
in the large-kr region. That is to say that the enhancement in the small-A¢ region is
a direct consequence of the broadening by the Sudakov factor.

A part of success of the GBW model is attributed to the description of diffractive
DIS [75,/127]]. However it was pointed out [[85]] that their formula

C
OAdj. = C_ﬁadipoley (344)

saturates to a higher value %00 than Kq. , thus it is expected to overshoot
the data. Therefore, while Refs. [[75,127]] described the data well, if one takes the
correct formulation into account, the result should decrease. The present
fit has demonstrated that the normalization oy increases if the exact kinematics is

considered, thus our result is encouraging in this respect.

3.9 Summary of the chapter

In the first part of this chapter, we have discussed specifications of the models of dipole
cross section. In particular, the detailed overview of the Golec-Biernat—Wiist-

hoff (GBW) model and its DGLAP improved version, the Bartels—Golec-Biernat—
Kowalski (BGK) model was given.

In the second part of the chapter, we have investigated the effects of the Sudakov
form factor, which resums two disparate scales, which in our case were 1/r ~ kr
and @. In Ref. [88]], consistent resummation of two large logarithms In(rQ@) and In(z)
was achieved for the dipole cross section. Using their results, we extended the dipole
factorization formula by incorporating the Sudakov form factor (3.16]). The resulting
quality of fits to the HERA data improves, particularly in the region of higher Q2 and
more moderate x.

In the third part of the chapter, we have investigated effects of exact gluon kinemat-
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Figure 3.12: Azimuthal correlation of the jets and the scattered electron in the Breit frame. Top:
Comparison of dipole factorization fit and kp-factorization fit. Middle & Bottom: Effect of the Sudakov

form factor. The green dotted line is the KS gluon [153]] and the green dashed line is the reBK

gluon [[154].
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Figure 3.13: Azimuthal correlation of the jets and the scattered electron in the Lab frame. Top:
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ics in the kp-factorization formula (8.27), which is partially lost in its position-space
counterpart: the dipole factorization formula (1.163]). The explicit re-derivation of the
dipole factorization formula spelled out the differences between the two formalisms and
also clarified the origin of the light-quark mass present in the original models (3.3).
The GBW and BGK models were fitted with exact gluon kinematics to the same HERA
data as in Sec.[3.2]but, this time, in the kr-factorization formula (3.27). Remarkably,
the fit qualities were little affected, yet the fit showed a large increase in the param-
eter controlling overall normalization, og. The fit for the GBW model also showed a
considerable improvement when the running coupling was implicitly used in the for-
mula. At the end of the chapter, we have investigated implications of the newly fitted
models, with Sudakov form factor, on the prediction of dijet production at EIC. The
results were compared with Ref. [153]] and have shown qualitative agreements.
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Summary

We have discussed theoretical and phenomenological aspects of the proton structure
in two distinct regimes. In the first one, where the Bjorken scaling variable, z, is
moderate but the hard-scale @ is large, one resums the large logarithms, In(Q?). In
addition, when the transverse momentum, gr, of the system, such as that of the vector
boson in the DY process, is small, cross sections are obtained by the convolution of the
beam functions and appropriate partonic cross sections, in which also the logarithms
of the type In (¢7/Q) have to be resummed. In the second regime, where z is small,
while @ is moderate, the resummation of In(z) becomes important. In this region,
gluons dominate as the constituents of the proton. As one goes further in the low-
x region, the gluon density is expected to be saturated. The description of the DIS
processes in the small-z region is commonly performed in the dipole formalism, in
which the dipole cross section describes the scattering of quark—anti-quark pair on
the gluon-rich proton.

In Ch. 2} we have presented a new scheme for the calculation of the beam functions.
The main objective of the scheme is to obtain beam functions as Laurent expansions
around the poles of regulators, € and a. To this end, one needs all singularities of the
integrands to be factorized as monomials. At N3LO, due to the increased number of
real radiations, complexity of the divergences increases considerably. The complex
structures can be treated with the use of a technique, called sector decomposition,
which dissects the phase-space and deforms each sector such that the divergences can
be factorized as monomials. However, it is impractical, if not impossible, to achieve
optimal parametrization of momenta for the sector decomposition due to large number
of divergent limits. In order to improve the situation, we have introduced another tech-
nique, involving selector functions. The selector functions effectively decompose the
phase-space without deforming it. In each sector, the corresponding selector function
allows only subsets of the divergences to be active and this helps to achieve optimal
parametrization of the momenta. We have successfully demonstrated the effectiveness
of our approach at N3LO by explicitly computing the pole part of the beam function.

