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ABSTRACT

Standard relativistic hydrodynamics, through the years, has been extremely successful
in describing the properties of the strongly-interacting matter produced in the heavy-ion
collision experiments. Recently, there has been a significant theoretical advancement in
this field to explain a new phenomenon of spin polarization of hadrons emitted in these
processes. Although current models have successfully explained some of the experimental
data based on the coupling between spin polarization and vorticity of the medium, they still
lack a clear understanding of the differential measurements. This is commonly interpreted
as an indication that the spin needs to be treated as an independent degree of freedom whose
dynamics is not entirely bound to flow circulation. In particular, if the spin is a macroscopic
property of the system, in equilibrium its dynamics should follow hydrodynamic laws.

In this thesis, we develop a framework of relativistic perfect-fluid hydrodynamics which
includes spin degrees of freedom from the quantum kinetic theory for Dirac fermions and
use it for modeling the dynamics of matter produced in relativistic heavy-ion collisions.
Following experimental observations, we assume that the polarization effects are small and
derive conservation laws for the net-baryon current, the energy-momentum tensor, and the
spin tensor based on the so-called de Groot—van Leeuwen—van Weert definitions of these
currents.

Subsequently, we present various properties of the spin polarization tensor and its
components, analyze the propagation properties of the spin polarization components, and
derive the spin-wave velocity for arbitrary statistics. We find that only the transverse spin
components propagate, analogously to the electromagnetic waves.

Finally, using our hydrodynamic framework, we study the spacetime evolution of the
spin polarization for the systems respecting certain spacetime symmetries and calculate
the mean spin polarization per particle, which can be compared to the experimental data.
We find that, for some observables, our spin polarization results agree qualitatively with
the experimental findings and other model calculations. Considering the importance of
electromagnetic fields in the heavy-ion collisions, we also analyze the effect of external
electric fields on the dynamics of spin polarization in the Bjorken-expanding background.






STRESZCZENIE

Standardowa hydrodynamika relatywistyczna przez lata byta niezwykle skuteczna w opisy-
waniu wtasciwosci silnie oddziatujacej materii produkowanej w eksperymentach zderzen
ciezkich jonéw. W ostatnim czasie nastapil znaczny postep teoretyczny w tej dziedzinie,
majacy na celu wyjasnienie nowego zjawiska jakim jest polaryzacja spinowa hadronéw emi-
towanych w tych procesach. Chociaz obecne modele z powodzeniem wyjasniaja niektore
dane eksperymentalne ttumaczac je sprzezeniem miedzy polaryzacja spinu a wirowoscia
o$rodka, nadal brakuje jasnego zrozumienia danych rézniczkowych. Jest to powszechnie
interpretowane jako wskazowka, ze spin nalezy traktowac jako niezalezny stopien swobody,
ktorego dynamika nie jest sztywno zwigzana z cyrkulacja przeptywu materii. W szczegol-
nosci, jesli spin jest makroskopows wtlasciwoscia ukladu, w rownowadze jego dynamika
powinna byé¢ zgodna z prawami hydrodynamicznymi.

W tej pracy przedstawiamy formalizm relatywistycznej hydrodynamiki ptynu doskon-
alego obejmujacej spinowe stopnie swobody otrzymanej w oparciu z kwantowa teorie kine-
tyczng dla fermionéw o spinie 1/2 i wykorzystujemy ja do modelowania dynamiki materii
wytwarzanej w relatywistycznych zderzeniach ciezkich jonéw. W oparciu o obserwacje
eksperymentalne przyjmujemy, ze efekty polaryzacji sa male i wyprowadzamy prawa za-
chowania dla pradu barionowego, tensora energii-pedu i tensora spinu w uzywajac definicji
tych pradéw zaproponowane przez de Groota, van Leeuwena i van Weerta .

W dalszej czesci przeprowadzamy analize wlasciwosci tensora polaryzacji i jego sktad-
owych, badamy wtasciwosci propagacyjne sktadowych polaryzacji i wyprowadzamy pred-
kos¢ fali spinowej dla dowolnych statystyk kwantowych. Pokazujemy, ze poprzeczne sktad-
owe polaryzacji podlegaja propagacji, analogicznie do fal elektromagnetycznych.

Wreszcie, korzystajac z naszego formalizmu hydrodynamicznego, badamy czasoprze-
strzenng ewolucje polaryzacji dla systeméw respektujacych pewne symetrie czasoprze-
strzenne oraz wyznaczamy $rednig polaryzacje spinu czastek na hiperpowierzchni wymroze-
nia, ktéra mozemy poréwnac z danymi eksperymentalnymi. Stwierdzamy, ze w przypadku
niektorych obserwabli, nasze wyniki sa jako$ciowo zgodne z wynikami eksperymentow i
innymi obliczeniami modelowymi. Biorac pod uwage znaczenie poél elektromagnetycznych
w zderzeniach ciezkich jonow, analizujemy réwniez wpltyw zewnetrznych pol elektrycznych
na dynamike polaryzacji spinu przy zatozeniu ekspansji Bjorkena.






ACKNOWLEDGEMENTS

“Adapt yourself to the life you have been given;
and truly love the people with whom

destiny has surrounded you”

— MARCUS AURELIUS

Before going to the main part of this Thesis, here I would like to acknowledge all the
living and non-living with whom I have interacted directly or indirectly and they somehow
motivated me to embark on the journey of my Ph.D.

First and most important of all, I would like to thank my parents, and my supportive
brother and sister. They are the reason I am here. I am grateful to them for believing in
me, and constantly supporting me in all aspects of my life. Teachers play an important
role in shaping the lives of students. They inspire me to take up challenges, I am thankful
to all my teachers who taught me and inspired me throughout my life.

Now I would like to take the opportunity to sincerely thank my Ph.D. supervisor Prof.
Radoslaw Ryblewski. Without his guidance, support, and help, I could never be able to
start this journey in the first place. His passion for excellence and perfection inspired me
to think and imagine beyond limits. I would like to mention that my supervisor was always
there for me, pushing me to reach my true potential. Thank you very much for listening
every time I knocked on your door.

[ am grateful to Prof. Wojciech Florkowski who, in a sense, mentored me to learn and
go deep into the field and also inspired me to take up challenges in other fields and be
curious. His support was always with me. Then I would like to thank my co-supervisor
Dr. Arpan Das without whom I would never have realized many important aspects of
academics and ethics. T am glad to be grateful to all my friends (especially Karishma
Dhanmeher, Himanshu Sharma and Tomoki Goda), collaborators, and colleagues who
encouraged, sustained, inspired, and tolerated me during this journey.

I would also like to acknowledge the funding resources which contributed partly to the
completion of my thesis:

e The H. Niewodniczanski Institute of Nuclear Physics Polish Academy of Sciences.

e Polish National Science Centre Research Grant OPUS12,
No. 2016/23/B/ST2/00717, G41517, PI: Prof. dr. hab. Wojciech Florkowski (Jagiel-
lonian University).

e Polish National Science Centre Research Grant SONATA BIS 8,
No. 2018/30/E/ST2/00432, G41554, PI: dr. hab. prof. IFJ PAN Radoslaw Ry-
blewski.



e NAWA PROM program - International scholarship exchange of doctoral students and
academic staff, PROM PPI/PRO/2019/1/00016,/U/001.

Finally, T would like to thank following people for their interesting comments and inspir-
ing discussions: Samapan Bhadury, Sayantani Bhattacharyya, Krzysztof Golec-Biernat,
Wojciech Broniowski, Ashutosh Dash, Amaresh Jaiswal, Turii Karpenko, Arvind Khuntia,
Andrea Palermo, Dirk H. Rischke, Neda Sadooghi, David Sénéchal, Enrico Speranza, David
Wagner, Yifan Wang, Nora Weickgenannt, and Kacper Zalewski.

10



Contents

1 INTRODUCTION 17
1.1 Quark-gluon plasma . . . . . . . .. .. 18
1.1.1  Search for QGP and its possible signatures . . . . . . . .. ... .. 20

1.2 Spin polarization of A(A) hyperons . . . . . .. .. ... ... ... .... 23
1.3 Relativistic hydrodynamics . . . . . . . . .. ... .. 0oL 27
1.3.1 Kinetic-theory-wise formulation of hydrodynamics . . . . . . . . .. 28

1.4 Theoretical efforts to explain spin polarization . . . . . . ... .. .. ... 31
1.5 Pseudogauge transformation . . . . . .. .. ..o 32
1.6 Objective of the Thesis . . . . . . . . .. .. .. ... ... 34
1.7 Overview of the Thesis . . . . . . . . . . .. .. ... ... .. ... .... 37
1.8 Publications . . . . . . . . .. 40
2 KINETIC THEORY FOR DIRAC FERMIONS 43
2.1 Covariant Wigner function and its transport equation . . . . . . . . . . .. 44
2.2 Semi-classical expansion . . . . . . . ... 46
2.2.1 Zerothorder . . . . . .. .. ... 47
222 Firstorder . . . . . ... 47
2.2.3 Secondorder . . . ... ... 48

2.3 Mass-shell conditions . . . . . . . . ... . 48
2.3.1 Zerothorder . . . . .. .. ... ... 49
232 Firstorder . . . . . . . ... 50

2.4 General kinetic equation . . . . .. ..o 51
3 FORMULATION OF PERFECT-FLUID HYDRODYNAMICS WITH SPIN 55
3.1 Wigner function approach . . . . . . . . ... ... L 56
3.1.1 Equilibrium Wigner function . . . . . . . . ... .. ... ... ... 56
3.1.2 Conservation laws . . . . .. .. ... o 59
3.1.2.1 Net baryon current . . . . . .. ... ... 59

3.1.2.2  Energy-momentum tensor . . . .. . ... ... ... ... 61

3.1.2.3 Spintensor . . . . . .. ... 61

3.2 Classical approach . . . . . . . . . . ... .. 63
3.2.1 Spin-dependent distribution function in equilibrium . . . . . . . .. 63
3.2.2 Net baryon current . . . . . . . ... Lo 63
3.2.3  Energy-momentum tensor . . . ... ... ... L. 64
3.2.4  Spin tensor . . . . ... .. 64



0 CONTENTS

4 PROPAGATION PROPERTIES OF SPIN POLARIZATION 67
4.1 Properties and parameterizations of the spin polarization tensor . . . . . . 67
4.2 Spin tensor for general statistics . . . . . .. ... 68
4.3 Dispersion relation of spin wave velocity . . . . . . . . ... ... ... .. 70

4.3.1 The case of Maxwell-Jiittner distribution . . . . . .. .. ... ... 71
4.3.1.1 Asymptotic limit . . . . . . ... 72

4.3.2 The case of Fermi-Dirac distribution . . . . . ... . ... ... .. 73
4.3.2.1 Asymptotic limit . . . . ... ..o 74

4.3.2.2 Degenerate limit . . . . . .. ... 75

4.4 Linear and circular polarization of spin waves . . . . . ... ... ... .. 76

5 SPIN POLARIZATION OF EMITTED PARTICLES 77
5.1 Pauli-Lubanski four-vector . . . . . . . . .. ... 7
5.2 Phase-space density of the Pauli-Lubanski four-vector . . . . . . . ... .. 78
5.3 Mean spin polarization per particle . . . . . . .. ... 79

6 MODELING OF THE SPIN POLARIZATION DYNAMICS 81
6.1 Basis-vector decomposition of evolution equations . . . . . . . . . ... .. 81

6.1.1 (3+1)-dimensional parametrization of the four-vector basis . . . . . 81
6.1.2 Perfect-fluid background . . . . . ... ... 82
6.1.2.1 Net baryon density conservation. . . . . . . .. ... ... 82

6.1.2.2 Energy and linear momentum conservation. . . . . . . .. 83

6.1.3 Collective dynamics of spin polarization . . . . . .. ... .. ... 83

6.2 Boost-invariant and transversely homogeneous background . . . . . . . .. 86
6.2.1 Hydrodynamic evolution . . . . . . . ... ... ... ... ... .. 87
6.2.2 Angular momentum of a boost-invariant firecylinder . . . . . . . . . 90
6.2.3 Spin polarization at freeze-out . . . . . . .. ... 92

6.3 Non-boost-invariant and transversely homogeneous background . . . . . . . 94
6.3.1 Four-vector basis and spin polarization components . . . . . . . .. 94
6.3.2 Background dynamics . . . . . .. ..o oL 95
6.3.3 Spindynamics. . . . . . ... 97
6.3.4 Spin polarization at freeze-out . . . . . . . . ... ... ... 99

7 BJORKEN-EXPANDING SPIN-POLARIZED SYSTEM IN EXTERNAL ELECTRIC

FIELD 107
7.1 Stationary solution to the Boltzmann-Vlasov equation . . . .. .. .. .. 107
7.2 Baryon and electric charges . . . . .. ... ..o 109
7.3 Energy-momentum conservation . . . . . .. . ... Lo 110
7.4 Entropy conservation . . . . . . . ... Lo 110
7.5 Background dynamics . . . .. ..o 111
7.6 Spindynamics . . . . . ... 114
8 CONFORMAL SYMMETRY OF PERFECT-FLUID HYDRODYNAMICS WITH SPIN115
8.1 Boost-invariant and cylindrically-symmetric expansion . . . . . . . . . .. 116
8.2 Conformal symmetry and conformal mapping to de Sitter space . . . . . . 116
8.3 Conformal invariance of conservation equations . . . . .. . .. ... ... 119
8.4 Background dynamics . . . .. ..o 120
85 Spindynamics . . . . . ... 122



0.0 CONTENTS

SUMMARY 125

INTERPRETATION OF SPIN COMPONENTS FOR BOOST-INVARIANCE-BREAKING
FLOW 127

COVARIANT DERIVATIVE AND CHRISTOFFEL SYMBOLS IN DE SITTER CO-

ORDINATES 129
B.1 The covariant derivative . . . . . . . . . .. ... L 129
B.2 Christoffel symbols in the de Sitter coordinates . . . . . . .. ... .. .. 129
BIBLIOGRAPHY 131

13



0 CONTENTS

EM Electromagnetic
QCD Quantum Chromodynamics
QGP Quark-Gluon Plasma
CERN Conseil Européen pour la Recherche Nucléaire
BNL Brookhaven National Laboratory
SPS Super Proton Synchrotron
LHC Large Hadron Collider
AGS Alternating Gradient Synchrotron
RHIC Relativistic Heavy-Ion Collider
LTE Local Thermodynamic Equilibrium
QFT Quantum Field Theory
EoS Equation of State
NS Navier-Stokes
LRF Local Rest Frame
Can Canonical
BR Belinfante-Rosenfeld
GR General Relativity
HW Hilgevoord-Wouthuysen
GLW de Groot, van Leeuwen, van Weert
MJ Maxwell-Jiittner
FD Fermi-Dirac
PL Pauli-Lubanski
PRF Particle-Rest Frame
BV Boltzmann—Vlasov
MHD Magnetohydrodynamics
JH Joule Heating

Table 1: List of acronyms in order of appearance in the Thesis.

