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Abstract

I present results for final state emissions of additional leptonic pairs in decays of
heavy intermediate states such as Z and W boson. This process constitutes small
correction. Presentations of PHOTOS algorithm and short presentations of KORALW,
SANC, TAUOLA algorithms are given. Numerical distributions of relevance for LHC and
Belle II observables are shown. They are used in discussions of systematic errors in
the predictions of pair emissions as implemented in the programs. Testing framework
is developed allowing comparison of spectra by PHOTOS with an exact one solutions.
Exact matrix element of extra pair emission from the final state of 2f — Z/~v* — 2f
spin summated process has been installed into PHOTOS and tested. Improved PHOTOS
prediction for eTe™ — Z — ete putu” and ete” — Z — pTu~ptpT is higher
by respectively 5.4% and 4.6% of their contributions, these contributions are at the
level of 10™% if calculated with respect to the Z — ¢¢. This improvement is localized
mostly in the hard part of the additional lepton pair spectrum. Three approximated
matrix elements of extra pair emission from the final state of 2f — Z/v* — 2f
process has been proposed for PHOTOS and has been tested. Numerically these matrix
elements are as good as exact one. An improvement in PHOTOS generated spectrum of
invariant mass squared of muon pair is reduction of discrepancy (from factor of 4.2 to
7%) with reference spectrum for the hardest extra pair emissions. An improvement in
PHOTOS generated spectrum of invariant mass squared of electron pair is reduction of
discrepancy (from factor of 2.5 to 17%) with reference spectrum for the hardest extra
pair emissions. Basing on a tested approximation, an effective factorization of matrix
element of 2f — Z/~* — 4f spin summated process is proposed to separate Born level
matrix element from the factorized part describing extra pair emission from the final
state. Generalization of this factorized part is discussed. Applicability of effective
factorization to the matrix element of 2p — Z/4* — 4f spin summated process
is suggested. Future research in order to verify applicability of obtained factorized
part describing final state extra pair emission to other than 2f — Z/v* — 2f spin
summated processes is suggested.
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1 Introduction

One of the purposes of LHC experiments is to improve precision of the W boson mass mea-
surement. Precision measurements of the W boson mass rely on a precise reconstruction
of momenta for the final state leptons [1] and on comparison of W production and decay
with those of Z in LHC and in particular LHC detector conditions. The QED effects of the
final state radiation play an important role in such experimental studies [2]. Final state
bremsstrahlung is included in all simulation chains and should be studied together with
the detector response to leptons. As it is reported [1], systematic error of W boson mass
measurement related to final state pair production in the W — ev channel is 3.6 MeV (or
0.8 MeV depending on observable) and the one related to final state pair production in
the W — uv channel is 4.4 MeV (or 0.8 MeV depending on observable). Moreover, final
state pair production affects position and shape of Z peak affecting lepton momentum
calibration of Ref. [1]. Systematic error related to muon momentum calibration roughly
estimated to be of 10 MeV.

In order to access experimental precision of future circular collider (FCC) the systematic
error of W boson mass measurement has to be reduced more than 10 times, down to
0.5 MeV [3] or better. It is true also for the final state pair emission. Moreover, one’s
of the most important observables of FCC like Z boson mass My, Z boson width I'z,
neutrino number N, require systematic error reduction related with precise description of
pair spectra [3]. Reduction of QED uncertainties in My and I'; below 0.1 MeV is required
and there are two main strategies of reduction of systematic error of N, discussed in Ref. [3].
First one, is to have Monte-Carlo (MC) generator for Z boson production and decay with
QED corrections down to level of O(a?), which is related, but not directly effected by
production of extra pairs. Second one, is based on precise control of muon pairs, that are
produced in Z decays [4].

In the manuscript I will concentrate on the effects related to additional pair emissions
in decays of heavy bosons, mainly Z. These effects should be included starting from the
second order of QED, i.e. from the O(a?) corrections. The typical Feynman diagrams for
fifi = Z/v* = fof, are shown in Fig. 1 and for final state emissions are shown in Fig. 2.

Precise calculations of interesting quantities must include such radiative corrections of
precision level of the order of ~ 0.1%, they are usually calculated with a help of MC gener-
ators in order to take into account detector acceptance simultaneously. The experimental
data are compared to expectations from MC simulation. In the study [1] it is specifically
stated that "the dominant source of electroweak corrections to W- and Z- boson produc-
tion originates from QED final-state radiation, and is simulated with PHOTOS" and that
"Final-state lepton pair production, through v* — lepton pair, constitutes an significant



additional source of energy loss for the W -boson decay products". Present manuscript is
focused on improvement of PHOTOS [5-11] algorithm for simulation of the additional pair
emissions in decays of v* and Z boson Fig. 2.

The basis of PHOTOS application is of the after-burner type. For the previously generated
event, with a certain probability, a decay vertex can be replaced with the one featuring
additional photons. Similar solution for additional lepton pairs is installed since [11]. The
algorithm is based on exact phase space.

In Section 2 of my thesis exact phase-space, as it used by PHOTOS and by KORALW [12],
is explained. PHOTOS uses the two-body and four body exact phase space. The best
description of its phase-space generation is given in [10].

Before matrix element installation, pre-samplers were introduced and checked as well,
respectively for collinear, small virtuality and small energy of virtual photon enhancements.
For the case of two chains of singularity structure, two pre-samplers are needed too. In
this case phase space parametrization remains exact!.

As PHOTOS operates an exact phase-space, the room for improvement is in its matrix
element. Section 3 explains matrix element. PHOTOS algorithm applies matrix element over
the entire phase space [10]. In the published version [11] of the algorithm approximation
(formula (1) of Ref. [13]) is used only. This algorithm allows generation of a dominant
contribution of an effect of extra pair emission for an any Z/v* — 2f decay. The question
about quality of spectra by PHOTOS and, thus, a question about room for improvement for
PHOTOS will eventually depend on a process under study.

I focus my research on extra pair emission from the final state of 2f — Z/y* — 2f
process, having in mind generalization of approach for the extra pair emission from the
final state of pp — Z/~v* — 2f process or for description of any Z/~v* — 4f decay. Full
four fermion end state include contributions from initial state radiation (ISR) and final
state radiation (FSR). PHOTOS specialize on generation of FSR and, while ISR contribution
is important [14], generation of ISR should be included into simulation chain [15] during
generation of a hard process, i.e. before PHOTOS. Feynman diagrams corresponding to
2f — Z/v* — 4f process of FSR type are presented in Fig. 2. In Section 4 tests with
partially integrated cross sections are presented.

Section 5 collects matrix elements for extra pair emissions. In order to improve PHOTOS,
I calculate two fermions to v/Z to four fermions (FSR only) matrix element (see Chap-
ter 5.1 and corresponding Appendix C). I search for its the most important parts (see
Chapter 5.3), having in mind approximation of 2f — ~v/Z — 4f matrix element in order
to separate extra pair correction from Born level 2f — v/Z — 2f matrix element.

Section 6 is devoted to discussion of novel kernels for pair emission. The aim is to
identify an option to reproduce results of exact matrix element for Z to four fermion decay
as close as possible, but to retain the universal form which can be applied to other decays
as well.

!'However, when further particles, such as additionally generated photons appear, parametrization of
phase-space ceases to be exact. This is due to the matching of Jacobians for distinct generation branches.
This non-exactness appear as in multi-photon’s emission or in any other case of more than two body decays
in PHOTOS operation. This is for importance of higher order effects.



Section 7 is devoted to study how the new kernel perform for the Tau decay.

Section 8, summary provides conclusions and explanation of obtained improvements.

Appendix A contains formulae and plots that are supplementing Sections 4.1, 4.2.
Appendix B collects set of plots, supplementing the ones of Sections 4 and 6. In Appendix C
calculation of formulae given in Sections 5 and 6 is provided, it also supplements formulae
from Section 3.

2 Phase Space

Element of the two-body phase space reads

itipss (Pit ) = | oot e 200" = =) =
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where P* is four-momenta of incoming particles', (p})*, (p})* are four-momenta of outgoing
particles; 3 is mass of the particle denoted by momenta (p4)* and pu4 is mass of the particle
denoted by momenta (p})*. I choose reference frame of P* and parameterize four-momenta
ph in a spherical coordinates d®ply, = |p4|” d || deosfdyp, where [F| is modulus of spatial
part of four-vector (p)*. I proceed

. 1 _ AR —
dLipsy = ——— / d|ps| dcos@de&Mz — 2MAJ P54+ i3+ 113 — 4id) =
(2m) 2/[74° + 11

LA (M2, 133, 1)
dcos@dgpgT, (2)

(27)?

where M? = P? and A (M2, 13, 1i2) = /M* + pd + pf — 2M2p2 — 2M2p? — 2p2p3. With
change of variables

cos = —1 + 2z, © = 27X (3)

element of two-body phase space finally reads

2
. 1 A (M?, 143, p13)

dLipsy = — H da; (4m) —— L2242 (4)

25z L1 M2

There I reserve pY, p for four-momenta of incoming fermions P* = p}' + ph.
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Element of four-body phase space reads

dps d*py d*ps d*pe
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where M2 = P2, M2, = (ps + ps)°, M2, = (ps + pa)’; dcosfydp, is the solid-angle element
of Py in the rest frame of (p4 + pfy); dcosbadyps is the solid-angle element of P; in the rest
frame of (pf + pf); dcosfsdyps is the solid-angle element of (p4 + p) in the rest frame of
Pr. With following change of the variables

cost; = —1+ 2z, Y1 = 27y,

costly = —1 + 2x3, Y9 = 2y,

costs = —1 + 2xs5, Y3 = 2mxg,

M526 - M526 min <M526 maxr M?ﬁ,min)xﬁ

M324 - M??4 min (M??Zl mazxr M??Zl,min)x& (6)

the differential form (5) turns into a canonical form

34> Nga N4) A (M567 M%; M%) A (M2 M34, MgG)
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17 8 H M56 M2
X (471—} (M526 max M526 mm) (M??4 max M??4 mzn) (7)

where Msg min = 5 + pes Ms6max = M, M3gmin = p3 + pa, M3amae = M — Msg.

One can relate the two-body and four-body phase space generators as follows: use the
the two body events in an inverted sense to obtain the z1, xo random numbers (phase space
coordinates first), and later use these numbers in four-body phase space event construction
as follows:
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. . . ) ) 43y F4 347 3> M4
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A (M27 M??zl’ ME?G)
A (M?, i3, i)
The minimal decay kinematic is transformed into space-time coordinates: angles and in-
variant masses. Additional variables are generated from crude distributions to complete
coordinates necessary to parameterize configurations with new particles added.

Case of pair emission is quite analogous and the kinematical configuration for each
decay is first deconvoluted into angular parametrization of two body decay into emitter
and spectator!. The corresponding angles, together with extra generated ones, provide
parametrization of four body phase space; all necessary phase-space Jacobians are calcu-
lated and taken into account. Corresponding algorithm for phase-space is also exact in the
case of emission of additional lepton pairs.

In formula (8) ratio of X\ (M?, M2,, M2) /X (M?, u3, u3) compensates for the difference
in phase space Jacobians. The formula (8) is used for four body phase space generation
with the help of two body events. These two-body events can be generated first by other
Monte Carlo. Note also that phase space Jacobian of formula (7) would numerically differ
very little between the case of Z decay into electrons or muons, by (m?/M3) ~ 10~° only.

It was checked with samples of 100 million events that once matrix element is set to
unity, flat four body phase space generation is achieved. This was checked with default test
of MC-TESTER [16] and compared with another four-body phase-space generator deduced
from TAUOLA [17].

(47T>2(M526,max - M526,mm)(M324,max - M324,mz'n)' (8)

3 Pair emission matrix element

By Mpyn I depict matrix element of Fig. 1, by My, My, M3, M, I depict matrix elements of
Fig. 2. For my purpose only the Z — 4 f part of these amplitudes are needed. Contribution
from diagrams M) + M, can be understood as fsf, extra pair emission from f,f, final
state and for diagrams Mz + M, role of the pair interchange. In the following I define
four-momenta as they are presented on Feynman diagrams of Figs. 1-2.

PHOTOS feature extra pair emission for an any Z/v* — Il decay basing on soft factorized
matrix element (see Appendix C for more details), which is the soft limit of the the complete
pair emission matrix element, of the form which can be used all over the phase space:

Z |M1 + M2Eoft - Fsoft(p17p2;p37p4ap57p6) ' ’M(plva;pé7pﬁl)|2Born7 (9)
spins

where p1, p2, ps, D4, Ps, De, ¢ are four-momenta that are described by Fig. 2; pf, p) are
four-momenta of two-body phase space (i.e. p} +ph = (p5)* + (p))"), all four-momenta are
defined in egs. (4) and (5) respectively;

T s+ 1) 3 (2 — 10) W Tr [+ 12) 7 (6, — ) 4*] - (10)
(p1 + p2)

!The spectator may represent multiple particles. But as corresponding Jacobians for phase space
parametrization do not need to be modified we may omit details from our brief presentation.

2
|M|Born =
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Figure 1: Feynman diagram corresponding to fi(p1)f1(p2) — Z/7v* — fa(ps) fo(p,) Born
level process.

Ms

Figure 2: Feynman diagrams corresponding to f; (p1)71 (p2) = Z/v* = fo (pg,)f2 (p4)f3(p5)73(p6)
process.



is Born level matrix element, m; and my are masses of fermions (p? = p2 = m?, (py)? =

(p})? = m3), a is QED constant and

4p@ 8 _ 2. _aB [t fo" B (&)
Fopp = 2 (4ma)’ 2lo — L9 <p_3 _ P_4) (p_s _Pi (11)

q P3q  Paq P3q  Paq

is factorized emission part of matrix element. This factorization property of QED is im-
portant for PHOTOS design, in particular for construction of its algorithm of pair emission.
On its basis universal pair emission algorithm, which can provide reasonable results for
any process is established. Born level process |M |éom is managed by other than PHOTOS
MC generator. Then events of Born level process are modified according to Fj, s factorized
part of matrix element.

4 Testing with inclusive distributions

4.1 Soft integrated cross section

As it is noted before, factorization scheme (9) of matrix element > .  [M; + Mg’ioft is
valid approximation for the case of small energy of the emitted extra pair, but can be
used over entire phase space (7). An analytical approach is possible up to some extent: it
is possible to split integration of matrix element »__.  |M; + Mg\ioﬂ onto integration of
| M |230m over two-body phase space (4) and integration of factorized part of matrix element
Fyopt over two-body phase space (4).

Factorized part of matrix element (11) is universal, it is the same for the matrix element
describing extra pair emissions for any Z/y* — 2f decay. In this case an integral of Fy,
over phase space, corresponding to an extra pair emitted from incoming fermions, is well
known (formula (5) from Ref. [13]). Real soft ISR pair emission factor reads':

o dME?G B 4m3 2mj m%)\%(s, M3, M)
Bf 34 EVeE 1 2 1+ 2 m2
35 7T Mg Mg Mgs ) \ M2,s + 2 \(s, M3, MZ)

4m
s —2mj3 s+ Mg — M3, — V1 2)‘2(3 M??47M526))(12)

+ In

V1= s+ M2 = M3)) s+ My — M3y + /1= “ZE\3(s, M3, M)

where my and ms are masses of fermions (pi = p? = m3, p? = p2 = m3), s is center

of the mass energy squared of incoming particles s = E%,,5 = (p1 + p2)? = (p§ + p})?,
M3, is invariant mass squared of the lepton pair M 2 = q5 = (p3 + ps)?, M2 is invari-
ant mass squared of the extra lepton pair M2, = ¢*> = (ps + ps)?, and \(s, Mz, MZ,) =
V82 + M, + M — 2s M2, — - 2sMzg — 2M3, M. Factor By has a meaning of extra pair
emission probability. Factor B ¢ is introduced in Ref. [13] as an additive analog of YFS [18]

'Here I consider parameter a equal zero a = 0, since it corresponds to Foopt of eq. 11.
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soft photon factor; index f refers to sum over all such fermion factors. Factor B ¢ is cal-
culated with assumption that emitted pair momenta are small in comparison to those of
sources. This is to be taken both in phase space and matrix element (| M (p1, p2; p3, p4) |1230m ~

| M (p1, p2; Dy D) [ 30p)- On the other hand, in the eq. (12) integration covers all two-body
phase space and factor By in the form of eq. (12) is exact. In the Ref. [13] phase space cut
is introduced limiting energy of extra pair by A. For this case factor B #(A) has a meaning
of probability of extra pair emission with energy less than A. In my tests I calculate B ¥
both for full two body phase space and for cutted phase space .

If the energy of the emitted pair Ejsg is smaller than some A, which is much smaller
than center of the mass energy of incoming particles and is much larger than double the
mass of a single extra lepton (2m3 < A < E¢pys), then formula (12) can be used for
extra pair emissions from the final state as well [19]. For a harder emissions extra pair
emission probability B ¢ doesn’t cover solution of PHOTOS since B 7 applies to pair emissions
from incoming fermions. For technical tests of PHOTOS and for better understanding of its
features, I repeat analytical calculation, but for integration of Fj, s over final state emission
phase space. Extra pair emission probability from the final state reads:

4m?
. / p dME [ Am (L 2m m3 /1 — T2 (s, M3y, ME)
pair 38 T

2 M3 M M MZM2, + —)\(S,M324,M§6)
34

_|_

4m3
M3, — 2m3 In — M — Mz, — /1 M2/\ (s, M3, 56)) (13)

D)
s = M = My, s — Mz — M3, + /1 4m2)\2(3 M3y, MZ5)

More details about calculation of formula (13) can be found in the Appendix A. Previous
researches in this direction can be found in Ref. [20]. PHOTOS applies factorized matrix
element (9) over entire phase space, it means that for a given energy Fcps of incoming
particles probability P, of eq. (13) matches analytically the solution of PHOTOS. If the
energy of the extra pair is limited by A, then probability of soft extra pair emission from
the final state Ppq;,(A) approximates to B(A) from Ref. [13].

4.2 Test with soft integrated cross section

Cross sections 0., of born level process (see Fig. 1) is given by integral of matrix element
|M|3,,. over two-body phase space (4) and cross section o1y of extra pair emission process

is given by integral of matrix element Zspms | My + M2|Soft over four-body phase space (7).
A ratio of differential cross sections dgﬁ"{" / ;]‘\’4154 for center of the mass (CMS) energy of

My corresponds to a value of E}(A) for a given A (and for a given CMS energy).

Values of /BS}, that are result of numerical integration of formula (12), are collected
in Tab. 1 and are compared with corresponding values of d”;}"&éfz ) d"cﬁ\jyz obtained by
PHOTOS for various values of A (Tab. 2). Agreement at the expected level of few percents of
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\emitted\AzlGeV\AzSGeV\AleGeV‘

Zo— ete- | ete- | 0.00094772 | 0.00171442 | 0.00212938
Zo — ptp | ete- | 0.00093813 | 0.00165131 | 0.00201747
Zo — ete~ | ptp~ | 0.00001466 | 0.00010409 | 0.00017804
Zo — ptp~ | ptp | 0.00001466 | 0.00010408 | 0.00017801

Table 1: Extra pair emission probability Ef(A) (for pairs with energy less than A) as it
has been calculated by formula (12).

’ ‘emitted‘AzlGeV‘A:E)GeV\A:lOGeV‘

Zo —ete” ete” 0.00093850 | 0.00167783 | 0.00205299
Zo— putu~ | ete” 0.00093176 | 0.00162154 | 0.00194601
Zo—ete” | ptp~ | 0.00001507 | 0.00010231 | 0.00017137
Zo— ptp~ | ptp~ | 0.00001480 | 0.00010191 | 0.00017026

Table 2: Ratio of differential cross sections %% / g&—f as it has been calculated by PHOTOS.
34 34

An error is at level of the last presented digit.

pair effect was found for electrons and muons, and for several choices of maximum energy

of emitted lepton pairs. On the other hand, one may expect distorted spectra for the

harder generated extra pairs. It is reported [21] that simulations of the ete™ — Z — 4i

decay process with KORALW [12]| and with PHOTOS agree better than percent level for the

most populated bins of histograms of benchmark distributions. For high energy fermions

results from KORALW seems to indicate for somewhat harder spectrum than of PHOTOS.
Here I summarize details of my calculation.

e [ monitor again the spectrum of invariant mass for the lepton pair, which is modified
by emission of additional pair.

e For results of PHOTOS [11| and for semi-analytical calculation I first generate the
sample of events from PYTHIA [22] with initialization summarized in Tab. A.1.

e In order to complete results for PHOTQOS, its algorithm is applied on events generated
by PYTHIA.

e For calculation with formulae (12-13) I move events, that are generated by PYTHIA,
to every possible bin of our test distributions with probabilities obtained from for-
mula (12-13) respectively.

The main difference between formula (12) and (13) is that (13) was obtained by in-
tegration over four-body phase space (7), corresponding to FSR pair emission, of matrix
element (9). For formula (12) an approximation in phase space was used. Four momenta

11



that correspond to extra pair emission are treated as soft and as not effecting other four
momenta. If energy of the emitted pair is restricted to soft pair emissions limit, the two
calculations coincide, as they should.

One can argue that formula (12) is less suitable for tests. This is not necessarily
to be the case. For formula (13) a factorization form of matrix element is used, but
such approximation is not used for phase space. This is potential source of numerically
important mismatches. Even though exact phase space parametrization offer convenient
starting point for future work with matrix element, independent tests with calculations
based on four fermions final state matrix elements are of importance.

The numerical tests are summarized in Fig. 3 for formula (12) and in Fig. 4 for my new
formula (13).

6pair %

. . ) I\/‘”w . . . :\/"..I.MW
50 60 70 80 90 100 110 50 60 70 80 90 100 110
Me+ &-[Gev] MP' v [Gev]

Figure 3: Comparison of PHOTOS simulation and calculations of extra pair emissions, for the pro-
cesses pp — Z — eTe (eTe™) (left plot) and pp — Z — putp~(eTe™) (right plot) at 14 TeV, with
independent semi analytical calculations. Correction to lepton pair invariant mass spectrum of
PYTHIA generated sample is given in %. Solid line represents data by PYTHIA X PHOTOS. Points rep-
resent results of simulation by PYTHIA, convoluted bin by bin with formula (12) i.e. as of Ref. [13].
PHOTOS generated spectra are not well reproduced by formula (12) for extra pair emissions from
incoming fermions.

Analyzing the Figs. 3-4 I conclude, that PHOTOS is well in agreement with analytical cal-
culation (13); agreement is not so good for formula (12). Numerical precision of agreement
is better than 5% of the pair effect. Estimation is limited by the numerical calculation and
CPU time. It can be improved rather easily. The result is supplemented with Fig. A.1 of
Appendix, which is of more technical nature. It includes also plots for Z — ete™ (uFp™)
and Z — ppm ('t po).

4.3 PHOTOS-SANC comparison

SANC [23-32] is a computer system for Support of Analytic and Numeric calculations for
experiments at Colliders. The PHOTOS and SANC Monte Carlo programs use different ap-
proximations for the effect under study. SANC uses formalism of electron structure (frag-
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Figure 4: Comparison of PHOTOS simulation and calculations of extra pair emissions, for the
processes pp — Z — ete~(ete™) (left plot) and pp — Z — puTu~(ete™) (right plot) at 14 TeV,
with independent semi analytical calculations. Correction to lepton pair invariant mass spectrum
of PYTHIA generated sample is given in %. Solid line represents data by PYTHIAxPHOTOS. Points
represent results of simulation by PYTHIA, convoluted bin by bin with new formula (13). New
formula (13) reproduces well results of PHOTOS.

mentation) functions [31,33,34] which describe radiation in the approximation of collinear
kinematics.

In SANC the leading logarithmic approximation (LLA) was applied to take into account
the corrections of the orders O(a"L™), n = 2,3, where in case of pair emission big loga-
rithms L(my, 1) = log (1%/m?) depends on the lepton mass m, and on the factorization
scale u. I leave technical details regarding SANC algorithm and its input parameters to the
Refs. [20,35]. Here I present results of PHOTOS-SANC comparison.

e*e pair correctionto pp - Z - e'e’ U pair correctionto pp — Z — e'e’
3 S 1:
S o r
0.8~ —— PHOTOS
r —— SANC
0.6
0.4
O.ZN
OF
e b e b e b e 1 riill I BRI _O:\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\
50 60 70 80 90 100 110 120 '%O 60 70 80 90 100 110 120
M(e'e) [GeV] M(e'e) [GeV]

Figure 5: Corrections 0 in % for invariant mass M (e*e™) distribution in Z — e*e™ decay
due to extra ete™ (left) or utp~ (right) pair emission.

Pair correction is defined as 6P%" = (gP¥" —gBorn) /gBorn The results for distribution of
invariant mass M (¢7¢7) are presented in Fig. 5 and Fig. 6 for PYTHIA generated sample of
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Drell-Yan processes at 14 TeV center of mass energy pp collisions and final state of electron
and muon pairs respectively.

An agreement between pair implementation with the help of PHOTOS and SANC seems
not to be sufficient, differences are big and dominated, as it is appears later, by non leading
terms and of rather hard pair emission. I continue with discussion of results.

e*e pair correctionto pp — Z - p'w LU pair correctionto pp —» Z — P
< 18 z I
= 1.6F = s
145 —— PHOTOS 0.8 —— PHOTOS
1.2 L —— SANC
1 0.6:
0.8 0.4
0.6 r
0.4 0.2k
0.2 r
OF OF
'0'2}””\””\””\””HH\HH\HH -0 Cov v v by v b v by b b
50 60 70 80 90 100 110 120 '%0 60 70 80 90 100 110 120
M(pp) [GeV] M(p'p) [GeV]

Figure 6: Corrections § in % for invariant mass M (u*p~) distribution in Z — p*pu~ decay
due to extra ete™ (left) or u™p~ (right) pair emission.

The comparison between HORACE [36] and SANC of pair contributions is presented in
the Ref. [37]. One can see, that a better agreement was found in this case, but the
approximation of pair corrections in HORACE is closer to SANC than to PHOTOS.

The main purpose of SANC is to control dominant, leading logarithm effects of pairs
emission for the sake to supplement systematic error evaluation for observables, where pair
effects are comparable to systematic errors of other effects. That is Why, non leading terms
such as In -2~ ~ 6 may be neglected if they accompany dominant In £~ ~ 11 ones. It may
be of 1nterest to implement such non-leading terms into SANC and/or PHOTOS

The PHOTOS can be used as well to analyze an effect of singlet channel, which is the case
of misidentification in the detector of first lepton as secondary one, when lepton pair emit
lepton pair of the same kind. In Fig. 7, PHOTOS simulations of singlet channel are presented.
Number of events fall down logarithmically with rise of invariant mass of misidentified pair.
This perfectly agrees with theory.

In Fig. 8, soft pair corrections are presented. The cutoff A = 1 GeV and is applied
for energy of the additional lepton pair in the rest frame of colliding partons. This cutoff
is chosen both to fulfill the conditions 4m7 < A® < MZ, which correspond to soft pair
emissions, and to simulate an effect of the undetected pairs. Depending on the sensitivity
of the detector, part of soft lepton pairs remains undetected causing shift in the pp — Z7 —
[T~ spectrum.

Both SANC and PHOTOS can generate pair effects simultaneously with emission of pho-
tons. Because of rather steep energy spectrum for emitted pairs, the effect of photonic
bremsstrahlung on pair emission is not expected to be large. To validate this expectation

14
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Figure 7: Invariant mass distribution in the singlet channel, i.e. of pair formed from ™ of
emitting pair and [~ of emitted pair generated by PHOTOS. PYTHIA initialization parameters
are presented in Tab. B.1. Generated samples (of ~ 10® events), were dominated by

configurations with M (I717) ~ 10 GeV.
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Figure 8: Pair correction to spectrum of lepton pair invariant mass of PYTHIA generated
sample is given in %. Original sample is simulated for pp collisions of 14 TeV. Solid line
represents data by PYTHIAXPHOTOS. Additional lepton pairs are generated under condition
that energy of the additional lepton pair in the rest frame of colliding partons is less than
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we have introduced the following option into PHOTOS; instead of generating in 50 % of cases,
pair emission before algorithm for photon emission is involved we have always generated
pairs as the last step. Standard tests with the help of MC-TESTER demonstrate about 4 %
increase in the number of final states consisting of configurations with added pair and at
least one real photon of energy above 1 GeV. Shapes of distributions remained not modified
in a noticeable way for the sample of 100 MeV events (see [38]).

This provides not only consistency check, but also confirms that PHOTOS can be used
with generator such as KKMC [39] for generation of final state pair emissions. This, of course,
require that intermediate Z/~* state is present in the event record. Such intermediate
state can be obtained from the information of low level generation in KKMC. Even if it is not
physically justified to define Z/v* intermediate state once initial-final state interference
is taken into account, resulting inconsistency is only at the % level, at most, of the pair
emission effect which itself is at % level too. It is thus at the 10~* precision level.

Note, that if results from formula (12) are used, see Fig. 3, results of SANC are much
closer than of PHOTOS to that variant of semi-analytical calculation. Taking all these
results together we can conclude that we understand numerical difference between PHOTOS
and SANC.

We can conclude that we control bulk of pair effects, down to 10 % of their size in
the regions of phase space of importance for experimental conditions, that is for emitted
pairs of rather small energies, or collinear. Rare events featuring hard pairs, could bring
larger ambiguities, but are expected also to be outside of experimental acceptance. For
this region of phase space taken separately, uncertainty is larger, of order of even 50%, but
on the other hand, events of such configurations contribute to the overall Drell-Yan sample
at sub-permille level.

The origin of the differences between PHOTOS and SANC results used for the systematic
error evaluation is localized and confirmed with semi-analytical calculation. It is due to
variant of soft pair approximation used in PHOTOS and SANC (for the details see eq. (A.10).
Phase space, as used in PHOTOS algorithm, is explicit and exact, enabling for straightforward
improvement of matrix element. Note that PHOTOS usage of approximation in matrix
element, but not in phase space, may not be optimal. This is why solution used in SANC, a
priori, is not of lower precision than that of PHOTOS. We argue to improve the precision tag
from 0.3% to 0.1% for the pair implementation of the two programs and in applications
for observables relevant for heavy boson reconstruction. We provide indications for steps
necessary to improve beyond 0.1% precision level.

For the estimation of ambiguities size, the comparisons with KORALW, where complete
2 — 4 fermion matrix element is available, was instrumental. It may need to be continued
in the future, but as hard pairs contribute to the bulk of differences, it may not be of
urgency for present day experimental effort. This region of phase-space is expected to
remain outside of experimental acceptance.
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5 New matrix elements

5.1 PHOTOS with full matrix element

I dedicate this section to description of FSR 2f — Z — 4f matrix elements, the exact
one and approximated ones. For my purpose only the Z — 4f part of these amplitudes
are needed. In the physical gauge, contribution from diagrams M; + M, of Fig. 2 can be
understood as fsf5 pair emission from f,f, final state and for diagrams Ms + M, role of
the pair interchange. In my calculation I attempt to exploit features of these amplitudes
in order to improve emission kernel used in PHOTOS and thus its precision. I delegate
calculations to Appendix C.

Appendix C contains complete step by step calculation of matrix element for Z boson
production and FSR decay into four fermion final state. Part C.2 of this Appendix is
devoted to calculation of matrix element of photon production fif, — v — fof, and
decay > i [ M1 + M,|? with extra fsf4 pair emission. Using symmetry of description of
the four fermion final state with regard to interchange of pairs faof, <+ f3f5, part C.2 of
the Appendix C corresponds to matrix element > . [Ms + M,|* as well. Part C.3 of the
Appendix C completes four fermion FSR matrix element of photon production and decay
with interference terms between diagrams M; + My and M3 + My.