In Ch. 3} we have investigated the effects of the Sudakov form factor and exact
gluon kinematics on the GBW and BGK models of the dipole cross section. In the
former case, we have shown that inclusion of the Sudakov form factor improves de-
scription of the HERA data, expanding the region of applicability for a wider range
of Q% and z. In the latter part of the chapter, we have investigated the effects of exact
gluon kinematics by fitting the above two models directly in momentum space using
the kr-factorization formula of the F5 structure function. It was demonstrated that in
the derivation of the dipole factorization formula from the kr-factorization formula,
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the exact form of gluon kinematics is partially lost. Additionally, the effects of the
running coupling become unclear in the dipole formalism. The derivation also clar-
ified the origin of the use of massive light quarks in the original model. While the
differences in fit quality were moderate, we have clearly demonstrated the effects on
the overall normalization of the models, and its connection to the use of the massive
light quarks. At the end of the chapter, we have investigated implication of the newly
obtained fits to the predictions of dijets processes in DIS at EIC. We have also shown
the effects of the Sudakov form factor on the prediction, which agreed with the result
of Ref. [153].
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Appendix A

Introduction

A.1 The bubble diagram

In the calculation of loop diagrams one typically encounters an integral of a form

0 1
_ 4—2€e
Lyubble = /0 d k—kQ(l yaes (A.1)

This is a scalar integral of self energy diagram with loop momentum & (Fig. |A.1)).
One of the most basic techniques to be used is the Feyman parametrization:

1 () /oo ﬁdz‘zi"_l 5(1-V =)
D?D?D;\JIV H;VF(Z]) 0 J g [21D1+22D2+"'+2NDN]Z;€Vik7
(A.2)
where D are the propagator denominators (p* — m?2 + id).
Thus in the current example, the integral is transformed as
o0 r(2 1—2 —
Ibubble :/ d4—2ek 2( ) /d21d22 6( 21 z2) 5
- r [21k% + z2(k — 1)?]
1
= [ @k / A3
/ "ak? + (1 — 21)(k — D)2 (8.3)

1
= [ a2k | dz ,
/_oo /0 "k (1 —20) (=2 1+ )

where the integration over the Feynman parameters are reduced to between 0 and 1
due to the delta function. In more general form, the integral can be written as

:r(N)/wa[dzja (1—§jz>

. N N -N
X / dk <k2 +20) " zl) - k+ Zzi(l? —m?) + i5> . (A4)
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Figure A.1: Kinematic variables of self-energy loop diagrams.

By shifting k& by —(XN zl;), one removes linear term in &, thus

:r(N)/wa[dzja (1—§jzi>

o N N -N
X / ddkl (klz - (Z ZZZZ)Q + Zzz(lf — mf) + Z(S) .

With the relation va z; = 1, one can rewrite the k" integral as
00 N -
/ dk’ (k’2 — (Z zil;)? + Z z(I2 —m?) + z5>
oo N N -N
- / &K | K - (Z zl)? + 3>zl —mi)z +1id
> i i g
o N N N
:/ ddkl klz + Z Z ZZZJ((ZZ - lj)2 - mf - mf) + 10 .
oo =5
With S;; = ((li — 1;)* — m? — m2), which is called Cayley matrix,
o N N o] N
N) / H dZJ(S <1 — Z Z,) / ddk (k2 + Z ZiZjSij + 25) .
0 7 i —oo ij
Divergences are located where

k)g — k2 + ziszi]- + 10 = 0,

that is,

k?() = :t\/k2 — Zizj‘sij — 25

+ |Vk? — 228 — ————=10| .

— zzzJSzJ

(A.6)

(A.8)

(A.9)

Thus the poles are located at the (+, —) and (—, +) part of the complex plane (Fig.|A.2)).
As it is shown schematically in Fig.[A.2] one can Wick rotate without crossing over
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Im

Re

Figure A.2: Wick rotation. divergences are shown in red.

singular points such that [y — il'g, which effectively rotate from the Minkowski space-
time to four dimensional Euclidean space, i.e., 12 = —1's — 2 — 12 — I2.
Then, the integral is transformed to

w N N
0 ;
-N
/ dk (—k2 +3 228, + ia)

ij

~Ir N) [T Tldz6 (1-3 %
- 2 ( 0 ; J - 7
-N
(—1)3;2/ d|k|2/d9d_1(|k|2)? (|k|2+2zizj8ij+i6) .
0 7
Using
dQ2 a” A1
/ D-1= T(D/2)’ (A.11)
oo go~l ['(a)T'(b)
= = A2
Bla,5) /0 (1+2+®  T(a+b) (A.12)
The k integral can be performed to yield
i 27rd/2 N
I=sramt / Hdzj‘s (1_22)
(A.13)

d/2—N
(Z %7Sy +i6) (% [ dkPE) T (R +1) 7

ij

N N d/2—N
= ir?¥?(—1 )%F(N — d/2)/0 [1dz;6 (1 — Z%) (Z 22jSi +i5) . (A14)
] i ij
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Finally, using the relation

/ Pk ()4 (_1)N+AI‘(A+D/2)F(N—A—D/2) (Rz)A—N+D/2

inP/? [k? — RPN T(D/2)T(N) ,
(A.15)
the example of the bubble diagram is evaluated to be [[7]
s 1 )
e = i(=1) T 720N = d/2) [ dz (21— 2)2)""
: (A.16)
; St d\ (12\52 d d .
:Z(_1)2W2F(2_§)(l) 3(5—1,5—1>.