14



NOTATION

In this Thesis the following notations/conventions have been adopted:

“Mostly minus” signature for the spacetime metric, unless specified otherwise

1 0 0 0
0 -1 0 0

Jr=10 0 -1 0 | 1)
00 0 -1

where ¢"g,, = 4 and 2* = (t, z, y, ) in the Cartesian coordinate.

For the scalar (dot) product of four-vectors: a-b = a®b, = gaga®t’ = a°t° — a - b,
where bold font denotes three-vectors.

For Levi-Civita symbol €*#79: 0123 = 1 = —¢(93.
We denote symmetrization by A () = 3 (A + Auy).
To represent anti-symmetrization we use Aj,,| = % (A — Avy).

We represent commutator and anti-commutator between A and B as [A, B] = AB —
BA and {A, B} = AB + BA, respectively.

Dual of any tensor is denoted by a star and obtained by contracting it with the
Levi-Civita symbol as

1
zaﬁ = 5 Eaﬁ,y(s A’Y(S . (2)

A =" A, represents Feynman slashed notation.

(: A:) denotes ensemble (statistical) average of the normal ordered quantity A.
[ ]

L}
Directional derivatives along basis vectors are denoted as U%0, = ( ), X%y = (),
] O

YO, =(), Z%a=().
Divergence of a four-vector A is written as 9, A% = 04.

Einstein summation convention is assumed unless mentioned otherwise.

Throughout the work we assume natural units 7.e. ¢ = h = kg = 1, unless mentioned
otherwise. Here ¢, h, and kg is speed of light, reduced Planck constant and Boltzmann
constant, respectively.
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1
INTRODUCTION

“What s not started
will never get finished.”
— JOHANN WOLFGANG VON GOETHE

Understanding the origin of our universe, its physical properties, its composition, etc.
are among the primary goals of modern science. According to the standard model of
cosmology, the theory of the Big Bang proposed by G. Lemaitre [1] in the year 1927 !, has
been considered the most reliable framework to date to study the evolution of the universe.
Extrapolated back in time the Big Bang model gives us crucial information about its origin.
According to this model, our universe is expanding and it was much hotter and much
smaller in the beginning. The experimental validation of its expansion came after galaxy
red-shift measurements by E. Hubble in 1929 [10]. His observational evidence along with
the cosmic microwave background [11] and Big Bang nucleosynthesis [12,13] became the key
milestones of modern cosmology. To explore the physical properties and the matter content
of our universe, physicists have considered different approaches. One of the approaches is
the direct astrophysical and astronomical observation, meaning observation at large length
scales using telescopes probing different electromagnetic (EM) wavelengths. The other
approach is to reproduce the conditions which existed during the very early stages of the
universe in terrestrial laboratories producing hot and dense medium in relativistic heavy-
ion collisions [14, 15].

According to the thermal history of our universe, its temperature and its age, at the
very beginning, during the Planck era, were of the order of 10! GeV and 103 s, respec-
tively [16]. The universe, being in a very hot and dense early stage, then cooled and diluted
due to its expansion. It has been speculated that due to the cooling, our universe also went
through several phase transitions, for instance, grand unification 2, electroweak and QCD
(quantum chromodynamics) phase transitions, etc. at different time scales [17,18]. Among

'Historically speaking, A. Friedmann was the first who came up with the idea that the Universe can be
dynamic [3] after finding the solutions of A. Einstein’s field equations. However, he did not link his findings
to any astronomical observations. There were many attempts to obtain the dynamic universe solution from
Einstein’s equations but none of them suggested that the universe is expanding [4]. It was K. Lundmark in
1924, who estimated extra-galactic distances and suggested that galaxies are red-shifted [5]. Then in 1927,
G. Lemaitre discovered new dynamical solutions to Einstein’s equations and obtained the relationship
between linear velocity and distance, which he then linked to astronomical observations. This solution was
also independently discovered later by H. P. Robertson [6] and A. G. Walker [9].

2This is a phase transition where the strong force got disentangled from the weak and electromagnetic
forces.
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1 INTRODUCTION

these phase transitions, the dynamics of the QCD one is the most important for our current
discussion. QCD transition which can also be understood as the transition from the decon-
fined quark-gluon matter, more commonly known as the quark-gluon plasma (QGP), to
confined hadronic matter occurred when the temperature was of the order of T' ~ Aqcp ~
200 MeV and the age of the universe was a few microseconds (~ 107% s) after the Big
Bang [18]. It turns out that the QCD transition is the only phase transition of the early
Universe history that can be studied in the relativistic heavy-ion collision experiments. Due
to the direct experimental access, we can explore various aspects of the dynamics of QCD
phase transition, which is otherwise not possible. We should emphasize that the study
of the QCD phase transition dynamics is also crucial for the existence of nuclear matter
in the universe. As the universe cooled across the QCD transition scale, bound states of
elementary particles such as baryons were formed out of quark-gluon matter. Subsequent
evolution of the universe and due to the big bang nucleosynthesis, protons and neutrons
combined to form certain species of atomic nuclei. Today most of the observed matter in
our universe is in the form of atomic nuclei. Therefore, understanding the QCD dynamics
in the early universe is of paramount importance. Moreover, large compact objects, such
as neutron stars may also help us to understand the properties of matter under extreme
conditions. These compact objects can also contain various phases of QCD matter e.g.
QGP, hadronic matter, etc. Since we cannot access the QCD plasma of the early universe
or the interior of astrophysical objects directly, relativistic heavy-ion collision experiments

across a wide range of collision energies provide us a unique opportunity to explore the
QCD dynamics [19-22].

1.1 Quark-gluon plasma

The dynamics of strongly-interacting matter namely quark-gluon matter and the hadronic
matter is governed by the fundamental theory of QCD. Two key aspects of the QCD are
asymptotic freedom and color confinement. The QCD coupling constant becomes very small
at the high energy scale or a large momentum transfer scale in microscopic collisions. This
phenomenon is known as the asymptotic freedom [23, 24| which can be shown analytically
using the methods of perturbative QCD and has been well tested in deep inelastic scattering
experiments. Interestingly, the momentum dependence of the QCD coupling also indicates
that in the low energy scale of Aqcp, this coupling is rather large leading to the breakdown
of the perturbative QCD techniques. Such non-perturbative nature at the low energy scale
is very interesting and it can be argued to be associated with the non-abelian nature of
the QCD gauge fields. Due to this non-abelian nature, gluons can self-interact leading to
the phenomenon of color confinement which prevents us to observe directly the ‘colored’
partons, i.e. quarks, antiquarks, and gluons. These colored partons are confined within
color singlet (color neutral) hadrons * which can be observed in the experiments.
Fundamental properties of QCD are also manifested in its phase transition dynamics. In
the QCD medium, at a very high temperature (7" > Aqcp) or high baryon number density
N > A3QCD) 4 partons are expected to be liberated from individual hadrons and form

3Hadrons can be considered as the low-energy states of QCD, although a framework describing color
confinement from a microscopic point of view is still lacking. Nevertheless, various lattice QCD numerical
calculations unambiguously predict the existence of various hadronic states starting from the fundamental
QCD Lagrangian.

4Understanding the extreme properties has always been important in paving the way to discover new
states of matter [25]. The first exploration of the properties of matter at high densities was performed by
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1.1 Quark-gluon plasma

a deconfined phase of quarks and gluons. In this deconfined medium, partons can move
across length scales that are larger than the confinement length scale i.e., the mean size of
hadrons. The transition from the confined hadronic phase to the deconfined QGP phase is
known as the confinement-deconfinement phase transition. We should note that, although
the confinement-deconfinement transition was predicted as a true phase transition, lattice
QCD calculations (with physical quark masses) showed that this is not a phase transition
but rather a crossover. Such conclusions can be drawn by considering the variation of
the thermal expectation value of the Polyakov loop with various physical scales. The
thermal expectation value of the Polyakov loop can be considered as an order parameter of
the confinement-deconfinement transition [29-31]. At vanishing baryon chemical potential
with physical quark masses, the thermal expectation value of the Polyakov loop changes
continuously from the confined phase to the deconfined phase with temperature. On the
other hand in the pure gauge sector, QCD phase transition is of first order [32].

Apart from the SU(3). gauge symmetry, QCD Lagrangian can also have other global
symmetries. One such symmetry of the massless QCD Lagrangian is the chiral symme-
try, denoted as SU(3)y ® SU(3)a with V and A representing the vector and axial-vector
transformation in the fermionic sector of the QCD Lagrangian. In the high energy scale
(> Aqcp), one can safely neglect masses of light quarks (including strange quark). The
chiral symmetry of QCD is exact only in the vanishing quark mass limit, however, in reality,
chiral symmetry is only an approximate symmetry. Note that, if we only consider v and d
quarks, the physical masses of these quarks can be neglected in comparison to Aqcp scale.
Thus, in the non-strange light quark sector, chiral symmetry is physically motivated. If
chiral symmetry is a symmetry of nature then one would expect parity doublets of observed
hadrons, which are not observed °. This implies that, although the chiral symmetry is the
symmetry of the QCD Lagrangian, in the QCD vacuum this symmetry is not manifested.
Hence, the chiral symmetry is ‘spontaneously’ broken, SU(3)y ® SU(3)a — SU(3)y. For
two light-flavor quarks (u and d) case, pions are the Goldstone bosons of the sponta-
neous chiral symmetry breaking [33,34]. Spontaneous breaking of chiral symmetry can
be argued in various QCD-inspired effective models due to the presence of non-vanishing
quark-antiquark scalar condensate (chiral condensate) which is an order parameter of the
chiral phase transition [35,36]. Various QCD effective model calculations indicate that in
the high temperature and/or high chemical potential limit the chiral condensate has a van-
ishing value. This phase is called the chirally symmetric, or chirally restored, phase. On
the other hand, in the low-temperature limit, chiral condensate can have a non-vanishing
value. This phase is known as the chiral symmetry broken phase. The quark matter phase
is expected to be a chiral symmetry restored phase and in the hadronic phase, the chiral
symmetry is spontaneously broken. Spontaneous breaking of chiral symmetry also gives
rise to non-perturbative corrections to the masses of quarks and hadrons [33]. One should
emphasize that the chiral symmetry group is only defined in the fermionic sector of the
QCD Lagrangian. On the other hand, the local SU(3). symmetry deals with color gauge
fields. Hence, it is not expected that the chiral phase transition and the confinement-
deconfinement transitions are connected. However, lattice QCD calculations suggest that
the chiral transition temperature and confinement-deconfinement transition temperature
coincide indicating that these two transitions can be connected [37].

J. R. Oppenheimer and G. M. Volkoff [26] in the context of star formation, followed by the investigations
in other areas of physics [27,28].

5Pions have specific parity, and pions with opposite parity have not been observed in low energy
experiments.
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1 INTRODUCTION

Based on the concept of asymptotic freedom, J. C. Collins and M. J. Perry in 1975 [38]
proposed the idea of superdense matter in the interiors of neutron star and noted that there
is a qualitative difference between QCD at high temperature (and/or density) and QCD
at low temperature (and/or density). In the same year, N. Cabibo and G. Parisi gave a
schematic phase diagram of baryonic matter and suggested that Hagedorn temperature [39]
might be the temperature of phase transition between the quark matter and hadronic
matter [40]. They also noted that hadronic matter, at high temperature and/or density,
should have a phase transition into a new state where quarks are deconfined. E. V. Shuryak
called this new phase of deconfined matter quark-gluon plasma [41,42].

The idea of investigating the characteristics of highly dense and hot matter in laboratory
conditions came in 1970’s [43-45] after the study of supernovae and neutron stars. This
led to the idea that the collisions of heavy-ions at very high energy may be able to produce
dense matter like the QGP giving birth to a new field of physics, namely relativistic heavy-
ion collisions [46-55]. To mimic the conditions existing in the very early universe, the
experimental study of the QGP properties was initiated using ultra-relativistic collisions
of heavy-ions [14, 15, 56] in facilities like Conseil Européen pour la Recherche Nucléaire
(CERN), founded in 1952, and Brookhaven National Laboratory (BNL), founded in 1947.

1.1.1 Search for QGP and its possible signatures

Significant efforts have been put forward through the years to understand the phase tran-
sition dynamics of QCD in heavy-ion collision experiments e.g. at CERN (SPS, LHC) and
BNL (AGS, RHIC). Fixed target experiments at AGS and SPS where one collides Au + Au
at up to 11 GeV per nucleon beam energy (AGS) and Pb + Pb at up to 160 AGeV (SPS)
indicated the possible existence of a new form of hot and dense state of QCD matter. In
these low-energy heavy-ion collision experiments the target and the projectile nuclei cannot
pass through each other due to the nuclear stopping and strong QCD coupling. Such low-
energy collisions provide an opportunity to systematically study the baryon-rich matter
or the QGP at high baryon density which is expected to exist in the interior of neutron
stars. On the other hand, with the help of the heavy-ion collision program at RHIC (BNL)
with the collision energy up to /sy = 200 GeV and at LHC (CERN) with the center of
mass collision energy per nucleon ,/syny = 2.76 TeV and higher, we can explore the QCD
dynamics at temperature and baryon chemical potential relevant for understanding the
QCD phase transition dynamics in the early universe.

Figure 1.1 shows the possible evolution stages of the matter created in the ultra-
relativistic collisions. Contrary to a fixed target experiment, in collider experiments heavy-
ion beams collide at a very high energy scale where QCD coupling is relatively small and,
due to the nuclear transparency, the target and projectile nuclei almost pass through each
other [58]. Therefore, in the high-energy collider experiments, the interaction region re-
mains almost baryon free. Despite the nuclear transparency at ultra-relativistic energies,
when the highly Lorentz contacted nuclei pass through each other, a large amount of en-
ergy density can be deposited in the reaction zone forming secondary partons. Due to a
large number of rescatterings, these secondary partons redistribute energy among them-
selves to produce a (locally) thermally equilibrated plasma which is expected to be the
QGP phase, which then expands due to high internal pressure. Because of the expansion,
after some time, the fireball cools down and it undergoes the quark-hadron transition to
form a hadronic medium at freeze-out °. These intermediate stages are not observed in

6Freeze-out is the stage where the interaction between particles stops and final hadrons are freely
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1.1 Quark-gluon plasma
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Figure 1.1: Schematic picture of the evolution stages of ultra-relativistic heavy-ion collision.
Time in the horizontal axis has the unit of fm/c and Q? denotes four-momentum transfer
squared [57].

the experiments. Moreover, in detectors, we observe quantities such as momentum spectra
and multiplicities of hadrons, but not their actual positions [60-62].