Here I present matrix element > |M; + ]\/[2\2 for an extra fsf; pair emission from

the final state of the f,f, — Z/v* — fof, spin summated process of Fig. 2

Z | My + Maf* (pr, pa; ps, pa, M2, ps, ps, ms) = Z | Ms + Muf* (p1, p2; Ps, Ps, M3, Ps, pay m2) =

spins ot
ot (4m)t 1
= Z | My + M2|§oft + ﬁjT?ﬂ [(pl +my) Vo (}”2 — m1) Y] X
spins P1 p2) 4
16 v q2 q2 5 q2
’ {<2 o a1y (G )+ T ) e

2
FTr e (95 = 96)7") % v (95— i) -

2 2

= Trlpi"ps”] (2 (paps)” + m%%) — T [pay"per’] <2 (psps)” + m%%) +
16 v 2q2 q2 9 . q2
T 2 (0) + 7 [49# "2 (E i mB) Iyt
2

+ T [pay" (ps — ps) 7" % - pa (P5 — D6) —

2 2
= Trlps"ps”] (2 (pape)” + mi%) — T [ps7"ps”] <2 (paps)” + m%%) +
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. 16
(2(p3q) +¢*) (2 (paq) + ¢?)

— 2T [psy*pe”] (m3m3 + pspe - Paps + Psps - PaPe — PsPa - Pspe) +
2 2 2

v q v q v q
+ Tr (g2 a7"] (mm;) — Tr [psy"psy ]p4q5 — Tr [pay"'pary ]p3q§+

+ 277 [(ps + Pa + Ps) VP67 ] (D305 - paps) + 2T [(Ps + Pa + P5) Y ¥57"] (P3P - paps) +

2 2
— (Tr [psy"psy"] + T [psv"per”]) (mg% +m —) -

+ 49" <2m§ (psps - Paps + P3Ds - Pape) — 2pspe (P3P - Pabs + P3Ds * Paps) —

+ 16m?2 ( + L ) X
"\Qpsa) + ¢ (2(paq) + ¢?)

< (Tr pr il | Trlpotarlose  Trlpsr'po’l s Trlpsypo _> } (14)

2 2
q” /45
—om2i (22
m32(2+p3p4)>

2p1q + ¢* 2p3q + ¢> 2 (psq) + ¢? 2 (paq) + ¢?

where S |M;y 4+ M,|> ., is defined now by

spins soft

> M+ M2 = Fuopi(pr, P2 p3, 4 D5 P6) - M (p1, P2, D3, 24) o (15)

spins

it differs from (9) by replacing four-momenta pj, p; with four-momenta ps, py; factorized
part of soft matrix element Fy,p is defined by formula (11); Born level matrix element
|M(p1,p2;p3,p4)\230m is defined by formula (10); four-momenta p1, p2, ps, P4, Ps, P6, 4, Go
and masses my, mq, ms of particles are defined as they are in the Fig. 2. The analytical
form of matrix element used for generation is known and the required corrections (like
eq. 11) can be introduced by weight: the ratio of new and old matrix elements squared.

I present matrix element > . [M; + M,|? (14) in a form of contraction of two ten-
sors: tensor of the initial state, describing incoming particles, and tensor of final state.
Tensor corresponding to the final state of eq. (14) is exact. If photon is decaying particle,
the tensor, describing outgoing particles of eq. (14), can be used together with tensor,
describing any possible initial state. If Z boson is decaying particle, tensor, describ-
ing outgoing particles of eq. (14), describes unpolarized Z boson decay. Matrix element
> epins | M1+ M,|* (14) is a good basis for calculation of matrix element corresponding to
polarized Z boson production and decay. I separate denominators in the tensor, describing
outgoing particles of eq. (14), in order to organize terms that may contribute the most to

collinear pseudo singularities. Overall factor % contains soft pseudo singularity. Terms
q

1 1
p4q)+4?’ 2(p3q)+q
extra pair has a mass, however, states with smallest invariant mass of the extra pair ¢?
have the highest probability density.

As it is mentioned, PHOTOS uses residual of matrix element to the Born level one. In

order to install matrix element (14) into PHOTOS the Fy,s of eq. (11) has to be replaced

like 57 > and qi4 in the matrix element (14) can’t be singular since emitted
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with Fp,y of the following form:

Zsm’ns ‘Ml + M2|2
|M(p1,p2;péapil)|2Born’

Fru = (16)

where py, pe are 4-momenta of incoming electron-positron pair; pj, p) are 4-momenta of
born level outgoing lepton pair f»f, (before modification of the event by PHOTOS).

In an obvious way factor (16) requires knowledge about process and about incoming
particles. Goal of my research is to find such modification of PHOTOS that both improves
spectra generated by PHOTOS (comparing to exact ones) and that can be applied for the
widest possible range of processes.

5.2 Gauge invariance

In my calculations I rely on comparisons of numerical results obtained from the gauge
invariant calculation of KORALW. When I define my approximations, which I later cross
check with these results, I do not need to rely on gauge invariant formulae.

I take

e spinor u(pi, s) for incoming fermion, (p, — my)u(py, s) = 0, where s is spin;

)
e spinor 9(ps, s) for incoming anti-fermion, o(po, s)(Ps + m1) = 0;
e spinor 4(ps, s) for outgoing fermion, u(ps, s)(ps — ma) = 0;
)

e spinor v(py, s) for outgoing anti-fermion, (ps + ma)v(ps, s) = 0;

p—L;(_g;*;)m for fermion propagator, where ¢ — 0;
)
q%+ie

for photon propagator, where ¢ — 0.

As I am using tree level spin amplitudes of Fig. 2, gauge invariance of calculations from
some diagrams taken alone is mathematically assured, because internal photon propagators
are attached to outgoing fermion pairs that are on mass shell. Phase of outgoing fermion
wave functions are canceling out in calculation of amplitude squares and there are no wave
functions of photons in these diagrams.

5.3 Parts of matrix element

I focus on analysis of matrix element (14) and on indication of its tensor components
(H!", i =1..8) that are small giving small invariant mass of extra pair with:

ot (4m)t 1 i y
SO My M = 3 4 0P - L i) v = ) ) < S HE, (1)
spins spins (pl + p2) q =1
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where

16
(2 (p3q) + ¢2) (2 (paq) + ¢2)
16
(2(p3q) + ¢*)°
16
(2 (paq) + )
16
(2(psq) + ¢2)°
16
(2 (paq) + ¢)°
16
(2(psq) + ¢*)°
. 16
(2 (paq) + ¢%)°
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2 2
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2
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HY" = +

+

Tr[psy" (ps — po) V"] q; P4 (Ps —PG)] ; (19)

2
Tr [psy'psy”] pigt

Hél/u — 2

+

i1 C el — 1
Trlpsy"pir’] 5 pdq] (2 (p3q) + %) (2 (paq) + ¢%)

2

Tr [pay" pary”] Psd
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+ . (20)

. q72 . B 16
Tr [pg’}/ Pay } 9 p4Q] (2 (p3q) + ¢%) (2 (paq) + ¢?)

HY" = — 2T [puy"ps7"] (psps)” — 277 [P pe”] (psps)” | +

+

— 2T [Py ps7"] (paps)? — 2T [Py Py (paps)’

2Tr [psy*pey”| (psps - paps) + 217 [pary" pey”) (psps - paps) +

+ 2T [psy"ps¥"| (P3pe - Pape) + 21 [pary" pP57"] (pspe - p4p6)] , (21)

2 2

16 v 2q2 ¢ 2 vy, 24 vy 2
4g"'my— | 5 +m3 ) = Tr[paypsy ]mQE = Tr[paypey” ) my—

(2(psa) + ¢*)°
16
(2 (paq) + ¢2)°

Hy" = +

29\ 2 2

Q

2 2 2
v, 29"

2
q v q v
+ 4g""m3 5 < + m§> — Tr [psy"psy ]m%; —Tr gy gy’ ma— | +

2 2

16

+ 2‘12 2
(2(p3q) + ¢2) (2 (paq) + ¢2)

= 2T [psy"pen’”] (mim3) — 49" (2m35m2) -

2q2

— (Tr[ps"psy"] + T [pev"per”]) (sz T m§m§> ’ (22)

16
(2 (p3q) + @2) (2 (paq) + %)
+ 277 [pe¥" ey (P3ps - paps) + 2T (P57 Psy"] (p3pe - Pave) +

wo_
HG _—

—2Tr [%’Y“pw”] (pspe - Paps + P3ps - pape) +

+ 4¢" (2m3 (psps - Paps + D3Pe - PaPs) — 2D5P6 (P3Ds * Paps + Psps - Pabs)) ] : (23)
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H,u,u — T 14 v . —
T (2(psq) + ) (2 (paq) + ) 2L sy pox” 1 papa - pops
— (Tr [2/757“]”571’] +T1r []%7”]/%’7”]) m§ -p3p4] ) (24)
v 1 Tr [psy"gy" I paq | Tr [pay*4v"] psq
H"™ = 16m? ( ) -
C T R A T @) T ) ( Wt e 2t

C Tripy S Trlpsy e %) (25)

2 (p3q) + ¢* 2 (paq) + 42

There are multiple ways to organize cancelations in matrix element (14) resulting in
different choices of tensors (18-25). I use following criteria for organization of such tensors:
tensors should go to zero with invariant mass of extra pair going to zero; tensors should go
to zero for collinear ps; and pg; tensors should remain the same after applying symmetry
operations ps <> P4, P5 <> Dg.

I consider tensors H{" — H}" among tensors H}" — HL" bare the most influence on
matrix element » |My + M,|?, while effect of tensors H:” — H4” on matrix element

D spins | M1 + M,|* is small. Here follows arguments illustrating that.

Squared mass of the extra pair ¢ is small. One may expect this, because of pseudo
singularity in the overall factor 1/¢* in the matrix element >7_ . [M; + M,|*. Tt is verified
by many tests (see Section 6). I use this knowledge as a basis of the following analysis.

Tensors Hi"” — H” bare ¢* as overall factor. Here I do not go into analysis of cancelations
in tensors H{" — HY" so my task is to show that tensors HL” — H."” are of order smaller
than ¢°.

Tensors HY” contains lepton mass squared as overall factor, so it is smaller than ¢*
comparing to other tensors H!. Each term of tensor H.” contains lepton mass cubed
or lepton mass squared times ¢, so tensor HE” is smaller than ¢* comparing to tensors
HY — H{".

All of the generated extra pairs are of small invariant mass, that means collinearity of
ps and pg. In order to analyze tensors H{" and HY” T introduce new variables

spins

S 26
e (26)

1 w
p,_p5_p6 27
e = BT e7)

n* + m#
Ps = ——5 (28)

n* —mt
Po = ——5 (29)
(30)
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where, giving ¢* is small, m® ~ /¢? and |m| ~ /¢? are small. T apply this change of
variables for numerators of Hf” and HY" only:

1
(2p3q + ¢?) (2paq + ¢?)

wo_
L=

8Tr [y way” | psn - pan + 8T'r [pytwry”| psm - pym—

—8T'r [y mwy” ] (+psn - pam + psm - pyn) + 4g"” (8n2 - psm - pam + 8m? - psn -p4n) ] , (31)

1
(2p3q + ¢%) (2p4q + ¢?)

N

— dpspy - n*ATr oy’ ] — 4 (T [y ")) pspa - (m?) ] - (32)

It is seen from the expressions (31,32) that tensors HE” and HE” are of order of m?
that is smaller than ¢*> when comparing to tensors H{"” — H}”. T should note that in the
variables {n*, m"}, tensor H4" appears of order of m?. However, tensor H” contains
pseudo singularities of second order 1/(2psq + ¢?)* and 1/(2psq + ¢*)?, while tensor H{"
contains pseudo singularities of first order 1/ ((2p3q + ¢*)(2paq + ¢*)). Therefore, it is
expected that an effect size of tensor H;” on matrix element (14) is larger than effect size
of tensor Hg”. Further analysis is continued in Section 6.3.

5.4 Fix for ) | M, + M2|§Oft not being soft enough

spins

Soft matrix element (9) of basic PHOTOS [11] is an approximation. It contains Born level
momenta {p}, p)} and it differs from soft matrix element of formula (15). Leading part
of full matrix element (14) is soft matrix element by formula (15). It is interesting to
introduce a correction which turns matrix element (9) into matrix element (15). Then it
would be possible to put full matrix element (14) into PHOTOS in an additive way.

PHOTOS phase-space algorithm generates a four particle final state {ps, ps, ps, ps} re-
placing a two particle state {p}, p}} and taking care of momentum-energy conservation
(p5)*+ (p))™ = p§ +p§ +pg +pg. Each four particle state {ps, ps, ps, pe} is not completely
independent of their prior two particle state {p}, p}}, although it is not necessary since
{ph, P} state is completely random by itself. As reference frame remains the same (see
Section 2) spatial direction of four-vector py4 is the same as of four-vector p}, modulus of
spatial part of p, is random, however, in practice it doesn’t differ much from modulus
of spatial part of p}. Taking into account that (p})? = p? = m3 < M2/4 = ((p})°)* 1
assume four-vectors p; and p4 are parallel to each other and py = (1 — \)p), where A is
small. Rigorously speaking, A\ € [0,1] and for values of A ~ 1 four-vectors p); and p4 are
not parallel. In practice, while monitoring values of A\ for an accepted extra pair emissions,
I've encountered values of A ~ 0 only.

An effect of replacement of matrix element (9) by matrix element (15) is given by
their difference. Taking into account algebraic properties of the traces of expressions (9)
and (15), I proceed

Tr [(ph +ma) 7" (Ph — ma) '] = Tr [(ps + ma) ¥ (pa — ma) "] =
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=Tr [y = Tr [psypay”) = Tr [y (1 = N)"'pay”] = Tr [psypar’]) =
~ Tr [(ph(L+X) = ps) gy’ ] = Tr [((ps + 4 — Apa) (L+ X) — ps) Y'pary”] =
— Trlgy"pir’] + O(N).

Therefore, a leading part of difference between matrix elements (9) and (15) is described
by the following matrix element

o2 (47)? v
> M+ Mof2, = ———Tr [(pr + 1) v (P2 — ma) ) T (g7 par’] %
spins (pl +p2>
Apeps —* -9 (vs P\ (15 P
x 2 (4ma)’ 25— i i) \ma v ) (%)

Subtracting matrix element (33) from matrix element (14), I receive corrected matrix
element’s residual
(4ma)® T (g4 m) 3 — ) 2] x (Y + B4 HEY 4 4 H 4 Y Y Y~ )
¢ Tr{(py +ma) 3 (p2 = ma) 31 T [(h + ma) v (P = ma2) 7]
where tensors Hj"-HL" are given by formulae (18-25), Fy, s is given by formula (11) and
tensor H{" is given by formula

F‘Lesll = Fqn/L +

16
5 | 27 [pay"q7"] (Paps - paps) |+

== (2 (paq) + ¢2)

16
Tl £ | ) s -pgm] .

N 16
(2 (p3q) +¢%) (2 (paq) + ¢*)

I should note that it is mathematically justified way of correction of PHOTOS kernel for the
case of the hardest extra pair emissions.

I assume that correction (33) to matrix element (14) describes bulk of an effect of
overproduction of hard extra pairs by PHOTOS kernel, it is tested numerically in Section 6.4
and is shown that this assumption is, indeed, valid.

The last statement suggests that, while generating an extra pair with PHOTOS, con-
stituent parts of matrix element (14), like

Tr[(pr+ma) " (P2 — ma) V] Tr [(Ps + ¢+ ma) Y (Pa — ma) 1] =

2
v q
2T [pay" "] <P3P5 * Pape + D3De * PaPs + P3pa - 5) ] . (35)

~Tr [(pr+ ma) 7 (P2 — ma) ¥ Tr (5 + ma) v (P — ma2) vl (36)
can be approximated to Born level matrix element | M (py, pa; pf, ) |2Bom times correspond-

ing factor. Such a factor would have a meaning of probability density of extra pair emission.
All such factors are to be added into PHOTOS kernel and to be tested.

As it is discussed earlier in Section 5.3, tensors HLY” — HL"” are supposed to give small
contribution to matrix element Fy.qq - |M (pl,pg;pg,pﬁl)]%om. In order to confirm above
statement, following expression for matrix element residual should be tested

(4ma)® T [(pr +m1) v (P2 — ma) 7] X (HYY + HY” + HEY + HY" — Hy")
q* Tr{(py+ma) v (P2 = ma) Y1 Tr [(ph + m2) v (P — ma) %]
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where tensors H{" — H}" are given by formulae (18-21), Fy,s is given by formula (11) and
tensor Hy" is given by formula (35).

I remind that presence of the tensor H§” in the matrix element residual Fi.gs is result
of approximation (36), that should compensate overproduction of hard pairs by factorized
part of matrix element Fj,s of PHOTOS. In order to reduce denominator in the formula for
matrix element residual Fi.qo (37) for as much terms as possible, I rewrite it with help of
approximation (36). I write sum of tensors in a following way

16 q
HEY = HIY L HY + Y+ HY —H" = ——— | Tr((ps+ 0) v"par’] = - psq | +
10 1 2 3 4 9 (2 (psq) + ) [(ps + 4) 7'ps"] o5 Psd
16 ) ¢ ¢ oo @
+—(2 () + ) Tr[(ps — pa) 717" (2;04195 Paps — 2) +Tr{(ps + )P’ 5 paa |+
4
8 larelgs—po e | + o Tr [(ps — po) 747" (p3p4q—2) -
2 (paq) + ¢* 2 (2 (p3q) + ¢) (2 (paq) + ¢?) 2
2
—4g"” <2M§q22p3p4> — 2T [(ps — Pa) V' P6Y") D306 - Paps — 217 [(Ps — Pa) V' P57 305 - Pape—
2 2 2
v q v q v q
— Tr [psy"'psy ]p4q§ — Tr [pay"pary ]p;;q; — 2T [psy"pe”] o * Paps
2 2 2
v q 14 q v q
— 277 [psy"ps"] o PP — 2T [pary" P57 o " PsPs — 277 [pay"per”] 5 ‘p3p5] . (38)

While recurring symmetries of tensor (38), like T [(p3 — pa) 7v*¢7"], are interesting and
look esthetic, they can not be factorized. Factorizable tensor of the matrix element (14) is

2

Tr((ps + 4) v*pay”] % " P3q

16
(2 (psq) + ¢2)°

16

H/w —
! (2 (paq) + ¢2)°

* 2

Tr[(ps + ) v'pa"] ¢ 'IMQ] - (39)

I should note, that tensor H."” (25) contains factorizable parts, but they are not included
into consideration, since effect of tensor H{” (25) on extra pair production is small and
it is neglected. Following expression for matrix element residual to be tested in PHOTOS

kernel
(87a)? ( 1 1 )
Fes - Fso + + +
fest T \2ms) + @ 2(pag) + ¢

(47a)” Tr [(pr+ ) 3 (P2 — ma) 7] < (Hig = Hiy)
¢t Tri(ptma) o (g = ma) ] Tr (95 + ma) v (P = m2) 7]

(40)

where tensors Hi; and Hj| are given by formulae (38-39), F,: is given by formula (11).

Following formula for matrix elements residual to be tested in PHOTOS kernel is a result
of fine tuning of kernel F. 43 (for details see Section 6.4). As it is illustrated in Sec-
tion 5.3 (and it is shown in Section 6.3), effect of tensors H{” and HY” on matrix element
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D spins | M1 + M2\2 is small. In order to improve precision of extra pair generation by kernel
Fiests I subtract tensors HE”, H:” from the tensors Hiy — H}| of Fiegs:

(87a)? ( 1 1 )
Fes = Fso + . + +
testt U 2(p3q) + @ 2(paq) + ¢

(4ma)®  Tr(pr +ma) v (Po — ma) 1] X (Hig — HIY — HE — HYY)
¢t Tr((py A ma) oy (pa — ma) ] Tr [(ph +ma) v (Ph — ma) 1]

where tensors H{”, HY | H{j, Hi{ are given by formulae (23, 24, 38, 39), F,f: is given by
formula (11).

Following formula for matrix elements residual to be tested in PHOTOS kernel is a result
of fine tuning of kernel Fj.4;. In order to improve precision of extra pair generation by
kernel Fj.q1 I subtract tensors H”, H:” from tensor sum, likewise it in formula for Fj.qs.
Next step is to delete tensors H}”, H{” from tensor sum of Fj.yi, because tensor H}"

, (41)

includes T [gay"q7"] <p3p4§> which is similar to T [2psy*q7"] <p3p4§> of tensor HY".

Here is formula for matrix elements residual

(4ma)® T [(p2+ma) Y (P2 — ) ) X (HE” + HE” + HY” — HE” — HY” + HL)

42
q* Tr [(pr + ma) y* (P2 — ma) ] Tr [(pg + mg) Vu (p{,f — mz) 7,,} ( )

Ftest5 = Eeoft +

where tensors H!" are given by formulae (18-25) and Fj,; is given by formula (11). Results
are presented in Section 6.4.

5.5 Effective factorization of matrix element

As it will be shown in Section 6.4, tests of PHOTOS kernels based on approximations

2 2
Fests - | M (01, p2; 0 D3| Born (40), Fiesta - [M(p1, p2; D5, Dy) [ porn (41) and
Frests - | M (p1, p2; Dy, ) oy (42) of matrix element (14) indicate that these approximations
are good. However, matrix elements residuals Fj.q3, Fiesta and Fj.q5 bare dependance on
Born level matrix | M (py, pa; b, 7)., and are not factorized parts of matrix element (14).
Therefore, I ignore most of the complexity of the matrix element (14) to make its factor-
izable approximation Fy.qe - | M (p1, pa; D5, pﬁl)@om, where Fj g6 is given by

(87a)? ( 1 1 )
Fieste = Fsopt + : + ’ 43
testo n q? 2(psq) +*  2(paq) + ¢ (43)

Fyop is given by formula (11).

It is expected, and it is shown in Section 6.5, that matrix element
Fiests - | M (p1, p2; ph, pﬁl)\éom overproduces hardest extra pairs comparing to exact matrix
element (14). On the other hand, since difference between Fi.q6 and Fj,f: is of order of 72,
considering the softest extra pairs production, it is expected (and it is shown in Section 6.5)
that matrix element Fyq6 - | M (p1, pa; p5, pg)@m is as good as exact matrix element (14).
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[ apply a naive correction to factorized part of matrix element Fj. ¢ (45). This cor-
rection is based on linear reduction of probability of extra pair emission depending on
invariant mass (ps + p4)*:

Eest? =

/[(1_A.W>+A], (44)

- (87a)” ( 1 N 1 )
solt ? \2(psq) +¢®  2(psq) + ¢ (p1 + p2)?

where Fj,p is given by formula (11), values of constant A are discussed at Section 6.5.
The form of the fitting function used for matrix element is inspired by the functional
form of Altarelli-Parisi kernel [40]. T expect, that this could be explained but with the
substantial effort only. One would need to expand around spin states to intermediate
virtual particles. This ambiguous procedure was not continued. It is also difficult to match
with the requirement to define simplified amplitudes, nonetheless valid all over the phase
space. In principle, choice for the fitted function inspired by Altarelli-Parisi kernel can
be a polynomial of the second order, but restriction to first order linear function seems
sufficient, for higher energy fraction where it could play a role distributions fall massively.

6 Tests of new matrix elements

6.1 KORALW-PHOTOS comparison framework

In the following I describe KORALW-PHOTOS comparison in details.

The best test of PHOTOS generated spectra for the process ee — Z — 4l is given
by KORALW-PHOTOS comparison [12,21,41]. This comparison [21,41] provides source of
benchmarks for my tests and is basis for continuation of my studies, all my PHOTOS tests
are compared to these data, if it is possible. Both PHOTOS and KORALW have well separated
segments for exact phase-space description and matrix element calculations, which is of
lowest order exact in KORALW but of approximation in PHOTOS.

An easy way to generate complete 4f end state spectra by PHOTOS is to perform two
runs, ie. fif;, — Z/v" — fof, and fif, — Z/v° — fsfs. During first run PHOTOS
generates extra f3f, pair for a Born level process fif, — Z/v* — fofs (M; and M,
from Fig. 2), during second run PHOTOS generates extra f f, pair for a Born level process
fifi = Zv* = fsfs (M3 and M, from Fig. 2). Following this scheme an interference
between diagrams M;, M, and diagrams Mj;, M, is ignored breaking gauge invariance.
A numerical effect of this breakdown for the simulation of the processes ete™ — Z —
ete utp~ and ete™ — Z — ptpu~ptp is discussed at Section 6.2.

KORALW [12]| feature both complete and exact matrix element for Z production and
decay to four fermions. While emission of extra pair from the incoming particles (ISR) in
KORALW is switched off its matrix element corresponds to four Feynman graphs presented
in Fig. 2. For switching off extra pair ISR in KORALW the center of mass energy is set to
equal Z boson mass and Z width is set to a very small value. The KORALW Monte Carlo has
been used to simulate ete™ — Z — ete putpu and ete” — Z — puTp~pt o channels.
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PYTHIA has been used to simulate ete™ — Z — ete™ and ete™ — Z — ptp~ chan-
nels providing input data for PHOTOS, PHOTOS has been used to generate ete™ — Z —
ete utp” and ete” — Z — putpu ptpT events. PYTHIA setup parameters are presented

in Tab. B.1.
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Figure 9: Lepton pair invariant mass spectra in the channel Z — p™p~ete™. Spectra gener-
ated by PHOTOS [11] (red (dark grey) error bars) are obtained from samples of equal number of
Z —ete” and Z — putpu~ PYTHIA generated decays. They are compared with spectra by KORALW
(green (light grey) error bars) where four fermion final state matrix elements are used.

PHOTOS generated distributions are compared with the one’s obtained from KORALW for
the Z — ete ptp~ channel. Fig. 9 presents spectra of squared mass of ete™ pair (M2, )
and of up~ pair (]\43+ #,) and ratios of PHOTOS generated spectra to the corresponding
ones by KORALW. These spectra are of the most interest, since pair masses M+, and M+ -

are experiment observables [1]. Sharp peak of the number of e™e™ pairs is for pairs with
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small invariant mass squared M? __ ~ 0. Local maximum of the number of e*e™ pairs is for
pairs with invariant mass squared close to beam CMS energy squared M2, __ ~ MZ. The
agreement between KORALW generated spectrum and PHOTOS generated spectrum is the best
for the most populated bins, that are near these maximums. Minimum of the number of
eTe™ pairs is for pairs with square of invariant mass lying between 0.05- M2 and 0.15- M2.
The difference between KORALW generated spectrum and PHOTOS generated spectrum is
highest at this minimum and is up to factor of 2.5 for some bins. Sharp peaks of the
number of ptp~ pairs is both for pairs with small invariant mass squared M2, __ ~ 0 and
for pairs with invariant mass squared close to beam CMS energy squared M2 _ ~ M7.
The agreement between KORALW generated spectrum and PHOTOS generated spectrum is
the best for the most populated bins, that are near these maximums. Minimum of the
number of pTu~ pairs is for pairs with square of invariant mass lying between 0.05 - M2
and 0.1 - M%. The difference between KORALW generated spectrum and PHOTOS generated
spectrum is highest at this minimum and is up to factor of 4.2 for some bins.

Other plots, for other than M2, and M3, _ observables (Figs. B.1-B.4) and also for
Z — ptp~ptp channel (Figs. B.5-B.6), are delegated to Appendix B.1.

Each spectrum of Fig. 9 consists of 120 bins. Noise is observable at the right hand
side of Fig. 9 for ratios of spectra, it comes from random number generators and effect of
this noise is comparable with bin error for each bin. Normalization of spectra in number
of events by PHOTOS to the one by KORALW is nontrivial task by itself, since PHOTOS is MC
generator of afterburner type and since KORALW manages production-decay processes by its
own. The criteria are that the numbers of lepton pairs of each kind of small invariant mass
by PHOTOS and by KORALW are the same (it is not always the case for further tests) and that
the numbers of lepton pairs of each kind of invariant mass ~ My by PHOTOS and by KORALW
are the same. In this test 10° events are generated in the ete™ ™ u~ channel and 10° events
are generated in the up~ppu~ channel by KORALW. 3.665 x 108 ete™ — Z — eTe™ events
and 3.665%10% ete™ — Z — pt ™ events is generated by PYTHIA at CMS energy of 91.187
GeV, with up and down limits on CMS energy 91.17 GeV and 91.2 GeV respectively —
one doesn’t have to restrict CMS energy for PYTHIA generation as precise as one does for
KORALW. 1.002 % 10° events are generated by PYTHIA-PHOTOS in the e*e~pu* ™ channel and
1.001%10° events are generated in the g~ ™~ channel. Each further PHOTOS test, which
is compared with KORALW spectra, has the same setup to the one described above.

6.2 PHOTOS with full matrix element, tests

Particle spectra in numbers of events by itself (see left hand side of Fig. 9) are not very
informative for precision tests, during further tests I present ratios of the corresponding
spectra only (with some exceptions). For a proper analysis of ratios of lepton pair spectra
one should have in mind general features of particles spectra (see Section 6.1, Fig. 9 and
Appendix B.1). All of the PYTHIA generated pairs f,f, have invariant mass of M. Emis-
sion of extra pair f3f, by PHOTOS creates spectrum with invariant mass of f, f,, pair ranging
from My to a very small values. The most populated bins (]\/[]%2?2 ~ M?2) correspond to

soft extra pair emission, thus given ratio is desired to variate around 1 as close as possible.
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All of the generated extra pairs have a small invariant mass (]\4]%3?3 ~ 0), so a vast majority
of them are in the first bin of corresponding spectrum, it doesn’t matter whether spectrum
consists of 24 bins (see below) or of 120 bins.

I start with an approximation of 2f — Z — 4f matrix element (with FSR extra pair
emission): I neglects interference terms between pairs Zsmm | My + My + M3 + M4]2 ~

D spins | M1 + M,|* + D spins | M3 + M,|*, there are few reasons of doing that. Matrix el-

ements » . |M; + M,|* and D spins | Mz + M,|* are much simpler than matrix element
My + My + M3 + My 2 it means less bugs during tests. Due to PHOTOS algorithm

Zspzns | ? & &) 8

structure matrix element > . [M; + M,|* is easier to install into PHOTOS kernel and to
test. Then all the events (and distributions) are generated independently according to
> spins | M1+ M,|? matrix element (fsf4 pair emission from f,f, final state corresponding

to My and M, from Fig. 2) and according to ) |Ms + M| matrix element (faf, pair

emission from f3f, final state corresponding to Mz and My from Fig. 2).

Distributions by PHOTOS with matrix element (14) are presented at Fig. 10 and are
compared with distributions by KORALW. These sample requires proper normalization, the
numbers of events is 1/1.036 of number of PHOTOS events at Fig. 9. For further tests I stick
to this normalization .

Fig. 10 presents ratios of PHOTOS generated spectra of squared mass of eTe™ pair
(M2, ), of ptp~ pair (Mzm_), of squared mass of u*ete™ three (Mi+e+6_) and of squared
mass of etptp~ three (M2 +,-) to the corresponding one’s by KORALW. Agreement be-
tween PHOTOS with matrix element (14) and KORALW is good. Numbers of PHOTOS test
events and KORALW test events for any bin never differ greatly in the ratio more than 20%.
Such difference rather vanishes with statistics increase. It is seen, that agreement be-
tween PHOTOS and KORALW is reached for the least populated bins 0 < M2, __, M i+ . <05
of eTe™ pair and ptTu~ pair spectra. It is seen, that PHOTOS with matrix element (14)
produces slightly less eTe™ and pu*p~ pairs in the most populated parts of the spectra
MZ Miﬂr > 0.5 comparing to unmodified PHOTOS. Spectrum of e® ™y~ three is indis-
tinguishable from spectrum of e~ 1~ three and possesses the same characteristic features,
so it is not presented. Spectrum of p~ete™ is not presented because of the same reasons.