Here one can now clearly see that integral vanishes when 12 — 0 and divergent for
d=4.
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Appendix B

Beam function

B.1 Re-factorization

In order to recover independence from a and v one needs to consider a products of B
and B. As we are interested in the perturbative expansion of the function, the explicit
form can be given as

BB =o' [B<°>(z1)B(°>(z2)]
+al [B<°>(z1)B(”(22) + BY(2)BY ()
+a? [B(O) (20)B? (25) + B (20)B® (2) + BV (2,)B" (zz)] (B.1)
+a? [B@(zl)ﬁ("”)(zz) + B9 (21)B ()

+ BO(20)B" () + BY (2B ()] + O(a),

where
BO(z)=6(1-2z). (B.2)
Let us introduce
C® =3~ B"(2)B" ) (zy), (B.3)
J
¢t = limy > BY (2B (2,), (B.4)

where B*®(z) are bare, refactorized beam functions defined in Eq. (1.115). Then,
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Eq. (1.115) can be written in the form,

lim BB = LosFO+a2F@+alF®) o [C(O) +0Wa, + 0(2)a§ +C(3)a3] + (’)(ag)

a—0

=CO +a, [CM + COFMlog(L)|

+ a? [0(2) + C(l)F(l) log(L) + C(O)F(z) 1og(L) + %C(O)F(l)z log2(L)] (B.5)

1
+a? [C<3> + COFW 10g(L) + CW (F<2> log(L) + 5 FV2 log2(L))
1
+CO (F<3> log(L) + F? log?(L) + £ FO° log3(L))] +0®ah),
where L = 4”52—?;. Since we know C©@ CcM, C® FO and F®, the N3LO term en-

ables one to determine F® as a coefficient of C® log(L), and C® as a coefficient of 1
(or L — 1) respectively.

Since B*©)(z) = 6(1 — 2), one can recursively obtain higher order functions using the
relation

B0 (2) BYO)(2) 4 BY©)(2) B*()(z)

B(e) = 26(1 — 2)
- (0@ (5,2) - z BY0)(2) ) <z>) (B.6)

1
— (%) b(J) b(i—j)
) (c (2,2)],_, ZB 2)B (z))
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Appendix C

Dipole cross section

C.1 Intermediate steps in the derivation of dipole factor-
ization

Considering the terms

1 1 2 K¢ K¢ — kt 2
S A 1
(D1 Dz) and (Dl Ds (€1

of Eqgs. (1.153) and (1.154])). Using identities

d2 irk cos 6 1
iNy / - (—) Ka(Nor) =~y (C.2)
d r 'ercose 1
i / € KNI =~ (C.3)
one has
1 _ 1

H%+N12 (I‘&t—kt)z"‘NlQ (C 4)

. er . d’r i(ke—Kk)r .

= —1 g et Ko(Nl’l") — / %6 tT%e Ko(Nl’I') y
(v )

k2 4+ N2 (k¢ —k¢)2 + N? (C.5)

d*r . d’r /r )
= — — Kt T _ DA A ’L(K,t—kt)q‘
i </ 2m (r) Ky (Nar) / o <r> € Kl(Nﬂ')) :

where N = (1 — B)Q* + m3.
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By multiplying by complex conjugate, one obtains

1 1 2 d21‘ d2r/ ) , . .
(F1 _ E) — / % %eznt-(r—r) (1 _ e—zk.r) (1 _ ezk-r ) KO(NlT)KO(Nl"'I),

(C.6)

ﬂ _ k: — k; 2 _ A2 / ﬁ / dr (r-r eilﬂit'(r_r/)
D, D, YV o) 2 \ i

X (]. - e‘ik'r) (1 - eik-r’) Kl(Nl’I')Kl(Nl’l"l).

(C.7)
The above can be integrated over k;, which simply yields a delta function
Thus one obtains,
/d;:t (Di1 - D%)z - %Ij 1 e C K2 (i), (C.9)
2
/d;: (%1 B ntzgzkt) - Nf/% [1— e K (o) (C.10)

Egs. (C.9) and (C.10) can be used for Egs. (1.153) and (1.154)), only if one assumes

there is no implicit dependence on k; other than the factors considered here.
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