Since QGP is a color-charged medium with a very short lifetime (of the order of fem-
tometers), it can not be detected in the experiments directly. Thus, one needs to propose
physical observables which can provide information about the QGP indirectly. Some sig-
natures of the QGP formation which are commonly studied are:

e Hard thermal dilepton and photon radiation [63,64] Direct photon radiation
and dileptons such as e, e~ and u™, u~ contain the thermodynamic information of
the QGP fireball. Even though they are difficult to interpret, they are probably the
best observables to study the relativistic collisions of heavy-ions as they penetrate
the matter easily and are not affected by the process of hadronization. They are also
helpful in providing the initial stage information as their momentum distributions
depend on the partons temperature. Since the temperature of the QGP phase is
supposed to be higher than the hadronic phase, there should be an increase in higher
transverse momenta due to the momentum of direct photons.

e Quarkonia suppression [65-67] As heavy quarks are produced in the initial hard
scattering processes, these quarks witness the entire evolution of the strongly-interacting
matter produced in the heavy-ion collisions. Heavy quarks and antiquarks interact to
produce bound states which are known as quarkonia, for instance, the bound states
of charm and anti-charm (charmonia) and bottom and anti-bottom (bottomonia)
quarks 7. Tt was proposed in 1986 that suppression of J/v¢ (bound state of ¢ and ¢)
can be used as a probe for QGP. The key concept can be understood as follows: ¢
and ¢ are produced at a very early stage of QGP formation. The high gluon density
in the deconfined matter, due to the color deconfinement, causes Debye screening
of ¢ and ¢ effective interaction. This Debye screening can be characterized by the
Debye mass or Debye screening length scale which depends on the temperature of

streaming to the detector. There are two types of freeze-outs: thermal and chemical. Thermal or kinetic

freeze-out is the stage where final hadrons stop interacting completely, whereas, chemical freeze-out is the

stage where there are no inelastic collisions between the particles [54]. Some experimental data can be

explained with the so-called single-freeze-out model where these two types of freeze-outs coincide [59].
“Top quarks form bound state but they have a very short lifetime and thus decay quickly.
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the medium. Whenever the Debye screening length becomes smaller than the radius
of charmonium, the charm quarks and antiquarks cease to interact with each other
giving rise to the decay and hence suppression of charmonium states. Moreover, such
Debye screened ¢ and ¢ particles may form hadrons, like D and D mesons, with their
light quark partners. Since the Debye screening length is sensitive to the tempera-
ture of the medium, different quarkonia states having different binding energies will
dissociate in the medium at different temperatures. Hence, quarkonia suppression
can also be considered a ‘thermometer’ for the QGP.

e Strangeness enhancement [68,69] Enhancement in the strange quark production
relative to the up and down quarks in the heavy-ion collisions has been proposed in
the year 1982 as a probe to study QGP properties as more pairs of s are supposed
to be produced in the QGP because of high energy density and fusion of gluons
contributing almost of 80% to the production of strange quarks. Note that collid-
ing nuclei do not contain strange quarks, therefore all strangeness must be created
during the collisions. We should emphasize that the strangeness production mecha-
nism in a hadronic medium can be significantly different from the one in the QGP.
Since strangeness is conserved in QCD, strange particles and antiparticles must be
produced in a pairs. Therefore, the threshold for strange hadron production in a
hadronic medium is rather high compared to others, e.g., the threshold energy of
strangeness production in a pion nucleon scattering 7 + N — A + K is ~ 540 MeV.
On the other hand, in the QGP medium, due to the chiral symmetry restoration |70],
the constituent quark masses can be replaced by the current mass. Therefore, above
the chiral symmetry restoration threshold, strange—anti-strange quark pair produc-
tion gets reduced, enhancing the strangeness production in the deconfined partonic
medium. Assuming that the produced strange particles and antiparticles take part
in the hadronization, the strangeness abundance in the partonic phase should be im-
printed in the relative yield of the strange and non-strange hadrons. As compared to
the et —e™ collision or proton-proton collision, in the heavy-ion collisions strangeness
enhancement has been, indeed, observed [71].

e Jet quenching [72, 73] Jets originating from the initial hard scattering of partons
can be considered as an important probe for the hot and dense QGP matter created
in heavy-ion collisions. Jets are composed of highly collimated and correlated par-
tons having large transverse momentum (pr) (transverse to the beam direction) and
are mostly produced back to back due to the conservation of energy and momentum
(although three and four jet events can also take place). These high py particles lose
their energy through collinear radiation. Jets produced at the initial stage traverse
through the thermalized medium before escaping the QGP. While passing through
the medium, they lose their energy much more significantly than the ones traversing
hadronic matter, as jet energy loss or parton energy loss can be significantly different
in the medium from energy loss in the vacuum. As a result, jets that are produced
at the edge of the QGP fireball can escape easily, while jets emitted in the opposite
direction traverse a longer length through the thermalized medium and undergo sig-
nificant medium modification. Such phenomenon is known as ‘jet quenching’ in a
medium. Medium effects on jets can also be quantified by the jet nuclear modifica-
tion factor (jet-R44). Quantitatively, values of jet-R44 less than one imply medium
modification. The experimentally observed ‘jet-quenching’ indicates the formation of
a partonic medium |74, 75].
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1.2 Spin polarization of A(A) hyperons

Evidences provided by CERN [76], in 2000, and by RHIC at BNL [77,78], in 2005, confirmed
the production of a new state of hot and dense matter. This was possible due to both high-
quality experimental data, coming from the experiments, and theoretical models, which
gave a precise quantitative description. Opposite to theoretical expectations, it was shown
that this new state of matter behaves as a strongly-coupled system whose evolution follows
the dynamics of a perfect fluid [79,80] ®. This is due to the very small kinematic shear
viscosity (n/s) obtained from the transverse momentum spectra of the charged particles;
here 7 is the dynamic shear viscosity coefficient and s is the entropy density. In fact,
n/s of the QGP, which, by the way, is the smallest value observed in nature, is also very
close to the so-called Kovtun-Son-Starinet bound, n/s = 1/(4m) [84,85], derived using
gauge-gravity correspondence [86].

1.2 Spin polarization of A(A) hyperons

Recently, new directions in heavy-ion collision physics have opened up after the speculation
that the non-central relativistic collisions can be the source of a large magnetic field and
angular momentum. The presence of a large magnetic field (of the order of AQQCD) can give
rise to charge-parity violating effects, e.g., chiral magnetic effect [87,88|, etc. which are not
yet confirmed by the experiments. Moreover, non-central nuclear collisions at high energies
can induce, in quark-gluon matter, a large angular momentum (~ 10°h) [89] which leads
to measurable spin polarization of the emitted hadrons [90].

Impact parameter

Figure 1.2: (Color online) Schematic diagram of the initial angular momentum orientation
in non-central heavy-ion collision [91].

In 2005, it was proposed [92] that the spatial inhomogeneity of the colliding system
in non-central heavy-ion collisions leads to the deposition of large initial orbital angular
momentum in the produced matter along the direction orthogonal to the reaction plane
(y-axis), whose significant fraction may be transferred in partonic collision processes to the

8See Refs. [81-83] for the studies related to the strongly-interacting systems in the area of condensed
matter physics.
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spin of the QGP constituents, see Fig. 1.2. As a result, due to angular momentum conser-
vation, it may lead to polarization of quarks and antiquarks, which can be subsequently
transferred to the hadrons resulting in their global spin polarization along y direction.

A macroscopic interpretation of this phenomenon was provided in 2008 using the hydro-
dynamic considerations [89]. According to it, the spatial inhomogeneities, arising from the
initial orbital angular momentum, lead to the generation of fluid vorticity. The particles
emerging from such a vortical system, through the so-called spin-vorticity coupling, should
exhibit a global polarization along the same direction .

Beam-beam
counter J

\//\_

Beam-beam
A counter

Quark-gluon
plasma

Forward-going
beam fragment

Figure 1.3: (Color online) Schematic diagram of a Au + Au collision (not to scale) where
jsys is the direction of the angular momentum of the collision, see Ref. [90].

Among various spin-polarizable hadrons, weakly decaying A(A) hyperons are of special
interest for quantitative estimation of the vorticity-driven polarization. In the parity-
violating decay of the A particle the outgoing proton is preferentially emitted along the
spin direction of its parent particle, see Fig. 1.3. Hence, measuring the direction of the
proton’s momentum in the hyperon’s rest frame can provide information about the spin
polarization of the hyperon. Such ‘self-analyzing’ weak-decay channel of A(A) hyperons
makes them excellent probes for the polarization measurements.

The first positive experimental observation of global spin polarization ** of A(A) hyper-
ons ' published by STAR Collaboration [90,96] provided experimental evidence of vortical
structure of the QGP. Using the spin-vorticity coupling, which holds for spin-polarized
systems in thermal equilibrium [97], the experimentally observed value of polarization, see
Fig. 1.4, leads to prediction of the value of vorticity of the order of 10?* s=! which is much
larger than the vorticity of any other physical system. From the Fig. 1.4 one may notice
that the magnitude of the average global spin polarization of both A and A increases with

9nterestingly, a non-relativistic analog of such a mechanism has been observed in experiments by A.
Einstein and W. de Haas [93], and S. J. Barnett [94].

10Here ‘global’ means the average polarization in the event with respect to the direction of the global
orbital angular momentum of the colliding system, see Fig. 1.2.

HThe discovery of = and 2 hyperon global polarization was also reported recently [95].
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Figure 1.4: (Color online) Average global spin polarization for A(A) hyperons in 20-50%
centrality Au + Au collisions as a function of collision energy [90].

the decrease in the collision energy which naturally makes the low- and mid-energy re-
actions of special interest. The differences between particle and antiparticle polarization
may be explainable by their interaction with the initial electromagnetic fields supposedly
generated in early stages, however, they are not yet quantitatively described theoretically.

This measurement has opened up new directions in the studies of QGP [91,98-105],
providing opportunities to gain new physics insights such as chiral dynamics of strongly-
interacting and deconfined matter [106,107|. New phenomena such as chiral vortical ef-
fect [108-118], due to vortical structure of QGP, analogous to the chiral magnetic ef-
fect [87,88,119-127] generated huge interests.

Apart from global vorticity along the direction of the total angular momentum, namely
the y-component, the matter produced in the heavy-ion collisions may also exhibit local
vortical structures which can lead to non-vanishing values of other components of polar-
ization. Of particular interest is the longitudinal polarization, meaning the component of
polarization along the beam direction (z-axis), as it probes the vorticity of the velocity
field generated in the transverse plane, see Fig. 1.5. Indeed, the measurements of A(A)
longitudinal polarization [130] confirm this reasoning. Figure 1.6 shows the cosine of the
polar angle of the daughter particle in the rest frame of its parent particle that is averaged

over all A(A) particles. One may notice the quadrupole dependence of the longitudinal
polarization which matches the one for longitudinal vorticity resulting from the elliptic

25



1 INTRODUCTION

Figure 1.5: (Color online) Schematic view of the flow structure in the transverse plane
which may generate longitudinal polarization [128,129].
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Figure 1.6: (Color online) Cosine of the polar angle of the proton in the rest frame of the
parent A(A) that is averaged over all A(A) particles as a function of azimuthal angle (¢)
relative to second-order event plane () [130]. Note the correlation with flow structure in

Fig. 1.5 represented by “+” sign.
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1.3 Relativistic hydrodynamics

flow structure in Fig. 1.5. While theoretical calculations based on transport models [131]
confirm observed signal, hydrodynamic models using spin-vorticity coupling did not predict
it correctly [128,132,133]. Note that due to symmetry longitudinal component of averaged
polarization is supposed to be zero.

Spin polarization 2 of the A(A) hyperons has also been observed in the lowest [137] and
the highest energies [138,139] which became the subject of intense investigations [140-144].

1.3 Relativistic hydrodynamics

If due to initial multi-particle scattering, thermalization can be achieved locally in the early
stages of heavy-ion collisions and the interaction among quarks and gluons is strong enough
to maintain local thermodynamic equilibrium (LTE), then the space-time evolution of the
strongly-interacting matter can be described by hydrodynamic principles [54,55, 145-153].

Contrary to microscopic quantum field theory (QFT), hydrodynamics is an effective
theory defined at a length scale larger than the mean free path of microscopic particles, but
smaller than the system size. Such scale differences can be argued if the microscopic and the
macroscopic length scales associated with the system are sufficiently separated. Generically
a hydrodynamic model describes the space-time evolution of macroscopic thermodynamic
variables, such as local energy density, pressure, temperature, fluid-flow velocity, etc. In
fluid or hydrodynamic description the system is expected to be continuous. If we neglect
any non-equilibrium effects then every fluid cell (infinitesimal volume element) is assumed
to be in LTE throughout its evolution. This implies, that each fluid element must be
large enough (compared to the microscopic scales) to properly define the thermodynamic
variables including the notion of thermal equilibrium, and, at the same time, must be small
enough to ensure the continuum limit. Although relativistic hydrodynamics is an effective
approach, detailed knowledge of the microscopic dynamics enters it through the equation
of state (EoS) relating pressure, energy density, and net baryon density.

Hydrodynamic models have been used to describe collective dynamics of different physi-
cal systems including cosmological and astrophysical plasma [154], the strongly-interacting
plasma produced in heavy-ion collision experiments, etc. Relativistic hydrodynamics has
been extensively studied to model the bulk evolution of the strongly-interacting medium
produced in relativistic heavy-ion collisions and turned out to be successful in describing
multiple collective phenomena. Both ideal, as well as dissipative frameworks, have been
developed to explain the observed hadron spectra in experiments. Considering its successes
it is fair to say that the hydrodynamic framework along with the description of the initial
state and the prescription for hadronization constitutes the ‘standard model’ of heavy-ion
collision physics.