To illustrate an improvement of PHOTOS I present here results of x? test [42] from ROOT
5.5 [43] for eTe™ pair and putpu~ pair spectra. For spectra of squared mass of ete™ pair:
comparison between unmodified PHOTOS [11] and KORALW gives x?/NDF of 13.1', while
comparison between PHOTOS with matrix element (14) and KORALW gives x?/NDF of 1.3.
For spectra of squared mass of u*p~ pair: comparison between unmodified PHOTOS [11] and
KORALW gives x?/NDF of 90.9, while comparison between PHOTOS with matrix element (14)
and KORALW gives x?/NDF of 2.6. Such big values of x?/NDF are related to somewhat
naive application of x? test over noisy weighted histograms. I skip from consideration
here questions about how change of a random seed number in one/each of generators or
rebinding of histograms would effect corresponding values of x?/N DF. However, presented
values of x2/NDF are enough to estimate an improvement of PHOTOS by installation of

spins

'Number of degrees of freedom (NDF).

29



1.2f T " " " 1.2f " ]
o R ] 1 it .,
i W‘%ﬁh@lﬂ%@ﬁ%@ﬂ%h%wﬁ T [N R ———
o8} | ﬂh{ iy - osf Hﬂﬁ
; Wﬂﬁﬁ 1 L
oo ﬂﬂ {Hﬁﬁ ] 06f; Hﬂlﬂl
0.4} ! I 1 04f 1 Iﬁfﬂ
1"
985 0.2 0.4 0.6 0.8 %5 0.2 0.4 0.6 0.8
Mo o IM?; M, IMP 7
12f I 12
g 1.0f ‘g@iﬁ%@ﬁlﬁiﬂ%ﬁ HIHHIIIHII IH ﬂﬂ{ § 1.0 ﬁﬁi H@ME[HIJJIHIHMHﬂﬂﬂﬂﬁm IHHHHHIM Hhﬁgﬁﬁfﬂ‘i
ﬁﬂlﬂﬁﬁﬁ . II 1 A I III I HIHJIIHI I T mﬂﬂ i
osf Tl 1y Iﬂ fig, L1 ] o} I Ill%ﬁﬂﬂﬂ%ﬁﬂ IHHIHIIIII !
0.6f 1 0.6} I
935 0.2 0.4 06 0.8 35 0.2 0.4 0.6 0.8
M2 o e IM?7 Mg 1oy IM?2

Figure 10: Ratios of PHOTOS generated spectra (of squared mass of ete™ pair (M2, __), of ,u o
pair (Miﬂf)’ of squared mass of uTete™ three (M3+e+€_) and of squared mass of et Ty~
three (Me2+u+u*)> in the Z — pu*p~eTe™ channel to the corresponding one’s by KORALW. Spectra
generated by PHOTOS are obtained from samples of equal number of PYTHIA generated Z — ete
and Z — puTp~ decays. Black error bars represent spectra by improved PHOTOS with matrix
element (14). Red (dark grey) error bars represent spectra by unmodified PHOTOS [11], they are
presented as a reference.
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matrix element (14).

Other plots, for other than M2, _, Miﬂr’ M3+e+e_ and Mezwm_ observables (Fig. B.7)
and also for Z — ptp~p™p~ channel (Fig. B.8), are delegated to Appendix B.1.

Agreement between PHOTOS with > _, = |M; + M,|? matrix element and KORALW is re-
markable since interference between diagrams M;, M, and M;, M, is ignored in matrix
element » . |M; + M,|?. However, all of the generated by PHOTOS extra pairs are of small
invariant mass (it is true for all tested kernels), so an effect of gauge invariance breakdown
is negligible. Correspondence of sum of >°_. ~[M; + M,|* and of > epins | M3 + M,|? to
the exact solution of KORALW is so good that no further need of implementation of matrix
element Zspins | My + My + Ms + M4|2 is recognized.

As it is seen in the Fig. 10, ratios of particles spectra, that are presented as error bars,
are noisy. Therefore, for the intermediate results I reserve mean value plots since both they
are easy to read and they present main features of an introduced changes. In the following
I present error bar plots when I talk about precision of an approach.

Installation of new matrix element for pair emissions into PHOT0S

In PHOTOS pair emission simulation starts in void function PHTYPE()! by calling void
function PHOPAR() at lines 2421, 2422, 2510, 2511. Void function PHOPAR()? searches
through HEPevents [44] for proper lepton pairs events, then particles data are transmitted
to void function trypar ()3. Four four vectors describing outgoing particles are generated in
the function trypar (). At line 599 of PHOTOS/src/photos-C/pairs.cxx all particles four-
momenta are generated and the calculation of F, s factorized part of matrix element starts
[13]. At this point arrays PAA and PNEUTR store modified four-momenta of the generated
by PYTHIA lepton pair, while arrays PP and PE store four-momenta of the additional lepton
pair. PHOTOS operates both at the beginning of function trypar() and at the moment
of calculation of probability® of f5f; extra pair emission in the same reference frame as
PYTHIA; it is easy to verify by printing content of arrays PCHAR, PNEU from the one line
before trypar () is called or by printing content of arrays PAA, PNEUTR from the line 598
in PHOTO0S/src/photos-C/pairs. cxx.

Factorized part of matrix element Fjy.f, as it is coded in PHOTOS at lines 628-649 in
PHOTOS/src/photos-C/pairs. cxx, is 1/ (87a)” of the one defined by eq. (11). This factor
of 1/ (8ma)” is cumulative product of all constant factors that affect probability of event
generation and that are hardcoded in PHOTOS, like number of attempts to generate emission
for particular two particles in cascade or like powers of coupling constant, or like constant
factors coming from four-body phase space, etc. Factor of 1/ (87‘(‘(1/)2 is required setup for
proper installation of matrix element (14) (or any matrix element) into PHOTOS.

Hine 2357 in PHOTOS/src/photos-C/photosC.cxx in developers version of PHOTOS.

2line 2543 in PHOTOS/src/photos-C/photosC.cxx.

3function call is at line 2620 in PHOTOS/src/photos-C/photosC.cxx, function code starts at line 237
in PHOTOS/src/photos-C/pairs. cxx.

4yvariable YOT1 at the line 612 in PHOTOS/src/photos-C/pairs. cxx.
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6.3 Parts of matrix element, tests

Setup of the tests (like number of events, number of bins, CMS energy of colliding beams,
etc.), that are presented in Fig. 9, is defined by the PHOTOS-KORALW comparison [41]. Since
there are technical complications for running new KORALW tests, it leads to necessity of usage
of existing KORALW data. As it is in Fig. 9, improved PHOTOS with matrix element (14) is
in good agreement with KORALW, therefore, I use spectra by improved PHOTOS with matrix
element (14) for the cases when comparison with KORALW spectra is hard or not possible!.
At this point I am free to chose setup parameters. In order to speed up simulation, I set
number of bins to be 24, multiply emission probability of extra pair by factor of 10, reduce
number of PYTHIA generated events by factor of 250 simultaneously attempting to generate
emission by PHOTOS for each event 100 times more. I use listed above setup for the most of
tests that are compared to spectra by improved PHOTOS with matrix element (14) installed
into it.

In order to estimate an effect of each tensor H!" on the extra pair emission I perform
simulations by PHOTOS with matrix element (14) missing one of the tensor H!".

Fig. 11 presents ratios of PHOTOS generated spectra of squared mass of e*e™ pair (Me2+e_)
and of u™p~ pair (]\/IELJr .- ) to the corresponding one’s by KORALW in the e*e™p* u~ channel.
I have selected to present specifically these two particle spectra since they are the most
sensitive to the changes in matrix element. From Fig. 11 it is seen that tensors H{"" — H}"”
are of most importance for precision spectra generation, while tensors H: — HL" can
be easily dropped off from matrix element (14). All PHOTOS tests are performed out of
PYTHIA generated samples of equal size?, this automatically manages normalization of
spectra. Contraction of sum of tensors H}"" — H}" with the tensor describing incoming
particles completes matrix elements residual (16). It is desirable to interpret each one of
these contraction as probability density in four particle phase space, which is not rigorous.
ete™ and putp~ pair spectra clearly indicates rise in number of events at most populated
parts of the spectra when tensor (21) is missing in the matrix elements residual. Following
that logic means, that contraction involving tensor (21) has to have meaning of negative
probability density at some parts of the spectra. The same problem is true for p*u~ pair
spectra and tensor (22). Other thing to notice is that for all the test the number of pairs
with invariant mass close to collision energy (M2, __ ~ M2, Miﬂr ~ M?2) matches the one
from the corresponding etalon spectra. That is not the case for some tests for the numbers
of pairs with smallest invariant mass (M2 __ ~ 0, M3+ . ~ 0). Therefore, normalization
of spectra for the further test comparisons with KORALW can not uphold on the number of
lightest pairs. For the 24 bins spectra, I interpret the number of eTe™ pairs with smallest
invariant mass (the number of pairs in the first bin) as a total number of generated extra
pairs thus as general performance of emission algorithm; for the 120 bins spectra, the
number of eTe™ pairs in the first bin is approx. 88% of total number of generated extra
pairs. For the putpu~ pair spectra, the number of p™p~ pairs in the first bin is approx. 10%

'The most of such examples are delegated to the Appendix B.
2T remind here that for 120 bin spectra one PYTHIA generated sample is of 3.665 x 10® events, for 24 bin
spectra one PYTHIA generated sample is of 1.5 * 10% events.
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Figure 11: Normalized to M2 ratio of PHOTOS generated spectra in the channel Z — ptp~ee™
to the ones, that are generated by PHOTOS with kernel by eq. (16). Spectra generated by PHOTOS
are obtained from samples of equal number of Z — ete™ and Z — pu™p~ PYTHIA generated
decays. Green (light grey) dashed line represents data corresponding to absence of the tensor
H!"" in the kernel by eq. (16); green (light grey) dotted line — tensor Hy", red (dark grey) dashed
line — tensor H4"”, red (light grey) dotted line — tensor H}"”, black dash-dotted line — tensor H."",
green (light grey) solid line — tensor H"”, red (dark grey) solid line — tensor H5"”, black solid —
tensor HL".
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of total number of generated extra pairs.

6.4 Fix for )

Spectra by PHOTOS with kernel Fi.q; (34) are presented in Figs. 12.
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Figure 12: Normalized to M3 ratios of PHOTOS generated spectra in the channel Z — putp~eTe™
to the ones, that are generated by PHOTOS with matrix element (14) installed into it. Spectra
generated by PHOTOS are obtained from samples of equal number of Z — ete™ and Z — ptpu~
PYTHIA generated decays. Black dotted line represents spectra by PHOTOS with kernel of extra pair
emission given by the formula (34). Solid red line (solid dark grey in greyscale) represents spectra
by PHOTOS with kernel of extra pair emission given by the formula (37). Green solid line (solid
light grey in greyscale) represents spectra by PHOTOS with kernel of extra pair emission given by
the formula (40).

Fig. 12 presents ratios of PHOTOS generated spectra of squared mass of eTe™ pair

(M2, ), of utp~ pair (Miﬂr)’ of squared mass of u*ete™ three (M3+e+e,) and of squared
mass of et ut ™ three (Me2+u+;r) to the corresponding one’s by improved PHOTOS with ma-

trix element (14). Agreement between PHOTOS with kernel Fi.q1 (34) and PHOTOS with
matrix element (14) is good. PHOTOS with kernel Fi g (34) tends to slightly overproduce
ete™ pairs in the least populated part of the spectrum (up to 15% not taking error into
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account) causing overproduction of p*u~ pairs (up to 7%) in the first bin. Numbers of
wp~ pairs never deviate more than 4% from corresponding numbers of etalon spectra.
Numbers of ete™ and pp~ pairs with invariant mass close to beam CMS energy coincide
with corresponding numbers of etalon spectra.

Other plots, for other than Ecyg = My collision energies (Figs. B.10, B.12) and also
for Z — ete ete” and Z — ptp~ ptp~ channels (Figs. B.9, B.11, B.13), are delegated to
Appendix B.3.

Matrix element residual Fj.qo (37) differs from matrix element residual Fi.q1 (34) by
lack of tensors HL” — HEY. Numerical effect of that is expected to be small, but that
requires verification.

Spectra by PHOTOS with kernel Fj.qo (37) are presented in Fig. 12. Other plots, for
other than Fcyg = My collision energies (Figs. B.10, B.12) and also for Z — efe ete
and Z — p"p~ptp channels (Figs. B.9, B.11, B.13), are delegated to Appendix B.3.

Agreement between PHOTOS with kernel Fiq2 (37) and PHOTOS with matrix element (14)
is good. Numbers of 4+ p~ and eTe™ pairs in any channel never deviate more than 7% from
corresponding numbers of etalon spectra. Numbers of e*e™ and p*p~ pairs with invariant
mass close to beam CMS energy coincide with corresponding numbers of etalon spectra.

Agreement between PHOTOS with kernel Fi.qo (37) and PHOTOS with kernel Fi.q; (34) is
good. However, numbers of u*u~ and ete™ pairs by PHOTOS with kernel Fi gy (34) in any
channel are larger than corresponding numbers of spectra by PHOTOS with kernel Fjog0 (37).
Difference between PHOTOS with kernel Fi.g0 (37) and PHOTOS with kernel Fyq (34) is the
most for minimums of pair spectra. This difference is up to 17% for e*e™ pair spectra in
the Z — ete ™y~ channel and for pu*p~ pair spectra in the Z — p*pu~p™p~ channel.
This difference is up to 12% for u*pu~ pair spectra in the Z — ete” utpu~ channel and for
ete” pair spectra in the Z — eTe~ete™ channel. Numbers of ete™ and pp~ pairs with
invariant mass close to beam CMS energy from spectra by PHOTOS with kernel Fiego (37)
coincide with corresponding numbers from spectra by PHOTOS with kernel F.q (34).

Spectra by PHOTOS with kernel Fj.yu3 (40) are presented in Fig. 12. Other plots, for
other than Feyrg = My collision energies (Figs. B.10, B.12) and also for Z — eTe ete™
and Z — p"p~ptp channels (Figs. B.9, B.11, B.13), are delegated to Appendix B.3.

Agreement between PHOTOS with kernel Fi.g3 (40) and PHOTOS with matrix element (14)
is good. Considering Z — eTe~putu~ channel: PHOTOS with kernel Fj 43 (40) tends to
slightly overproduce eTe™ pairs in the least populated part of the spectrum (up to 15%
not taking error into account) causing overproduction of u*u~ pairs (up to 6%) in the first
bin; numbers of p ™ pairs never deviate more than 10% from corresponding numbers of
etalon spectra. Considering Z — p*p~put ™ channel: PHOTOS with kernel Fj.q3 (40) tends
to slightly overproduce pu*p~ pairs in the least populated part of the spectrum (up to 15%
not taking error into account) causing overproduction of u*p~ pairs (up to 6%) in the first
bin. Considering Z — eTe"ete™ channel: numbers of eTe™ pairs never deviate more than
5% from corresponding numbers of etalon spectra. For each channel numbers of ete™ and
wp pairs with invariant mass close to beam CMS energy coincide with corresponding
numbers from etalon spectra. For each channel and for each bin the number of ete”
or utu~ pairs generated by PHOTOS with kernel Fi 43 (40) is larger than corresponding
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number from samples by PHOTOS with kernel Fj g9 (37), their difference is small.
Comparing last two numerical tests (Fieso (37) and Fiegs (40)) I conclude that tensor
HYY (39), which is part of matrix element (14), can be approximated in a way it is presented
by formula (40); tensor H{ (39) should be placed in the PHOTOS kernel.
Spectra by PHOTOS with kernel Fiqq (41) are presented in Fig. 13.
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Figure 13: Ratios of PHOTOS generated spectra (of squared mass of ete™ pair (Me2+e_), of ptu~
pair (Mzﬂr)) in Z — ete”puTp~ channel to the corresponding one’s by KORALW. Spectra gener-
ated by PHOTOS are obtained from samples of equal number of Z — e*e™ and Z — putpu~ PYTHIA
generated decays. Red (dark grey in greyscale) solid line and red (dark grey) error bars represent
spectra by unmodified PHOTOS [11]. Black dashed line and black error bars represent spectra by
improved PHOTOS with matrix element (14) installed into it. Green (light grey in greyscale) solid
line and green (light grey) error bars represent spectra by improved PHOTOS with kernel of extra

pair emission given by the formula (41).

Fig. 13 presents ratios of PHOTOS generated spectra of squared mass of e*e™ pair (M2, )
and of u*p~ pair (Mim,) to the corresponding one’s by KORALW. Left hand side of Fig. 13
presents data in form of error bars. Right hand side of Fig. 13 presents mean values of
corresponding spectra, that should improve readability of the plots. Agreement between
PHOTOS with kernel Fj.q4 (41) and both KORALW and PHOTOS with matrix element (14)
is good. Numbers of PHOTOS test events and KORALW test events for any bin never differ
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greatly in the ratio more than 24%. Such difference rather vanishes with statistics increase.
It is seen, that desired agreement between PHOTOS and KORALW for the least populated bins
0< ]\462%,,]\4%!r < 0.5+ M2 of ete™ pair and up~ pair spectra is reached. It is seen,
that PHOTOS with kernel Fi.qy (41) produces slightly less ete™ and p™p~ pairs in the
most populated parts of the spectra M2, __, Mim, > 0.5 - M% comparing to unmodified
PHOTOS [11]. x? test for eTe™ pair spectra by PHOTOS with kernel Fj..4 (41) and by KORALW
gives x?/NDF of 2.9'. x? test for u™p~ pair spectra by PHOTOS with kernel Fj.qy (41) and
by KORALW gives x?/NDF of 6.1%.

Other plots, for other than M?, and M3, _ observables (Fig. B.14), for other than
Ecys = My collision energies (Figs. B.17, B.19) and also for Z — ete"ete” and Z —
prp~ptp~ channels (Figs. B.16, B.18, B.20), are delegated to Appendix B.3.

I should note that agreement between PHOTOS with kernel Fj.q4 (41) and KORALW is
quite remarkable and numerically stable.

Spectra by PHOTOS with kernel Fj g5 (42) are presented in Fig. 14.

Fig. 14 presents ratios of PHOTOS generated spectra of squared mass of eTe™ pair (M62+8_)
and of u* ™ pair <M5+u—) to the corresponding one’s by KORALW. Left hand side of Fig. 14
presents simulation sample in form of error bars. Right hand side of Fig. 14 presents
simulation sample in form of mean values, that should improve readability of the plots.
Agreement between PHOTOS with kernel Fj g5 (42) and KORALW is good. Agreement between
PHOTOS with kernel Fi.s5 (42) and PHOTOS with matrix element (14) is good. Numbers of
PHOTOS test events and KORALW test events for any bin never differ greatly in the ratio more
than 22%. Such difference rather vanishes with statistics increase. It is seen, that desired
agreement between PHOTOS and KORALW for the least populated bins 0 < M2, M 3+ u <
0.5- M2 of eTe™ pair and 't~ pair spectra is reached. Tt is seen, that PHOTOS with kernel
Fiests (42) produces slightly less ee™ and ptp~ pairs in the most populated parts of the
spectra M62+e_’M3+u_ > 0.5 M% comparing to unmodified PHOTOS [11]. x? test for eTe™
pair spectra by PHOTOS with kernel Fj.us (42) and by KORALW gives x?/NDF of 2.6. x?
test for uTp~ pair spectra by PHOTOS with kernel Fi.qs5 (42) and by KORALW gives x?/NDF
of 6.

Other plots, for other than MZ?,, and M7, observables (Fig. B.21), for other than
Ecns = My collision energies (Figs. B.25-B.28) and also for Z — ete ete™ and Z —
wp T channels (Figs. B.22, B.24, B.26, B.28), are delegated to Appendix B.3.

I should note that agreement between PHOTOS with kernel Fi.y5 (42) and KORALW is
quite remarkable (Figs. 14) and numerically stable.

6.5 Effective factorization of matrix element, tests

Kernel Fieg6 ignores most of the complexity of the matrix element (14), but this approx-
imation leads to factorization of matrix element Fi.qe - |M (p1, pa; p5, pg)]%om. Spectra by
PHOTOS with kernel Fj.q6 (43) are presented in Fig. 15.

!Corresponding x2/NDF, but for unmodified PHOTOS [11], is 13.1.
2Corresponding x?/N DF, but for unmodified PHOTOS [11], is 90.9.
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Figure 14: Ratios of PHOTOS generated spectra (of squared mass of ete™ pair (M2, __), of ptp~
pair (Miﬂr)) in Z — ete"puTp~ channel to the corresponding one’s by KORALW. Spectra gener-
ated by PHOTOS are obtained from samples of equal number of Z — eTe™ and Z — p+tpu~ PYTHIA
generated decays. Red (dark grey in greyscale) solid line and red (dark grey) error bars represent
spectra by unmodified PHOTOS [11]. Black dashed line and black error bars represent spectra by
improved PHOTOS with matrix element (14) installed into it. Green (light grey in greyscale) solid
line and green (light grey) error bars represent spectra by improved PHOTOS with kernel of extra
pair emission given by the formula (42).
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Figure 15: Ratios of PHOTOS generated spectra (of squared mass of ete™ pair (M2, __), of ptp~
pair (Miﬂr)’ of squared mass of uTete™ three (M5+e+6_) and of squared mass of e" ™t~ three
(Me2+u+“,)) in Z — ete” T~ channel to the corresponding one’s, that are generated by KORALW,
and to the corresponding one’s, that are generated by improved PHOTOS with matrix element (14)
installed into it. Spectra generated by PHOTOS are obtained from samples of equal number of
Z — ete” and Z — pTp~ PYTHIA generated decays. Red (dark grey) dashed line represents
ratios of spectra by PHOTOS with kernel of extra pair emission given by the formula (43) to the
one’s by KORALW. Dark dashed line represents ratios of spectra by PHOTOS with kernel of extra
pair emission given by the formula (43) to the one’s, that are generated by improved PHOTOS with
matrix element (14) installed into it.
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Fig. 15 presents ratios of PHOTOS generated spectra of squared mass of eTe™ pair
(M2, ), of ptp~ pair (Mim—)’ of squared mass of u*ete™ three (Mi+e+e_) and of squared
mass of e*utu~ three (M62+u+“,) to the corresponding one’s by PHOTOS with matrix ele-
ment (14).

Other plots, for other than Ecyg = My collision energies (Figs. B.30, B.32) and also
for Z — efe"ete” and Z — p*p~pp~ channels (Figs. B.29, B.31, B.20), are delegated
to Appendix B.4.

Results of this test are unsatisfying. In each channel disagreement between ete™ (or
w ) pair spectrum by PHOTOS with kernel Fi.g6 (43) and by PHOTOS with matrix ele-
ment (14) is up to 150% for some parts of the spectra. However, considered pair spectra
ratios for each tested CMS beam energy (Ecpys = 0.6 - My, 0.8 - My, M) and in the
each channel (ete pu*p™, pTpu ptp~ and ete"ete) have some remarkable similarities.
First, presented in this test, pair spectra ratios fluctuate around 1 for the one’s of the most
populated and the most important bins of the spectra, that are M,q; ~ Ecars. Second,
derivative of presented pair spectra ratios seems to be constant. All these constants (one
for each pair spectra ratio) are the same number for each kind of an extra pair. Last one
hypothesis suggests that complexity of cancelations between neglected tensors Hiy — H}} of
matrix element residual (16) can be effectively reproduced by a linear correction of matrix
element residual F}.gsg:

8ra)? 1 1
b+ 5 (i * s

Ftest8 -

q 2(psq) + 4% 2(paq) + ¢2 (p1 + p2)?

/{A_B_(p3+p4)2 ’ (45)

where A and B are some constant parameters that can be extracted by the fitting proce-
dure. In order to obtain A and B I do linear fit with weights that are given by numbers
of events in corresponding bins. As it is stated above, the first bin M., ~ 0 of each
pair spectra contains the biggest number of events and indicates an overall performance
of generation of extra pair emission, which can be far from ideal. I exclude the first bin
of each pair spectra from the fitting procedure, causing that the most weighted bins are
for pairs of the highest invariant mass My, ~ Ecars. Fitting results are presented in the
Tab. 3.

All presented values of adjusted R? are close to 1 indicating success of fitting procedure.
From the Tab. 3 it is seen that all the fitted lines go thought point {1,1}!. This is desirable
result. It verifies, that pair emission kernel F,. 45 of eq. (45) can be written in form of
eq. (44).

Correction, likewise it is in formula (44), is a task for one parameter fit; such fitting
procedure should reduce error of parameter A comparing to the one’s from the Tab. 3.
However, the presented level of precision for parameter A is enough. It is seen from the
Tab. 3, that for each channel and each beam CMS energy Fcops the values of parameter
A corresponding to emission of extra ete™ pair match down to 3-rd digit, the same is
true for pup~ pair. It seems that parameter A increases with decrease of the beam CMS

Tt is observed for each tested CMS energy.
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’ Channel Ecys | Extra pair | Parameter A ‘ Parameter B Input ‘ Adj. R? ‘
cte it | My e 218+002 | 121£0.02 | Fig. 15 | 0.992
cteutu | My, e 2324002 | 1.35+0.03 | Fig. 15 | 0.949
cte it |08 My | utp 221+0.02 | 1.24+0.03 | Fig. B.30 | 0.991
ete T | 06-My | utp 225+0.02 | 1.29+0.03 | Fig. B.32 | 0.987
ete putu~ My ete” 1.951 £+ 0.008 | 0.957 +0.009 | Fig. 15 0.998
et | My e 2.05+ 0.0l | 1.05+0.0113 | Fig. 15 | 0.988
eteputu~ | 0.8 My ete” 1.962 £+ 0.007 | 0.969 4+ 0.008 | Fig. B.30 | 0.998
eteputu~ | 0.6- My ete 1.977 £ 0.005 | 0.985 4+ 0.006 | Fig. B.32 | 0.999
ete"ete” My, ete” 1.935+£0.009 | 0.944+0.01 | Fig. B.29 | 0.998
ete"ete 0.8- My ete 1.942 4 0.008 | 0.947 +0.009 | Fig. B.31 | 0.998
ete"ete 0.6 - My ete” 1.943 £0.009 | 0.954+0.01 | Fig. B.33 | 0.997
S | Mg T | 220002 | 1.23+0.02 | Fig. B29 | 0.992
Wt |08 My | gt 223+0.02 | 1.27+003 | Fig. B.31| 0.989
Wt 06 My | gt 226+002 | 1.30+0.03 | Fig. B.33 | 0.989

Table 3: Results of linear fitting of ratio of eTe™ pair (or uu~ pair) spectrum by PHOTOS
with kernel Fj 46 (43) to the corresponding reference spectrum by PHOTOS with matrix
element (14). Line two and line five represent results, but for KORALW generated spectra
used as reference.

energy Feons. However, this effect is small, it is in 3-rd digit. It is smaller than the
effect of changing of the reference spectra from the PHOTOS generated ones (PHOTOS with
matrix element (14), see Fig. B.15) to the KORALW generated ones. The values of parameter
A corresponding to extra ete™ pair emission differ from the ones corresponding to extra
T pair emission, the difference is in 2-nd digit, corresponding errors exclude overlap.

For the following test I put parameter B = 1, the kernel Fj.y7 can be written now in
form of eq. (44). I choose parameter A, = 2.2 for the generation of extra pp~ pair and
parameter A, = 1.95 for the generation of extra e*e™ pair. Basing on given in Tab. 3
precision choice of parameter A,, = 2.2 seems to be optimal, however, for comparisons in
Z — ete T p~ channel with KORALW data one may expect slight overproduction of high
energy extra putp~ pairs, which should be related to some overproduction of low virtuality
ete™ pairs.

Spectra by PHOTOS with kernel Fi.q 7 (44) are presented in Figs. 16, 17.

Fig. 16 presents ratios of KORALW generated spectra of squared mass of eTe™ pair
(M2 ), of p*p~ pair (Miw,) to the corresponding one’s by PHOTOS; and presents ratios of
PHOTOS generated spectra of squared mass of e*e™ pair (M2 __), of p*p~ pair (M5+u_), of
squared mass of uTete™ three (M3+e+e_) and of squared mass of et utu~ three (MeQﬂﬁu‘)
to the corresponding one’s by KORALW. Fig. 17 presents low virtuality parts of spectra of
squared mass of eTe™ pair (M2 ) and of ptp~ pair (M/fﬂr)) and their ratios to the
corresponding one’s by KORALW.
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Figure 16: Ratios of KORALW generated spectra (of squared mass of eTe™ pair (Meae,), of ptpu~
pair (MZJW_)) in the Z — pTp~"eTe™ channel to the corresponding one’s by PHOTOS; ratios of
PHOTOS generated spectra (of squared mass of ete™ pair (M€2+e,), of p*u~ pair (Miﬂf)’ of
squared mass of utTete™ three (Mi+e+e,) and of squared mass of e™ ™ p~ three (M Qﬂﬁu )) in
the Z — ptp~ete™ channel to the corresponding one’s by KORALW. Spectra generated by PHOTOS
are obtained from samples of equal number of Z — ete™ and Z — uTp~ PYTHIA generated
decays. Red (dark grey) error bars represent spectra by unmodified PHOTOS [11]. Green (light
grey) error bars represent spectra by improved PHOTOS with kernel of extra pair emission given by
the formula (44).
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Figure 17: Low virtuality ends of spectra of squared mass of eTe™ pair (M82+e,) and of ptpu~
pair (M3+u‘)) and their ratios to the corresponding one’s by KORALW. This Figure supplements
Fig. 16. There are 1.006 - 10® events in the Z — u+p~ete™ channel. The very first bin of of ete™
pair spectra by improved PHOTOS contains 885 - 102 events, the second bin contains 2.5-103 events,
the third bin contains 1.2 - 10% events, the fourth bin contains 0.9 - 10% events. Given numbers
illustrate insignificance of discrepancy in eTe™ pair spectrum by KORALW and by improved PHOTOS
with kernel of extra pair emission given by the formula (44) also in region of low virtuality of

ete™ pair.



Agreement between PHOTOS with kernel Fi g7 (44) and KORALW is at least factor of four
better than agreement between unmodified PHOTOS [11] and KORALW. The ratio of numbers
of eTe™ pairs by PHOTOS and by KORALW never differs from 1. more than 25% for most of the
bins M?, __ > 0.1- M7, ratio error decreases for the most populated bins M2 __ > 0.6- M3.
The ratio of numbers of u*p~ pairs by PHOTOS and by KORALW never differs from 1. more
than 15% for most of the bins Miﬂr > 0.1 - M%, ratio error decreases for the most
populated bins M3+ > 06-M 2. Such a difference vanishes for most of the bins with
statistics increase. It is distinct overproduction (up to factor of 1.4) of e*e™ pairs of a small
invariant mass and of the least populated part of spectrum. Overproduction specifically
in this part of the spectrum indicates both overproduction of soft extra ete™ pairs and
overproduction of the hard extra ™y~ pairs. This overproduction can be neglected since it
is for few bins only and these bins are near minimum of the spectrum. Slight overproduction
(up to 20%) of soft uTu~ pairs is observed. x? test for eTe™ pair spectra by PHOTOS with
kernel Fj..7 (44) and by KORALW gives x*>/NDF of 3'. x? test for u*pu~ pair spectra by
PHOTOS with kernel Fi.q7 (44) and by KORALW gives x?/NDF of 3.42.

Other plots, for Z — ete~eTe™ and Z — p"p~pp~ channels (Figs. B.34, B.36, B.38,
B.40) and also for other than Fcyrs = My collision energies (Figs. B.37, B.39, B.38, B.40),
are delegated to Appendix B.3.

An effect size of both an overproduction of e™e™ pairs and an overproduction of p*pu~
pairs is slightly larger when ratios of spectra to ones by KORALW are discussed. This is
expectable since Tab. 3 collects slightly larger values of correction constants A, and A,
in the case of comparison with KORALW data. Last one suggests further verification of the
effective factorization Fiegr - | M (p1, Do; Dy, D) aopy (44) of matrix element (14) by compar-
ison of spectra by improved PHOTOS to the rigorously generated spectra in the ete pu*u™,
eteete™, utpu~pp~ channels at collision energies ranging between few GeV up to 0.6- M.

PHOTOS with kernel given by the formula (44) together with constants A, = 2.2 and
A.e. = 1.95 generates particle spectra in the ee " u™ ™, ete ete™ and ptpu~ ™ p~ channels
remarkably close to the ones that are generated as result of exact solution. Considering
comparison of PHOTOS generated spectra to the one’s by exact solution of KORALW: reduction
of x2/NDF of factor 4.4 is reach for e*e™ pair spectrum by PHOTOS with kernel given by the
formula (44) comparing to spectrum by unmodified PHOTOS [11]; reduction of x?/NDF of
factor 26.4 is reach for u ™ pair spectrum by PHOTOS with kernel given by the formula (44)
comparing to spectrum by unmodified PHOTOS [11]|. Imprecision of PHOTOS with kernel given
by the formula (44) stays for the least populated part of the two particle spectra. It is
significant, since formula (44) is result of effective factorization of matrix element (14),
it describes extra pair emission for collisions of any fermion pair (giving fermion mass
can be neglected comparing to energy of colliding pair). Therefore, I expect effective
factorization (44) to work for simulation of pp — Z/v* — 4f spin summated process
as extra pair emission from the final state of pp — Z/4* — 2f spin summated process.
Formula (44) requires verification for collision energies less than Ecys = 0.6 - Mz and

LCorresponding x?/NDF, but for unmodified PHOTOS [11], is 13.1.
2Corresponding x?/N DF, but for unmodified PHOTOS [11], is 90.9.
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down to some small value of Egyg.

7 Pair emissions for the 7 decay. Phase space
parametrization

In this Section I collect the formulae that numerical algorithm of TAUOLA [17,45] relies on.
They also provide platform to perform tests. I focus on a pair of channels 7= — v,u" v,
and 77 — p,u e etv,, but obtained formulae are of use for 7= — v.e v, and 77 —
vee”e”eTr, channels as well. The second channel in each pair differs from the first one by
the presence of a e~ e pair and can be understood as a contribution to bremsstrahlung
correction. The dominant contribution is due to e~ e™ pair of small virtuality (originating
from the decay of nearly real photon). In calculations I use in general notation of [46]. I
shorten: 7 mean r,, where ¢, either electron or muon, and v means v;.

3 body decay

An integral of matrix element squared |M|> = |M (p;,py, Py, pu)|2 over 3-body phase
space dLips3(pr,py, P, py) reads:

d*p d*py d3p
M2 dLipss(prs py, pospp) = | | M2 =2 v b (0m) 454 (b — b — o —
/| " dLipss(pr. po, pr. pu) /‘ | (27)32p0 (27)32p2 (27r)32p0( T (pr —p Pi)

(m,— _mu)z

_ ! / dM2 /dcosﬁ /d — ]\{2 /dcosﬁ /d \M | (46)
21175 <)0V <)Dl/ ]\/12 )

2
m#

where p;, p,, py, p, are four-momenta of 7, v, v,,, u~ correspondingly; dcos0,dy, is the
solid angle element of p, in the rest frame of 77, dcosfzdpy is the solid angle element of p;
in the rest frame of (pz + p,); M = (py + pu)% my, is mass of p~ and m, is mass of 7.

5 body decay

I proceed with writing a cross section for the 5-body decay 7= — v,u~e”etv, assuming
the matrix element |M|* = |M (pr, Pe—, Pes» Pu» Do, pu)|2 can be factorized. I focus on a soft
pair emissions:

|]\4|2 - ‘M(pTvaMZ%l/?p,UJ)lQ X |MF (pe—ype+)|2 : (47>
Therefore:

/!MlzdLipSs) (DrsDe—s Pets Do D D) =

d DPe— d3pe+ 4 4
/ | F| m)32p0_ (2m)32p2, d"R 6 (R = pr 4 Pe— + Pes ) X
&Pp,  Ppy P,

44 . . .
(27r)32p8(2%)32p%(27r)32p2<27r) PR =pe = pr =)y ()

X/IM(pT,py,Zh,pu)lz
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where p;, Pe—, Det, Pu, Pw, Py are four-momenta of 7-, e”, e*, v, U, u~ correspondingly.
At first and for a test, I put |M F| = 1. Since the factorized part of matrix element squared
| M F| does not depend on p._, p.y anymore, for a soft pair emission we can drop et and
e~ from the conditions of momentum-energy conservation. Thus the technical integral
element d*R 6*(R — p; + pe— + pe+) reduces to R = p, and

/ |M‘2 dLipS5 (p‘rvpef:pe+>pwpﬁap,u) ~

dgpef d3p6+ 2
= M|"dLi 5 Pvy P, =
| G e, [ WP e

1 / p._[2d|p._| [ Dot [2d[P. |
= — dcosle_dp, —————— dcoslerdpe, —F—=—— X
2 .
X / \M (pr, pv, 05, 0u)|” dLipss(pr, Py, Pw, Pu), (49)

where p,_, D, are three-momenta of e, e correspondingly; subscript p, = 0 or p7tD, =0
means that the variables into square brackets are in 77 rest frame; dcosf._dp,._ is the solid
angle element of p.-, dcosf.,.dp. is the solid angle element of p.+.

Formula 49 is valid for soft eTe™ only, that is why I can work only with a part of the
phase space. I introduce a cutoff parameter Aq: p?, < Ay, p? < Ay, Such a conditions
match the limitation introduced for the TAUOLA generation. I obtain:

A

/|M|2dL2p55 (prape—ape—l—vpuapﬁapu) ~ 26—71-4

/ (M dLipss (pr, po, s p)  (50)

and soft pair emission probability of the test reads:

A
Ptestl(Al) ~ 267'(4. (51)
Alternatively, the second test with |M F|2 = 1 is through writing cross section for the

5-body decay in terms of invariant mass variables:

M|*dLi - L fae, [, 1—% dQy Miee M g (52)
| | ZpSS(p‘r) 2117T5 vpee v A{Q | (prapV7W7pu)‘ X

Vpee

1 47712 ;Lee M2 - mZ) - 4M626m,a
XS / sy, / dQ, / dM2 | Mp|? / dejee e , (53)

pee

where M2,., = (py + D + Pe + Pes )’y Mo = (D + Do + Des)” s M2 = (Dee + pes)’; A
is the solid angle element of p, in the rest frame of 77, df); is the solid angle element of p; in
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the rest frame of (p.— + pes+ + py + p,u), d€2, is the solid angle element of p,, in the rest frame
Of (Pe— + Pet + ), d€2e is the solid angle element of p._ in the rest frame of (pe— + pes).
Considering pair emission is soft, I can approximate M%m ~ M, 2 M 388 = mi, thus first
part of cross section (52) coincide with cross section (46) for 3-body decay 77 — v,y Vs

Soft pair emission probability reads:

2 (m} +A2)
1 4m2 e — M2 — m2) — 4M2m?
Presiz(Ba) = 55— / dM2,[1— / deLee M e Lo (54)
(et Meo)? "

Here cutoff A, limits invariant mass of the ete™ pair, therefore cutoff could be invoked
in TAUOLA easily. Double integral of soft pair emission probability Eq. (54) doesn’t have
a simple analytical solution. On the other hand, numerical solution works perfectly for
testing purposes.

The Pjesi2 of Eq. (54) as function of Ay can be easily translated into A, dependent
partial widths simply multiplying partial width of 7= — D,u"v, decay by Pieg2(A2).
Results obtained that way and those from Monte Carlo simulation are collected in Tab. 4.
They provide also a test of approach used in Eq. (47) - tests with simplified matrix element.

Ay [GeV] Partial width |GeV]

Piesio(Ag) x I'(7 — vuv) | Monte Carlo
0.00125 0.42866 - 1039 0.42729 - 10730
0.0025 0.16289 - 10?7 0.15965 - 1027
0.005 0.48627 - 1026 0.46480 - 102¢
0.01 0.92486 - 10~ 0.84837 - 10~
0.02 0.15208 - 10~22 0.12664 - 10~%2

Table 4: Partial width obtained for different cutoff A, from Monte Carlo run and numeri-
cally from Pj.q9 of Eq.(54). Note, that with increasing cutoff Ay, pairs are allowed to be
somewhat harder, therefore assumption I'(7 — Dpueev) & Pjego x I'(T — vuv) works worse.
Uncertainty of MC results is at the level of 1%.

Similar tests with |M F|2 closer to a physical model are performed next. I choose fac-
(47a)?

. . .  (pertpe ) N

represent numerical effects of a singular behavior during simulation of soft pair emission.

Soft pair emission probability in this case reads:

torized part of matrix element squared to be: |Mp|” = Such a choice should

d*pe_ A*pey 4 sl
Pies M d*ROYN(R — pr + Pe— + Pey) =
s = [ 1Mo iy St RS (R = o+ pec + )

47TCY Pef d? Pet 1 2 2 0
= d*qdM; 5 — M:,)O(q") %
(27T) / > 2pl 2pdy (@ o)
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X0 q — Peg — pe_)d*RAM? _5(R? — M> )O(R")6*(R — p,; +q), (55)

|17 |1%7%

where I've introduced ¢ = pe— + pey; R = p, + py + pu, which represents 4-momentum
of rest of the partlcles system after pair emission takes place, and invariant mass squares
M2 = (pey + pe_)” and M2 = (p, + py + pu)°. With help of formulae

naz

APpe_ Bpey 1 4m?
€ € d4 54 J— e J— e— = /d4 d 9 d - 1 - =
/ 200 240, (¢ — Pet — Pe-) qacosvy 9018 _q2 )

/ d*qd M2 5(¢ /
/ d*RdM?,,0(R? — M?2,,)O(R")

P,ogi3 Teads:

dM2 4mz )\1/2 (m M€2€7 MQZ/U)
Prests = 23 3 / 1/1 e dMincosﬁgdgpg o wv: (57)

where AY/2(m?2, M2, M? )—\/m2+M2 M? ) — 4m2 M?

ee’) P uvv Nz 27

£l
L)

I

Integration over angular variables performs tr1v1ally An easy way to proceed with

integration is to integrate over energy F.. = W of the pair in the rest frame of
i : : . M2,
7~. For the condition dM?2 = 0, differential of the energy of the pair reads dFE,, = —%

leading to AY/2(m?2, M2, Mgw) = 2m,\/E2 — M2,

Soft pair emission probability reads:

dM 2 4m2
Ptest3 / dEee
4m2
d]W2 4Am?2 M,
1— e [ Agy /A2 — M2 + M2 In ,
237T2 A3 + 2 2

where Az, maximal energy of the pair in the 7~ rest frame, determines the maximal
M2, < A2. Analytical expression for P,ys(As) for this choice of |[Mp| is long and is not
instructive. Partial widths obtained using this new P,.q3(A3) and those from Monte Carlo
simulation are collected in Tab. 5.

In the following test I finally use physical factorized part of matrix element squared

Ap@ B 2 af . .
| Mp|? = get LeLer Z49 <p_ﬂ_p_) (p_ﬂ_p_) , (59)
q 4Pup  4Pr/) o \9Pp  4Pr/ g
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As [GeV] Partial width |GeV]

Piesis(Asz) x I'(t — vuv) | Monte Carlo
0.0025 0.59970 - 10~ 0.59826 - 10~
0.005 0.82769 - 102 0.81803 - 102
0.01 0.64485 - 1022 0.64446 - 10-22
0.02 0.39679 - 10=2! 0.38269 - 10~%!

Table 5: Partial width obtained for different cutoff A; from Monte Carlo run and numeri-
cally from P43 of Eq.(58). Note, that with increasing cutoff Ag, pairs are allowed to be
somewhat harder therefore assumption I'(7 — vueev) ~ Pig3 * I'(T — puv) works worse.
Uncertainty of MC results is at the level of 1%. Those results, together with the ones
collected in Tab. 4, provide a confirmation that approach of Eq. (47) is justified as well as
provide technical test for the phase space generation in TAUOLA.

it represents soft pair emission from 7 and from the outgoing charged particle. Soft pair
emission probability in this case essentially depend on four-momentum of muon p, (with-
out loose of generality it could be electron). This dependence reduces usability of soft
pair emission probability, since this probability should be included into formula for three
particles decay, which has been considered as fully independent:

/|M|2dL73p55 (Prs Pe—s Dets Pos Dy D) %/|M|2dLip83 (Prs P> o> Pu) Pr(pa):

Following calculations are very similar to the ones, that are discussed in work [13]. Soft
pair emission probability writes

d DPe— d DPe+ 4 4
7 (Pa) /’ F| m)32p0_ (2 )32pe+d RO* (R — pr + Pe— + Pet) =

:2(47Ta) /4p5_pe+—qg (p_u_p_T) (p_u_pr) d3pe_dpe+d4dM2

(2m)s qt Q. qp- ap. qp-) 5 200 2p2,
X5(q2 - Mze)@(qo)&l(q — Det+ — pe—)d4RdM3yu5(R2 Mivv>@(‘R0>5454(R —prt Q>

In order to perform following integration I work temporarily in (p.y + p._) at rest frame

4m?

d*pe_ d®p, 1 ‘
z b ~d' 54((1 — Pet — Pe—) = /d4qd00591d<p1§ - ?7

2pe— 2pe+
4 2 a8 . .
/d4qdcoseldgp Pe p6+4 79 (p—“ — p_) (p_# - p_) —
q aPu ) o\ D7) 4
_ 87 @(HW) (P_u_p_fy
3 q? q? P qpr
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Note that at this point of calculation Lorentz-invariance of integrand is restored and I
am free to choose any suitable rest frame. Having integration of delta-functions performed

d*qdMZ5(q° — M2)O(¢") = g
ee ee 26]0,

/ d*RdM? ;6(R* — M;,,)O(R’) = ;lg—;
I continue calculation
By(ps) = ;43 S/dM2 i};’f( s ) (%_%) ;l;fffmd M504 (R —pi+q) =
=—§; i 1‘1? (14 5) (22 - ) it = on - % -
- 673 dM2 4m2 ?\ZQE (ZTM“ - ;;:) dMWVdcosezdapz)\l/2(m 8M567M3W)7

where dcosfadipsy is solid angle of momentum of the pair p._ + p.y in the rest frame of
7. Next step of calculation is to write four-momenta p,, and p, in rest frame of 7=. For
my choice of variables four-momentum of muon is not fully independent variable. Space
orientation of three momentum of pair g (specifically angle 6,) for given invariant mass

M, 5, affects momentum of muon p,. Assuming soft pair emission I ignore this dependence,
SO expression (% — %)2 can be integrated
(p_u_p_T)ZZ A A Y
W qp (qpu)®  (qp-)®  apu-aps
m;, m?2 2m.p;,

_|_ — — — )
(100° — [P, l[dlcosts)”  (m-q°)*  (pha” — [B,l[@lcostz) - mrq°
+1

2 2m2 2 2 0 0.0 1= |5
/ (p—“ — p—T> dcosty = 5 K’ 5 + e + _p“ — In pgqo ’?“”?',
J \apu aps (1°¢°)° — (Bllal)* (@) " (Bllal) — phe® + 1Pl
leading to
Po(ps) = o’ 21 -2 sz
TP T gme o
2 _
| o+ s np’éqo WE ) PUSNCD
(10¢°)° — (Blla)*  (¢®)° " (pullal) — pae° + [p,lldl

I change here integration variable from square of invariant mass M 3@ to energy of the
pair E.. at rest frame of

20



Eee _0_ "7 ee uuu’
1 2m,
dM?
dEee = - . )
2m.,

)\1/2(m Me2c3’ Miuu) =2m, V Eeze - MeQe'

Next one important thing to make analytical integration possible is to assume
pg = B, ~ |p,|- It is weak assumption since muon mass is not something small to neglect.
This assumption works much better when muon is replaced by electron. Soft pair emission
probability writes

(2m.)* [ dM2 _Am? 2m?
P(En8) = 35 dm? / M2 <1+M2>X

A 2\/ 5
m?\/E2 — \/
. /dEee< . E2M2 E2
M 12

ee

1 E.—/EZ = M2
o Zee = VIR ]) o)

Eee E.++/E%:— M2

Part of the integrand, which is in square brackets, coincides with the one from formula (8)
in Ref. [13]. For this part integration goes the same way like in the Ref. [13], so I jump to
a well known expression:

/ d]W2 4m2
L 37r2

2 2A 2A 14 41
_ (313 gw (———)1n—+c (3) + %2__), (62)

)7 _\/Ege_MeQe_
2 2

372 Me Me

where ((z) is Riemann zeta function. Part [;(A) of the soft pair emission probability
P,(E,,A) is 1/2 of the real soft fermion pair factor By(A) of eq. (11) from Ref. [13]. One
may expect such similarity of the two expressions, since By describes soft pair emission
from the two incoming fermions, while P, (E,) from the one incoming fermion (7).

I continue calculation of the rest of expression of P, (p,)

aMg, | 4m? 2m? my A M2
FrlBu 8) = 37r2 / <1 vz ) <<2E2M2 N 1> e
ee nee

4m2

A? — MeQe
- | (63)
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Here I split integrand on parts and proceed with integration of eq. (61) independently:

A

a? dM?Z 4m? 2m? M2
e 1~ 1+ 1

32 M2 M2 A?

(O ee)r (- 059) (5 ) (- (5))

where K (z) is the complete elliptic integral of the first kind

w/2

K= [ =2
) 1—x-sin?y

and E(x) is the complete elliptic integral of the second kind

(65)

w/2

E(z)= / dy\/1 — x - sin?y. (66)

0

[ stress here, that expression (64) is exact. My most interest is in case of 2m, < A, thus
an approximated expression fore I5(A) can be more convenient:

L(A) ~ —2 (2 22 E) | (67)

I proceed with calculation of P.(p4)

I3(A)

A
o my [ A2dM? ] 4dm? 1 2m? ] Mz
62 E2 M, M2 M2 A2 T

4m?2

e

_army om.\*  8m. 3A A \? 2m. 21A A \2
i ((Ca) o) e (- () ) - (=3 (- () )

where approximation for the case of 2m, < A is

)

a>m’ (1 (AN 24\ 1
]3(A)NWE_EL (g (E) —111 (me)‘f'g . (69)

In order to manage integration of the one remaining part of integrand from eq. (61) I
use trick that is introduced in Ref. [13|, T split range of integration into two and then
approximate integrand function for the each integration range independently:

2Ame
a? dM?2, 4m? 2m? 4N?
AN (1+M2)1HM2 ~
4m?2
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m%(%anilAenL%—g—glniAe), (70)
A2
war g [ (i) - dniE) -
2Ame
~ ;—; (}llrf ane — 7;—;) . (71)

Since I have identified that I; is direct consequence of the pair emission from the 7, I relate
sum Iy + I3 + I, + I5 with pair emission from outgoing muon (it can be electron as well):

ot Lot Iy + I = ar
ettt lat =3 me 3 m. 9

%(%)2—m (if) +é] ) (72)

Soft pair emission probability reads

o? 5 2A 11, 2A 47 7P
5| n — —1In 4+ —=——
T 6
i

2E?

o (1. ,2A 11, ,2A (19 72\, 2A 100 2
P/ (E,,A) = —|=1In® — In? — -1 3)+ — + =n?
(B B) 37r2(3 me+6nme+<9 6)nme+€<)+27+3ﬂ+
m2 |1/ A\ 2A\ 1 A m
= = | - 1+0(—,=%)). 73
7 5 (o) e () 3] ) (o (05)) @

I note here, that all line of calculations for formula (73) is valid under condition A < E,,
it restricts region of phase space where formula (73) can be used. Uncertainty related to
this condition for the case A ~ E, is not estimated analytically since analytical solution
of integrals in eq. (60) is not known. Extra pair emission probability (73) is integrated
factorized part of matrix element for soft lepton extra pair emission (59). Formula (59) and
formula (73), with its precondition of E; < m; being ignored, have been added to TAUOLA
and have been crosschecked in the 7= — v, ,u"e etv, and 7= — e e etv, channels:
total cross sections for 7= — 7, " e~ etv, process agree at level of 98%, total cross sections
for 77 — D.e”e” ey, process agree at level of 90%.

8 Summary
e In ATLAS measurement of W boson mass [1] a systematic error due to FSR extra pair

emissions is roughly 5 MeV (not including error due to muon momentum calibration),
it is not simulated, but only is evaluated using PHOTOS and SANC. Estimation of extra
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pair effect by SANC is roughly 2 times as the one by PHOTOS [21]. Size of this effect is
used to evaluate systematic ambiguity [1]. T report full agreement between PHOTOS
and my new calculations, thus I report factor of 2 reduction of systematic error
of W boson mass measurement due to FSR extra pair emissions, because origin of
SANC-PHOTOS differences now is understood.

Later I have improved PHOTOS kernel for extra pair emissions from the final state
of 2f — Z — 2f spin summated amplitudes. For 2f — Z — 4f process I have
reached agreement between PYTHIA + improved PHOTOS and exact complete solution
of KORALW for all test distributions (see Figs. 16 and 17, more plots are collected
in Appendix B) in the efe”putp™ and in the ptp~ptp~ channels. As it seen from
Fig. 16, in the eTe” ™~ channel an improvement of PHOTOS with kernel of eq. (44)
comparing to basic version [11] is: factor of 4.4 reduction of x?/NDF (from 13.1
to 3) for x? test of PYTHIA+PHOTOS generated and of KORALW generated eTe™ pair
spectrum; reduction of deviation (from factor of 2.5 to 17%) between reference distri-
bution and PYTHIA+PHOTOS generated eTe™ pair spectrum for pairs with virtuality
of approx. 22 — 36 GeV, which corresponds to increase in numbers of the hard-
est emitted ptp~ pairs; factor of 26.4 reduction of x*/NDF (from 90.9 to 3.4)
for y? test of PYTHIA+PHOTOS generated and of KORALW generated p*p~ pair spec-
trum; reduction of deviation (from factor of 4.2 to 7%) between reference distribution
and PYTHIA+PHOTOS generated pu*pu~ pairs spectrum for pairs with virtuality of ap-
prox. 20 — 34 GeV, which corresponds to increase in numbers of the hardest emitted
ete™ pairs. Together with discussed above factor of 2, muon pair precision improves
roughly up to factor of 8 (down to 0.6 MeV), which is close to FCC requirements for
theoretical precision of W mass measurements [3]. Of course, a theoretical precision
evaluation of an experiment requires simulations with experiment observables with
cuts and detector response simulations, that may change my estimation of precision.

To achieve this results I have analytically reproduced soft fermion pairs emission
coefficient [13|. T have semi-analytically reproduced extra pair emission probability
matching solution of PHOTOS. Extra pair emission probability is based on new inte-

gral formula (13), it describes soft (FSR) extra pair emission. This semi-analytic
do(pp—Z—ll)
dM?
valued piecewise function. Numerical integration is taken over squares of invariant
masses of fermion pairs. Comparison (see Tabs. 1-2 and Fig. 4) of semi-analytic
formula (13) and PHOTOS indicates full agreement. That verifies PHOTOS algorithm
together with pair emission matrix element (11). As it is expected, if energy of ex-
tra pair is small, formula of extra pair emission probability (13) matches the one of

emission factor of real soft fermion pair from Ref. [13].

formula is used together with PYTHIA generated spectra as an integer

Complete matrix element is complex. Improvement of PHOTOS is based on an approxi-
mation of matrix element Zspins | My + My + M3 + ]\/[4|2 for FSR 2f — Z — 4f spin
summated process of Fig. 2 (I calculate it in the Appendix C.3). Approximation
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COHSiStS iIl Zspins |M1 + M2 + M3 + M4’2 ~ Zspins |M1 + M2|2 + Zspins |M3 + M4|2
and neglects interference terms, but is easier to install into PHOTOS kernel. For
D epins | M1+ M,|? matrix element f3f, pair is secondary and f,f, pair represents

emitter. For >° . [M;s + M,|?> matrix element f,f, pair is secondary and f3f, pair
represents emitter. I have reached agreement between PYTHIA + improved PHOTOS
with matrix element (14) and exact complete solution of KORALW (see Fig. 10) for
2f — Z — 4f process at Ecyrs = My with FSR extra pair emission in the ete™pu® ™
and ptp~ptp~ channels; ISR by KORALW has been effectively switched off for that
simulations. Agreement in each channel for the most populated bins of each dis-
tribution is better than 3% (see Fig. 10, more plots are collected in Appendix B).
Ratios between PYTHIA4-PHOTOS generated spectra and corresponding KORALW gener-
ated spectra fluctuate around 1. For the most important observables, such as eTe™
pair and ptp~ pair spectra, standard deviation for each bin of each ratio is not ex-
ceed 0.07; error bars of most of the bins of each ratio include 1. Values of x?/NDF
from x? test of KORALW generated spectrum and of PYTHIA + PHOTOS (with matrix
element (14)) generated spectrum are 1.3 for the case of eTe™ pair spectrum (cor-
responding value for unmodified PHOTOS [11] is 13.1) and 2.6 for the case of utu~
pair spectrum (corresponding value for unmodified PHOTOS [11] is 90.9). By reach-
ing agreement between KORALW and PYTHIA + PHOTOS with matrix element (14) I
have shown that interference terms between M; + My and Ms; + M, in the ma-
trix element . [My+ My + Mz + M,|? are negligible for the given conditions

Zspins ’Ml + My + Ms + ‘1\44|2 ~ Zspms |M1 + *]\42|2 + Zspins |M3 + M4|2'

As for my purpose only the Z — 4f part of matrix elements is needed, 1 present
matrix element (14) as Lorentz contraction of tensor, describing incoming particles,
and tensor, describing outgoing particles. Feature properties of matrix element (14)
with regard to four-body final state are analyzed and discussed (see Section 5). I
propose three approximations of matrix element (14) (see formula (41), formula (42)
and formula (44)), each one is analytically simpler than previous one. They are as
good for simulation of extra pair emission as exact matrix element (14) (see Fig. 13,
Fig. 14 and Fig. 16 correspondingly).

Approximation (44) of matrix element (14) is the best of all mentioned approxima-
tions. It leads to factorization of matrix element describing extra pair emission from
the final state of 2f — Z — 2f spin summated process, where the factored part
can be integrated independently from Born level matrix element. Therefore, factored
part of matrix element (44) describing extra pair emission from the final state of
qq — Z — 2f process are compatible with MC simulation of 2p — Z — 2f process
in order to obtain precise Z — 4f spectra.

Number of events by improved PHOTOS (comparing to basic version of PHOTOS [11]) for
a given number of events in the Born level PYTHIA generated sample in the eTe™ —
Z — ete T~ channel at the energy Fops = My has increased by 5.4%, in the
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ete” = Z — ptp ptp channel at the energy Ecprs = My has increased by 4.6%;
these corrections are at the level of 107 if calculated with respect to the Z — ¢/.
This improvement in an any 4f channel goes for emission of hardest low virtuality
extra pairs, that goes together with production of corresponding soft pairs. Proper
soft pair counting is important for estimation of missing energy, while proper hardest
extra pair counting is important for reducing of effect of singlet channel [1].

Exact matrix element (14) of extra pair emission from the final state of 2f — Z — 2f
process is good as a reference, I propose to use it for tests. Factorized part of effective
matrix element (44) for extra pair emission from the final state of 2f — Z — 2f
process is expected to be compatible with simulation of 2p — Z — 2f process in
order to obtain precise Z — 4f spectra, I propose to install factorized part of effective
matrix element (44) into PHOTOS library as well.

Matrix element (14) suits for simulation of 7 decays as well, since its tensor, de-
scribing outgoing particles, is exact and contribution from charged extra lepton,
comparing to 7 decay, can be switched off by zeroing corresponding four-momentum
and propagators.

[ have calculated factorized part of matrix element (59) for soft lepton extra pair
(from 7 and an outgoing charged lepton) emission in the 7 decay. Matrix element
for 7 — vwl + LL process is added to TAUOLA (see Section 7).

I have calculated soft (ISR and FSR) extra pair emission probability (63) for decay
of 7 lepton. This function (63) depends on cutoff parameter A for energy of ex-
tra pair and energy of outgoing charged lepton E; in the rest frame of decaying 7.
Conditions for approximation are that cutoff parameter A is much less than both
mass of decaying particle and energy of outgoing charged lepton E;, and that energy
E; is much larger than mass m; of this outgoing particle. Therefore, conditions of
applicability of extra pair emission probability (63) imply phase space restrictions
during simulations of 7= — i~ e~ etv, decays. Extra pair emission probability (73)
is integrated factorized part of matrix element for soft lepton extra pair emission (59).
Formula (59) and formula (73), with its precondition of E; < m; being ignored, have
been added to TAUOLA and have been crosschecked in the 7= — 7,u e etv, and
T~ — Uee”e e, channels: total cross sections for 7= — 7,u"e”etv, process agree
at level of 98%, total cross sections for 7= — D.e” e etv, process agree at level of
90% (see Section 7).
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A Integration of soft matrix element

Here I collect formulae of my calculation used to understand details of analytic calculation
of Ref. [13]. I have prepared variant of analytic calculation matching solution used in
PHOTOS. I start from the phase-space parametrization and integration of matrix element
follows.