In this Thesis, we will not discuss dissipative phenomena, explicitly, but a few comments
on dissipative hydrodynamics are in order here. Although the relativistic generalization of
the ideal hydrodynamic framework is rather straightforward, the generalization of dissipa-
tive non-relativistic hydrodynamics for a relativistic system is a non-trivial task and it is a
timely research topic in high-energy physics. A relativistic generalization of Navier-Stokes
(NS) theory was proposed by Eckart [155] and Landau [156] independently. Eckart’s and
Landau’s theories are also known as first-order theories of dissipative hydrodynamics as the
dissipative current can be expressed as a first-order gradient of the fundamental fluid vari-

12Study of spin physics and vorticity in the context of relativistic heavy-ion collisions may also help in
clear understanding of spin-orbit coupling in the field of spintronics [134-136].
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ables, i.e. temperature, chemical potential (associated with any global conserved charge),
and fluid four-velocity. However, the relativistic NS frameworks as given by Eckart and
Landau are plagued with acausality and instability problems [157,158]. The reason for the
acausality is that in the NS formalism, the dissipative currents are linearly proportional
to gradients of temperature, chemical potential, and velocity giving rise to parabolic dif-
ferential equations which do not preserve causality which, in turn, can be the source of
instability. The second-order generalization of the NS framework as put forward in various
studies solves the problem of acausality by introducing a ‘time delay’ between the gradi-
ents of the primary fluid-dynamical variables and resulting dissipative currents. In such
a theory, apart from temperature, chemical potential, and fluid four-velocity one also has
to consider various dissipative quantities as dynamic variables satisfying evolution equa-
tions describing their relaxation towards the NS limit. In this improved framework, the
hydrodynamic equations are generically hyperbolic preserving causality. A more detailed
discussion on the development of second-order dissipative hydrodynamics can be found in
Refs. [150, 159, 160]

In the present work, we focus on the perfect-fluid hydrodynamic framework and its
possible generalization to include the space-time evolution of spin degrees of freedom.
Therefore, we first discuss briefly the salient features of standard perfect-fluid hydrody-
namics without spin for completeness. The details of perfect-fluid hydrodynamics with
spin will be discussed in subsequent chapters of this Thesis.

1.3.1 Kinetic-theory-wise formulation of hydrodynamics

A covariant hydrodynamic theory can be formulated using the macroscopic conservation
laws. On the macroscopic level, a many-particle system can be expressed in terms of cur-
rents such as the energy-momentum tensor, number current associated with any conserved
quantity, etc. Using the single-particle distribution function (f(z,p)) we can write the
energy-momentum tensor (7#"), and number current (N*) in the following manner,

T = / dP " f(z,p). (1.1)

NF = /de“f(a;,p), (1.2)

where dP = dp/((27)3E,) is the momentum integration measure with E, = /p* + m?
denoting the on-shell particle energy. It can easily be proved that the momentum inte-
gration measure dP is a Lorentz-invariant quantity and the distribution function f(x,p)
transforms as a Lorentz scalar. Physically, the components 7%, T% T% and T% can be
interpreted as the energy density, energy flow, momentum density, and momentum flow,
respectively. Similarly, N° is the particle number density, and N is the particle num-
ber current. In relativistic kinetic theory, N* and T*"” can be considered as the first and
the second moment in momentum space of the distribution function [161,162]. It should
be emphasized that to define the energy-momentum tensor (1.1) one implicitly assumes
that the system is dilute such that the interaction energy among different particles can be
neglected as compared to their kinetic energy.

Equations (1.1) and (1.2) can be generalized to a multi-component system in a straight-
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1.3 Relativistic hydrodynamics

forward way [161],

™ = Z/ Opkpkfk(fc Pk) (1.3)

d*pi
o=y P Ful i) (1.4)
,; (2m)2p) "
Here k =1, 2, ..., N denotes different particle component of the system, e.g., if we con-

sider a hadronic medium then k& runs over particle species. A priori the conservation of
T and N* is not evident from Egs. (1.1) and (1.2). Conservation of these macroscopic
currents can be obtained using the evolution equation for the distribution function within
the framework of relativistic kinetic theory. Assuming only binary collisions along with the
hypothesis of molecular chaos, the kinetic equations determining dynamics of distribution
functions fi(z, px) can be expressed as,

d3p pz d’p;
Wohien) = 53 | b mep e s~ i) (15)
i,9,0=1 l '

From the above equation, one can identify the collision term for the process kl — ij,

3 3
Z/ d pl pZ (2(1_)]9J (flfy ij—kl — fklekl%ij)g (1.6)

zyl

where Wy;_,;; is the transition rate for the collision process kl — 75 which includes both elas-
tic and inelastic scattering processes. The factor of 1/2 in the front takes into account the
identical particles in the final state. By the virtue of conservation of energy and momentum
in microscopic collisions, the collision term Cy; satisfies the following relations [161],

Z/ dggocklxpk) = 0, (1.7)

k=1

d

k=1

Once we identify the properties of the collision terms, the conservation of the number
current can be obtained in a straightforward way,

d’p
8,LN“ = Z/ 3k Opkﬁ fk T pk Z/ Ckl T pk) = 0. (19)
k=1
Similarly, the conservation of the energy-momentum tensor is expressed as
v d Dk d3pk
TH’ Z/ 3 Opkpk;a fk iy pk Z/ 27‘( 3 Opk Ckl(mapk’) = 0.
k=1

In general, T"” and N* can be decomposed into ideal and dissipative parts. Since this The-
sis is based particularly on the perfect-fluid hydrodynamics, we discuss the latter without
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spin as a warm-up. The energy-momentum tensor and the number current for a perfect-
fluid (single component) can be expressed as,

Ty = /de“p”feq(%p), (1.10)

N = /de"feq(w,p), (1.11)

where foq(x,p) is the distribution function in local equilibrium, hence, the suffix ‘eq’. An
ideal fluid is defined assuming that all fluid elements must be locally exactly in thermody-
namic equilibrium. Therefore, we can define the local temperature T'(z), chemical potential
p(z), and fluid four-velocity U#(z) (normalized as U*U, = 1). Now our task is to write
the conserved energy-momentum tensor and number current in terms of 7', ;1 and U*. As
TYy is symmetric in its indices, it can be decomposed in terms of U* and g"” whereas Nk,
can be expressed only in terms of U* as [147,163],

T8 = aU'U" +ca g™, NL = csU". (1.12)

The coefficients c;, c9, c3 can be uniquely determined by considering the expression of
the energy-momentum tensor in the local rest frame (LRF) of the fluid element where
U* = (1,0, 0, 0). In the LRF there is no flow of energy and the momentum flux is isotropic.
Moreover, in this frame, there is no particle three current. Therefore, LRF characterizes a
static equilibrium. It can be easily observed that, in LRF, the energy-momentum tensor,
and number four-current take the following forms [147,163]

E 0 0 O N

v O P 0 O 0
TIlfRF = 00 P 0l NﬁRF = 0 ) (1'13>

0O 0 o P 0

respectively, where £, P, and N is the energy density, pressure and number density, re-
spectively. Equations (1.12) and (1.13) allow us to identify the coefficients ¢, co, and c3
as,

C1 :8+P, Cy = —P, C3 :N (114)
Therefore, the conserved currents of the perfect fluid (1.12) can be written as,
= (E+P)UMU” —Pg", N, = NU". (1.15)

Using Egs. (1.10), (1.11), and (1.15) one can obtain the energy density, pressure and
number density in terms of the equilibrium distribution function as

& = /dP (U - p)? foq(,p), (1.16)
o= g [P (WP =) futen). (1.17)
N = /dP (U - p) feq(z, D). (1.18)

Note that, £, P, and N are local functions of T, i, and U*. The space-time evolution of
these quantities is governed by the conservation laws

0,TE =0,  9,NZ = 0. (1.19)
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1.4 Theoretical efforts to explain spin polarization

It is a common practice to split the conservation equation of the energy-momentum tensor
into two parts, one along the direction of U* and another orthogonal to U*. Therefore,
taking the projection of conservation law of energy-momentum tensor parallel and orthog-
onal to the fluid four-velocity together with the conservation of particle four-current, we
find the equations of motion of the perfect-fluid hydrodynamics

U,0,T = U*0,E 4+ (£E+P)oU" = 0, (1.20)
A0, TH = (E+P)U*0,U% — A9sP = 0, (1.21)
N = U*ON +No,U* = 0, (1.22)

where AW = g" — (UFU")/U - U is the spatial projection operator orthogonal to U.
It is important to emphasize that the conservation of the energy-momentum tensor and
number four-current provide five evolution equations for six unknowns £, P, N, and three
independent components of U* (note normalization constraint of U). Therefore, to close
the system of equations we need an EoS relating different state variables, i.e. P = P(E,N).
Once the EoS is properly defined, ideal hydrodynamic equations can be used to obtain the
space-time evolution of energy density, pressure, number density, and fluid four-velocity.

1.4 Theoretical efforts to explain spin polarization

Spin polarization is one of the most interesting properties of the QGP measured recently,
allowing to probe its quantum properties directly. With the arrival of spin polarization
data, discussed in Sec. 1.2, it became necessary to develop theoretical models for the
qualitative and quantitative interpretation of the data. This in turn gives a hope on better
understanding of the vorticity as well as spin dynamics in the QGP. This thesis focuses on
this particular problem.

The first formal understanding of the spin polarization phenomena came from the ‘spin-
thermal models’. These models assume that a large orbital angular momentum created in
the non-central collisions induces vorticity in the QGP, which, if the spin is thermalized
together with other degrees of freedom, gives rise to the spin polarization of the particles
due to the so-called spin-vorticity coupling, with the vorticity quantified by the so-called
thermal vorticity, w,, = —(1/2)(0,5, — 0,6,) [97] where 5, =U,/T.

Based on these assumptions several hydrodynamic and transport models have been used
to study the global polarization and the azimuthal angle dependence of the longitudinal
spin polarization in heavy-ion collisions [97,132,164-176]. These models are successful in
describing the center of mass-energy dependence of the global polarization measurements,
see Fig. 1.4. Within a hydrodynamic framework, addressing the spin-vorticity coupling is
straightforward as gradients of the flow can be obtained naturally. On the other hand,
transport models which describe microscopic particle dynamics can also be used to obtain
flow gradients by considering suitable coarse-graining procedures.

The ‘spin-thermal’ models which explain the global polarization data within the sys-
tematic uncertainty range, fail to explain the azimuthal angle dependence of longitudinal
polarization shown in Fig. 1.6. In fact, theoretical model prediction is opposite (having
opposite sign) to the data, see Refs. [128,131-133,177|. This disagreement may indicate
that the assumptions of local thermodynamic equilibrium for spin degrees of freedom may
not be fully satisfied under those extreme conditions or spin polarization may not be solely
determined by the thermal vorticity in equilibrium. A possible explanation of this puzzle
was proposed recently by including the thermal shear component, £, = (1/2)(0,8,+0,06,),
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along with the thermal vorticity component [178-183], however, enforcing strong assump-
tions such as neglecting temperature-gradients at the freeze-out which may only be true
for the high-energy collisions or correcting the masses of the particles of interest.

The lack of theoretical understanding of the longitudinal spin polarization motivates
us to consider new hydrodynamic and kinetic theory approaches where spin polarization is
an independent dynamical variable, not necessarily respecting the spin-vorticity coupling.
The development of such approaches is currently under intense investigation, see Sec. 1.6.

In this Thesis, we will discuss one such approach where the spin degrees of freedom
are incorporated into standard relativistic perfect-fluid hydrodynamics treating spin as a
dynamical quantity like other standard hydrodynamic variables such as temperature and
baryon chemical potential and use this formalism to study various physical systems.

1.5 Pseudogauge transformation

Before diving into the details of hydrodynamics with spin, we would first like to convey
that treating spin as a dynamical quantity requires extra care, meaning that, in addition
to the conservation of energy-momentum tensor, we also need to include the evolution of
the spin through the conservation of total angular momentum.

More specifically, from the knowledge of QFT [184,185], it is known that, for a system
with spin, total angular momentum tensor (JM) consist of both the orbital (L) and
spin (SM*) contributions, namely

R T N Ky L < VL (1.23)
which, with the help of total angular momentum conservation [161, 185],
ONJMHY = Oy LM 4 98N = TH TR 4 98I = () (1.24)
leads to
N o (1.25)

From the above relation, one may conclude that, although the total angular momentum is
conserved, neither the spin tensor nor the orbital angular momentum tensor is separately
conserved. Physically it means that orbital angular momentum can be transformed to
spin angular momentum and vice versa (spin-orbit coupling). However, the forms of the
energy-momentum tensor 7+ and spin tensor S** in Eq. (1.25) are not uniquely defined by
Noether’s theorem. One can, in principle, construct various forms of the energy-momentum
tensor and the spin tensor through the so-called pseudogauge transformation [100,186—188|
such that the total energy, momentum, and angular momentum are preserved.

In particular, Eq (1.25) holds for the system of massive spin-1/2 fermions where we use
the Dirac Lagrangian for the free fields '3

B(a) D) —m(a) (a). (1.26)

with ¢ and ¢ = '? being the Dirac field operator and its adjoint, respectively, and
Noether theorem to arrive at [184]

,CD(J})

[\DIN

dTh = 0, J =0, (1.27)
nSety = Toh — Tt (1.28)

<_
139 represents the Feynman slashed notation with @ = v* 0, and (‘ﬁ = 3 - 4.
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1.5 Pseudogauge transformation

Here, by the label ‘Can’ we denote canonical procedure of obtaining the currents. One can
check that the resulting energy-momentum tensor

Ty i T v
Tgan - 51/}/7/# 0 Q/}_g# ED, (129)

. . . AN .
is asymmetric, whereas the spin tensor Sg” is defined as ™

GAmv ¢ v 1 va 7
by = gw{% [v“ry ]}w = —56*“ VYV, (1.30)

where we adopt the convention €123 = 1 and 75 matrix is defined in terms of the other
Dirac gamma matrices, v5 = 7° = i 70yt y2 43,

One may construct a new pair of ‘improved’ energy-momentum and spin tensors in
such a way that the improved energy-momentum tensor is symmetric, and, as a result, the
improved spin tensor is separately conserved. The new pair of tensors may be obtained
from the canonical one by means of the pseudogauge transformation [91,100, 161, 187]

N N 1 N A N
T = T+ O I T 4 1172
S«)\,MV _ S«é,:nu i ﬂ)\,uu + 8,0?#1/,)\/), (131)

where the super-potentials [V and TrvAe satisfy
T AR RV R Y (132)

In principle, one may have several different choices of I and 'AI“, nevertheless the im-
proved tensors do not change the total four-momentum and total angular momentum and
Egs. (1.27) are still valid with these improved tensors.

We mention some well-explored pseudogauge choices relevant for theoretical modeling
of the medium produced in heavy-ion collisions:

e The first trivial choice is IIM" = T#+* = (. This gives back the canonical currents,
Egs. (1.29) and (1.30).

e Another choice is the well-known Belinfante-Rosenfeld (BR) pesudogauge [189-191]
where ITV# = Sé’a’;” and T = (. In this case, energy-momentum tensor and spin
tensor become [188]

ity = Lo To - La(6{ [ fe). s =00 o)

respectively. The above tensors are particularly important from the point of view
of General Relativity (GR). Since in GR, the symmetric energy-momentum tensor
is considered to be the source of the gravitational field, its canonical form cannot
be used [187|. Symmetric energy-momentum tensor is also natural in GR as it can
be obtained using the variation of the Einstein-Hilbert action with respect to the
spacetime metric. However, the formalism of GR based on the Einstein-Hilbert action
is not suitable to capture the spin dynamics.