A.1 Parametrization of the phase space

_ g gy d*p d*p' Acd ) _
V= ST Tl e R ) -
d’q 4’y d’p d’p'
= d*qd* : : : 2m)* x
| PO T e T
X 54(3 —p—p —q— CJ2)54(C] —q1— Q2)54(Q —p—7) (A1)
g dPg |q1|d cos 0, do
54 _ _ :/ a1 Q1’ A2
/ 20q0)0 2g” 1) 4 A2
where 6,,, ¢,, are direction of ¢ in the rest frame of ¢, |q1| = |@| = % — 2.
dp &3y |p|d cos 0,d¢
SO —p— 1) = / r% A3
/ 2(p)°2(p')° @-r-7) 4/ p? (A-3)
where 0, ¢, are direction of p in the rest frame of Q, |p| = |p/| = %2 —m2.
A
/ d'qd'Q5*(R—Q — q) = / (d cos quqﬁq)dMéde\g—; (A.4)
where 0,, ¢, are direction of ¢ in the rest frame of R.
1 1 42 1 am2 \J A8, M, M2)
Q= (27T)8/dMquMédcosaqldgbqldcosepdgbpdcos@qdaﬁqg\/1 - ;8\/1 — g; = 7 (A.5)

I choose that:

1. 6,, ¢, define orientation of p (in the rest frame of )) with respect to z axis along
direction of q (as seen in this frame);

2. 04, ¢q, define orientation of ¢; (in the rest frame of ¢) with respect to z axis along
boost from this frame to the rest frame of Q;

3. 04, ¢, define orientation of p with respect to laboratory directions (in the rest frame

of R).
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A.2 Preparation of the Matrix Element

Let me now turn attention to matrix element. Factorized term obtained from pair emission
matrix element and used in Ref. [13] formula (1) as integrand reads:

2p—aq 2p’ —aq 2p—aq 2p’ —aq

/ — ()21 _ _ 44t g —q* g™
F(p,p',q,q1,q2,a) = (W) 2 (aq2_2pq aq2_2p,q>u (aq2_2pq aq2_2p/q>y 2 (A.6)

Note that it includes factor ﬁ of the phase-space integration volume. We need to recall
that at the end of calculation.
Now I can express all four vectors necessary for formula (A.6) with the help of previously

specified angles. Four vectors p,p’, q, q1, g2 in the rest frame of @) read:

p = (E,,pcos¢,sinb,, psin¢,sinb,, pcosb,),

P = (E, —pcosd,sinb,, —psin¢,sinb,, —pcosb,),
¢ = (£40,0,9), (A.7)
where
1
E, = =M
p 2 )
M2
p= g
B s—Mé—qu
q )
oM
¢@—A@—A@y—4my@
— ) A8
q I (A.8)

To obtain expressions for £, and ¢ formulae for p and p’ and s = (p+p’ + q)? are needed.
I first define ¢; and ¢ in the the rest frame of g¢:

M
T (7‘1, v COS ¢y, SIn b, , vsin @, sinb,,, v cos by, ),
M, | o
@ = (7, —U COS ¢y, Sin b, , —vsin ¢y, sinb,,, —vcos by, ),
where
M?
Vo= —4q — (A.9)

A.3 Integration of matrix element

I have to calculate

_ 2
— Bl » :
o ./dQFM4| (A.10)
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where F' is given by formula (A.6) and d) by (A.5). |Mp|? is not important as it will be

seen.
Question is how to do it in most convenient way without loosing symmetry properties

of (A.6).
Observation:

1. F depends on all variables except 0,, ¢y;
2. |Mpg|* depends only on 6,, d;

. dglgy —qPgH
3. 04,, ¢, are present only in A

. . . 4 Hov 2 uv X
It is convenient to integrate 1219 gyer 0 in the rest frame of ¢g. Because of
2q4 q1) Yq1

Lorentz invariance we have

4 novo 2 uv
/ dqu(qu% = Xg"™ +Yq'q". (A.11)

Thus

At gy — ¢*g™
/ qudngqdz—q4 —

P . . 1 0 0 0
16T | 0 (ko) 0 0 ArMil o -1 0 0 |
oMo 0 (Hee) o 2M} | O 0 -1 0 )

0 0 L ) 00 0 -1

0 0 0
1|0 &(1+2) 0 0
- MZ| 0 0 (14 22) 0 -
0 0 0 (14 2)
1 0 0 0 1000
. 1 4rm 242 0 -1 0 0 1 4rm 202 0000/
RV 3(1+M;> 00 -1 0 +M;'3<1+Mq2) 0000 |
00 0 -1 0000
1 4n 212 1 4r 2u%\ q"q”
- - = ZE Yy = 20 (2 A.12
v () e s (3 -

It is easy to verify, that

2p —a 20 —a 2p —a 20 —a
(f g ?)(f i ?)Wq” (A-13)
aq® —2pq  aq® =2p'q) ,\ag® —2pq  aq® —2p'q/,

equals zero, and second part of (A.12) does not contribute. This is a consequence of
property resulting from Ward identity of QED [47].
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Products of four-vectors can be expressed with the help of invariants and masses used
in phase-space parametrization

M3
p.p/ _ 2Q_m2
s — M2 ]\12 M2 )\%(SM MQ)
Q Q @
= - — 0
P4 4 ;O oM,
s—MZ— M2 | M3 A2 (s, M3, M2)
Q Q Ok
pqg = 1 L+ 1 —m? 2Mg 1= cosb,. (A.14)

In case of a = 0 calculation is particularly simple:

2p—aq 2 —aq \°
ag® —2pq  ag® —2p'q)

B 4m?
= 2
s— M2 — M2 M2 A3 (s,M2,M2)
Q Q 2 A2 (Mg,
(Tq_ T_mM—QqCOSQP)
4m?
* M2 —M? M2 A2 (s,M2,M2) 2
(sT + - m2% cosﬁp)
2Mg2 — 4m?
2 (s—MZ—M2)? M3 A(s,M,M2) 9 9 (A'15)
1 (T —-m ) M—Q cos
In general case, thanks to (A.7), I obtain
( 2p—ag 2 —aq >2 _ [ 4p'pu+ a*¢"q, — dap,g” 4p"py + a*q"q, — 4apq"
aq® —2pq  aq® —2p'q (aghq, — 2E,Eq + 2pqcos0,)?  (agtqu — 2E,Eq — 2pq cos 6))?

L Aphpy, — 2aqu(p + p')* + a’¢Hqu
(agtqu — 2E,Eq + 2pq cos 0,) (agtq, — 2E,Ey — 2pq cos 0)

B 4m? + an2 —4aE,E, + 4apq cos 0,

N (aM2 — 2E,E, + 2pq cos 0,)*

4m? + aM? — 4aE,E, — 4apq cos b, A(m? + 2p°) — 4aEyEp + a® M ) (A.16)

(aM2 - 2E,E, — 2pqcos0,)>  (aMZ2 —2E,E,)? — 4p*q® cos2

In order to integrate expression (A.16) over cosf, I separate it into three parts corre-
sponding to distinct polynomials in cos,. Integrals read:

-1

o /dCOS . Am? + aM? — 4aE,E, N Am? + aM? — 4aE,E, ‘
! (aMZ —2E,E, + 2pqcos0,)*  (aM?2 — 2E,F, — 2pq cos 0,)?
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4apq cos 0, 4apq cos b,
Cy = dcos 0, 5 = — 5 o F
(aM? — 2E,E, + 2pq cos 0,,) (aM? —2E,E, — 2pq cos 0,)

-1
4(m?* + 2p*) — 4aE E, + a* M}
/dcos@

C; = :
’ P(aM? — 2E,E,)? — 4p*¢? cos? 0,

(A.17)

1

Let me now return to main eq. (A.10). I get

2 2
11 1 4,L1 m2 /A SMQ’M
= (271_)87#/|MB|2dedMédcosepng)pdcosﬁngZ)q8\/ \/

a,  2p—aq 2p — aq 2p — aq 2p — aq 2u?
X (= - - . 1 A.18
(W) (aq2 “opq  a? — 2p/q>u <aq2 “opq  a® —2pq ng 3 +5 M? ( )

or after re-ordering of terms

. 1 QL 9 , AM? Ap? 242 4m?
g = 7m(;) / [l]‘/13| dcosﬁqokbq] d]V[QVq;dCOsepd(bp A{Q A[qQ 1-— Féx

i 2p — aq 2 — aq 2p — aq 20" —aqg \"
X A2(s, MG, M2) | —5 - 5 -] (A19)
aq® —2pq  aq® —2p'q aq® —2pq  aq® — 2p'q

I simplify integral (A.19) with the help of (A.15). Expression (A.14) or(A.16) does not
depend on ¢,, integration over ¢, is trivial and gives an overall factor 2w. One also notice
that integrals over cos 6, of first and second part of (A.15) are equal. I obtain

B 1 Q. 9 ) dM2 4p2 20 4m?
1 8m
X A2(s, M%, qu) /d0039p - 5 —
sfMéfMg Mé 2)\5(5,M(2?,M§) )
! —5 V7T Mg, — cosb
2Mp — 4m? A
2 (sfMéfMg)2 Mé 9 A(S,M%,Mg) 29 ’ ( ’20)
1 (T —m ) T mg o O08

Now I need to integrate over cos@,. The following formulas are helpful

1
/ dx B 2
(A— Br)2 A2 - B2
-1

and

/ dz 1 A-B
A2 _ B2 AB A+ B’
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With help of these, I get:

_ 1 @2 2 , M 4p? 22 Am?
o = —3'2157&5(;) /[|MB| dcosbyde,| dMP, e 2y [1 — ﬁqz 1+ﬁq2 1-— 3 X

2
1 16m
1 2 272
2
XA (S>MQ7Mq)[(S_M5_Mg)2 MZ, 5\ A, MBM2) -
— 1 (am) aE
1
) ) soME-MZ[ME B (s,M M2
QMQ—4’ITL 2 4 m Mg
T : I . e [A.21)
soME-ME [ME L ABGMEME) e MB-ME [ag—aEe M3 )
2 1 Mo 2 1 Mo

Some ordering of terms gives

1 SRy 2 2 dMq2 4p? 2p4° 4m?

mQ

+
2 m?2 2
MM + i Ms, M3, M?)
— M2 — M?—  J1—4m2N\3(s, M2, M2
SR e ol e

(s = M3 — M2), /1= X (s, Mg, M2) s = Mg — M2 + /1= N3 (s, M3, M)
or with explicit expression of Born separated (two body phase space is taken from for-
mula (36) of Ref. [46]):

X A%(S,Mg,Mj)[

_|_

: LX) o
o = (27)° / [(2702 : 3 |MB|2dcosﬁqd¢q X A72(1, — ?)
2 1 — M)\l M2 M2
X (_2)(g)2/dM2dMqQ 1_4_MQ (1+2_[L2) " m m 2(37 Q> q)
Q ]
3s M? Mz Mz MqQMé T MTQ)\(SﬂM(%)uM(?)
Mg —2m? s — M; — M3 — 1—%)\%(5,]\457]\4(]2)
RS TRTE " 2 2 am? \ L > 172 (A.23)
PV s g T A Mg
A.4 Result

From (A.23) I obtain analog of formula (5) of Ref. [13]:

2 1 Amigie M2 M2
pair . <
3s'm M2 M2 Mz M2ME + M—é,\(s, M3, M2)



WeakSingleBoson:ffbar2gmZ = on WeakSingleBoson:ffbar2gmZ = on

23:onMode = off 23:o0nMode = off

23:onIfAny = 11 23:onIfAny = 13

23:mMin = 10.0 23:mMin = 10.0

23 :mMax = 200.0 23 :mMax = 200.0

HadronlLevel :Hadronize = off HadronLevel:Hadronize = off
SpaceShower :EDshowerByL = off SpaceShower : QEDshowerByL = off
SpaceShower :QEDshowerByQ = off SpaceShower : QEDshowerByQ = off
Partonlevel:ISR = off PartonlLevel:ISR = off
PartonlLevel:FSR = off PartonLevel:FSR = off
Beams:idA = 2212 Beams:idA = 2212

Beams:idB = 2212 Beams:idB = 2212

Beams:eCM = 14000.0 Beams:eCM = 14000.0

a)pp = Z —efe (eTe, ptu) b) pp = Z = prp (e, ptu)

Table A.1: Initialization parameters for PYTHIA.

2 2 4m? 2
M2 — om2 s— Mg — Mg — /11— )\(SMQ,M)
© ’ (A.24)

+ In
s=MJ =M s pz— MR+ )1 4m2A (s, M2, M2)

Mg
Note that the factor (
phase space parametrlzatlon was already incorporated into the formula (A.6).
In order to make comparison with an older calculations, I recall formula (5) of Ref. [13];
case of a = 0, which is exact for the emission of extra lepton pair from initial state.

s had to be dropped out to avoid double counting. This factor of

C3s'w M2 1\42 ]\/[2 M(123+m?2/\(3,M2,M(12)

5= 2m s+ M7 = M3 — /1 WA%@,MaM?) (A.25)

_ 2 , dM? a2 (2 A2 (s, M3, M7

+ In
V1= (s + M2 — M3) s+ M2— M3+ /1 —2\3(s, M3, M2)

I have now collected all formulae necessary for numerical results.
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Figure A.1: Number of events from PYTHIA multiplied by a factor resulting from for-
mula (A.24) divided by number of events from PYTHIAXPHOTOS. For these particular plots
there is difference in PYTHIA initialization parameters; energy range of leptonic system is
limited to [91.183,91.252] GeV window.
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WeakSingleBoson:ffbar2gmZ = on WeakSingleBoson:ffbar2gmZ = on

23:onMode = off 23:onMode = off

23:onIfAny = 11 23:onlfAny = 13

23:mWidth = 0 23:mWidth = 0

23:m0 = 91.187 23:m0 = 91.187

23:mMin = 91.17 23:mMin = 91.17

23 :mMax =91.2 23 :mMax =91.2
HadronLevel:Hadronize = off HadronLevel:Hadronize = off
SpaceShower:QEDshowerByL = off SpaceShower:QEDshowerByL = off
SpaceShower: QEDshowerByQ = off SpaceShower :QEDshowerByQ = off
PartonLevel:ISR = off PartonLevel:ISR = off
PartonLevel:FSR = off PartonLevel:FSR = off
Beams:idA = 11 Beams:idA = 11

Beams:idB = -11 Beams:idB = -11

Beams:eCM = 91.187 Beams:eCM = 91.187

a)ete” = Z s ete (ete ,utu) b)etem = Z — ptu(efe , utu)

Table B.1: Initialization parameters for PYTHIA.

B Plots

B.1 KORALW-PHOTOS comparison framework, plots

Fig. B.1 presents spectra of squared mass of puTete™ three (M? ) and of pete”

+ete—
three (M3,6+e,) and ratios of PHOTOS generated spectra to the#corresponding ones by
KORALW. Sharp peaks of the number of ptete™ three correspond to both small values of
invariant mass squared MZ+6+6, ~ 0 and values of invariant mass squared close to beam
CMS energy squared M3+e+€_ ~ M%; agreement between KORALW generated spectrum
and PHOTOS generated spectrum is the best for the most populated bins, including these
maximums. Minimum of the number of uTe®e™ three corresponds to square of invariant
mass of the three lying between 0.25- M2 and 0.4- M2; difference between KORALW generated
spectrum and PHOTOS generated spectrum is highest at this minimum and is up to factor of
1.4 for some bins. Spectrum of y"eTe™ three is indistinguishable from spectrum of y~e*e™
three and possesses the same characteristic features.

Fig. B.2 presents spectra of squared mass of et ™y~ three (Meauﬂr
three (Mf,lﬁu,) and ratios of PHOTOS generated spectra to the corresponding ones by
KORALW. Sharp peaks of the number of etu™p~ three correspond to both small values of
invariant mass squared ]\462+ ptp ™ 0 and values of invariant mass squared close to beam
CMS energy squared Me%wﬂr ~ MZ%; agreement between KORALW generated spectrum
and PHOTOS generated spectrum is the best for the most populated bins, including these
maximums. Minimum of the number of et ™y~ three corresponds to square of invariant
mass of the three lying between 0.55- M2 and 0.7- M2; difference between KORALW generated
spectrum and PHOTOS generated spectrum is highest at this minimum and is up to factor
of 1.5 for some bins. Spectrum of etu®p~ three is indistinguishable from spectrum of
e~ ptp~ three and possesses the same characteristic features.

Figs. B.3-B.4 present spectra of squared mass of etu™ pair (M62+u+), of e"pu~ pair

) and of e” T~
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Figure B.4: Pair invariant mass spectra in the channel Z — uTp~ete™. Spectra generated by
PHOTOS (red (dark grey) error bars) are obtained from samples of equal number of Z — e*e™ and
Z — ptu~ PYTHIA generated decays. They are compared with spectra by KORALW (green (light
grey) error bars) where four fermion final state matrix elements are used.
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(MZ2,-), of ety pair (M2 ), of e"p* pair (M2 ;) and ratios of PHOTOS generated
spectra to the corresponding ones by KORALW. Sharp peak of the number of e™ ™ pairs cor-
responds to small values of invariant mass squared M2, .+ ~ 0; agreement between KORALW
generated spectrum and PHOTOS generated spectrum is the best for the most populated
bins, including this maximum. The number of et u™ pairs decreases not slower than expo-
nentially with ]\462+MJr increase; its minimum is at Mfﬂﬁ ~ M2. Spectrum of e~ p~ pair,
spectrum of e™ ™ pair and spectrum of e~ u™ pair are indistinguishable from spectrum of
et pair and possess the same characteristic features, no charge asymmetry is observed.

Fig. B.5 presents summated spectra of squared mass of p+u~ pair (M3+“,), of squared
mass of Tt~ three (uTu®p™), of squared mass of ptp~p~ three (Miﬂru—) and ratios
of PHOTOS generated spectra to the corresponding ones by KORALW. For event selection dur-
ing the tests [41] MC-TESTER [16] has been used. For each four particle event generated by
KORALW MC-TESTER has to analyze this event, has to form all possible two and three particle
groups out of this event and has to count this groups properly. In case of e*e™ ut ™ chan-
nel all particles are different and grouping of them is a trivial task. In case of ™ p~ putu~
there are two possible ways of defining two pu*p~ pairs out of utp~putu~ event, so ex-
isting ".root" files [43] by KORALW contain missselected events. It is a way around to use
KORALW generated data in the ™~ pu™ ™ channel for comparison: one has to add together
all u*tu~ spectra both in the KORALW and PHOTOS data and then to compare resulting
spectra. Such summation is necessary for three particle groups p™p*u™, ptu~p~ too.
All further comparisons with KORALW data in the ptpu~ptp~ channel are for summated
wrp, ptutp~, ptu~p~ spectra. Summation averages discrepancy between summated
spectra by KORALW and by PHOTOS and thus complicates analysis of corresponding matrix
element by PHOTOS. In the following I use these summated spectra as additional reference
points (utpu~ ™ p~ channel) and T do not involve these spectra in precision tests. Sharp
peak of the number of u*p~ pairs corresponds to small values of invariant mass squared
Mi .- ~ 0; agreement between KORALW generated spectrum and PHOTOS generated spec-
trum is the best for the most populated bins near this peak. Local maximum of the number
of ™~ pairs corresponds to values of invariant mass squared close to beam CMS energy
squared Miﬂr ~ M2%; comparing to KORALW data, PHOTOS overproduces events near this
maximum. Minimum of the number of p* ™ pairs corresponds to square of invariant mass
of the pair lying between 0.35 - M2 and 0.5 - M2%; difference between KORALW generated
spectrum and PHOTOS generated spectrum is highest at this minimum and is up to factor
of 1.2 for some bins. Sharp peaks of the number of u*pu*u~ three correspond to both
small values of invariant mass squared Mi*uﬂr ~ 0 and values of invariant mass squared
close to beam CMS energy squared Mimw_ ~ M?2; agreement between KORALW generated
spectrum and PHOTOS generated spectrum is the best for the most populated bins, includ-
ing these maximums. Minimum of the number of u*u*u~ three corresponds to square
of invariant mass of the three lying between 0.45 - M% and 0.6 - M2; difference between
KORALW generated spectrum and PHOTOS generated spectrum is highest at this minimum
and is up to factor of 1.25 for some bins. Spectrum of p*u~pu~ three is indistinguishable
from spectrum of putp~p~ three and possesses the same characteristic features.
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Figure B.5: Sum of two and sum of three particles invariant mass spectra in the channel Z —
ptu~ptp~. Spectra generated by PHOTOS (red (dark grey) error bars) are obtained from sample
of Z — up~ PYTHIA generated decays. They are compared with spectra by KORALW (green (light
grey) error bars) where four fermion final state matrix elements are used.
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generated decays. They are compared with spectra by KORALW (green (light grey) error bars)
where four fermion final state matrix elements are used.
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Fig. B.6 presents spectra of squared mass of u*u™ pair (Miﬂﬁ)’ of u~p~ pair (Mi‘/r)
and ratios of PHOTOS generated spectra to the corresponding ones by KORALW. Sharp peak of
the number of u* ™ pairs corresponds to small values of invariant mass squared Mi+ o~ 05
agreement between KORALW generated spectrum and PHOTOS generated spectrum is the best
for the most populated bins, including this maximum. The number of u* ™ pairs decreases
not slower than exponentially with Mi*/ﬁ increase; its minimum is at Mi*;ﬁ ~ M?Z.
Spectrum of p~p~ pair is indistinguishable from spectrum of p~p~ pair and possess the
same characteristic features. On the one hand, spectra of utu™ pair and of p~ ™ pair are
least attractive observable in the p*p~pt ™ channel for precision tests: hardest emissions
are of the most interest and hardest emissions correspond to the most fluctuating and the
least populated bins. On the other hand, spectra of pu*u™ pair and of x~p~ pair are not
summated leading to clear correspondence between data and matrix element. I keep using
these KORALW generated spectra for crosschecks in the p™p~ ™ pu~ channel.

B.2 PHOTOS with full matrix element, plots

Fig. B.7 present spectra of squared mass of et u™ pair (Me%",u,"')’ of et pair (MeQ—;ﬁ) and

ratios of PHOTOS generated spectra to the corresponding ones by KORALW. Agreement be-
tween PHOTOS with matrix element (14) and KORALW is good. This agreement is remarkable
since it covers difference of 6 powers of magnitude in numbers of events of the presented
spectra. Maximum deviation of PHOTOS generated spectra from etalon one is 2.5 times
and is for the one of the least populated bins which contains ~ 10 events only. For the
most populated bins (number of events between 6 - 10° and 300) this deviation is less than
20%. Spectrum of et p™ pair is indistinguishable from spectrum of e~ pair and possess
the same characteristic features, no charge asymmetry is observed. Therefore, spectrum of
e~ p~ pair and spectrum of ey pair are not presented at all.

Fig. B.8 presents ratios of PHOTOS generated summated spectra of squared mass of pp~
pair (]\/.I'ELJr ) and of squared mass of prptp~ three (ututp™), spectra of squared mass
of u™p™ pair (Miﬂﬁ)’ and of p~pu~ pair (Mi,“,) to the corresponding one’s by KORALW.
Agreement between PHOTOS with matrix element (14) and KORALW is good. The most clear
indicators are spectrum of putpu™ pair and spectrum of x4~ p~ pair since these spectra are
not summated. ™ pt pair and g~ p” pair spectra posses characteristic features similar to
the one’s of et u™ pair and e~ pu* pair spectra (Fig. B.7).

While Figs. 9,B.1-B.6 present full list of spectra, it is not necessary to present all
possible spectra during further tests. As it is noticed before, squared mass of ete™ pair
(M2 ) and squared mass of ptp~ pair (]\/[im_) are experiment observables [1] and their
spectra are of most interest. Approximations in matrix elements residual (16) should lead
to improvements in terms of MC generation and should not lead significant distortions in
particle spectra. ete™ pair and pp~ pair spectra are not enough to cover description of
four particle end state. Therefore, spectrum of squared mass of u"ete™ three (le+e+e,)
and spectrum of squared mass of eyt~ three (M62+u+u—) are chosen to be presented
during further tests. Matrix element (14) do not have resonances for invariant mass of
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Figure B.7: PHOTOS generated spectra (of squared mass of eTu™ pair (M32+#+)’ of e~ T pair

(Mg‘/ﬁ)) in the Z — pTp ete” channel. Spectra generated by PHOTOS are obtained from

samples of equal number of PYTHIA generated Z — ete™ and Z — u ™ decays. Red (dark grey)
error bars represent spectra by unmodified PHOTOS [11]. Black error bars and black dashed line
represent spectra by improved PHOTOS with matrix element (14). They are compared with spectra
by KORALW (green (light grey) error bars) where four fermion final state matrix elements are used.
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Figure B.8: Ratios of PHOTOS generated spectra (of squared mass of u™putpu~ three (M3+u+“,),
of ptut pair (M3+u+)’ of p~p~ pair (Mi‘u‘) and sum of putu~ pair (M3+M_) spectra) in
Z — pTpu~ptp~ channel to the corresponding one’s by KORALW. Spectra generated by PHOTOS
are obtained from sample of Z — pu*p~ PYTHIA generated decays. Red (dark grey) error bars
represent spectra by unmodified PHOTOS [11]. Black error bars represent spectra by improved
PHOTOS with matrix element (14) installed into it.
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etu™ pair, or et~ pair, or e~ puT, or e~ p~ pair going to zero. Additionally, spectra of
squared mass of e u™ pair (M2 ,+) and of e~ pair (M2 ,+) are noisy. Therefore, T avoid
presenting these spectra. Considering pu*pu~ p*p~ channel. Due to features of existing
KORALW data for the p*p~p™p~ channel, all p*p~ pair spectra should be summed and all
wrptp~ three spectra should be summed. On the other hand, p*u™ pair spectrum and
M~ p~ pair spectrum are remaining two not summed observables, making them valuable

"reference point" for PHOTOS-KORALW tests in the p™p~ ™ p~ channel.

B.3 Fix for )

Figs. B.9, B.11, B.13 present data in Z — eTe eTe” and Z — ptpu~ p*p~ channels for
beam CMS energies of Ecys = My, 0.8-My, 0.6- M4 correspondingly. Figs. B.9, B.11, B.13
present ratios of PHOTOS generated spectra of squared mass of ete™ pair (M2 ), of ppu~
pair (Mim,), of squared mass of eTete™ three (M2, ) and of squared mass of ptptp~
three (Mimm_) to the corresponding one’s by PHOTOS with matrix element (14). Agree-
ment between PHOTOS with kernel Fj.q (34) and PHOTOS with matrix element (14) is
good. PHOTOS with kernel Fi.q (34) tends to slightly overproduce p*p~ pairs in the least
populated part of the spectrum (up to 16% not taking error into account) causing over-
production of u* ™ pairs (up to 6%) in the first bin. Numbers of eTe™ pairs never deviate
more than 7% from corresponding numbers of etalon spectra. Numbers of ete™ and putpu~
pairs with invariant mass close to beam CMS energy coincide with corresponding numbers
of etalon spectra.

Figs. B.10, B.12 present data in Z — ete~ "~ channel for beam CMS energies of 0.8 -
Mz, 0.6 - M5 correspondingly. Figs. B.10, B.12 present ratios of PHOTOS generated spectra
of squared mass of eTe™ pair (M2 ), of u™p~ pair (Miw_), of squared mass of yutete”
three (M 3+e+e,) and of squared mass of e* Ty~ three (M2, v+ ) to the corresponding one’s
by PHOTOS with matrix element (14). Agreement between PHOTOS with kernel Fi.s (34)
and PHOTOS with matrix element (14) is good. PHOTOS with kernel F.4; (34) tends to
slightly overproduce eTe™ pairs in the least populated part of the spectrum (up to 15%
not taking error into account) causing overproduction of u* ™ pairs (up to 7%) in the first
bin. Numbers of ptu~ pairs never deviate more than 4% from corresponding numbers of
etalon spectra. Numbers of eTe™ and " p~ pairs with invariant mass close to beam CMS
energy coincide with corresponding numbers of etalon spectra.

Spectra by PHOTOS with kernel Fi.qo (37) are presented in Figs. B.9-B.13. Agreement
between PHOTOS with kernel Fj g0 (37) and PHOTOS with matrix element (14) is good.

Spectra by PHOTOS with kernel Fi.q3 (40) are presented in Figs. B.9-B.13.

| My + M2|§Oft not being soft enough, plots

spins
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Figure B.9: Ratios of PHOTOS generated spectra (of squared mass of eTe™ pair (M2 ), of ptp~
pair (Miﬂr)’ of squared mass of u* ™~ three (M;f*/ﬁu*) and of squared mass of eTeTe™ three
(M2 . .-)) at CMS energy of Ecyg = Mz in Z — p p~ptp~ and Z — ete ete™ channels
to the corresponding one’s by improved PHOTOS with matrix element (14). Spectra generated
by PHOTOS are obtained from samples of Z — eTe™ and Z — p™pu~ PYTHIA generated decays.
Black dotted line represents spectra by PHOTOS with kernel of extra pair emission given by the
formula (34). Solid red line (solid dark grey in greyscale) represents spectra by PHOTOS with kernel
of extra pair emission given by the formula (37). Green solid line (solid light grey in greyscale)

represents spectra by PHOTOS with kernel of extra pair emission given by the formula (40).
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Figure B.10: Ratios of PHOTOS generated spectra (of squared mass of e*e™ pair (M62+e_ ), of utp™
pair (Miﬂr), of squared mass of u*ete™ three (M3+e+e,) and of squared mass of ey~ three
( 62+#+“_)) at CMS energy of Ecprs = 0.8- My in Z — eTe”ptpu~ channel to the corresponding
one’s by improved PHOTOS with matrix element (14). Spectra generated by PHOTOS are obtained
from samples of equal number of Z — ete™ and Z — "~ PYTHIA generated decays. Black dot-
ted line represents spectra by PHOTOS with kernel of extra pair emission given by the formula (34).
Solid red line (solid dark grey in greyscale) represents spectra by PHOTOS with kernel of extra
pair emission given by the formula (37). Green solid line (solid light grey in greyscale) represents
spectra by PHOTOS with kernel of extra pair emission given by the formula (40).
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Figure B.11: Ratios of PHOTOS generated spectra (of squared mass of eTe™ pair (M2, ), of ptp~
pair (M3+M,), of squared mass of u* ™~ three (Miﬂﬁ/f) and of squared mass of eTeTe™ three
(M2 . ._)) at CMS energy of Ecarg = 0.8-Mz in Z — ptp~ptp~ and Z — ete”ete™ channels
to the corresponding one’s by improved PHOTOS with matrix element (14). Spectra generated

by PHOTOS are obtained from samples of Z — eTe™

and Z — puTp~ PYTHIA generated decays.

Black dotted line represents spectra by PHOTOS with kernel of extra pair emission given by the
formula (34). Solid red line (solid dark grey in greyscale) represents spectra by PHOTOS with kernel
of extra pair emission given by the formula (37). Green solid line (solid light grey in greyscale)
represents spectra by PHOTOS with kernel of extra pair emission given by the formula (40).
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Figure B.12: Ratios of PHOTOS generated spectra (of squared mass of e™e™ pair (M2, ), of ptp~
pair (Miﬂr)’ of squared mass of uTete™ three (M3+e+6_) and of squared mass of e"p* ™ three
(Megﬂﬁ;r)) at CMS energy of Ecprs = 0.6- My in Z — ete” ptpu~ channel to the corresponding
one’s by improved PHOTOS with matrix element (14). Spectra generated by PHOTOS are obtained
from samples of equal number of Z — eTe™ and Z — p*pu~ PYTHIA generated decays. Black dot-
ted line represents spectra by PHOTOS with kernel of extra pair emission given by the formula (34).
Solid red line (solid dark grey in greyscale) represents spectra by PHOTOS with kernel of extra
pair emission given by the formula (37). Green solid line (solid light grey in greyscale) represents
spectra by PHOTOS with kernel of extra pair emission given by the formula (40).
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Figure B.13: Ratios of PHOTOS generated spectra (of squared mass of e*e™ pair (M2, __), of ptp~
pair (M5+u,), of squared mass of u ™~ three (Miﬂﬁu’) and of squared mass of eTeTe™ three
(M2 . __)) at CMS energy of Ecarg = 0.6-Mz in Z — ptp~ptp~ and Z — ete ete channels
to the corresponding one’s by improved PHOTOS with matrix element (14). Spectra generated
by PHOTOS are obtained from samples of Z — eTe™ and Z — pup~ PYTHIA generated decays.
Black dotted line represents spectra by PHOTOS with kernel of extra pair emission given by the
formula (34). Solid red line (solid dark grey in greyscale) represents spectra by PHOTOS with kernel
of extra pair emission given by the formula (37). Green solid line (solid light grey in greyscale)
represents spectra by PHOTOS with kernel of extra pair emission given by the formula (40).

Considering Z — ptp~ptp~ channel: PHOTOS with kernel Fi.q 3 (40) tends to slightly
overproduce 1~ pairs in the least populated part of the spectrum (up to 15% not taking
error into account) causing overproduction of ptu~ pairs (up to 6%) in the first bin.
Considering Z — ete eTe™ channel: numbers of ete™ pairs never deviate more than 5%
from corresponding numbers of etalon spectra. For each channel numbers of ete™ and
wp pairs with invariant mass close to beam CMS energy coincide with corresponding
numbers from etalon spectra. For each channel and for each bin the number of ete”
or utu~ pairs generated by PHOTOS with kernel Fj 3 (40) is larger than corresponding
number from data by PHOTOS with kernel Fi.g0 (37), their difference is small.
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Spectra by PHOTOS with kernel Fi.q4 (41) are presented in Figs. B.14-B.20.

Fig. B.14 presents data in Z — eTe” utu~ channel. Fig. B.14 presents ratios of PHOTOS
generated spectra of squared mass of uTeTe™ three (M3+e+e,) and of squared mass of
etutp~ three (Me2+u+;f) to the corresponding one’s by KORALW. Left hand side of Fig. B.14
presents simulation sample in form of error bars. Right hand side of Fig. B.14 presents
simulation sample in form of mean values, that should improve readability of the plots.
Agreement between PHOTOS with kernel Fi.q4 (41) and KORALW is good. Agreement between
PHOTOS with kernel Fisq (41) and PHOTOS with matrix element (14) is good. Numbers of
PHOTOS test events and KORALW test events for any bin never differ greatly in the ratio more
than 22%. Such difference rather vanishes with statistics increase.