“Here, {A,B} = AB + BA and [A,B] = AB - BA.
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e The third choice is Hilgevoord-Wouthuysen (HW) form of the <£§eudogauge [100,
192,193] where [PV = M — Mid, " with MM = Lapor 9 Mp and T =
— L ("o + Mo )ah, which yields

8m
g mny i v T T v 1 v - aH
Ty = T+ 5 (900050 + 0ati0™0) = =g 0y (000 ov))
N4 AN, v 1 T v - v
W = Sohy — - (Va0 + 0a o) (1.34)

e Finally we come to de ((?ri())otfvan (Eseuwenfvan Weert (GLW) pseudogauge [91, 161]
where TV = L(eM Y — g™ )y and Trere = (0, which give

- I <= <2,

Tw = —miﬂaua v,

v — | ot 1 A

Satw = w[ 1 —%@“3 - 3“)17A¢+h.c, (1.35)

where o = (i/2) [y*,~"] is the Dirac spin operator. HW and GLW pseudogauges
provide symmetric energy-momentum tensors, and therefore, one may obtain con-
served spin tensors 7.

1.6 Objective of the Thesis

Different pseudogauge choices can give rise to different hydrodynamic frameworks for spin-
polarized media. Although these frameworks can be formulated from equivalent (through
pseudogauge) sets of the energy-momentum and the spin tensors, the resulting dynamical
evolution of spin may not be equivalent, particularly in the local thermal equilibrium,
as, in particular, densities of the hydrodynamic quantities change. This can be observed
in the following manner. In the case of BR pseudogauge, the energy-momentum tensor is
symmetric and there is no explicit presence of spin, hence, there is no independent evolution
of the spin degree of freedom. Nevertheless, in this case, one can still completely determine
the polarization as the latter is bound to the evolution of velocity gradients. This reasoning
has been used in ‘spin-thermal’ framework of Refs. [97,179] where spin polarization arises
through spin-vorticity coupling.

On the other hand, the canonical energy-momentum tensor is asymmetric, hence the
spin tensor is not separately conserved. Finally, in the case of GLW and HW, the energy-
momentum tensor is symmetric by construction making the spin tensor conserved inde-
pendently. These pseudogauges can be used to formulate hydrodynamics with spin. The
constitutive relations and the hydrodynamic equations can be different in these frameworks,
therefore, a priori, it is not evident whether these frameworks can be considered equivalent
and well-defined as a boundary value problem, particularly as a set of partial differential
equations with some initial conditions. Note that, in the context of hyperon polarization
observed in the heavy-ion collision experiments, physical implications of the pseudogauge
transformation of the energy-momentum tensor and the spin tensor have been extensively
discussed (91,100, 187,194,196, 197].

As relativistic hydrodynamics is a classical theory, the natural starting point for a
proper formulation of hydrodynamics with spin is to define the energy-momentum and

15Some more forms of pseudogauge and its details can be found in Refs. [100, 187,194, 195].
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the spin currents as ensemble averages of their respective normal-ordered QFT operators,
namely

T = (T™:), SN = (S, (1.36)

In the framework of hydrodynamics with spin, in addition to the conservation of energy-
momentum, we also need to incorporate conservation of total angular momentum

0T = 0, S = T T, (1.37)

The evolution of the spin tensor will introduce six additional dynamical equations in ad-
dition to the standard hydrodynamic ones.

Having stated different intricacies and conceptual difficulties arising when developing
hydrodynamics with spin, in the following we consider the GLW definition of the energy-
momentum tensor and the spin tensor. One of the important features of this pseudogauge,
as mentioned earlier, is that the spin tensor is separately conserved because the energy-
momentum tensor is symmetric, see Eq. (1.37). Therefore, various components of the
energy-momentum tensor and the spin tensor evolve separately, making this framework
much simpler to handle mathematically as well as numerically 1°.

The first proposition of relativistic hydrodynamics with spin as a dynamical quan-
tity 7 was made in 2017 by W. Florkowski et.al. in Ref. [231] using the kinetic the-
ory approach. This formalism [231-234| was further extended to derive the constitutive
relations for the net baryon density, the energy-momentum tensor, and the spin ten-
sor [235,236] using the Wigner function formalism [161, 198,237, 238] and semi-classical
expansion method [239-243| based on the GLW pseudogauge. Numerical modelling of the
spin polarization was then investigated in Refs. [244-248| using different hydrodynamic
backgrounds. Further extensions to include dissipative effects using relaxation time ap-
proximation were performed in Refs. [249-252|, for a recent review see Ref. [91]. Keeping
the experimental results [90,96] in mind, the spin polarization effects in Refs. [231,232,235]
were considered small, leading to decoupling of background dynamics (energy, momentum
and baryon number) from the spin dynamics. Moreover in this framework, the spin polar-
ization is assumed to appear in zeroth-order in the semi-classical expansion of the Wigner
function satisfying quantum kinetic equations. The crucial aspect of such a kinetic theory
is the presence of a second-rank antisymmetric spin chemical potential in the equilibrium
distribution function which plays a role of an extra Lagrange multiplier (more precisely
six Lagrange multipliers) responsible for angular momentum conservation in the relativis-
tic regime. This is the striking difference between this framework and the “spin-thermal
models”, as generically, the spin chemical potential is not necessarily related to the ther-
mal vorticity appearing in the spin-thermal models. Recently, propagation properties of
the components of spin polarization tensor have also been investigated [253] through the
method of linear mode analysis [224, 254-258].

16We note that use of HW pseudogauge is also possible and it leads to equivalent hydrodynamic frame-
work as long as we consider only local collisions between the particles. Otherwise, these two frameworks
are different, see Refs. [198,199] for the details of the framework based on HW pseudogauge considering
non-local collisions.

1"Many alternative approaches incorporating spin into hydrodynamics were also developed. They used
effective theory [197,200-203], entropy-current analysis [204-209], statistical operator method [210], non-
local collisions [198,199,211-216], chiral kinetic theory [211,217-220], methods of holography [197,221—
225], anomalous (with triangle anomaly) hydrodynamics [108,226], the Lagrangian method [227,228], and
perturbative scattering techniques [229,230].
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This Thesis focuses on the developments of relativistic perfect-fluid hydrodynamics
with spin based on the GLW pseudogauge and modelling of the dynamics of spin-polarized
matter using this framework; for the specific list of publications on which this Thesis is

based see Sec. 1.8.
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1.7 Overview of the Thesis

e The quantum kinetic-theory formulation of relativistic perfect-fluid hydrodynamics
with spin from the collisionless transport equation for the Wigner function for spin-
half fermions using GLW pseudogauge (1.35) and assuming a small spin polarization
limit was developed in Ref. [235]. As this pseudogauge makes the energy-momentum
tensor symmetric, the spin tensor is conserved independently, leading to the decou-
pling of the orbital angular momentum from spin angular momentum.

However, as shown in Refs. [198, 199], the non-local collisions at the microscopic
scale, which were neglected in Ref. [235], may give rise to coupling between the spin
and orbital parts of the total angular momentum through antisymmetric parts of
the energy-momentum tensor, see Eq. (1.25). Hence, to address vorticity sourcing
of polarization, it is necessary to include such collisional effects in the formalism.
This extension of the framework of Ref. [235] is presented in Chapter 2. It provides
a pedagogical introduction to the Wigner function formalism for spin-1/2 massive
particles and the semi-classical expansion method, followed by the derivation of the
Boltzmann-like spin-kinetic equations using the equations of motion for the compo-
nents of the Wigner function. For this derivation, we do not assume any specific
constraints on the collision terms and consider that the spin polarization effects can
appear at both the zeroth (h°) and first (k') order in h. The physical meaning of this
assumption is that the spin polarization effects can have both classical and quantum
origins, respectively.

e Chapter 3 briefly reviews the formalism of perfect-fluid relativistic hydrodynamics
with spin presented in Ref. [235]. The assumption that the system is in the local equi-
librium state, makes the collision terms vanish which corresponds to the zeroth-order
of the semi-classical expansion. Such a system can be described by the equilibrium
Wigner function, expressed in terms of the Dirac spinors. Due to the spinor repre-
sentation of the Wigner function, using the Clifford algebra, the Wigner function can
be decomposed into irreducible components which transform in specific ways under
the Lorentz transformation. Interestingly, these irreducible components can be used
to derive the relations constituting the perfect-fluid hydrodynamics with spin.

In this chapter we explicitly calculate these components, using an ansatz for the spin-
dependent phase-space distribution function, which are subsequently used to derive
the conservation laws for the net baryon current, energy-momentum tensor, and spin
tensor based on the GLW pseudogauge. These conservation laws are used in the

following chapters to study the dynamics of spin polarization of A(A) hyperons.

An alternative approach to formulating our framework is based on the classical de-
scription of spin [91]. It is compelling to observe that the constitutive relations for
the net baryon current, energy-momentum tensor, and spin tensor obtained this way
in the small spin polarization limit match the relations derived using the above-
mentioned Wigner function approach. The results mentioned in this chapter form
the basis for the later parts of the Thesis.

e In Chapter 3, the spin tensor was derived, for simplicity, using classical Boltzmann
statistics. However, to study the polarization of particles obeying quantum statistics,
the spin tensor needs to be generalized. This is done in Chapter 4. Using wave
propagation analysis, this extended spin tensor is used to study the behavior of the
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spin polarization components after they are perturbed in the longitudinal direction
and to derive the dispersion relation of spin wave velocity. Then we obtain spin
wave velocity in two special cases of distribution: Maxwell-Jiittner and Fermi-Dirac.
We observe that, for the Fermi-Dirac gas, the spin wave velocity is related to sound
velocity in the degenerate limit.

e Using the spin hydrodynamic formalism developed in Chapter 3, one may deter-
mine the spacetime evolution of the thermodynamic and hydrodynamic parameters.
However, these are not suitable to be compared with the experimental spin polariza-
tion measurements. To make such a comparison feasible we have to calculate the spin
polarization of particles at the freeze-out surface. For this purpose, in Chapter 5 we
provide the details required to compute the momentum-dependent and momentum-
averaged mean spin polarization per particle using Pauli-Lubaiiski four-vector. These
expressions are then used in Chapter 6 to numerically model the spin polarization

of A(A) hyperons.

e Chapter 6 starts with the derivation of the equations of motion for the conservation
laws of net baryon current, energy-momentum tensor, and spin tensor presented in
Chapter 3 which are then used to study the spin polarization dynamics of the
systems respecting certain spacetime symmetries.

We begin our study with the Bjorken model which is commonly employed in the
phenomenology of heavy-ion collisions. We determine the time evolution of tem-
perature, baryon chemical potential, and spin components and calculate mean spin
polarization at the freeze-out. In the following sections, we relax the symmetry of
boost-invariance, keeping homogeneity in the transverse plane in order to capture
some non-trivial dynamics of realistic systems produced in the low- and mid-energy
heavy-ion collisions. Our spin polarization results for the non-boost-invariant case
qualitatively agree with other model calculations and experimental data.

e As electromagnetic fields may be present in the early stages of relativistic collisions
of heavy-ions, they may have some effects on the physical observables. In particular,
it is suggested that the splitting of A and A spin polarization seen in experiments
may have a source in the interaction of the produced polarized matter with elec-
tromagnetic fields. To find how these fields affect the evolution of spin polarization
within our framework, we incorporate them into our formalism. Chapter 7 studies
the background and spin dynamics in the presence of an external electric field for
Bjorken-expanding matter and finds that its presence may play a significant role in
spin polarization evolution.

e Chapter 8 discusses the dynamics of a longitudinally boost-invariant system with
inhomogeneous expansion in the transverse direction which respects the so-called
Gubser conformal symmetry, assuming that the system is cylindrically-symmetric
with respect to the beam direction. Using Gubser’s prescription we find transfor-
mation rules that the conservation laws, derived in Chapter 3, must respect to be
conformally invariant. We find that, while the energy-momentum tensor and net
baryon current preserve conformal symmetry, the spin tensor breaks it explicitly.
However, this breaking does not spoil the conformal invariance of the background
as the background and spin dynamics are decoupled due to the assumption of small
spin polarization. This allows us to find approximate novel solutions for the spin.
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e Chapter 9 closes the Thesis with a brief summary.
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2
KINETIC THEORY FOR DIRAC FERMIONS

“Mathematics reveals its secrets
only to those who approach it

with pure love, for its own beauty.”
— ARCHIMEDES

Hydrodynamics, being a macroscopic, long-wavelength limit of the theory describing sys-
tems near equilibrium, follows directly from the continuity equations of conserved quanti-
ties, such as energy, momentum, and charge, supplemented by the second law of thermo-
dynamics and the equation of state. However, the spacetime evolution of the dissipative
quantities rests upon the specifics of how the system approaches thermal distribution and
requires a correct and explicit description of the processes within the underlying micro-
scopic theory, such as kinetic theory [161,271,272].

Properties of a many-body system depend, in particular, on the details of particle in-
teractions (collisions) and external forces (constraints). To describe the system dynamics
near equilibrium, we need to express these quantities in the language of macroscopic state
variables, such as temperature, charge density, and fluid velocity. Within the classical
relativistic kinetic theory, this description can be formulated using the single-particle dis-
tribution function f(xz, k) that describes the mean number of particles with four-momentum
k at space-time position z. Specific form of f(x, k) follows from the kinetic (transport)
equation which describes its phase-space evolution. Conserved quantities can then be eval-
uated through the moments of f(z, k) in momentum space, see Section 1.3 for more details
on the introductory level.

However, for the description of the quantum mechanical systems the classical distri-
bution function, due to Heisenberg’s uncertainty principle, is not properly defined [273].
Instead, we use the Wigner function which represents the quantum analog of the classical
distribution function. Wigner function is a quasi-probability distribution function that,
unlike the classical distribution function, may also give rise to negative probabilities that
disappear in the classical limit. However, at the leading order of spatial gradients, the
Wigner function can be related to the classical distribution [274]|. Densities of macro-
scopic quantities can be then obtained from the Wigner function after integrating over the
momentum variable & [240].

With the motivation of explaining spin polarization of A (A) hyperons in mind [90,275],
the authors of Ref. [235] formulated a framework of relativistic hydrodynamics with spin
using the collisionless transport equation for the Wigner function with the assumption of
small spin polarization. This assumption derives its motivation from the actual magnitude
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of the hyperon spin polarization observed in the experiments [90,275]. The developed
formalism is based on the specific form of the energy-momentum tensor and the spin tensor
resulting from GLW pseudogauge [161], see Sec. 1.5. The spin tensor in this framework
is conserved independently due to the symmetric form of the energy-momentum tensor.
Thus the evolution of spin polarization is governed only by the conservation of spin tensor.