Figs. B.15, B.17, B.19 present data in Z — ete~ "~ channel for beam CMS energies
of My, 0.8 - My, 0.6 - My correspondingly. Figs. B.17, B.19 present ratios of PHOTOS
generated spectra of squared mass of e*e™ pair (M2 ), of u*p~ pair (Mim,), of squared
mass of puTete™ three (M3+e+€,) and of squared mass of et putu~ three (Me2+,ﬁ,r) to the
corresponding one’s by PHOTOS with matrix element (14).

Figs. B.16, B.18, B.20 present data in Z — ete"ete™ and Z — u™p~pu* ™ channels for
beam CMS energies of Ecpyrg = Mz, 0.8-My , 0.6-M 4 correspondingly. Figs. B.16, B.18, B.20
present ratios of PHOTOS generated spectra of squared mass of ete™ pair (M2 ), of ptp~
pair (M;f*;r)’ of squared mass of eTete™ three (M2, ) and of squared mass of ptptp~

three (M 3+ .+~ ) to the corresponding one’s by PHOTOS with matrix element (14).
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Figure B.14: Ratios of PHOTOS generated spectra (of squared mass of u*ete™ three (Mihﬁe*)
and of squared mass of et~ three (Me2+u+u )) at CMS energy of Ecys = My in Z —
ete~ptu~ channel to the corresponding one’s by KORALW. Spectra generated by PHOTOS are ob-
tained from samples of equal number of Z — eTe™ and Z — pu™p~ PYTHIA generated decays. Red
(dark grey in greyscale) solid line and red (dark grey) error bars represent spectra by unmodified
PHOTOS [11]. Black dashed line and black error bars represent spectra by improved PHOTOS with
matrix element (14) installed into it. Green (light grey in greyscale) solid line and green (light
grey) error bars represent spectra by improved PHOTOS with kernel of extra pair emission given by
the formula (41).
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Figure B.15: Ratios of PHOTOS generated spectra (of squared mass of e*e™ pair (M2, __), of ptp~
pair (MEJW_), of squared mass of uTete™ three (M3+e+e_) and of squared mass of e" ™ three
(Méu+ _)) in Z — ete ptp~ channel to the corresponding one’s by improved PHOTOS with
matrix element (14). Spectra generated by PHOTOS are obtained from samples of equal number of
Z — ete” and Z — puTp~ PYTHIA generated decays. Red (dark grey) error bars represent spectra
by unmodified PHOTOS [11]. Green (light grey) error bars represent spectra by PHOTOS with kernel
of extra pair emission given by the formula (41).
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Figure B.16: Ratios of PHOTOS generated spectra (of squared mass of e*e™ pair (M2, __), of ptp~
pair (M3+u,), of squared mass of u ™~ three (M/zﬂﬁ/f) and of squared mass of eTeTe™ three
(M2, ;.-)) at CMS energy of Ecys = Mz in Z — ptp~ptp~ and Z — ete ete™ channels
to the corresponding one’s by improved PHOTOS with matrix element (14). Spectra generated by
PHOTOS are obtained from samples of Z — eTe™ and Z — p*u~ PYTHIA generated decays. Red
(dark grey) error bars represent spectra by unmodified PHOTOS [11]. Green (light grey) error bars

represent spectra by PHOTOS with kernel of extra pair emission given by the formula (41).
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Figure B.17: Ratios of PHOTOS generated spectra (of squared mass of eTe™ pair (M62+e, ), of utpu~
pair (Miﬂr)’ of squared mass of uTete™ three (Mi+e+e_) and of squared mass of e" ™ three
(Mezﬂﬁlr)) at CMS energy of Ecpyrg = 0.8 My in Z — ete” ptpu~ channel to the corresponding
one’s by improved PHOTOS with matrix element (14). Spectra generated by PHOTOS are obtained
from samples of equal number of Z — eTe™ and Z — uTu~ PYTHIA generated decays. Red
(dark grey) error bars represent spectra by unmodified PHOTOS [11]. Green (light grey) error bars

represent spectra by PHOTOS with kernel of extra pair emission given by the formula (41).
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Figure B.18: Ratios of PHOTOS generated spectra (of squared mass of e™e™ pair (M2, __), of ptp~
pair <M3ﬂr>’ of squared mass of u* ™~ three (M/i*u*u*) and of squared mass of eTeTe™ three
(M? ;.-)) at CMS energy of Ecas = 0.8-Myzin Z — ptp~ptp~ and Z — ete”ete channels
to the corresponding one’s by improved PHOTOS with matrix element (14). Spectra generated by

PHOTOS are obtained from samples of Z — eTe™

and Z — ptp~ PYTHIA generated decays. Red

(dark grey) error bars represent spectra by unmodified PHOTOS [11]. Green (light grey) error bars
represent spectra by PHOTOS with kernel of extra pair emission given by the formula (41).
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Figure B.19: Ratios of PHOTOS generated spectra (of squared mass of e™e™ pair (M2, _), of ptp~
pair (M5+M,), of squared mass of uTete™ three (M3+e+6,) and of squared mass of e" i~ three
(MegﬂLﬂr» at CMS energy of Ecps = 0.6- My in Z — ete” putp~ channel to the corresponding
one’s by improved PHOTOS with matrix element (14). Spectra generated by PHOTOS are obtained
from samples of equal number of Z — eTe™ and Z — u*pu~ PYTHIA generated decays. Red
(dark grey) error bars represent spectra by unmodified PHOTOS [11]. Green (light grey) error bars

represent spectra by PHOTOS with kernel of extra pair emission given by the formula (41).
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Figure B.20: Ratios of PHOTOS generated spectra (of squared mass of e*e™ pair (M62+e_ ), of utp™
pair (Miﬂr ), of squared mass of u™ pu*p~ three (Miﬂﬁu’) and of squared mass of eTeTe™ three
(M2 . ._)) at CMS energy of Ecarg = 0.6-Mz in Z — ptp~ptp~ and Z — ete ete channels
to the corresponding one’s by improved PHOTOS with matrix element (14). Spectra generated by
PHOTOS are obtained from samples of Z — ete™ and Z — p*pu~ PYTHIA generated decays. Red
(dark grey) error bars represent spectra by unmodified PHOTOS [11]. Green (light grey) error bars
represent spectra by PHOTOS with kernel of extra pair emission given by the formula (41).

Agreement between PHOTOS with kernel Fiegq (41) and PHOTOS with matrix element (14)
is good. Numbers of eTe™ pairs never deviate more than 10% from corresponding numbers
of etalon spectra. Numbers of 1y~ pairs never deviate more than 5% from corresponding
numbers of etalon spectra. Numbers of ete™ and p™p~ pairs with invariant mass close to
beam CMS energy coincide with corresponding numbers of etalon spectra.

I should note that agreement between PHOTOS with kernel Fj g4 (41) and PHOTOS with
matrix element (14) is quite remarkable and numerically stable.
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Spectra by PHOTOS with kernel Fi.q5 (42) are presented in Figs. B.21-B.28.

Fig. B.21 presents data in Z — eTe”utu~ channel. Fig. B.21 presents ratios of PHOTOS
generated spectra of squared mass of uTeTe™ three (M3+e+e,) and of squared mass of
etutp~ three (Me2+u+;f) to the corresponding one’s by KORALW. Left hand side of Fig. B.21
presents simulation sample in form of error bars. Right hand side of Fig. B.21 presents
simulation sample in form of mean values, that should improve readability of the plots.
Agreement between PHOTOS with kernel Fi.q5 (42) and KORALW is good. Agreement between
PHOTOS with kernel Fj.q5 (42) and PHOTOS with matrix element (14) is good. Numbers of
PHOTOS test events and KORALW test events for any bin never differ greatly in the ratio more
than 22%. Such difference rather vanishes with statistics increase.

Fig. B.22 presents data in Z — putpu~pup~ channel. Fig. B.22 presents ratios of PHOTOS

generated summated spectra of squared mass of u*p~ pair (M 3+ H,) and of squared mass of

wptp~ three (utptp™), spectra of squared mass of ™ pair (M3+u+)’ and of p~p~ pair
(Mi—u—) to the corresponding one’s by KORALW. Agreement between PHOTOS with kernel
Fiests (42) and KORALW is good. Agreement between PHOTOS with kernel Fi.q 5 (42) and
PHOTOS with matrix element (14) is good.

Matrix elements residual Fi.g5 (42) is a patchwork made of parts of matrix elements
residual F,;. Shown agreement between PHOTOS with kernel Fi g5 (42) and KORALW in
the Z — ete putp~ and Z — putp~ ptp~ channels can be accidental for a given initial
conditions. While matrix element (14) is exact and while its tests show good agreement
with KORALW tests, it is essential to use PHOTOS with matrix element (14) for generation of
etalon spectra for beam CMS energies less than M.

Figs. B.23, B.25, B.27 present data in Z — ete~ "~ channel for beam CMS energies
of Feys = My, 0.8 - My , 0.6 - My correspondingly. Figs. B.23, B.25, B.27 present
ratios of PHOTOS generated spectra of squared mass of ete™ pair (M2 ), of u"u~ pair
(Miﬂf)’ of squared mass of u*ete™ three (M5+e+e,) and of squared mass of eyt~ three
(Me%r/ﬁu*) to the corresponding one’s by PHOTOS with matrix element (14). Agreement
between PHOTOS with kernel Fi.qs5 (42) and PHOTOS with matrix element (14) is good. The
ratio between numbers of events for any bin never differs from 1. more than 10%. It looks
that PHOTOS with kernel Fi.q5 (42) tends to slightly overproduce ete™ pairs in the least
populated part of the spectrum causing overproduction of p*u~ pairs (up to 5%) in the
first bin.

Figs. B.24, B.26, B.28 present data in Z — ete"ete™ and Z — p*p~p* = channels for
beam CMS energies of Ecys = Mz, 0.8-My , 0.6- M5 correspondingly. Figs. B.24, B.26, B.28
present ratios of PHOTOS generated spectra of squared mass of ete™ pair (M2 ), of ptp~
pair (M3+u,), of squared mass of e*efe™ three (M? ;) and of squared mass of ptptp~
three (M;f*uﬂr) to the corresponding one’s by PHOTOS with matrix element (14). Agree-
ment between PHOTOS with kernel Fi.q5 (42) and PHOTOS with matrix element (14) is good.
The ratio between numbers of events for any bin of ete™ pair spectrum never differs from
1. more than 5%. The ratio between numbers of events for any bin of u* ™~ pair spectrum
never differs from 1. more than 8%. It looks that PHOTOS with kernel Fj.y5 (42) tends to
slightly overproduce ptp~ pairs in the least populated part of the spectrum.
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I should note that numerical agreement between PHOTOS with kernel Fj.q5 (42) and
KORALW is quite remarkable (Figs. 14,B.21,B.22) and numerically stable (Figs. B.23-B.28).
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Figure B.21: Ratios of PHOTOS generated spectra (of squared mass of utete™ three (M5+e+e_)
and of squared mass of et p*u~ three (M62+u+u )) at CMS energy of Ecys = Mgz in Z —
ete~ptu~ channel to the corresponding one’s by KORALW. Spectra generated by PHOTOS are ob-
tained from samples of equal number of Z — eTe™ and Z — ™~ PYTHIA generated decays. Red
(dark grey in greyscale) solid line and red (dark grey) error bars represent spectra by unmodified
PHOTOS [11]. Black dashed line and black error bars represent spectra by improved PHOTOS with
matrix element (14) installed into it. Green (light grey in greyscale) solid line and green (light
grey) error bars represent spectra by improved PHOTOS with kernel of extra pair emission given by
the formula (42).
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Figure B.22: Ratios of PHOTOS generated spectra (of squared mass of pt
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of p*u™ pair (Mi+ ), of pmu~ palr (M2_ _) and sum of u™ ™ pair (M2+ _) spectra) at CMS
energy of Ecyys = Mz in Z — ptp~ptp channel to the corresponding one’s by KORALW. Spectra
generated by PHOTOS are obtained from sample of Z — p+u~ PYTHIA generated decays. Red (dark
grey) error bars represent spectra by unmodified PHOTOS [11]. Black error bars represent spectra by
improved PHOTOS with matrix element (14) installed into it. Green (light grey) error bars represent
spectra by improved PHOTOS with kernel of extra pair emission given by the formula (42).
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Figure B.23: Ratios of PHOTOS generated spectra (of squared mass of e™e™ pair (M2, _), of ptp~
pair (Miﬂr)’ of squared mass of uTete™ three (M5+e+6_) and of squared mass of e" ™t~ three
(Megﬂﬁ;r)) at CMS energy of Ecys = Mz in Z — ete” putpu~ channel to the corresponding
one’s, that are generated by improved PHOTOS with matrix element (14) installed into it. Spectra
generated by PHOTOS are obtained from samples of equal number of Z — ete™ and Z — putpu~
PYTHIA generated decays. Red (dark grey) error bars represent spectra by unmodified PHOTOS [11].
Green (light grey) error bars represent spectra by improved PHOTOS with kernel of extra pair

emission given by the formula (42).
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Figure B.24: Ratios of PHOTOS generated spectra (of squared mass of e*e™ pair (M62+e_), of utp~

pair (Miﬂr)’ of squared mass of etete™ three (M2 . _) and of squared mass of pputp™ three
(Mi+u+u‘)) at CMS energy of Ecys = Mz in Z — ptp~pTp~ and Z — ete”ete™ channels

to the corresponding one’s, that are generated by improved PHOTOS with matrix element (14)
installed into it. Spectra generated by PHOTOS are obtained from samples of Z — eTe™ and
Z — ptp~ PYTHIA generated decays. Red (dark grey) error bars represent spectra by unmodified
PHOTOS [11]. Green (light grey) error bars represent spectra by improved PHOTOS with kernel of
extra pair emission given by the formula (42).
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Figure B.25: Ratios of PHOTOS generated spectra (of squared mass of e*e™ pair (M62+e_), of utp~

pair (Miﬂr)’ of squared mass of uTeTe™ three (M3+e+e,) and of squared mass of e" Ty~ three
(Mgﬂﬁu‘)) at CMS energy of Ecprg = 0.8- My in Z — eTe” ptpu~ channel to the corresponding

one’s, that are generated by improved PHOTOS with matrix element (14) installed into it. Spectra
generated by PHOTOS are obtained from samples of equal number of Z — ete™ and Z — ptpu~
PYTHIA generated decays. Red (dark grey) error bars represent spectra by unmodified PHOTOS [11].
Green (light grey) error bars represent spectra by improved PHOTOS with kernel of extra pair
emission given by the formula (42).
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Figure B.26: Ratios of PHOTOS generated spectra (of squared mass of e*e™ pair (M2, __), of ptp~
pair (Miﬂr ), of squared mass of eTete™ three (M2, _, ) and of squared mass of p*pp~ three
<M5+u+u‘)) at CMS energy of Ecpyrs = 0.8-Myzin Z — pu~ptp~ and Z — eTe”ete™ channels
to the corresponding one’s, that are generated by improved PHOTOS with matrix element (14)
installed into it. Spectra generated by PHOTOS are obtained from samples of Z — eTe™ and
Z — putu~ PYTHIA generated decays. Red (dark grey) error bars represent spectra by unmodified
PHOTOS [11]. Green (light grey) error bars represent spectra by improved PHOTOS with kernel of

extra pair emission given by the formula (42).

99



o 10} IIIIIIE:EIj o 1.0} e
2 - £ L
2 III 14 IIf
0.8} I 1 0.8} II
1 -
L ] L En
0.6 T II 0.6 -
1 -
0.4} 1 0.4} -
.
0
1 1 1 1 0 1 1 1 1
935 0.2 0.4 0.6 0.8 %5 0.2 0.4 0.6 0.8
M? ¢+ o-1(0.6:My)? M2 -1(0.6-Mz)?
1.0 - 1.0F 4
9 — = <} R S 1
g III = & IIII S
o8} T . osl 1T -
T
0.6f 1 0.6}
0.4f 1 0.4f
%35 02 04 06 0.8 %35 02 0.4 0.6 0.8
Mg+ 1+ ,1(0.6-Mz)? M e 6-1(0.6-Mz)?

Figure B.27: Ratios of PHOTOS generated spectra (of squared mass of e™e™ pair (M2, ), of ptp~
pair (Miﬂr)’ of squared mass of uTete™ three (M5+e+6_) and of squared mass of "t~ three
(Meauﬂf)) at CMS energy of Ecprs = 0.6- My in Z — ete” ptpu~ channel to the corresponding
one’s, that are generated by improved PHOTOS with matrix element (14) installed into it. Spectra
generated by PHOTOS are obtained from samples of equal number of Z — ete™ and Z — putpu~
PYTHIA generated decays. Red (dark grey) error bars represent spectra by unmodified PHOTOS [11].
Green (light grey) error bars represent spectra by improved PHOTOS with kernel of extra pair
emission given by the formula (42).
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Figure B.28: Ratios of PHOTOS generated spectra (of squared mass of e*e™ pair (M2, __), of ptp~
pair (M3+u, ), of squared mass of eTete™ three (M2 _, ) and of squared mass of p*pp~ three
<M5+u+u‘)) at CMS energy of Ecpyrs = 0.6-Mzin Z — ppu~ptp~ and Z — eTe~ete™ channels
to the corresponding one’s, that are generated by improved PHOTOS with matrix element (14)
installed into it. Spectra generated by PHOTOS are obtained from samples of Z — eTe™ and
Z — putu~ PYTHIA generated decays. Red (dark grey) error bars represent spectra by unmodified
PHOTOS [11]. Green (light grey) error bars represent spectra by improved PHOTOS with kernel of

extra pair emission given by the formula (42).
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B.4 Effective factorization of matrix element, plots

Spectra by PHOTOS with kernel Fi.q¢ (43) are presented in Figs. B.29-B.33.

Figs. B.29, B.31, B.20 present data in Z — ete"eTe™ and Z — p™p~ptp~ channels for
beam CMS energies of Ecys = Mz, 0.8-My , 0.6- M5 correspondingly. Figs. B.29, B.31, B.33
present ratios of PHOTOS generated spectra of squared mass of ete™ pair (M2 ), of ptp~
pair (Mfm—)’ of squared mass of eTete™ three (M2, ) and of squared mass of ptputp~
three (Miﬂﬁ ,—) to the corresponding one’s by PHOTOS with matrix element (14). Agree-
ment between PHOTOS with kernel Fi.qq (41) and PHOTOS with matrix element (14) is good.
Numbers of ete™ pairs never deviate more than 10% from corresponding numbers of etalon
spectra. Numbers of u™ ™ pairs never deviate more than 5% from corresponding numbers
of etalon spectra. Numbers of eTe™ and ptp~ pairs with invariant mass close to beam
CMS energy coincide with corresponding numbers of etalon spectra.

Figs. B.30, B.32 present data in Z — ete” utp~ channel for beam CMS energies of 0.8 -
My ;0.6 My correspondingly. Figs. B.30, B.32 present ratios of PHOTOS generated spectra
of squared mass of eTe™ pair (M2 ), of u™p~ pair (Mim_), of squared mass of utete”
three (M3+e+e,) and of squared mass of etpu~ three (M2 ,+,~) to the corresponding
one’s by PHOTOS with matrix element (14).

Results of this test are unsatisfying. In each channel disagreement between ete™ (or
putpT) pair spectrum by PHOTOS with kernel Fj.46 (43) and by PHOTOS with matrix ele-
ment (14) is up to 125% for some parts of the spectra. However, considered pair spectra
ratios for each tested CMS beam energy (Ecys = 0.6 - Mz, 0.8 Mz, M) and in the each
channel (ee " p™p™, ptpu~ptp~ and ete”eTe™) have some remarkable similarities. First,
presented in this test, pair spectra ratios fluctuate around 1 for most populated and most
important bins of the spectra, that are M4, ~ Ecms. Second, derivative of presented
pair spectra ratios seems to be constant. All these constants (one for each pair spectra
ratio) are the same number for each kind of an extra pair.
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Figure B.29: Ratios of PHOTOS generated spectra (of squared mass of e*e™ pair (M2, __), of ptp~
pair (Miﬂr ), of squared mass of eTete™ three (M2 , ) and of squared mass of " pp~ three
<M5+u+u‘)) at CMS energy of Ecyys = Mz in Z — pp~p™p~ and Z — ete~eTe™ channels
to the corresponding one’s, that are generated by improved PHOTOS with matrix element (14)
installed into it. Dark dashed line represents spectra by PHOTOS with kernel of extra pair emission

given by the formula (43).
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Figure B.30: Ratios of PHOTOS generated spectra (of squared mass of e™e™ pair (M2, _), of ptp~
pair (Miﬂf)’ of squared mass of uTete™ three (M3+e+6,) and of squared mass of e"p*pu~ three

(M2

etptp=

)) at CMS energy of Fcps = 0.8 Mz in Z — eTe”u™pu~ channel to the correspond-

ing one’s, that are generated by improved PHOTOS with matrix element (14) installed into it.
Dark dashed line represents spectra by PHOTOS with kernel of extra pair emission given by the
formula (43).
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Figure B.31: Ratios of PHOTOS generated spectra (of squared mass of e*e™ pair (M2, __), of ptp~
pair (M3+u,), of squared mass of eTete™ three (M2 , ) and of squared mass of g™ pp™ three
<Mi+u+u‘)) at CMS energy of Ecprs = 0.8-Mzin Z — ptpu~ ptp~ and Z — eteete™ channels
to the corresponding one’s, that are generated by improved PHOTOS with matrix element (14)
installed into it. Dark dashed line represents spectra by PHOTOS with kernel of extra pair emission
given by the formula (43).
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Figure B.32: Ratios of PHOTOS generated spectra (of squared mass of e*e™ pair (M62+e_)7 of utp~
pair (M/fﬂr)’ of squared mass of utete™ three (M3+e+e,) and of squared mass of ey~ three
(Mfwm—)) at CMS energy of Ecps = 0.6- My in Z — eTe” puTp~ channel to the correspond-
ing one’s, that are generated by improved PHOTOS with matrix element (14) installed into it.
Dark dashed line represents spectra by PHOTOS with kernel of extra pair emission given by the

formula (43).
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Figure B.33: Ratios of PHOTOS generated spectra (of squared mass of e*e™ pair (M2, __), of ptp~

pair (Miﬂr ), of squared mass of eTete™ three (M2 _, ) and of squared mass of pp*p~ three
<Mi+u+u*)) at CMS energy of Ecpyrs = 0.6-Myzin Z — ppu~ptp~ and Z — eTe”ete™ channels

to the corresponding one’s, that are generated by improved PHOTOS with matrix element (14)
installed into it. Dark dashed line represents spectra by PHOTOS with kernel of extra pair emission
given by the formula (43).
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Spectra by PHOTOS with kernel Fi.q7 (44) are presented in Figs. B.34-B.40.

Fig. B.34 present data in Z — u™p~put ™ channel. Fig. B.34 presents ratios of PHOTOS
generated summated spectra of squared mass of ™ p~ pair (M 3+ #,) and of squared mass of
wptp three (utptp™), spectra of squared mass of ™ pair (Miﬂﬁ)’ and of u~p~ pair
(Mi‘u‘) to the corresponding one’s by KORALW. Agreement between PHOTOS with kernel
Fiest7 (44) and KORALW is good.

Figs. B.35, B.37, B.39 present data in Z — ete~ ™~ channel for beam CMS energies
of Ecpis = Mz, 0.8- My , 0.6- My correspondingly. Figs. B.35, B.37, B.39 present ratios of
PHOTOS generated spectra of squared mass of e*e™ pair (M2 ), of p*p~ pair <M5+u‘)’ of
squared mass of puTete™ three (M3+e+e_) and of squared mass of et utu~ three (Me2+u+u‘>
to the corresponding one’s by PHOTOS with matrix element (14). Agreement between
PHOTOS with kernel pyes7 (44) and PHOTOS with matrix element (14) is good. The ratio of
numbers of eTe™ pairs never differs from 1. more than 10% for all (except one) of the bins,
ratio error decreases for the most populated bins Mf — >06-M 2. The ratio of numbers
of u*p~ pairs by PHOTOS and by KORALW never differs from 1. more than 6% for all of the
bins, ratio error decreases for the most populated bins M5+ - >0.6-M 2. Such differences
rather vanish for most of the bins with statistics increase. It is distinct overproduction (up
to 15%) of etTe™ pairs of a small invariant mass and of the least populated parts of spectra.
This overproduction can be neglected since it is for one bin only and such bins are near
minimums of the spectra.

Figs. B.36, B.38, B.40 present datain Z — eTe"ete™ and Z — p*p~pu™ ™ channels for
beam CMS energies of Eoyg = Mz, 0.8- My , 0.6 - My correspondingly. Figs. B.36, B.38,
B.40 present ratios of PHOTOS generated spectra of squared mass of ete™ pair (M2, ), of
w T pair (be*u‘)’ of squared mass of etete™ three (M2 . ) and of squared mass of
whptp three (Mi+ v+~ ) to the corresponding one’s by PHOTOS with matrix element (14).
Agreement between PHOTOS kernel Fj 7 (44) and PHOTOS with matrix element (16) is good.
The ratio of numbers of pu*pu~ pairs never differs from 1. more than 10% for all (except
one) of the bins, ratio error decreases for the most populated bins Mi*u* > 0.6 M%. The
ratio of numbers of eTe™ pairs by PHOTOS and by KORALW never differs from 1. more than
6% for all of the bins, ratio error decreases for the most populated bins M2, __ > 0.6 - M2.
Such differences rather vanish for most of the bins with statistics increase. It is distinct
overproduction (up to 15%) of pu*pu~ pairs of a small invariant mass and of the least
populated parts of spectra. This overproduction can be neglected since it is for one bin
only and such bins are near minimums of the spectra.
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Figure B.34: Ratios of PHOTOS generated spectra (of squared mass of u* ™ p~ three (Miﬂtﬂf)’

of ptp™ pair (M3+u+)’ of = pu~ pair (Mi_#_) and sum of up~ pair (M3+u‘) spectra) at CMS
energy of Ecyrs = Mz in Z — pp~pt ™ channel to the corresponding one’s by KORALW. Spectra
generated by PHOTOS are obtained from sample of Z — ptp~ PYTHIA generated decays. Red
(dark grey) error bars represent spectra by unmodified PHOTOS [11]. Green (light grey) error bars
represent spectra by improved PHOTOS with kernel of extra pair emission given by the formula (44).
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Figure B.35: Ratios of PHOTOS generated spectra (of squared mass of e*e™ pair (Me%,e_), of utp~
pair (Miﬂr)’ of squared mass of uTeTe™ three (M3+e+e,) and of squared mass of e" T~ three
(Mgﬂﬁu‘)) at CMS energy of Ecyrs = Mz in the Z — ptu~eTe™ channel to the corresponding
one’s, that are generated by improved PHOTOS with matrix element (14) installed into it. Spectra
generated by PHOTOS are obtained from samples of equal number of Z — ete™ and Z — ptpu~
PYTHIA generated decays. Red (dark grey) error bars represent spectra by unmodified PHOTOS [11].
Green (light grey) error bars represent spectra by improved PHOTOS with kernel of extra pair

emission given by the formula (44).
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Figure B.36: Ratios of PHOTOS generated spectra (of squared mass of e*e™ pair (Me%,e_), of utp~

pair (M3+u,), of squared mass of eTete™ three (M?% , ) and of squared mass of g™ pp™ three
(Mi+u+u‘)) at CMS energy of Ecys = Mz in Z — ptp~pTp™ and Z — ete”ete™ channels

to the corresponding one’s, that are generated by improved PHOTOS with matrix element (14)
installed into it. Spectra generated by PHOTOS are obtained from samples of Z — eTe™ and
Z — pTp~ PYTHIA generated decays. Red (dark grey) error bars represent spectra by unmodified
PHOTOS [11]. Green (light grey) error bars represent spectra by improved PHOTOS with kernel of
extra pair emission given by the formula (44).
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Figure B.37: Ratios of PHOTOS generated spectra (of squared mass of eTe™ pair (M;e,), of
w T pair (M/3+u‘)’ of squared mass of uete™ three (Mi+e+6_) and of squared mass of et pu~

three (Me2+u+;r)) at CMS energy of Ecpys = 0.8 My in the Z — ptpu~ete™ channel to the
corresponding one’s, that are generated by improved PHOTOS with matrix element (14) installed
into it. Spectra generated by PHOTOS are obtained from samples of equal number of Z — ete™ and
Z — uTp~ PYTHIA generated decays. Red (dark grey) error bars represent spectra by unmodified
PHOTOS [11]. Green (light grey) error bars represent spectra by improved PHOTOS with kernel of
extra pair emission given by the formula (44).
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Figure B.38: Ratios of PHOTOS generated spectra (of squared mass of eTe™ pair (M82+e, ), of ptpu~
pair (Miﬂr ), of squared mass of eTete™ three (M2, _, _) and of squared mass of p*p*p~ three
(Miﬂﬁu,)) at CMS energy of Ecpyrs = 0.8-Myzin Z — pTpu ptp~ and Z — eTe”ete™ channels
to the corresponding one’s, that are generated by improved PHOTOS with matrix element (14)
installed into it. Spectra generated by PHOTOS are obtained from samples of Z — eTe™ and
Z — ptu~ PYTHIA generated decays. Red (dark grey) error bars represent spectra by unmodified
PHOTOS [11]. Green (light grey) error bars represent spectra by improved PHOTOS with kernel of

extra pair emission given by the formula (44).
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Figure B.39: Ratios of PHOTOS generated spectra (of squared mass of eTe™ pair (M;e,), of
w T pair (M/3+u‘)’ of squared mass of uete™ three (Mi+e+6_) and of squared mass of et pu~

three (Me2+u+;r)) at CMS energy of Ecpys = 0.6 - My in the Z — ptpu~ete™ channel to the
corresponding one’s, that are generated by improved PHOTOS with matrix element (14) installed
into it. Spectra generated by PHOTOS are obtained from samples of equal number of Z — ete™ and
Z — uTp~ PYTHIA generated decays. Red (dark grey) error bars represent spectra by unmodified
PHOTOS [11]. Green (light grey) error bars represent spectra by improved PHOTOS with kernel of
extra pair emission given by the formula (44).
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Figure B.40: Ratios of PHOTOS generated spectra (of squared mass of eTe™ pair (M2, _), of ptp~
pair (Miﬂf)? of squared mass of eTete™ three (M2, , ) and of squared mass of p* p ™ three

(M

phptp=

)) at CMS energy of Ecpys = 0.6-Mzin Z — pump~ptp~ and Z — ete~ete™ channels

to the corresponding one’s, that are generated by improved PHOTOS with matrix element (14)
installed into it. Spectra generated by PHOTOS are obtained from samples of Z — ete™ and
Z — uTp~ PYTHIA generated decays. Red (dark grey) error bars represent spectra by unmodified
PHOTOS [11]. Green (light grey) error bars represent spectra by improved PHOTOS with kernel of

extra pair emission given by the formula (44).
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C Formulae

C.1 Calculation of matrix element

In the following calculations in general I use notations of [46].

> (g,w +(1-9) ’“k’i)
(p1 +p2)2

~i (g + (1 - ©))

q2

V—i(?4+g—m2)x
(p4—|—q)2—m§

iMy = (—ie) 0 (p2) 7' (1) (—ie)u(ps)y

x (—ie) 7*v (ps) (—ie) @ (ps) v7v (pe)

ai(%3+%’+m2)x
(ps +q)* — m3

o= (i) O L),
1iVig = (—1€) U (pP2) V" upP1 (p1+p2)2

>, (g,w +(1— 5)’“‘,;'5”)
q2

—ie) u (p3) 7y
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(p1 +p2)° reue (ot —mi
—i (g + (1 - ©22)

x (—ie) v (ps) z (—ie) @ (ps) 7w (pa)

iMs = (—ie) U (p2) v"u (p1)

—i (g + (11— )2

(p1+ p2)” (
—i (g + (1 - )
%
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(ps +C]2)2 —mj}

iMy = (—ie) U (p2) vu (p1) —ie) u (ps)y

(—ie) @ (ps) v (pa)

x (—ie) v"v (pa)
Here I switch to Feynman gauge, i.e. £ = 1.