However, in general, antisymmetric parts of the energy-momentum tensor, due to non-
local collisions of particles, may not vanish which allows the coupling between the spin an-
gular momentum and orbital angular momentum (even though energy-momentum tensor
and total angular momentum are conserved separately). A general framework of relativistic
hydrodynamics with spin starting from the microscopic quantum kinetic theory and consid-
ering both local and non-local collisions may allow having such an interaction [198,211-214].
This spin-orbit interaction can give rise to the dissipative phenomena ! [204] which were
not taken into account in Ref. [235].

In this chapter, we study such a case by extending the analysis done in Ref. [235] to
include local and non-local collisions between particles in a way proposed in Refs. [198,199].
After discussing the details on the Wigner function approach and semi-classical expansion
we derive equations of motion for the components of the Wigner function. Our work
generalizes the results of Refs. [198,199] ? and considers that spin effects may have their
origin at both the classical and quantum levels (zeroth and first-order in &). This means
that both the zeroth and the first-order axial-vector components of the Wigner function,
in our approach, are non-vanishing. We then derive the general form of a Boltzmann-like
spin-kinetic equation that may serve as a starting point in formulating a general formalism
of relativistic hydrodynamics with spin. Details of this chapter are based on the Ref. [D1].

2.1 Covariant Wigner function and its transport equa-
tion

Let us start by introducing the definition of the Wigner function * for spin-1/2 particles
having mass m (Dirac fermions) as * [161, 237, 240)

Waslak) = [ (;fr—hy) AV Dy W) ) (2.1)

Here ¢ and 1) = ¢!4% are the Dirac field operator and its adjoint, respectively, whereas
ry =x+y/2and r_ = x —y/2 denote two spacetime points with = as the center position
and y as the relative position. In Eq. (2.1), (: Qw :) means ensemble (statistical) average
of the normal ordered quantity Q.

The Dirac equation for the system of spin-1/2 particles with interactions is defined

n the context of non-relativistic spin hydrodynamic formalism, see Refs. [135,276,277].

2The authors of Refs. [198,199] assumed that spin effects arise at the level of A, hence, they only consider
the first-order axial-vector component non-vanishing making spin a dissipative effect.

3This chapter deals with the semi-classical expansion of the Wigner function that can also be interpreted
as an expansion in /. Thus we put / explicitly in the definition of the Wigner function. Although, in this
work, we use Wigner function formalism for massive spin-1/2 particles, this method can also be used to
develop respective kinetic theory for chiral fermions [111,220,278-281].

4Note that o and 3 in Eq. (2.1) represent the spinor indices.
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5 [161]
(ihd—m)d(x) = hplx) = - (2.2)

where £;(x) is the interaction Lagrangian density . Using the total Lagrangian density

with
th -, £ -
Lo(x) = Fo(2) P () —mi(@)i(z), (2.3)
—
being the Lagrangian density for the free field and @ = 5 (3 the following transport
equation can be derived [161,237],
(ih§+%—m) Wz, k) = hC[W(x, k)], (2.4)
with
Cos WG K)) = [ oLt (o ste) ) 25
oI = [ Gyt b el et |

being the collision kernel which vanishes in the global equilibrium 7.

As the Wigner function is a 4x4 complex matrix, it is difficult to provide some physical
insights about the dynamics of the Wigner function and its components by working directly
with Eq. (2.1). Instead, it is more convenient to perform the decomposition of Eq. (2.1) in

terms of 16 independent generators of the Clifford algebra as follows [184] ®
1
Wiz, k)= 2 [1F(z, k) +i9° Pz, k) + " Vi(z, k) + 7 " Au(z, k) + 7 S, (2, k)], (2.6)

where ¥ = (1/2)0" = (i/4)[y*,~"] is the Dirac spin operator and F(z, k), P(x,k),
Vi(z, k), Ay(z, k), and S, (x, k) are the 16 independent components of the Wigner function.
To obtain the latter we first need to multiply the Wigner function W (z, k) by the matrices:
Iy € {1, —ivs, v, Y5, 25"} where X € {F, P,V, A, S}, respectively, and then calculate
its trace. Using the decomposition (2.6) along with the conjugation relation

W, k) = 5 W(z, k), (2.7)

(which is also followed by the Clifford algebra generators), it can be observed that the
Wigner function components are real.

Under Lorentz transformations the components F', P, V,,, A,, and S,,, transform as a
scalar, pseudo-scalar, vector, axial-vector, and an antisymmetric tensor, respectively [240].

5@ represents the Feynman slashed notation with @ = Ou- Note that i is always present with the
gradient, hence 7 expansion is effectively a gradient expansion.

6We assume that £7(z) does not contain derivatives of the fields.

“In this thesis, the collision term describes the non-equilibrium system giving rise to the quantum
corrections to the zeroth-order Wigner function. These corrections appear beyond zeroth-order in A (hY).

8The Clifford (geometric) algebra decomposition is a widely used expansion method, for instance, to
derive the transport equations for abelian plasmas [240, 242|, the quark-gluon plasma [239, 282], chiral
models [243], and spin polarization [91,198,199,235, 281, 283-287].
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Moreover, F' and P can be interpreted as the mass and pseudo-scalar condensate, re-
spectively, whereas, fermion number current density and the polarization density can be
represented by V), and A, respectively. Finally, we can interpret the six independent
components of S, as electric (Sp;) and magnetic (.5;;) dipole moments.

Using Eq. (2.6) in Eq. (2.4) gives a set of coupled equations of motion for the Wigner
function coefficients F', P, V# A* and S*, where the real parts of these equations are

KV, —mF = hDp, (2.8)
h
—5 GMAM—mP = hDP, (29)
h
k,F — 56”5’% -mV, = hDy,, (2.10)
h 5%
§8MP— k S;L,B - mAM = FLDA’“, (211)
h(?[MV,,] — Eu,,oé,gk‘aAﬁ — mSW = h'D&wj, (2.12)
whereas the imaginary parts read °
R
ktA, = hCp, (2.14)
h
EauF%—k”Sw = hCy,, (2.15)
h
—kuP—§85§ug = hCa,, (2.16)
h
2k = 5 €wap0®A” = hCspu. (2.17)

2

The quantities Dx and Cx denote the collision terms for the real parts and the imaginary
parts of the kinetic equations, respectively, that can be evaluated using

Dx = RTr[[xCW(z,k)]] and Cx = STr[DxC[W(x, k)]].

2.2 Semi-classical expansion

As one can observe that Eqgs. (2.8)—(2.17) are coupled which makes them rather difficult to
interpret physically. However, this complexity can be decreased after using the method of
semi-classical expansion in & where the terms with zeroth power in & match with the classi-
cal terms and higher order terms in % can be interpreted as the quantum corrections [273].
In the A expansion method Eqs. (2.8)—(2.17) give rise to a set of coupled hierarchical equa-
tions at different orders of h. This can be achieved by expanding components of the Wigner
function and the collision terms in powers of A as X =Y. A"X®™ Cyx =3 hncgﬁ), and

Dy =3 h"DY. In the following we expand Eqs. (2.8)~(2.17) up to second-order in h.

90mne should note here that Eq. (2.13) has & on both sides of the equation. Thus, one may also consider
this equation at the zeroth-order by removing . from both sides. However, we consider it to be at the
first-order keeping h [240].
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2.2 Semi-classical expansion

2.2.1 Zeroth order

Below are the real parts of the equations of motion (2.8)—(2.17) in the zeroth-order in
B [240]

VO —mF© = o0, (2.18)
mP® = 0, (2.19)
k, FO —mv9 = 0, (2.20)

&
K50 +mA® = o, (2.21)
€apk® AP0 +mST) = 0 (2.22)

Eq. (2.19) tells that zeroth-order pseudo-scalar component P always vanishes for massive
spin-half particles [235,240,288|.

The imaginary parts in the zeroth-order of A are

AD =0, (2.23)
kSE =0, (2.24)
kPO = 0, (2.25)
k V) = 0. (2.26)

If one looks closely the Egs. (2.18)—(2.26), it can be observed that all the Wigner function

components can be written in terms of F(© and ALO). Thus, we can safely assume these
components as the basic independent ones '° | provided the orthogonality condition (2.23)

of A is fulfilled [240).

2.2.2 First order

Reals parts of the equations (2.8)—(2.17) in the first-order in & are

VO —mp® = DY (2.27)
1
—50" AP —mPY = DY (2.28)
1., 0
kPO — 2075 —my) = DY) (2.29)
1
50uPO =5 —mAD = DY), (2.30)

a[MV(O) _ EuuaﬁkaAB(l) _ mslgly) _ ,D(O)

V]

(2.31)

10This assumption is only true for the kinetic theory of massive spin-1/2 particles and is not valid for the
case of massless particles [220,281].
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2 KINETIC THEORY FOR DIRAC FERMIONS

whereas the imaginary parts give
1
(0)
58"‘/#
kALY
1 0
) v g(1)
S0P + kS
1 _,%
_ 1) _ 25880
k,P 28 S W

m 1 o
—2ky VT - 5%1/&/58 APO

(2.32)
(2.33)
(2.34)

(2.35)

(2.36)

While going from the zeroth-order to the first-order, we observe from Eq. (2.33) that the
presence of collisions prevent the first-order axial-vector coefficient A®M) to be orthogonal

to k, cf. Eq. (2.23).

2.2.3 Second order

It is necessary to go to the second-order equations of motion for the derivation of the kinetic
equations for the first-order Wigner function components. In this case the real parts yield

VR — mF®)

_%m AD P

1
2 vl 2

ke, F& — 50 S8 —my®

1

58“]3(1) - k5§fﬁ) - mA/(f)

OV = €uapk® A® — mS 2
while the imaginary parts give
%aﬂvlp)
kA
%@LF(” + kS5
—k, P® — %a%%

2 1 e}
—2ky, VP - 5 eurasd® AV

2.3 Mass-shell conditions

(2.37)
(2.38)

(2.39)

(2.40)
(2.41)

(2.42)
(2.43)
(2.44)

(2.45)

(2.46)

In order to describe the physical system, the components of the Wigner function must
satisfy the mass-shell conditions. We shall derive below the conditions to be satisfied by

the zeroth and first-order components of the Wigner function.
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2.3 Mass-shell conditions

2.3.1 Zeroth order

Eq. (2.19), as mentioned before, depicts that the zeroth-order pseudo-scalar component
always satisfies
P =0,
whereas Eq. (2.20) gives an important relation between the zeroth-order vector coefficient
VM(O) and the zeroth-order scalar coefficient F(©) [235,240, 288]
© _ ke po
Vv = =FY. (2.47)

# m

Multiplying Eq. (2.26) with k* and then using Egs. (2.18) and (2.20), we arrive at the
constraint equation for the zeroth-order vector coefficient

2 0) __ 2 0
VO = m?vo, (2.48)

Similarly, plugging Eq. (2.47) in Eq. (2.18) we obtain constraint equation for the zeroth-
order scalar coefficient [288]

BRFEO = m?FpO (2.49)

Within the framework of quantum kinetic theory [289], the axial-vector coefficient A
[198,286] holds an important place as spin polarization effects appear through A*. In the
current chapter, for generality, we assume that the spin polarization effects can appear
at, both, the zeroth and the first-order in A ''. Thus, non-zero Al implies non-vanishing

zeroth-order tensor coefficient ng,) through the relation [235,240]

1
S = —— Cuask Ay (2.50)

1%

(see Eq. (2.22)), whereas the dual form of SL(L(L) is

* 1 y y
S = — (k"A(O) —k Ag‘o)) . (2.51)

The above relation is crucial to obtain the constraint equation for A&O). We first put
Eq. (2.51) in Eq. (2.21) and then employ Eq. (2.23) to get [288]

2 4(0 2 2(0
KAD = m? AD (2.52)

In a similar way, substituting Eq. (2.50) in Eq. (2.22), and then plugging Eq. (2.24) we
arrive at the constraint equation for S,SOV)

2 ¢0) _ 2 ¢(0
S = m*Ss). (2.53)

Form the discussion above, we observe that all the zeroth-order coefficients of the Wigner
function need to fulfill the on-shell condition (k* = m?) for a non-trivial solution with
k being the kinetic momentum. We find that the Eqs. (2.47), (2.50) and (2.51) not only
satisfy Egs. (2.18)—(2.26) provided Eq. (2.23) is fulfilled, but also can be expressed in terms

1 Our assumption is more general in contrast to Refs. [198,199]. Refs. [198,199] consider that spin is a
dissipative effect coming from first-order in /i, hence, they assume Al{o) = 0, whereas we consider that spin
polarization can have both classical and quantum counterparts.
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2 KINETIC THEORY FOR DIRAC FERMIONS

of independent components F® and A’ [235,240] whose on-shell conditions, (2.49) and
(2.52), give rise to [288|

FO = §(k* — m?)FO AQ = 5(k* —m?)AD (2.54)

FO and .AELO) are scalar and axial-vector functions, respectively, which are non-singular at
k? = m2.

2.3.2 First order

The first-order forms of the pseudo-scalar, vector and tensor coefficients can be obtained
from Egs. (2.28), (2.29) and (2.31), respectively, as

1

PO = —— [am@ 2D} 2.55
2m - P ( )
1

v = E{@F( Lovs - D(V‘?L], (2.56)
1 e

SW o= [ — koAl - DY, (2.57)

with the dual of S,(j,) written as,

*(1 111 - 1 o
Sl(lﬁ) = E |:26M50Pa vp] —|—2k’[ AB] — §€HBUPDS€O)] . (258)

To obtain the constraint condition for first-order axial-vector coefficient, we first put
Egs. (2.19) and (2.58) in Eq. (2.30) and then use Egs. (2.33) and (2.47) to arrive at

1
(W —m2)AD — g, _ S€usan b Do) + mDY), . (2.59)

Multiplying Eq. (2.29) with k* and then using Eqs. (2.27) and (2.50) gives the constraint
equation of the first-order scalar coefficient

(k* —m?) FO = p* DY) + mDy . (2.60)

Contracting Eq. (2.36) with &, and then using Eqs. (2.22), (2.27) and (2.29) we arrive at
the constraint equation for first-order vector coefficient

(k2 =m?) Vi) = mD{ ) + kK Dpy k)\c (2.61)

To obtain the constraint equation for first-order pseudo-scalar coefficient we proceed as
follows: we first multiply Eq. (2.35) by k, and Eq. (2.28) by m, and then subtract the
resulting equations. Subsequently we use this equation in Eq. (2.21) to get

(k* —=m*)PY = —k,C4 o +mDY. (2.62)

Combining Egs. (2.19), (2.30) and (2.31) and performing some algebraic manipulations we
obtain

cOPAT oo 0 A A
2m APV} — €7 eqnsakin k7 ST + 2670k, DY), — 2m2SP) = 2mDly, . (2.63)

1
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2.4 General kinetic equation

Contracting the Levi-Civita tensors '? in Eq. (2.63) and then using Eqs. (2.34) and (2.20)
one obtains the constraint equation for first-order tensor coefficient Sffi
2 2 A Al A Ao (0)
(K —m®) Sf) = 2kPCy ) +mDEy, — e kDY), . (2.64)

From Egs. (2.59)—(2.62) and (2.64), one can observe that, in the absence of collisions, all
the first-order coefficients remain on-shell.