—et
(p1 + p2)2 q?

i) (o5t me o pird—ma oY
) (5 I g P ) ) ) e )+

My + My + My + My = [0 (p2) e (p1)] %
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Here I am using following gamma matrices property
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In the above expression (C.2), I've separated terms that fulfill Dirac equation
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so these terms immediately vanish
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Next I am applying Casimir’s trick. Here is an example of such a calculation for

outgoing 71,7~ particles:
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I perform step by step summation over spins of all incoming and outgoing particles
similarly to (C.3-C.4):
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o () 1) (LT A )] (o ) ) ) 2 )+

257" +7"” 20y +75Q’y”>] y

(P 112) Yo (i = 112) ((p3+q)2—m% (pa + q)* — m3

1
ol
q4-q;
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. wol | (ps) (20" 2080 YN (6 e ()] T (90) e ()] b =
o) () ) (2 BTN ) 0 ) ) ) )]}

:é%$ngz{éﬂﬂ%+"@%ﬂﬁ—”@wﬂw@awu@mX

(25 20 4 2037 + 70" 2+
X[u(pg)( 3 a7 2P q (pa —mo) [ 22 [ q

(ps+a)*—m3  (pa+q)° —m3 (ps+a) =m3  (p1+q)’ - m%) ¢ (pg)} e el

+ qlgTT [(p3 + m2) Ya (Pa — m2) 7] [0 (p2) yuue (p1)] X

o (2087 e 2080 250" + "4 2er” + 1
X{“(ﬂs)( ° LU 2 (Po — ma) : - 2

st =2 et ml - st = et a)— mg) u (Z%)} [@ (p1) v (p2)] +

257" + 4" 207"+ e
(ps + QQ)2 —m3  (ps+ Q2)2 —m3
x {u (p3) (2%“ +27ag7u - tyu,ﬂa

(ps+q)" —m3  (pa+q)” —mj
2057 + 7' 200y + P
(ps+a)° —m3  (pa+q)* —m3

_ 259" + " 2060" + e _ . _
[t (2, T g, mww%ﬂwm%wm@

1
+WTT
q-q3

(75 +m3) Ya (Po — m3) ( )] [0 (p2) vuu (p1)] x

)wrwwwwmﬂwmmw@m+

1
+WTT
q-q5

(3 +m2) Vo (Pa — m2) ( )] [0 (p2) Yuu (p1)] x

_ —(Zl fgj)4 Z {%TT (5 + m3) Ya (P — m3) 8] [0 (p2) v (p1)] (@ (1) Tv (p2)] X

IPXAH 4 A gy D&k At gy 251/_’_115 26u+5u
T <%3+m2><p37 Yt 2psy wn>(4_m)<p37 Y 200+

_l’_
(ps+q)° —m3  (pa+q)° —m} (ps+q)°—m3  (pa+q)’ —m3
1 _ _
+ q—4T7” [(p5 + ma) Yo (P4 — m2) V5] [0 (p2) v (p1)] [@ (p1) v (p2)] X
2
2P + A" 2pgyt + 7”9127&) 2027 + 7' 47” 2047" + VP gy
xTr + m: < . s —m - +
(12’5 2 (ps + Q2)2 - m% (ps + QQ)2 - m% (Iﬂ 2 (ps + Q2)2 - m§ (ps + Q2)2 - m%
1 2087+ 4’ 2097 + VP ey’
+ WTT’ (ﬁg) + mg) Ya (p6 — m3) 5 5 g o 6 5 g 5 X
q9°q5 (ps +q2)" —m3 (P +q2)” —m3

xTr | (g3 +m 2pgvu+7agvu72pgvu+7ug7a 3—m U w(p1)] (U (P1) Vv
T | -4 ma) (LTI LT )3 () )] ) )+

2p57" + """ 200+ |
(ps+a)°—m3  (pa+q)° —mj

25" + eyt 2P + Y gy
XTT[(]”SJFWB)( . 29122_ : 2g22
(ps +q2)" —m3 (6 + q2)" —m3

1
‘l’ WTT
q-4q;

(P3 + m2) Vo (Ps — m2) (

) (s — m3) w} 18 () et (00)] [ (02) o0 (02)] }
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where lambda is lambda QED constant, and finally

> My + My + My + M,J* = (C.5)
spins

ot (4m)* 1

= —————3 517 [(p1 +m1) v (P2 — 1) %] T [(P5 + m3) Ya (Ps — ma) V5] X (C.6)
(p1+p2)" 4

259" + " 2pi0" + 'y“ma)
T _ C.7
o (p3+m2)((p3+q)2_m% (i +af—m3) 0

+ (C.8)

< (ps — 1) 2037+ 2000+
(ps+a)° —mj  (pa+q)° —m3

4 O+ ) 2 (o — ) ) T+ o) 3 (= ma) vl x ()
(p1+p2)" ¢

DA e m LA n @
() (L BT (c.10)

x Tr
(ps + CI2)2 — mj} (pe + Q2)2 —m3

2p57" +"420” 267" + 1 "
— — + C.11
* (o = ms) ((p;, +q)? —m3  (ps+ q2)* — m3 ( )
ot (4m)t 1
+ Tr[(pr +ma) v (P2 — ma) vl x (C.12)

(p1 + P2)4 a*q3

P et + gyt QS H + yHgy©
> TT’ |:(?3 + m2) ( pSrY 2/-}/ Q/YQ . p4/7 27 g72) <p4 . m2) 7&1 % (013)
(ps+q)" —m35  (pa+q)” —m3

- 2057 + 77" 267" + 4" u

<A (% " m3) T (pG m3) ((p5 + C]2)2 — m% (p6 + CIQ)2 — m% N <C' )
44yt 1

42U L g+ ) (2 — ) 3] X (C.15)

(p1 + p2)4 a*q3

x T'r (C.16)

207" +9° 0" 2000+ "
(P73 + m2) Yo (Pa — m2) - X
(ps+q)* —m3  (pa+q)° —m3

I @ I o
< Tr |:(?5 +m3) ( p57“ —|—f}/ QZ’W _ pGrYM "‘7“%272) (p(i _ mg) ’}/,8:| (017)

(ps + Q2>2 —m3  (ps+ Q2)2 —ms3

The line of calculations for spin summation of matrix element in the form (C.1) is
similar:

> My + My + Mz + M,J* = (C.18)

spins
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= ﬁ%ﬂ“ [(#1 + ma) v (P2 — ma) v Tr [(Ps + m3) Yo (Ps — m3) 8] X (C.19)

a P34 +me Patgd—ma
T oyt C.20
x Tr| (ps 4+ mq) <’V (s 1 a)f — m2 1 o — 2 ) X (C.20)
N y Pstdtme 5 g patd—mo ) C.21
=) (BT o ML) | (©21)
ot (4m)t 1
+ ———— T [(pr + m) v (P2 — ma) v T [(Ps + m2) Yo (Pa — ma) 7] X
(p1+p2)” @
o« P5 T q2+mg3 P + g2 —ms3 a)
T + B A
X Tr| (ps +ma3) (7 (0 + QQ)Q =y 7o+ qQ)2 - X
o V}”5+Q2+m3 8 /3?6+g2—m3 V) n
X (ps — ms) (v s - aa) = m§7 gl ot 1 m§7
Yamt o1
4200 L ) 2 — ) )

(p1+p2)' €°G
< T'r |:(p3+m2) (’7a P3+q+ma ,y,u_,y/l Pat+ g —mo 704) (%_m2)75:| «

(ps+q)° —m} (pa+q)° —m}
v Pstdatms 5 5 Pet g — M3 ,,)]
T a - +
x Lr [(22’5 +m3) Va (P — M3) (7 (ps + q2>2 g (P + q2)2 — m§7

N ot (4m)t 1
(p1 + )" 463
x Tr |:(p3+m2)/}/a(p{_m2) (71/ Pst4q+mo W Pat+q—ma 7V>} o

Tr{(pr +ma) v (P2 — ma) 1] x

(ps +q)> —m3 (pa+q)° —m3
o Vs da+ms Y6 + g2 —ms3 a) ]

T T _
" T{%*m‘”’) (” el -m ) Geraromg ) P TTw

From the expression above for terms (C.19-C.21) it follows immediately that for the
case of small ¢, i.e. p3 > q,ps > q, we can easily neglect g in numerator. I keep this notice
in mind.

C.2 |M1 —|—M2|2

Here I continue calculation of term (C.6-C.8) of the expression (C.6-C.17), it corresponds
to matrix element M; + M, defined by Fig. 2:

4y 4
ST+ M = I () v (o — ) W T [+ 18) 7 (s — 1) 78] %
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x Tr

_|._
(ps - 1m2) ((ps +9)° —md  (pa+q)° —m}

25v+uﬁ 25V+5 v
X(ﬁ4—m2)<p37 'YQ’Y o p4f>/ 7%7 .

2p59" + 0" 2pit + ’Y“QWQ) "

(ps+9)° —m3  (ps+q)°—m3

I split above expression into four parts

; My + Mo = %Q—ETT [(p1 + 1) 3 (P2 — 1) ] ¥ (C.22)
X {TT [(p3 +m2) 7" (pa — m2) V] T [(p5 +1m3) Yo (Po — m3) 5] ¥ (C.23)
o o 8 8
- ((Ps +2qz)9g —mj3 - (P4 +2C]Z)9;1 - m%) <(p3 +2qz)9§ —mj - (P4 +2qz)93 - m%) + 2
+ Tr [(ps + m3) Ya (Po — m3) 78] X (C.25)
v ) (T - T ) (€20
* (pa = ma) <(P3 :ZIQ)I;YB— mj - (Pa jzgy— m%) i (€27
o {% ) ((p3 + an, —m}  (pat ?)ﬂ;l - m%) (o = ma) w] : (€29
T | (-t ma) o =) jq’f”ﬂ_ . jfj!"_ =]+ (©.29)
7O m e (B - o) (30
x Tr [(7’3 +my) ((p3 f;ff_ 2 (o :Zg)lza_ m§> (P2 — m2) 7”} } (C.31)

PHOTOS feature matrix element for extra pair emission in soft approximation, i.e. for
q — 0 the whole expression above reduces to (C.22-C.24):

ot (4 4 1
SO 4 M, = 2T L ) (2 — ) ) X
spins (p1+p2)" 4

x Tr [(ps +ma) v" (pa — ma) V] Tr [(Ps + m3) Ya (P — m3) 78] X

y ( 5 2P ) 25 2
(ps+a)?—m3  (pi+q)°—m3) \(ps+a)°—md (pa+q)—m3
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Writing last one of the above traces in straightforward manner I come to

> M+ Myl = (C.32)
spins
ot (4m)* )
= o T ) = ) I Tr () (=)0 X (C33)
1 2
4
X pl (ngg + iP5 — (psps + m3) ~g°‘5> X (C.34)

y < 25 uf ) 2 2 (C.35)
(ps+a)?—m3  (pi+q)°—mi) \(ps+a)°—md (pa+q)*—m3

One can notice that neglecting energy taken out by f3f; pair emission the term on
the line (C.33) up to a constant factor coincides with Born-level unpolarized cross section
for the process fif, — v — faf,, while expression at lines (C.34-C.35) is factorized
part of matrix element has a meaning of probability density of extra f3f; pair emission.
This probability density depends on four-momenta of outgoing particles only and can
be simulated independently for lightest fsf; pairs. Harder fsf; pair emission is, larger
discrepancy between the term on the line (C.33) and the Born-level unpolarized cross
section for the process fif, — v — fof, is. Probability density in a form of expression at
lines (C.34-C.35) is not yet properly normalized.

Here follow relations that help performing transformation of expression at lines (C.34-
C.35). Since tensor at line (C.35) is symmetric one, one can interchange o and § summation
indexes:

0B | o 2pg 2y 2l 2 B
P5Ps T PsDs 2 2 2 2 2 2 2 2 |
(ps+q)" —mz  (patq)”—m3/) \(ps+q)° —m3 (pa+q) —m;3

_ opept ( 2§ 2% ) 25 2
(ps+a)°—md3 (patq)’—m3) \(ps+q)*—m3 (pa+q)—mj}
2

All momenta p;—pg correspond to on shell particles, thus p3 = p? = m3, p? = pZ = m3
and

o o o o (ps)* + (p6)*\ o
4 <p5p§+p6p§ — (psps +m2) - g 5) =4 (219517? -~ <p5pe+5—6) g7 ) =

2
o, B (p5+p6)2 af o, B 2 af
=4\ 2p5pg ————— ¢ =2<4p5p6—q ‘g )

2

(ps +q)° —m3 = 2p3q + ¢* = {ps > ¢} = 2ps3q
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(pa+q)2 —m2 = 2psq + ¢ = {ps > q} = 2pug

Finally I come to equation

2 4 2
S 10+ My = T () 3 2 — ) ) T [+ ) 7 (0 — ma) 2#] % (C236)
spins (pl +p2)
4pe B _ 2. a8 « a 3 &)
x 2 (4may? Lol — L °9 (p—3 - p—4> (p—3 i (C.37)
q b3q  Paq b3q  paq

where (C.36-C.37) is factorized matrix element with probability density of extra pair emis-
sion (C.37), which coincides up to normalization coefficient with integrand from formula
(1) from [13] for the a = 0 case.

Since part (C.22-C.24) of the matrix element (C.22-C.31) is already covered by PHOTOS,
I proceed with calculation of three remaining parts (C.25-C.31) of the matrix element. I
am using gamma-matrices properties in order to proceed with calculation of traces

Tr [y 2. 4"N] =0, (C.38)

where N is odd number; for any even number N a recursive formula is valid:

N
Tr [y 4" = Z (=1)" gMVTr [y 12 AVttt APN] (C.39)
=2

)

and
TT [14] = 47

since I is identity matrix in four dimensions. Here recursion starts:

Tr[YH~"] = ¢"'Tr 14 = 49", (C.40)
Tr [y*y 7] = g Tr 'y = g™ Tr [Y92"] + g™ Tr [v*4"], (C41)
Tr [y vy by’ ] = gXTr [y 9Py ] — ¢*Tr [y v"+"] + (C.42)

+ 9 Y] = g T [y Py ] 4 g T [yt =

— 4<gaﬁgu><gV§ _ gaﬁguégvx + gaﬁgwgﬁx _ gaugﬁgiS + gaugﬁﬁgvx_

_ gaugﬁ’l’géx + gaxgﬁugr/£ + gowgﬁugfx 4 gavgﬁxguf _ gavgﬂégux+

+ gaﬁgﬁvgux + gaxgﬁiguv _ ga£gﬁxg;w _ gaﬁgﬂugl/x _ gaxgﬁl/guﬁ)7

Tr [Py y yiy ] = g2 Tr [y iy ] — g% Tr [°yy 94" + (C.43)
+ gXTr [y 0Pt ] = gP T [ Py gP T [y Xy ] —

— 9T [0 9]+ g7 T [y oy Py
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Identities (C.40-C.43) together with rule for trace of odd number of gamma matrices
(C.38) are intensively used in below calculation of expressions (C.25-C.31). All four parts
(C.22-C.31) of the matrix element include contraction with the same tensor T'r [(p1 + m1) v, (P2 — ma) v
This tensor comes from summation of spins of incoming particles. Calculation of contrac-
tion over indexes o and § in the tensor expression at the lines (C.25-C.27) of the matrix

element (C.22-C.31) follows

Ny =Tr[(ps +m3) Ya (Ps — m3) 78] T'r - - e ) -

+
(P +ma) <(p3 +9°-md  (ps+q)’ —md

= Tr [(ps + m3) Va (P — m3) 73] X

B Yo' A )
X (pa = o) ((ps +q)—=m3  (pa+q)?—m}
y {T r [(ps -+ ma2) Y (pa — ma) v 47" LIr [(ps + ma) vy (pa — ma2) Y g7" ]

(2p3q + ¢2)? (2paq + ¢2)°

Tr [(ps + ma) Y2 a* (pa — ma) Y24y + Tr [(ps + ma) ¥ 47™ (pa — ma) v 4] _
(2p3q + ¢%) (2paq + ¢?)

= 4 ((P9)a ()5 + (93); (96, — (D306 +3) - s )
y { Tr [psy sy an”] = m3Tr [y an”] T [psy i pn o] — m3Tr vy

(2psq + ¢%) (2paq + ¢2)°

Ty pa ] + Tr [ anpay ay®] — m3 (Tr [y ™y’ ar] + Tr [v'avran”]) | _
(2p3q + ¢?) (2pag + ¢*)

_ {pfpifqaqu r D7y ] = miaeg, Tr [y ]
(2p3q + ¢)°
5P 0, LT (177 %Y Y] — m3aoq, T (1777 Py ]
(2pag + ¢2)°
PP, (T7 [ 977970 ] + T (99977577 1°7])
(2psq +4*) (2pag + ¢°)
L m3404, (T [1°977"9"7*7] + T [1"377°7"7"7]) } y
(2p3q + ¢%) (2pag + ¢°)

+

_|_

%4 ((ps)a ()5 + (p3); (), — (sps +m3) - gas) =
= { <2q"pé‘pf q* + 2¢"papiq® — 29" - papa - 474 — 205" PEa” + 24" PP —

—29"%pk - qpa - %+ 29"°pY - qpa - 4 — 259" - qpa - ¢° + 26"°" - papa - ¢° — 24" DS d+
+ 2¢"pspid” + 24" psplid” + 24" Spid” + 297Ph - qpa - 4° — 29"pY - qpa - ¢°—
— 259" - qpa - ¢° — 29"%q" - pspa - ¢° + 29"°q" - pspa - ¢° + 29" - qps - Plg"—
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—20°PpY - qps - ¢* — 2059”7 - qps - 4" + 29" - qps - p5q” — 29Dl - qps - ¢/ —
—20°Pplt - qps - ¢+ G DEPSE + §PPEPS G + 9 pSPE G + g PPl — g PP —

— gD 4 PP ? — 59 PP — Dl PP a® — g"pspia? + g*Pphid® — S g PP+

+ g g"  p3ps - @ — ¢ 9”7 - papa - @& — g™ 9" - papa - © — 29"“9"" - qps - qpat
4 4m}3

+ 29" - qps - qpa + 29°° 9" - qps - qpa | ¥ — 2q¢°¢" g""—
(2p3q +¢*)*  (2psq + ¢2)°

—2¢°¢" " +2¢°¢" 9™ — 24°¢" ¢ — ¢* 9™ 9" + * g™ g + ¢* g g“”) - <2Q”p§pf ¢+

+ 20" PPl a® + 20" Paphq” — 297" - pspa - 4V 0™ — 205¢" D q” + 29" - qps - pig”—

—20%pl - aqps - " = 209" - qps - ¢* + 207 ¢" - pspa - 4° + 20" Pspid” + 24" pips P+

+ 29" - qps - Pha” — 205010" " + 24" ppia” — 29° DY - aps - 4" — 2059" - qps - 4"
—29°7q" - papa - ¢° + 291" - papa - ¢° + 29°7P5 - qpa - ¢ — 29°PpY - qps - ¢ —

—2p59™ - qpa - "+ 29"D5 - qpa - ¢ — 29°"D5 - qpa - ¢ — 29°PPh - qpa - @ + 9 EPS P+
+g"Psaa” — g™ AP — D9 Ed + 9P PSP — 9" PSP + o Dl e — g plpa—
— P39 5 q” + g Epid + 9 phvha® — p3gPM P + 9™ g™ - pspa - F — 9™ 9™ - papa - P —

— g™ - pspa - F — 29" g7 - qps - qpa - 296" - qps - qpa + 29°% g - qps - qp4> X

4 4m2 o UV (0% v v vV .« oV
X — 2 (261 ¢ 9" — 2¢°¢" 9" + 24" ¢" g™ — 24°q" g°* — 4’9" g"*+

(2paq + ¢*)?  (2pag + ¢2)’
+ g™ g™ + > g™ 9"”) - (29"” - qps - Phq® + 4P Ppia” + APl a® — 29D - qps - ¢ —

—20%pY - qpy - ¢ + 29" - qpa - ¢ — 297D - apa - ¢* — 29°D5 - qpa - ¢+

+ 497 q" - pspa - % — 449" - pspa - ¢° + 29" - qps - 0547 — 29Dk - aps - ¢

—29° P - aps - ¢° +29"P5 - qpa - 4" — 29°Dh - apa - 7 — 29" pY - qpa - ¢° +49°"q" - pspa - ¢+
+4¢"pspia" + A pspia" — 49°7 - pspa - 4" q" +29°7 - qps - pla" — 29°"D] - aps - ¢"—
—2p59% - qps - ¢" — 29°“P5 - qpa - 4"+ 29°7p% - qpa - ¢ — 2059™ - aps - " + 29°° - qps - phg"—
—29°"p} - qps - ¢ — 2059™ - aps - @ — 29°"P5 - qpa - " + 29°° Pk - apa - ¢ — 20597 qpa - "+

+ 201 pEpS P 4 20 DD P+ 20V PSP — 29°P i + 298P sl q? — 29°Pphpla—
— 2p3ph " g% — 20515 0" i — 2%V 9P - papa - ¢F — 29°" 6% - pspa - ¢ + 20°P 9" - paps - P+

4
+
2p3q + ¢*) (2paq + %)

+4¢"" g™ - qps - qpa + 49°"¢"" - qps - qpa — 49°° g™ - qps - qp4> o
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N 4m}3
(2p3q + ¢%) (2paq + ¢*)

(461‘“615 9" = 4q°q" g% — 44°q" 9" + 44" ¢" g*" + 247 g™ g1+

+2¢°g"" g™ — 2¢°g*° 9“”) }4 ((ps))a (Ps)s + (P3)5 (Ps), — (P5P6 +m3) - 9a5>

and

32
N = (2p3q + ¢2)? <9W (q2m§ - psp6 + ¢°m - pspa — 23 - qps - qpa + 2¢°mimi+
3

+ " - paps - P3Pe + 4° - P3Ps - PaDs — 2 - P3Pe - P4 qPs — 2 P3P - qPa - qps) +
+p} (—m3p5a® +2m3q” - aps + 24" - psps - qpe + 24" - Pspe - qps — Ped” - PsPs — P54 - Pspe) +

+p (—m3phq® + 2m3q" - qps + 2¢" - psps - qpe + 26" - p3pe - qps — PEG” - P35 — PEG” - P3po) ) +

+L2 (9‘” <m§q2 - psps + m3q” - pspa — 2m3 - qps - qps + 2m3m3q° + ¢ - paps - pspe+
(2p1q + ¢2)

+* - Psps - PaPe — 2 - Pape -+ A3 - qP5 — 2 PaDs - qPs - qpe)+

+0f (—pim3q® + 2m3q” - qpa + 26" - paps - qpe + 26" - pape - aps — Pk - ¢ - paps — Pk - ¢ - paps) +

+p5 (—pim3q” + 2m3q" - qpa+ 24" - paps - qpe + 24" - paps - qps — Pk - ¢ - Paps — Ps - ¢ Pape) >+

32
+
(2p3q + ¢*) (2paq + @)
+q"q" (—4m§m§ — 4 - p3pe - paps — 4 - p3ps - Pape + 4 - P3pa 'p5p6) +

( — 2p%q" - qps - psps — 204q" - qps - PsPet

+p§{qV(—2-qp5~m§—2-qp5-p3p4+2~qp4-p3p5+2-qp3~p4p5)+

+ 5 (2 qps - qps — ¢ - psps) + P (2 qpa - qps — ¢ p4p5)]+

+ g q" (=2 qps - m3 — 2 qps - p3ps+ 2 qpa - P3ps + 2 - qp3 - paps)
+ 14 (2 qps - aps — ¢ - psps) + 15 (2 qps - aps — ¢ p4p5)}+

+ 5 (0 (2¢° - psps — 4 - aps - aps) — 24" - qpa - pspe) +

(
+ 0 (P (2¢° - psps — 4 - aps - aps) — 24" - qps - psps) +
(=

+ps [Q“ 2 qps-m3 —2-qpe - Pspa+ 2 qps- Pspe + 2 qps - pape) +
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+pk (2m3¢° +2 - pspa - & — 4 - qps - qpa) + 04 (2 aps - aps — ¢ - psps) + 05 (2 aps - aps — ¢ -p4p6)}+
v 2

+p§{q (=2 qps-m3 —2-qpe - pspa+ 2 - qps - Pspe + 2 - qps - Pape) +

+pf (2m3q° + 2 pspa- > — 4 - qp3 - qpa) + D5 (2 aps - aps — ¢ - p3ps) + P (2 qpa - qps — ¢ -p4p6)]+

+g’“’< — 2 pspe - maq” — 2 pspa - M3q° + 2 paps - psPo - 4 + 2 paps - paps - ¢ — 4 pspa - Psps - ¢

—2 - qps - qps - P3Ps — 2+ qP3 * qPe - PaPs + 4m3 - qps - qps + 4 p3pa - qps - qPe — 2+ qPa - qPs - P3P6—

—2-qps - qps - paps +4 - qp3 - qpa - ps}?e)) : (C.44)

Calculation of contraction over indexes o and [ in the tensor expression at the lines
(C.28-C.29) of the matrix element (C.22-C.31) follows

v 2}”3 2}”4 ) :|
N — T _ _
2 r [(1?5 + mg) ((p3 N q)g S R q)2 g (Ps —ms) v5| X
vV~ 0 B 4~V
T p V' dy Yy )1 _
I {@”3 +ma) ¥ (= o) (<p3 T taf
_ ((QTT [pspspsys]  2Tr [%7’427’67/3]) -y <2TT [psys] 2T []”4’%8])) "
2p3q + ¢? 2psq + ¢? 2p3q +q*  2paq + ¢
(Tl ] Trlptpatat ] s (Trt’] Tr[ T
2p3q + ¢ 2paq + ¢ ? 2p3q + ¢ 2paq + ¢

o™ (P3)gm3 — (P3)g - PsPs + (Ps) - P3Ps + (P5) - P3P
2p3q + ¢*

= (pa)gm3 — (pa)g - PsPs + (Ps) - Paps + (P5) 5 - Pape o | (2 — m2qr g
2p1q + ¢° ? ?

— Pmig" — P g™ - pspa+ 9% - psps — ¢V 9" - pspa + DLG" - psq — PLgP* - pag—

— phg™ - psq + P9 - paq — Pig% - pag — 59" - pag + Piphd” + phpid® — piphet+

+ papia + pika” + papl q”) / (2p3q + ¢*) — (m%“gﬁ” —m3q" g™ — ¢"mig" —

— 9" - pspa + "% - pspa — ¢“ %" - pspa + PLgP - psq — D - psq — DRg" - psq+

F PR - pag — 5GP - pag — % - pag + PP a® + phpla® + pipha — pipiat + piphe+

+ papl Q”> / (2paq + %)
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and

32

N§¥ = o+ PP (9”” (m§ - qp3 - M3 — qPe * P3Ds - M5 — qDs5 - P3Pe * M + qP3 = PsP6 - M3+

(2psq + ¢2

+ m§p§ “qP4 — qP6 * P3P4 - P3D5 — qPs - P3P4 - P3Pe — 2 P4 - P3Ps - P3Pe + qD3 * PaPs * P3Pet+

+ qps3 - P3Ps - PaPe + D3 - qP4 - p5pa> +

+ 04 (2 psps - pspe - 4" — D3 - Pspe - ¢ — ¢"mip3 + Pk (psps - qps + qps - psps)) +
+ Py (2 psps - paps - ¢ — D3 - psps - ¢ — ¢"mip; + v (psps - qpe + qps - Pspe)) +
+ py (m3m3q” + paps - pspe - ¢° + psps - Paps - ¢+ m3 - psps - @) +

+ pl (—pspa - p3ps - ¢ — " m2 DsDs — P -
+ p§ (m3 - psps - ¢ + p3pa - psps - ¢ — Pl -
+ p m2 D3Pe - ¢" + D3pa - p3pe - ¢ — Pl -

+ pE (—pspa - pspe - ¢ — q" m2 DsDe — Pl -

N 32
(2psq + ¢?

qps - P3ps + P

qps - PsPs — P
qps - PsPe — P

qps - P3Pe + P

T P4
* P4

(
(
(m3
+ 14 (—psps - maq" — pspe - Paps - q" — psps - paps - ¢ — ¢ mam3) +
(
(ms
( * 4Py
(

T P4

: P3p5)
: p3p5)
: p3p6)

) |+

* P3Ps

+
+
+

)2 (pé‘ (—p3p4 - paps - ¢ — ¢'mj 'p4p5) + pg (m§ “paps - q" + P3p4 - paps - Q“) +

+ps (mg “ pape * ¢" + P3p4 - Pape - qu) + pi (—p3p4 - paps - ¢° — ¢'m3 ']941?6)

+ p} [pé‘ (paps - qPe + qps - Paps) — ¢"Mam3 — D3P - PaPs + 4" — P3ps - Pabe - ¢ — ¢ M3 - pspe+

+ Pk - qp3 - paps + Pk - qps - p4pa] +

+ ply [pg”, (paps - qps + qps - Paps) + ¢“mEME 4 paps - pspe - ¢ + Paps - Paps - ¢° + ¢“M3 - Pspe—

— D§ - qP3 - PaPs — Dy - qP3 - pm;} +

+ 05 (2 paps - paps - ¢ — D3 - psps - ¢ — ¢"MEPE — g - qpa - Paps — Pk - qPa - Pape) +
+ 5 (2 paps - pape - ¢ — D3 - P3P - ¢ — ¢"'m3P; — P - qpa - Paps — Pk - qpa - Pape) +

+ g {mi - qpy - M3 — qDe - PaPs - M3 — qDs * PaDe * M + qD4 - PsPe - M + M3 - qP3 - P1—

— D6 * P3P4 * PaPs5 + qP4 - PaPs5 - P3D6 — qP5 * P3P4 * PaPe + qP4 * P3D5 * PaPe—

— 2 qp3 - Paps - PaP6 + D3 - P] -pspaDJr
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" 32
(2p3q + %) (
+ qp3 - PsPe m% + m§p§ “qP4 — qD6 - P3P4 * P3Ps5 — qP5 * P3P - P3P — 2+ qD4 - P3P5 * P3Pt

v 2 2 2 2
g | m3 - qps - M5 — qDe - P3Ps - M5 — qPs - P3Pe - Mo+
2p4q+q2)< ( 3 2 2 2

+ qp3 - PaPs - P3Pe + qP3 - P35 - PaPe + p§ QP4 'P5p6) +

+ pfy (+m3 - pspe - ¢” + paps - psps - 4 + Psps - paps - ¢ + ¢'mam3) +
+ P (—pspe - M3q" — P3P - paps - ¢ — Psps - Pape - 4" — ¢'mam3) +
+pl (—¢"m3 - psps — ¢” - p3pa - psps — P - a3 - P3ps + Pl - qpa - P3ps) +
+ % (+¢"m3 - psps + ¢" - pspa - psps — Py - qps - P3ps — Dl - qpa - psps) +
+ % (m3 - pspe - ¢ + pspa - psps - ¢ — DY - qps - psps — 1k - qpa - Psps) +
+ Dk ( Pspa - p3pe - ¢ — q'M3 - P3P — Pl - qp3 - PsPe + Pl - qpa '1031?6) +
(
(

+ Y (2 psps - pspe - ¢ — P53 - pspe - ¢ — q'mip; + i (Psps - qpe + qps - pspa)) +
+ pi (2 psps - paps - 4 — P53 - pspe - ¢ — ¢“miap3 + pY (psps - qps + qps - Pspe)) ) . (C.45)