2.4 General kinetic equation

In this section we will obtain the general Boltzmann-like kinetic equation which can be
used for the formulation of a general spin hydrodynamic formalism. For that purpose we
start with formulating the kinetic equations for the Wigner function components at the
zeroth and first-order in A.

Using Egs. (2.32) and (2.47) the kinetic equation for the zeroth-order scalar coefficient
is expressed as

9, FO = 2mc? (2.65)

whereas combining Eqs. (2.42) and (2.56) we arrive at the kinetic equation for the first-
order scalar coefficient

K9, FN = 2mcy) + oDy (2.66)

Similarly, the kinetic equation for the zeroth-order axial-vector coefficient can be obtained
by combining Eqgs. (2.28), (2.35) and (2.51)

KosAY = 2mcy) -2k, DY (2.67)

while using Egs. (2.38) and (2.58) in Eq. (2.45) we obtain the kinetic equation for the
first-order axial-vector coeflicient

1
KAV = 2mcl) — 2k, DY) — S 6uns O Dy, - (2.68)

At this point it is important to highlight again the difference of the assumptions and
considerations taken in Refs. [198,199] and this work, where we consider the most general
structure of the equations without any assumptions on the collision terms:

e In this work we have assumed that both zeroth (AELO)) and first-order (Af})) axial-
vector components are non-zero, which means that spin polarization effects can
appear at both the classical (A°) and quantum level (h'), which is fundamentally
different from the considerations in Refs. [198,199] where they consider that spin
effects arise at order A, thus considering only first-order axial-vector component non-
vanishing.

e Moreover, Refs. [198, 199] assumed zeroth-order collision terms corresponding to
pseudo-scalar, axial-vector, and tensor components vanishing, i.e., Cg)) =0, Cﬁ(o) =0,
ng(o) =0, DEB) =0, fo‘(o) =0, and Dgy(o) = 0. These assumptions may also have
some effect on the mass-shell conditions of the Wigner function components.

However, we put no constraints on the collision terms, hence they are, in general, all
non-vanishing, leading to P £ 0, (k2 — m2)A # 0, and k*A, = O(h).

126‘”‘7661/0&6 = [_guug)\ag’yﬁ + guug/\ﬂgrya + guagkug’yﬁ - g“ag)\ﬁgvu - guﬁgAug’ya + g“ﬁg’\ag%].
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2 KINETIC THEORY FOR DIRAC FERMIONS

We use Egs. (2.65) and (2.66) to obtain the kinetic equation for the scalar coefficient
kro,F = 2mCp, (2.69)
where we introduced the following notation

F = FO4RrpO

1
Cr = CY+h (CS) - %a@g) . (2.70)

Using Eqs. (2.67) and (2.68), we arrive at the analogous kinetic equation for axial-vector
component

KPosA, = 2m Ca,, (2.71)
where we used
A, = AV +nAD,

5 _ o) ONTEN m) _ h 5
Cay = C),+hCY), — - (DP + hD!! ) — s DYy (2.72)
We now define single-particle distribution function extended to spin phase-space as [91,
198,290-292]
1/~ -

f(l’,]{?,S) = 5 (F(l’,]{?)—SA(l’,k)) ) (273>
where s® denotes the spin four-vector. The above relation will allow us to connect the
quantum description of spin to a classical description which, then, can be used for devel-
oping hydrodynamical equations. It also incorporates the dynamics of the kinetic equa-
tions (2.69) and (2.71) into one Boltzmann-like equation, see Eq. (2.81), which may lead
to a more general interpretation of the conservation laws.

Performing the proper averages in the spin space it is possible to invert Eq. (2.73) to
get the scalar and axial vector components of the Wigner function. Namely, we can write

F(z, k) = /dS(kJ)f(az,kz,s), At(x, k) = /dS(k)s“f(as,k:,s), (2.74)

with the covariant spin measure defined as [198,199]

/dS(k) - %\/?/d455(3-3+3)5(k-5). (2.75)

Note that the spin measure is consists of two delta functions which are responsible for
the normalization of s and orthogonal condition between k£ and s. The factor outside the
integral takes care of the following normalization

/dS(k) = 2, (2.76)

which takes into account the spin degeneracy for the spin-1/2 particles. Using Eq. (2.76)
and other identities for the spin measure [198,199]

/ dS(k) s's” = —2 (wu%) , / dS(k)s* = 0, (2.77)
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2.4 General kinetic equation

we can verify the relation between F(x, k) and §(z,k,s) in Eq. (2.74). To establish the
relation between A*(x, k) and f(z, k, s) we proceed as follows: using Eq. (2.73) in Eq. (2.74)
we have

/dS(k:) (2, k,s) = AP(x,k) — % (k-fl) , (2.78)

where, using Eqs. (2.23) and (2.33), we find that k- A = hCI(DO). On the other hand, using
Egs. (2.11) and (2.14) one gets

Ero,P = 2mCp+2k'Dy,, (2.79)
which, in the zeroth-order, gives
mCY + kDY) = 0. (2.80)

Above we have used the knowledge that P(® = 0. Since Diﬂ)ﬂ is an axial-vector under

the Lorentz transformation, it can be written as DS)’)M = 5,0A, with 0A being a scalar
function. Using the orthogonality condition k-s = 0 and Egs. (2.75) and (2.80), we obtain
CI(DO) = 0 3. To summarize, Eqs. (2.74) give the correct relations ' between the Wigner
function components and the distribution function f(z, k, s).

Combining Egs. (2.69), (2.71) and (2.73) we get the general Boltzmann equation as
follows

ErO, f(x,k,s) = mE&(f) = m (ép - s-C~A> , (2.81)

where €(f) is the collision term. Quasiparticle approximation allows us to write f(z, k, s)
as f(z, k,s) = mé(k*> — M?)f(x,k, s) where §(k? — M?) represents the on-shell singularity
for the quasiparticle having mass M ® with the non-singular function f(x, k,s) [161,198|.

We would like to emphasize here that the Eq. (2.81) is a general kinetic equation
considering spin effects both at the zeroth and first-order in A that may serve as a starting
point in formulating a general framework for relativistic hydrodynamics with spin.

13 Another possibility to obtain relation between A*(x, k) and f(z, k, s) in Eq. (2.74) is to define Eq. (2.73)
with only the components of A* which are orthogonal to k*, i.e. (g" — k“k”/kQ)/L,. This actually does
not change Eq. (2.73), since s* is orthogonal to k", so the parallel components vanish and we obtain the
second relation in Eq. (2.74). (Thanks to Nora Weickgenannt for pointing this out.)

14These relations are important as macroscopic currents such as energy-momentum and spin tensors are
expressed in terms of the Wigner function components [91,100].

5 M includes quantum corrections to the particle mass m, however these corrections do not contribute
to the Boltzmann equation [198,199].
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3

FORMULATION OF PERFECT-FLUID HYDRO-
DYNAMICS WITH SPIN

“You see, one thing is,

I can live with doubt,

and uncertainty, and not knowing.

I think it’s much more interesting to live,

not knowing, than to have answers which might be wrong.”

— RICHARD FEYNMAN

In the previous chapter, we have derived equations of motion for the Wigner function
components in the presence of collisions which, using the semi-classical expansion, led us
to the general kinetic equation for the distribution function in the phase-space extended to
spin. Using such a quantum kinetic theory approach one can in principle obtain a general
dissipative spin hydrodynamic equations.

In this chapter, we develop perfect-fluid hydrodynamics for a spin-polarized system of
Dirac fermions in equilibrium using the GLW framework and assuming that the collisional
kernels are vanishing completely, which is a natural expectation for equilibrium. This can
be achieved by explicitly calculating the equilibrium Wigner function ! using an ansatz
for the spin-dependent phase-space distribution functions for spin-1/2 particles. Various
hydrodynamic currents, e.g. the energy-momentum tensor, net baryon current, spin-tensor,
etc. can be obtained by expressing them in terms of different components of the Wigner
function in the Clifford algebra basis. Conservation laws of these currents lead us to the
formulation of hydrodynamic equations of interest [235].

Subsequently, we show that such spin-hydrodynamic equations can also be obtained
starting from the classical transport theory in the phase-space extended to spin. In Ref. [91]
such a framework has been obtained using the spin-dependent equilibrium distribution
function where one inherently considers the classical description of spin. Interestingly, the
constitutive relations for the net baryon current, energy-momentum tensor, and spin tensor
match in these two cases [235]. The same results from the two completely independent
approaches put the GLW framework on a firm mathematical footing.

'Equilibrium means the leading (or zeroth) order in A.
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3 FORMULATION OF PERFECT-FLUID HYDRODYNAMICS WITH SPIN

3.1 Wigner function approach

In this section, employing an ansatz for a phase-space distribution function in the spin
representation, we construct the equilibrium Wigner function which we subsequently use
to derive the conservation laws for net baryon current, energy-momentum tensor, and spin
tensor, constituting perfect-fluid hydrodynamics with spin.

3.1.1 Equilibrium Wigner function

Let us start with the transport equation for the Wigner function (2.4), and assume that
the system reaches equilibrium state. In such a situation, the collision kernel on the right-
hand side of Eq. (2.4) is expected to vanish, meaning that the rest energy of the particles
dominates over the mean interaction energy. In this case the respective transport equation
takes the form 2

(m? iy - m) Weg(z, k) = 0, (3.1)
where we introduced the label “eq” to indicate the equilibrium form of the respective Wigner
function. Moreover, in the case of global equilibrium one may expect the microscopic
non-uniformities in the system to vanish, allowing the gradient term in Eq. (3.1) to be
neglected. From the discussion in Section 2.2 we know that this situation corresponds to
the zeroth-order of the semi-classical expansion, where the momenta of the particles satisfy
the mass-shell condition.

As shown by de Groot, van Leeuwen, and van Weert (GLW) [161]| the restrictions
discussed above are satisfied by the Wigner function of the form

Weq(z, k) = Wet(:v, k) + We(x, k),

with the particle and antiparticle contributions given by,

Wate k) = 52 [ AP0 U ) () S, (52)
Waleh) = =5 3 P8+ V() V) flo.p). 33)

respectively . Here, dP = d®p/((27)3E,) is the invariant momentum integration measure
with E, = /p? + m? denoting the on-shell particle energy, U, (p) and V,(p) denote the
Dirac bispinors with the normalizations U, (p)Us(p) = 2m d,, and V,(p)Vs(p) = —2m d,,
while indices r and s represent the spin states.

For the equilibrium Wigner function Wey(x, k) to satisfy the conjugation relation (2.7),
the phase-space distribution functions fZ(z,p) have to be Hermitian matrices. They can
be written as [164]

), = Fien) = 5 U)X (),
I @p), = falmp) = —5- V) X V). (3.4

2From the transport equation for the Wigner function one may notice that the gradient expansion is
effectively a h expansion.

3Note the Dirac delta functions in the equilibrium Wigner function definitions, suggesting that these
definitions describe classical motion, i.e., particle energy is always on the mass shell.
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3.1 Wigner function approach

In Eq. (3.4), X* are 4 x 4 matrices defined as the products of the Maxwell-Jiittner distri-
butions [293] * and matrices M* [231]

1
M* = exp {:I:i Wy () EW} , (3.5)

namely,
X* = exp[££(z) — Bu(z) p] M*. (3.6)

The quantity 8#(x) is the ratio of the fluid four-velocity U*(z) ® and the local temperature
T(x), p* = U*/T, and &(z) is the ratio of the baryon chemical potential pp(z) and
the temperature, ¢ = up/T °. The rank-two antisymmetric tensor w"(z), also known
as the spin polarization tensor 7, introduces into the theory, apart from the standard
ones, six extra Lagrange multipliers, which, given w"”(z) being to conjugated to the Dirac
spin operator Y = (i/4) [v*,~"] (generators of Lorentz transformation of spinors), are
responsible for angular momentum conservation in the system. One should stress here
that the quantity w*(z) in Eq. (3.5) is, assumed to be, in general, different from the
thermal vorticity, w,, = —(1/2)(0,6, — 0,8,) originally used in Ref. [164], allowing us
to construct the closed ® perfect-fluid hydrodynamic framework based on the conservation
equations.
As shown in Ref. [231] expressions Eq. (3.5) can be put into the form

sinh(¢)

1
M* = 5 2 cosh(¢) + c Wy

DIl N (3.7)
where the quantity

1
C = m V wul/ww/ ) (38)

is assumed to be real ?.
In this Thesis, following experimental observations of small values of polarization, we
consider the limit w,, < 1 (in other words, ¢ — 0), where Eq. (3.7) reduces to

1
+ v
M= = 1j:—2wWE“.

“Note that for simplicity, instead of Fermi-Dirac statistics used in Ref. [164], herein we consider the
classical Boltzmann statistics.

5Due to normalization condition, U - U = 1, the four-velocity vector has only three independent com-
ponents. Hence, one may write U (x) = (1, v) where v is the three-velocity and v = 1/v/1 — v? is the
Lorentz factor.

6Note that for A(A) hyperon, up = 3ug, with g being the quark chemical potential [54].

"Note that in literature instead of wj,, one often uses the tensor §,,, = Tw,,,, which, by analogy to the
baryon chemical potential, ug = T¢, is called the spin chemical potential.

8By closed, we have in mind that the number of conservation equations matches the number of Lagrange
multipliers.