Calculation of contraction over indexes v and [ in the tensor expression at the lines
(C.30-C.31) of matrix element (C.22-C.31)

v 212’3 2}”4 >:|
Nt =T e — _
b= e e v (G - )
Yy Yy ) V] _
T — — —
o {% +ma) ((ps +q)°—m}  (pa+q) —mj P }
_ ((QTT [P5VaPeps) _2Tr []”5%41%?4]) —m2. (QTT [Yaps] _2Ir [%um])) %
2p3q + ¢ 2paq + ¢ P\ 2030+ 2pag+ @
x ((TT sy pay”] T [pw"m‘“pw”]) —m2. (T'f’ gyl Tr [’V“W‘ﬂ)) _
2p3q + ¢ 2paq + ¢ 2 2p3q + ¢ 2paq + ¢
_ 39 = (P3)a M3 — (3)o (P5P6) + (P6),, (P3P5) + (P5)., (P3P6) B
2p3q + ¢*

2
_ ma&s — . _|_ . + .
_ = (pa)gmz — (Pa) - P5Ps (pe2)a Paps + (Ps)o - Paps \ | _ Mg g™ + mg" g —
2psq +q
— q“mig" — q“g" - p3pa — " g™ - pspa + ¢“g™" - pspa + P - pag — PG - pag—
— P4g™ - psq + p59™ - paq — P59 - paq — P5G" - paq + Phpsq” + PEPIGY + Pipset+

2

+ p§pia" — pivhd” + pivh cf)/ (2psq + ¢°) — < — mag" g™ +maq g™ — ¢*migh —

—q“g" - psps — ¢" g™ - p3pa + ¢ g™ - p3pa + DY 9 - p3sq — P9t - psq — Y9 - psg+
+ 5" - paq — P59 - paq — P 9™ - paq + PYDEGY + PEpLq® + pivsa” + pspia” + pivsq”—
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— p3pl q”) / (2p1q + ¢°)

and

iy 32 T ) ) 2 2
= g 2 \ 9\ P = b - paps -y = qps - aps -+ qps - paps - ot
3

+ m§p§ qD4 — qP6 * P3P4 - P3P5 — qPs5 - P3P4 - P3Pe — 2 P4 - P3Ps - P3P + qP3 - PaPs + P3Pet+
+ qps - P3Ps - PaPe + D3 - qPa - pspe)

+ P (2 paps - pspe - 4" — D3 - Pspe - ¢ — ¢"m3p3 + PE (psps - qps + qps - Psps)) +
+ Py (2 psps - paps - ¢ — D3 - Pspe - ¢ — ¢"mip; + P (psps - ape + qps - Pspe)) +

(
(
+ 1 (—psps - m5q” — pspe - paps - 4 — psps - paps - ¢ — ¢'mam3) +
+ ply (mim3q" + paps - pspe - ¢ + Paps - Paps - ¢ +m3 - pspe - ¢*) +

(

(-

(m3

(

+ pt (m3 - psps - ¢ + pspa - psps - ¢ — P - qps - psps — D - qpa 'P3p5) +

+ p§ (—pspa - psps - ¢ — ¢"'m3 - psps — P - qps - psps + 1 - qpa 'P3p5) +
+ Pk (m3 - pspe - ¢” + P3pa - pspe - ¢ — Py - ap3 - P3Pe — P - qPa - P3Ds) +

+ p¥ (—pspa - p3pe - ¢ — ¢"'m3 - psps — P - qps - Pspe + 1 - qpa - P3Ds) )+

32

R P (m§ “paps * q” + P3pa - Paps - qy) + pg (—p3p4 - paps - ¢ — ¢"'m3 'p4p5) +
(2p1q + ¢2)

+ Py (m§ “pap6 4" + P3Pa * Pape - q,,) + g (—p3p4 - paps - ¢" — ¢"'m3 'P4p6) +

+ g™ lmi S P4+ ™5 — qPe - PaDs - M3 — qDs * PaPe - My + qD4 * PsPe - My + M3 = qP3 - Py—

— P - P3P4 - PaPs + qP4 - PaPs - P3Pe — qP5 - P3P4 - PaDe + qP4 - P3Ps5 - PaPe—

— 2 qp3 - paps - PaPe + qP3 - P; ~p5p6] -

+ 4 {mgmgq” + paps - PsPe - 4" + DPsps - Pape - ¢ + M3 - pspe - ¢ — Db - qPs - Paps—

— D5 - qD3 - PaPe + D3 (Paps - qPs + qps - Pape) ] +

+ { — pspo - M3q" — PP - Paps - ¢ — Pabs - PaPe - 4° + qP3 + Paps - Py — ¢“mami+

+ qps - p5 - pape + D3 (PaPs - qP6 + qPs - PaDe) 1 +

+ 15 (2 paps - paps - ¢ — D3 - Pspe - ¢° — ¢"MEPE — g - qP4 - Pabs — Pk - P4 - Pape) +

133



+ % (2 paps - pape - ¢ — P7 - Pspe - ¢ — " mipT — Pk - qpa - paps — Ph - qpa - paps) > +

32
" Cpsa+ @) Coia + )
~+ qps - P3Pe m% + 4Ps - PaPe m% — qp3 - PsPe - m% — qP4 - PsPe - m% —2-qps3 - P3Pa - m%—
— 2 qpa - P3pa - M + M5 - qp3 - PY + MEPS - qpa+ PsPa - PaPs - qPe + P3Pa - Paps - dPet
+ P3pa - qPs - P3P6 — 2+ qPa - P3Ps - P3Pe + D3 * PaDs - P3Pe + qPa - paps - P3Pet
+ P3P - qPs - PaPe + qD3 - P3Ps - PaDe + P4 - P3Ps - PaDe — 2 - qP3 - PaPs - PaPet+

<g"” { — qps - M3M3 — qps - M3M3 + Paps - qP6 - M3 + PaPs - qPs - M+

+ qp3 - P PsPe + D3+ qPa - PsPe — 2+ QD3 - PaPa - PsPe — 2+ qDa - P3Da 'pspﬁ} +

+ Pk {mgmgqv — pam3q” + 2m3 - pspa - ¢ — pape - PaPs - @ — P3Ps - Pape - 4"+

+ 2 paps - Pape - ¢ — i - Psps - ¢+ M3 pspe - ¢ + 2+ p3pa - psps - ¢+
+ g (P4 - P3Ds — qP4 - PaDs) + P5 (qPa - D3P — qPa - PapPs) +

+ pjy (2 - qpa - M3 — qps - P3Ps — qP6 * PaPs — qP5 - P3Pe — qPs * PaPs + 2 - qpa 'p5196) } +

+ pY | m3pig" — psps - Maq" — P3pe - Paps - ¢ — P3Ps - Pabe - ¢ — 2+ paps - Paps - ¢+

+ 5 - psps - ¢ — ¢'mam3 + pl (qpa - paps + qpa - Paps) + D5 (qpa - P3P6 + qpa - Paps) +
+ 1 (=2 qpa-m3 — 2 qps - psps) +

+ 1 (2 qps - m3 — qps - PsPs — qP6 - PaPs — qPs - P3Ds — AP - PaPe + 2 qps - p5p6) ] +

+ Pk (—paps - m3q” — p3pa - psps - ¢° — p3pa - paps - ¢ — ¢°m3 - p3ps) +

+ g (m3 - psps - ¢ + pspa - psps - ¢ + M3 - paps - ¢ + pspa - paps - ) +

+ pg (M3 - pspe - 4" + pspa - Pspe - ¢ + M - pape - ¢ + Pspa - paps - ¢") +

+ pk (—pape - M3q” — p3pa - P3pe - ¢° — P3pa - paps - ¢ — ¢"m3 - p3ps) +

+ py {mzmsq — pamiaq” +2mj - psps - ¢ — PaPe - PaPs - ¢° + 2 Paps - Pabe - ¢°—
— p3ps - pape - ¢+ M3 pspe - ¢ — p3 - Pspe - ¢ + 2 - papa - Pspe - ¢°+

+ g (aps - paps — qp3 - P3ps) + ps (qP3 - Paps — qP3 - P3Ps) |+

+ P4 { — pspe - Mgt + m3p3q" — paps - paps - ¢ — 2 paps - P3Pe - ¢ — Paps - PaPe - ¢+

+ P53 pspe - ¢ — q'mam3 + Pl (qps - p3ps + qps - paps) + DE (qp3 - paps + qp3 - Pape) +
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+ i (—2 - qps-m3 — 2 qps - pspe) ] > : (C.46)

Expressions (C.44-C.46) are result of step by step calculation and contain terms that
should not be present in the final result. End state particles are on mass shell, so p3 =
pl = m2, p? = p2 = m3. I keep using short note of ¢? for invariant mass squared of extra
pair ¢* = (ps + pG)2 and short note of ¢3 for invariant mass squared of pair ¢ = (ps + p4)

, I keep using notation of ¢ as part of scalar products, but four vector ¢* is presented as
Pt + p§. Born level spin summarized matrix element (C.33) contain two contractions of
indexes. I present matrix element > _, | M + ]\/[2|2 for diagrams of Fig. 2 as contractions
between tensor corresponding to incoming particles and tensors (C.44-C.46), I attempt to
present these end state tensors as traces. Calculation of the matrix element (C.22-C.31)
follows

at (47r)4 1

—Tr[(pr +ma) " (P2 —ma) "] X

M1+M2 My + M|, + ———
5t A= 3 4

spins spins

q2 ¢, ¢ 9
49""m 25 (E + m3) +Tr [pw“zﬂﬂy] o (P3CI — m3) +

16
X
{ (2 (psq) + )’

v ¢’ q
+ Tr [pary" 7" ( (psps)? — m3— 5 T Pspe + m3 - psq + psps - P3P6) +

2
2
y ¢ q
+ Tr [pay" 57" ( (psps)’ — ma— 5 T PP+ m3 - psq + psps - pgpe) +

16
(2 (paq) + ¢2)°

2‘1 §

2
+ 49" ms— 5 ((]2 + m3) + T'r [psy"par” q2 (Pag —m3) +

2 2
y q q
+ T [ps7"Pe"] (— (paps)” — m%; + papoy + m3 - paq + Paps ~p4p6) +
2 ¢ ¢
+ T [ps7"ps7"] (— (paps)” — m%; +paps T + m3 - paq + Paps -p4p6) +

. 16
(2 (p3q) + ¢2) (2 (paq) + ¢°)

(2
— 277 [psy"pe”] (m3m3 + pspe - Paps + Psps - PaPe — PsPa - PsPe) +
+ 277 [ps"' ps7"] P3P - Paps + 2177 [Pey" P67 P3Ds - Paps—

2 2 2

v q v q v q
— 2T [ps'pary ]m§§ —Tr [psy"psy ]P4615 — Tr [pay"'pary ]p3q5+

— (Tr [psy"psy"] + T [pe7"per”]) (mg% T m§§> N

2
, q
+ T [psy"per” | (m§ - pape + paps (Ps (s — D6) — PsDe) + P3pa 5) +

2
y q
+ Tr [psy"psy) | m3 - paps — pape (03 (s — ps) + Psps) + p3p4—) +

2
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2
y q
+ Tr [pay" pe" <m§ - p3pe + P3P (P4 (s — P6) — PsPe) + PaPa 5) +

2
, q
+ T [pary*ps”| (m§ - p3ps — Pabe (P4 (P5 — Ps) + Psps) + p3p45) +

+ 49" <2m§ (Paps = Paps + P3pe - Paps) — 2P5P6 (P3P6 - PaPs + P3pPs - PaPe) —

¢ ¢
— 2m§m§§ — 4m2 - p3py - 5 =

ot (4 1
3 M ) )1

¢ (¢ ¢
‘“’m%; (2 +m3) + Tr [psy""pay”| = 5 (pgq — mg) -

y { 16
(2(psq) + ¢2)°

v q
—Tr [pay" 47" ((p3p5)2 + (p3p6)2 + m%; —mj3 'p3Q) +

+ +

@) £ | T P por L pave + Tr lpin"ps sy

16
(2 (paq) + ¢2)°

+

s ¢’ )
Wm25 ( 5 + m3> + T [psy"py”] = 9 (pag —m3) —

2
, q
= Tr[psy"q47"] ((p4p5)2 + (paps)® + m%; —mj -p4q) +

+ +

Tr [psy"psy" ) paps + T [Ps"' PeV”] pave

(2 (paq) + ¢?)
. 16
(2(p3q) +¢%) (2 (paq) + ¢

(
—2T'r [psy"pe"] (m2m3 + P3Pe - PaPs + P3Ps - PaPe — P3D4 - pspﬁ) +
+ 277 [ps"' ps7"] P3P - Paps + 2177 [Pey" P67 P3Ds - Daps—

2 2 2

v q v q v q
= 2T [psy" pary”] m?,; — T [psy"psy ]p4q§ — T [pay"pary ]p3q5+

2

+ Tr [psy"pe7" | (—p4p5 (psq +L

2
q
5 ) + m§ * Paq + 2paps - P3Ps +p3p4—) +

2

2 2
q q
—PaDs (P:sq + 5) +mj - paq + 2pape - Pape + p3p4—) +

+ T [psy"ps7"] 5

2 2
v q q
+ Tr [pay"pev" | (—p3p5 (mq + 5) + M3 - p3q + 2psps - paps + p3p43> +
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2

2
v q q
+ Tr [pay" ps" ] <—p3p6 (p4q + 5) + m§ - P3q + 2p3pe - P4Ps +p3p4§> +

+ 49" <2m§ (p3p5 - PaPs + P3De 'p4P6) — 2psps (p3p6 “ PaPs + P3Ds 'p4p6) -

¢ 7
— 2m%m§5 — 4m3 - p3py - 5 =

Lamt o1
UM Lo s+ ma) 7 (o — ) 7]

= M1+M2§o +t
Z’ | It (pl+p2)° ¢

spins
2

Ny 2q2 q2 2 m v 4 2
4g myo 5 T + T [psy"pay ]7 (p3q —m3) —

16
X
{ (2 (psq) + @)

+

2
= Ir[p* "] ((p3p5)2 + (psps)” + m%%)

+ +

Tr [pay" (ps — p6) V"] p3 (05 — p6)

(2(psq) + ¢?)
16
(2 (paq) + ¢2)°

2

@ (¢ q
4g"'m? (— + m%) +Tr [psy"pay’) 5 (pag — m3) —

+ 29\ 2 2

+

2
=T [psy"ar"] ((p4p5>2 + (paps)” + m%%)

+ +

Tr [psy" (s — p6) V"] pa (05 — P6)

(2 (paq) + ¢?)
. 16
(2 (p3q) + ¢2) (2 (paq) + ¢°)

2 2
= (Trlpsr"psy"] + T [ps7"pen”]) (mg% + m2q—2> -

2
v v q
—2Tr [ps*pey”] (mam3 + paps - paps + P3ps - PaPs — Pspa - Pspe) + T (g2 47" (mm;) —

2 2 2

v q v q v q
—2Tr [psy"pury ]m§§ — Tr [psy"psy ]P4CI§ — Tr [pay"pary ]p3q5+

+ 2T (¢ + pa + P6) V' P67"] (D305 - paps) + 217 [(Ps + pa + P5) Y P57"] (P3ps - Pape) +

+ g™ (27”3 (Psps - Paps + P3P - Pape) — 2PsPe (PsPe - Paps + P3ps - Pape) —

_|_

¢ ¢
— ngmgg — 4mS3 - p3py - 5
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1 1 2paq - Tr [psy'gy”] . 2psq-Tr [pw’*m”])
8m? =

" ((2 (p3q) + ¢?) " (2 (paq) + q2)) " ( 2p4q + ¢* " 2p3q + ¢
ot (4m)* 1

T pay ) o (e —m) 7]

=D [Mit Mol +

spins
2/ 2 2

12 q q v q

4g"'m?2 (— + m%) + Tr [psy'pay”| = - p3q—

29\ 2 2

y { 16
(2 (psq) + ¢2)°

2
= Tr[p"q7"] ((p3p5)2 + (p3p6)2 + m%%) +

Tr [pay" (Ps — p6) V"] 3 (ps — pes) |+

" (2 (psq) + ¢?)
16
(2 (paq) + ¢2)°

¢ (¢ ¢
4g"'m? (— + m%) + Tr [psy"pay”| = - paq—

+ 29 \ 2 2

+

2
=T lprr] () + e + 2% )

i Tr[psy" (s — po) 7V pa(p5 — ps) |+

(2 (psq) + %)

N 16
(2(p3q) +¢%) (2 (paq) + ¢

—2T'r [psy"pe"] (m§m§ + P3P - PaPs + P3Ps - PaPe — P3P4 'p5p6) +
2 2 2
v q v q v q
+ T [g27" 47" (p3p4—) — Tr [psy"'psy ]p4q5 — Tr [pay " pary ]png—i—

2 2
— (Tr[psy"psy"] + T [psv"per"]) (mg% T mg%) -

2
+ 277 (3 + Pa + Po) V"P6V"] (D305 - Daps) + 2T [(Ps + pa + P5) V' P57"] (Dspe - paps) +

+ 4g" | 2m3 (psps - Paps + PaPs - PaPs) — 2Ps5P6 (DaPe * PaPs + PaDs - PaDe) —

) 1 1 y
+1oms ((2 (p3q) +¢?) " (2 (paq) + q2)>

y <T rlpsa)pg  Trlpotdr lpsg  Tr sy PG T sy pay’] %) }

2 2
q ,q
- 27”:%5(52 —l—p3p4)>

2p4q + ¢* 2p3q + ¢? 2 (psq) + ¢? 2 (paq) + ¢?
and
ot (4m)t 1
SOIM 4 M = 3 My M2+ 2 L ) 2 (s — ) 0] X
(p1+p2) 4

spins spins
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2

4gtv 2(]2 q2 2 T nw v 4
g myy §+m3 + 7“[]?37]347]5']93Q+

16
X
{ (2(psq) + ¢*)°

+Tr [pay" (Ps — ps) V"] % - p3 (ps — D) —
2

2
= Tr [par"ps7”] (2 (pspe)” + mg%) — T [py"pe”] (2 (psps)” + mg%) +

2

16 2 2
4gtm3L (q— + m?) + T [p3v"pary”] L pigt

(2 (psq) + ¢2)°

+ 29\ 2 2

2
+ Tr [psy" (Ps — ps) V"] % - pa (P5 — p6) —

2

2
= Trlpsy"ps7"] (2 (papo)” + mg%) — Tr [ps7"ps"] (2 (paps)” + mi%) +

. 16
(2 (p3q) + ¢°) (2 (paq) + ¢2)

— 277 [Psy"ps7”] (m3m3 + paps - paps + Psps - PaPs — Paba - Psps) +
2 2 2

y q s q s q
+ T [g27" 47" (p3p4§) —Tr [psy"psy ]mqg — Tr [pay"pary ]p3q5+

+ 2T [(ps + pa + Po) V*P6”] (D305 - paps) + 2T (s + Pa + P5) Y*P57"] (P3p6 - paps) +

39

2 2
— (Tr[psy"'psy"] + T [pev"per”]) <mg% + m2q_2) -

+ 49" 2m§ (p3p5 * Paps + P3De 'p4P6) — 2psps (p3p6 - P4aDs + P3Ps - p4p6) -

2 9
q q
— 2m; (—2 +p3p4)>

+ 16m2 ( L + L ) x
\Qpsg) + ) (2(paq) + )

39\ 9
[ Trlprar g A vy 1psq T [psy"par’] z _ Trlpsy"par”] < (C.47)
2paq + ¢? 2p3q + ¢* 2 (psq) + ¢ 2 (paq) + ¢2 ’ '
where Y°_ . |My + M2, is defined by formula (C.32-C.35). Formulafor 3=, [Ms + Mj]

defined by expression (C.9-C.11) obtains from formula (C.47) through formal replacement
D3 <7 Ps, Pa £ Pe, M2 <7 M.

C.3 Four fermions matrix element

Here I complete calculation of matrix element ) . |M; + My + Mz + M,|?> with inter-

ference terms coming from expression (C.12-C.17):

> My My + My + My = Y [My+ My = Y | Mz + M,|* =

spins spins spins
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8
2p3q + ¢°) (2psq2 + 43)

— ot (47T)4 1 r m —m
N (p1 +p2)4 q2q§T ()50 V) { (

Tr [pe"pe”] (M3 - psps + m3 - paps — M3 - P3pa + 2 - paps - paps — mam3)

+T7 [psy"ps7”] (=3m3 - pspe — M3 - pape + M3 - Pspa + 2 - P3Ps - Paps — 2 - 3P4 - P3P + Mam3)
+ Tr [psy"pay”] (=m3 - psps + m3 - psps + M3 - p3ps + 2 - P3ps - P3P — Mam3)

+ Tr [psy" " ( — M3 - P3P — M3 - P3P + M3 * PaPs — M * PaPs + 2M3 - PsPe

+ 2m§ “D3P4 — 2 P3Ps5 - PaPe + 2 - P3Pa - PsPe — 2+ P3P - P3P5 — 2 - P3Ps - PaPs + 2m§m§>
+ Tr [payper”] (4 (psps)? — m3 - p3ps — M3 - paps + 3m3 - Pspe + 3m3 - P3pa

— M3 - psps — M - P3P + 2 - PaPe - PaPs — 2 - PsPs - PaPs + 2 - P3Pa - PsPe + 4m§m§>

+ T [psy"psy”] ( — M3 - PsPe — M3+ PaPe + 3M3 - PsPs + 3M3 - p3ps — M3 -+ Paps

— M3 - paps + 2 - PsP6 - PaPs + 2 - PaDs - PaPe + 2 - PaPa - Pspe + 4m§m§)

+ Tr [pary" 57" ( — M3 - Psps + M3 - PaPs + M3 - PsPs + M3 - P3pa — M3 - P3Ps

+ 3 - Pspe — 2 - P3pa - P3Pe — 2 - P3Ps - PsDs + 2m§m§)

+ Tr [psy" pay”| (27”% " PsPe + 2m§ *P3pa — m§ " P3ps + m§ “P3Pe — m§ * PaPs

— M5 papPs — 2 PaPs - PaPs + 2 P3Pa - PsPe — 2 P3Ps - P3Pe — 2 - P3Ps - PsPe + 2m§m§)
+T'r [psy"' psv" | (m§ PP — 3m§ * PaPs — m§ " PaPe + 2+ P3Ps - PaPe — 2 - PapPs - PsPe + mgmﬁ)

+ T'r [psy"pe”| ( — M3 - psps + M3 - Paps + M3 - PsPs + M3 - P3pa — M3 - Paps
+ M3 - paps — 2 - PaPa - P3Ps — 2 - Paps - PsPe + 2mgm§)
+ 49" (4 " P4Pe (]93275)2 - 2m§ “ PsPe + m§ (—2 *P3P4 — 2777/%)

+m3 (2 pape - Paps + 2 - Paps - DaPe — 2 - P3Pa - PsPe + 4 - P3ps - Pape + 4 - Paps - DsDe)

+mj (mg (—2 - p3ps+ 8- psps — 2 - psps) + 2 - P3Pe - PaDs + 2 - P3Ps - PaDe
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— 2 - p3ps - pspe + 4 - pspa - p3ps +4 - P3ps - paps — 2m§) +4 - p3ps - p3ps 'P4P5)]

8
+
(2p3q + ¢2) (2peq2 + G3)

Tr [psy"Pe"] (3m3 - psps + m3 - paps — m3 - pspa — 2 - psPs - Paps + 2 - P3pa - Psps — mam3 )

+ Tr [psy"ps7"] (—m3 - psps — M3 - pape + M3 - P3P — 2 - P3P - PaPs + mMam3) +
+Tr []M’Y“]ﬂﬂy] (m§ " DPsPe — m% *P3Ps — m;%, “P3Pe — 2 - P3Ps5 - P3Pe + m%m%) +

+ T [pay"ps7"] ( — 4 (p3ps)” + M3 - paps + M3 - paps — 3M3 - PsPe — IM3 - Papa

+ M3 - p3ps + M3 - P3Ps + 2 P3P6 - PaPs — 2 P3Ps - PaDs — 2+ P3Pa - PsDs — 4m§m§>
+Tr [Py psy”] <m§ - P3Ps + M3 - Paps — 3M3 - PsPe — 3M3 - P3pa -+ M3 - Paps

+ m§ *PaDe — 2 P3P6 * PaPs — 2+ P3P5 - PaPe — 2+ P3Pa - PsPe — 4m§m§>

+ Tr [psy" 7" (mi - P3Ps + M3 - P3P + M3 - PaPs — M3 * PaPs — 2M3 * PsPe

— 2mj - pspa + 2 - P3ps - PaPs — 2 - PsPa - PsPe + 2 - PsPa - PsPs + 2 - P3P - Paps — 2m§m§>
+ Tr [pay"pe’] (m§ - P3Ds — 3+ paPs — M - P5Pe — M3 - P3Ps — M3 - P3Ps

+m3 - P3P + 2 - Pspa - PsPs + 2 - PsPe - PsPe — 2m§m§)

+ Tr [psy"pay”] < — 2mj3 - pspe — 2mj - P3pa — M3 - P3ps + M3 - P3Pe + M3 - Paps

+ 3 - pape + 2 - PsP6 - PaPs — 2 - P3Pa - PsPs + 2 - PapPs - PsDs + 2 - PsPe - PsPs — 2m§m§)
+ Tr [psy" 57" <m§ - P3P — M3 PaPe — M3 * PsPs — m% “ P3P — m§ * PaPs

+ M3 - pape + 2 - Pspa - P3P + 2 - Pape - PsPo — 2m§m§)

+ T [ps7"ps7"] ( — M3 - psPe + M - PaPs + 3M - paps — 2 - P3Ps - Paps

+ 2+ paps - PsP6 — m§m§>
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+ 49" ( — 4 - paps (psps)® + 2mi - psps + m (2 psps + 2m3)

+ m% (—2 “P3P6 * PaPs — 2 - P3Ps - PaPe + 2 - P3P - PsPe — 4 - psps - p3spe — 4 - P3pe ']95]76)

+mj (m% (2 p3ps — 8- p3ps + 2 - psps) — 2 - P3P6 - PaPs — 2 - P3Ps - PaPe

+ 2 - p3ps - psps — 4 - Pa3pa - p3sPe — 4 - P3P - PaPs + 2m§) —4 - p3ps - P3ps ']94]06)]

8
+
(2049 + ¢2) (2p5q2 + 63)

Tr [pev"pe” (—m% - p3ps — M3 Paps + m§ “P3Ps — 2 - P3pPs - paps + m§m§)

+Tr [psy"psy”] (m3 - psps + 3m3 - pape — m3 - Psps — 2 - P3P - paps + 2 - PsPa - PaPs — Mm3)

+ Tr [psy"psy”] (m3 - psps — M3 - aps — M3 - paps — 2 - paps - Paps + mam3) +

+ Tr [pay" 7" <m§ - P3Pe + M3 - paPs — 3M3 - PsPe — 3M3 - Pspa + My - P3ps

+m3 - psps — 2 P3pPe - Pabs — 2 PaPs - Pabs — 2 - P3Pa - PsPo — 4m§m§)

+ T [ps7"Pe"] ( — 4 (paps)® + m3 - paps +m3 - paps — 3m3 - pspe — 3M3 - P3pa

+ M3 - paps + M3 - PaP6 + 2 - P3P6 - PaDs — 2 - P3Ds - PaDs — 2 - P3P - PsD6 — 4m§m§)

+ T [ps"pe”] < — 3 - psps + M3 - PsPe + M3 - paps + M - paps — 2m3 - Pspe

- 2m§ 3P4+ 2 - P36 - PaPs — 2 - P3P4 - PsPe + 2 - P3Pa - PaPs + 2 - P3ps - papDs — 2m§m§>
+ Tr [pay" 7" < — M3 - p3ps + M3 - Paps — M3 - PsPs — M3 - P3Pa + M3 - P3Ps

—m3 - pspe + 2 - PsPa - Paps + 2 - psps - PsPe — 2m§m§)

+ T [pay"par”] ( — M3 - pspe + 3M3 - P3ps + M - P3ps — 2 - PaPs - Pabs

+ 2 p3ps - Psps — m%m%)

+ Tr sy psy”] < — M3 - P3Pe + M3+ DaPe — M3 * PsPe — M3 * P3Pa + M3 - DaPs

142



— M3 - paps + 2 - P3pa - PaPs + 2 - paps - PsPs — 2m§m§)

+ Tr [psy"pay”| ( — 2m3 - psps — 2mj - pspa + M3 - psps + M3 - pspe + M3 - paps

— M3 - Pape + 2 - P3P6 - PaDs — 2 - P3Da - PsPe + 2 Paps - Paps + 2 - paDs - PsPe — 2m§m§)
+ 4gM ( — 4+ p3pe (paps)” + m3 (2 psps + 2m3) + 2m3 - psps — 4 - psps - paps - Paps
+mj <m§ (2 psps — 8- paps + 2 psps) — 2 - PsPe - PaPs — 2 - PsPs - Pabs

+ 2 p3ps - pspe — 4 Paps - Pape — 4 - Paps - PsPe + 2m§)

+m3 (—2 - p3ps - PaPs — 2 - PapPs - PaPe + 2 - P3Pa - PsP6 — 4 - Papa - paps — 4 - Paps - Paps) )]

8
+
(2p49 + ¢2) (2p62 + G3)

Tr [psy"psy”] (—m3 - psps — 3m3 - paps + m3 - pspa + 2 - psps - pabs — 2 - Pspa - paps + mam3)

+ Tr [psy" 57" (m% - P3P6 + M3 - Paps — m§ 3P4+ 2 P3D6 - PaDe — mimﬁ)
2

+ T [psy"psy”] (—m3 - Pspe + M3 - Paps + 3 - PaPe + 2 - Paps - Paps — Mamy3)
+Tr [Py psy”] < — M3 - PsPs + M - P3P — M3 - Paps — M - PaPe + 25 - Pspe

+2m3 - p3ps — 2 - P3pPs - PaDs + 2 - P3Pa - PsP6 — 2 - P3Pa - PaPe — 2 - P3P - PaPe + 2m§m§)
+ T [pay"per”| ( — 3 - psps — M3 - Paps + 3m - Psps + 3M3 - P3ps — M3 - P3Ps

— 3 - psps + 2 - PsPe - Pabs + 2 - PsPs - PaPe + 2 - Pspa - Psps + 4m§m§)

+ Tr [psy"psv"| (4 (paps)” — M3 - paps — M3 - paps + 3m3 - psps + 3m3 - Papa

— M3 paps — M3 - PaP6 + 2 - PaPe - PaDs — 2 - PaDs - PaDs + 2 - Papa - PsPe + 4m§m§>
+ Tr [paypary”) (m3 - pspe — m3 - p3ps — 3m3 - P3ps + 2 - Psps - Pabs — 2 - PsPe - PsPs + M3ms3)

+ Tr [pary" 7" <m§ - P3Pe — M3 - PaPe + M - P5P6 + M3 - pspa + M3 - P3Ps

— M3 - p3Pe — 2 PaPa - PaPs — 2 - D3Pe - DsPe + 2m§m§>

143



+ T'r [psy"pe"| (m% - P3Ps — M3 - Paps + M3 - PsPe + M3 - pspa + M3 - Paps

— m3 - paps — 2 Papa - Paps — 2 - PaDe - PsPe + ngmg)

+ T [ps7"par"] (2m§ - PsPe + 2M3 - psps — M3 - P3P — M - P3Ps -+ M3+ Paps

—m§ “PaPe — 2 - P3P - PaPe + 2 - P3P - PsPe — 2+ PaPs - PaPe — 2 - PaPe - PsPe + 2m§m§)
+ 49" (4 - paps (paps)” — 2m - pspe + i (=2 psps — 2m3) +4 - p3ps - Paps * PaPe

+ m% (2 p3pe - Paps + 2 - P3ps - Pape — 2 - P3pa - PsPe + 4 - PaDs - PaDe + 4 - DaDs - DsPe)

+mj (m% (=2 - pspa + 8- paps — 2 - Psps) + 2 - P3De - PaDs + 2 - P3P5 - PaPe

} 19

— 2 -p3ps - pspe +4 - P3Da - paps + 4 - D3P - PaDe — 27713))
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