9In Refs. [231,232] it was shown that the thermodynamic consistency requires the spin polarization
tensor to satisfy the following constraints

wwy, >0, "W, = 0. (3.9)

Violating above conditions may result in imaginary ¢ which leads to the negative values of the thermo-
dynamic quantities. However, one should notice that such constraints are not necessary in the small
polarization limit w,, < 1 in which case one can directly Taylor expand Eq. (3.5).
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3 FORMULATION OF PERFECT-FLUID HYDRODYNAMICS WITH SPIN

However, in order to keep our discussion general, in what follows, we use Eq. (3.7), con-
sidering the small polarization limit only in the final formulas.
Putting Egs. (3.4) in Eq. (3.2) and Eq. (3.3), we find

We (e k) = ﬁ / AP 6O (k F p)(p £ m) X*(p £ m) | (3.10)

respectively. With the help of Eq. (3.7) we can further rewrite the above equation as

1
+ —B-p+ 4
Wz k) = —4m/dPe ArEE 5 (k£ p)

sinh(()
2¢
It is instructive to decompose the Wigner function (3.11) using the Clifford algebra expan-

sion in analogous way as in Eq. (2.6) to obtain equilibrium Wigner function components.
In this case one obtains [235]

X [2 m(m £ p) cosh(¢) £ W (pEmM)E(pEm)| . (3.11)

Fi(e,k) = tr[WE(e,k)] = 2mecosh(C) / dP e PP SO (kx ). (3.12)
Po(z, k) = —itr[y’Wi(z, k)] = 0, (3.13)

eq,p

Voo (@, k) = tr[y, Wi(z, k)] = £2cosh(C) /dPe‘B'pig Sk Fp)p., (3.14)

sinh A s
AL (k) =t W@ k)] = C(O / dP e PP 5O (5 p) B b, (3.15)
inh
Shuleb) = 208, Wi B] = 728 fapesese 0y
X |:(pp,wl/a - puwua)pa+m2wuy] . (316)

One can easily check that, for arbitrary form of the fields &, 3, and w,,, the coefficient
functions defined in Eqs. (3.12)—(3.16) satisfy the following constraints

k“‘/eiu(x, k) = mFej;(x,k), kuFejfl(m,k) = m‘/ei#(:z;,k), (3.17)
+ + +
Pi(x, k) = 0, kAL (k) =0, K Se (T, k) = 0,  (3.18)
%
k’BS;tq’uﬁ(a:, k:)—i—mAil,u(:c,k:) =0, ewagk“A;f(x, k)—{—mSeiW(x, k) = 0.(3.19)

From Eqgs. (3.17)—(3.19) we can notice that the equilibrium coefficient functions follow
constraints of the same form as the ones satisfied by the zeroth-order components of Wigner
function, c.f. Eqgs. (2.18)—(2.26). It suggests that the equilibrium Wigner functions (3.11)
are the good candidates for the zeroth-order Wigner function components, allowing us to
write [235]

FO = Fq, PO =0, VO = Vg,
AO = A, SO = Sequu - (3.20)

In the following sections, these components will serve as a starting point to construct the
perfect-fluid hydrodynamics with spin formalism for spin-polarized particles.
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3.1 Wigner function approach

3.1.2 Conservation laws

In the absence of collisions, the zeroth-order scalar and axial-vector coefficients of the
Wigner function defined by Egs. (3.20) satisfy kinetic equations (2.65) and (2.67) found
at the first-order of the semi-classical expansion ', with the vanishing collision kernels,
Cx = Dy = 0, supplemented with the constraint (2.23). Hence, we have

k'O, Foq(x, k) = 0, k*o, Al (z, k) = 0, k, AL (x, k) = 0, (3.21)

q q

where kinetic momentum £k is supposed to be on the mass shell. First-order contributions
to other coefficients of Wigner function can be written as

1
P(l) - _% o Aeq# )
1
1 _ v
V/‘E ) - _%8 SeQ:V;U«?
1
S;Slu) - % (au ‘/eq,u - al/‘/eq,u) . (3.22)

Similarly to the treatment of spinless particles [235,272,294], left-hand sides of collisionless
Boltzmann-like kinetic equations (3.21) are satisfied exactly in the global equilibrium. In
this case, using (3.12) and (3.15), one can show that Eqs. (3.21) are satisfied if 8% is a
Killing field fulfilling 0,85 + 038, = 0, and £ and w,p are constants. One should stress
here that w,, is not necessarily equal to thermal vorticity w,, , although both are constant
in the global equilibrium. The difference between w,, and w,, in global equilibrium is
understood on general grounds for conservative systems provided energy-momentum tensor
is asymmetric and spin tensor does not vanish [235]. As a matter of fact, the presence of
non-local collisions may make the energy-momentum tensor asymmetric giving rise to the
spin-orbit coupling which in global equilibrium results in w,, = w,, [198,199] [D1].

In local equilibrium, only certain moments (integrals) in momentum space of Egs. (3.21)
are satisfied. In particular, following the standard hydrodynamic treatment of relativistic
rarefied spinless gases [235,272,294|, one may show that the zeroth and first moments
of the transport equations (3.21) (related to collisional invariants of baryon charge and
four-momentum, respectively), lead to the net baryon current and energy-momentum ten-
sor conservation laws. However, for spin polarized particles considered in this Thesis, the
precise form of the collisional kernel is so far unknown, hence it is unclear which type of
the moment one should consider to impose the angular momentum conservation in the
collisions. Hence, in the following sections we will follow somewhat different methodology.
We will use a so-called phenomenological approach to formulate conservation law for cur-
rents defined by the moments of the Wigner function. In particular, we will formulate the
conservation equation for the spin current (the spin part of the total angular momentum
rank-three tensor) which, as it was shown in Ref. [235], agrees with a certain moment of
the equation for the axial coefficient of the equilibrium Wigner function.

3.1.2.1 Net baryon current

Equilibrium Wigner function, W, (z, k), allows us to write the macroscopic form of net
baryon current, with particle (W (z,k)) and antiparticle (W, (x,k)) contributions, as a

Following Egs. (2.33), (2.66) and (2.68), we observe that the zeroth-order and first-order coefficients
decouple in the absence of particle interactions, hence, in the following, we can safely assume F() (x, k) =

AP (2, k) =0.
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3 FORMULATION OF PERFECT-FLUID HYDRODYNAMICS WITH SPIN

momentum integral [161]
Ne(z) = (9793,

= tr/d‘*ma (Wh(z, k) — W (z,k))

— / d'k (Vo (2, k) = Vg (a, k) (3.23)
where the right hand side of the first line depicts the ensemble (statistical) average of
the, normal-ordered, microscopic net baryon current, whereas tr (trace), in the second
line, provides the expectation value (in other words, statistical average) of the microscopic

quantity.
Using Eq. (3.17) in Eq. (3.23) one gets

N%xz) = / d*k k* (Fi(x, k) — F(x,k)) . (3.24)
Substituting Eq. (3.12) into Eq. (3.24) we obtain the net baryon current as [91,231,235]
N%(z) = /d4kk:a (Fl(z. k) — Fi(x,k))
= 4 cosh(¢) sinh(§) / dP p* e PP
= NU". (3.25)
The quantity A in the above equation represents the net baryon density written as

N = 4 cosh(() sinh(&) Ny (T), (3.26)

where No)(T') is the number density of spinless and neutral classical massive particles for
an ideal relativistic Boltzmann gas defined as [54,91,235]

No(T) = /dP (U-p)e PP = #T?)zQKQ(z). (3.27)

Here, z is defined as the ratio of the particle mass m and the temperature T, z = m/T !,
and K, denotes the modified Bessel function of the second kind [295]

2" o
Ku(2) = o0 [ do(2® = 1)" e, 3.28
(2) (2n + D! /1 v(@ ) c (3:28)
One can observe that the factor sinh(¢) = (e® — e7¢) /2 in Eq. (3.26) denotes the presence
of both particles and antiparticles in the system, and the quantity cosh(¢{) = (ec + e*C) /2
represents the presence of both spin-up and spin-down particles.
Since the baryon current must be conserved, we write

OaN*(z) = 0. (3.29)

1 The variable ‘2’ can also be interpreted as a controlling parameter for temperature, meaning that,
for the fixed mass, temperature can be varied in order to go from relativistic (high temperature) limit to
non-relativistic (low temperature) limit.
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3.1 Wigner function approach

3.1.2.2 Energy-momentum tensor

Similarly to the definition of the net baryon current, using Eq. (1.35), we can also define
the macroscopic (non-interacting) energy-momentum tensor by taking trace of the second
moment of the equilibrium Wigner function for particle and antiparticle as, see page 116

in Ref. [161]
Tehw(r) = ( Thiw ).
1
= kR (W k) + W (x,k))
= /d‘*k kMR (F (k) + Fog(a, k) (3.30)
m

where we use the assumption that F(x, k) = 0. Using Eq. (3.12) in Eq. (3.30) we obtain
the perfect-fluid form of the energy-momentum tensor as [91,231,235]

T (2) — m/d4kk“ B (F (o, k) + Fo( k) | (3.31)

= 4cosh(() cosh(f)/de“pye’B'p,

= (E+P)UrUY —P g, (3.32)
where the energy density (£) and pressure (P) are, respectively, given as
& = 4 cosh(() cosh(&) £ (T, P = 4 cosh(¢) cosh(&) Py (T) . (3.33)

Similarly to the number density, we define the energy density (Ey(7)) and pressure
(Poy(T)) for Boltzmann gas as [54,91,235]

1
Eo(T) = / AP (U pPe ™ = T2 K () 43 (2)] . (334)
1 1
Po)(T) = —3 / AP [p-p— (U-p)le™ = 5T 2" K (2) (3.35)
respectively. From Eq. (3.35) and Eq. (3.27), we notice that,
Po)(T) = TN(T), (3.36)

which is the equation of state (EoS) for the ideal relativistic Boltzmann statistics. Again,
since we assume the energy-momentum tensor to be conserved, we write

TS0 (z) = 0. (3.37)

3.1.2.3 Spin tensor

The GLW form of the spin tensor is defined as the momentum average of the microscopic
spin density (1.35) [161] 2

Seiw = (S&Ww ),
= Z/d%tr

X (Wl(z, k) + W (. k)

({Jﬂv7,ya} + % (W[Bk:“’]va _ 7“7[Bk7l)>

(3.38)

12Note that we explicitly placed the Planck constant A in Eq. (3.38) due to dimensional reason. Here
{A,B} = AB + BA and A*BY) = 1 [A*BY — AV BH].
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3 FORMULATION OF PERFECT-FLUID HYDRODYNAMICS WITH SPIN

Putting particle and antiparticle contributions from Eq. (3.11) in Eq. (3.38), performing
the trace and carrying out the momentum integration we get

Giw = ﬁ/dpe P (mPw 4 2ptplu,) = Spir’ + 537, (3.39)

where we identify [231,235]

SeB = C Ny Uw™ (3.40)
s = ¢ [»A(o) U U UL, + B (U[BAO“S(,J](S + UCAL U‘SAO‘wwﬂ(S)} ,(3.41)

with the thermodynamic coefficients expressed as

Boy =~ 2ty A = 2N — 3B (3.42)
Here, we introduce C = hicosh(€)sinh(¢)/¢ ** and A¥ = g — (U*U¥)/(U - U) which is
the operator projecting onto the plane orthogonal to U*. One may interpret SZ’ﬁ 7 as the
correction to the phenomenological part (Sgif 7.

We can write the spin tensor (3.39) in a more compact way as [D3, D6]
ety = U (Aiw™ + UL U0) 4 Ay (UP W 4 gl ut) | (3.43)
with the thermodynamic coefficients having the forms
A = C(Noy = Bp)) » A = C(Aw —3Bp)) » A = CBpoy.  (344)

Since the energy-momentum tensor (3.32) is completely symmetric, the conservation of
total angular momentum [161, 185],

O = THw — Tatw + 0aS&hy = 0, (3.45)
implies that the spin tensor is independently conserved [235],
@aséfv”é(x) = Tg;gw - ngw = 0. (3.46)

Equations (3.29), (3.37), and (3.46), represent closed set of evolution equations consti-
tuting the formulation of perfect-fluid hydrodynamics with spin. Note that in all above
conservation laws, the small polarization limit (w,s < 1), which we consider throughout
the remaining parts of the thesis, is implemented by ( — 0. Taking this limit prevents
the coupling between the dynamics of perfect-fluid background, represented through the
energy-momentum and baryon number conservation laws, and spin. Thus, the evolution of
spin polarization is determined solely through the conservation of total angular momentum
(in practice, conservation of spin tensor) 4.

BNote that C is not related to the collisional kernels discussed in the previous chapter.

14Note that the spin tensor (3.39) diverges in the m — 0 limit, breaking conformal symmetry explicitly,
however, one may obtain approximate solutions for spin treating mass as a very small parameter. See
Chapter 8 for extensive discussions on this matter.
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3.2 Classical approach

3.2 Classical approach

In this section we present a complementary method to derive the constitutive relations
for the net baryon current (3.25), energy-momentum tensor (3.32), and spin tensor (3.39)
using an approach based on the classical single-particle distribution function in a phase
space extended to spin. Such a distribution function may arise from the quantum kinetic
considerations as discussed in Section 2.4.

3.2.1 Spin-dependent distribution function in equilibrium

We consider classical single-particle distribution function for particles and antiparticles in
a phase space consisting of space-time position (2*), four-momentum (p*), and spin (s*).
Identifying the collisional invariants of the local Boltzmann equation one finds [91],

(ffl(x,p, s) = exp(—f(x) -pt&(zr))exp {%ww(x)s‘“’} , (3.47)

where s# = (1/m)e"*Pp,sp is the internal angular momentum tensor [184,296]. In
Eq. (3.47) the tensor w,, plays the role of the spin polarization tensor, encountered in
the quantum statistical approach (3.5), and arises due to the spin angular momentum
conservation considered herein.

Equation (3.47) gives the distribution function in terms of position z and momentum
p coordinates only, once averaged over spin,

/dS eiq(x,p,s) = efl(a:,p), (3.48)

where the spin integration measure dS is defined as follows '* [91].
ds = Ddts5(s-s+52) d(p-s). (3.49)

s

Here, unlike in Eq. (2.75), p is the on-shell kinetic four-momentum of the particle. For
spin-half particles the length of the spin vector is given by §° = % (1 + %) = %, which can
also be related to the respective value of the Casimir operator.

In the remaining part of this section we provide definitions of the conserved currents in
terms of the moments of the distribution function (3.47), which ought to satisfy macroscopic
balance equations describing conservation laws.

3.2.2 Net baryon current

The net baryon current in equilibrium can be obtained using the formula [91]

Nt(z) = /dP ds p* [ (;(:(:z:,p, )= foq(T, D, s)} ) (3.50)

Putting the equilibrium function (3.47) in Eq. (3.50) leads to

NH(z) = QSinh(f)/de“e_pﬂ/dSexp <%wa5 so‘ﬂ) . (3.51)

15Note that in the spin measure (3.49) we choose a different normalization of the spin four-vector as
compared to (2.75) defined in Chapter 2. We note that the choice of the normalization convention in the
spin measure definition does not affect our results, up to an overall constant factor.
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3 FORMULATION OF PERFECT-FLUID HYDRODYNAMICS WITH SPIN

In our approach we consider the case of small values of the spin polarization tensor w,,,
which allows us to expand the last exponential term up to the first-order in w. Proceeding
this way we get

1
Nt = QSinh(f)/de“ e_pﬂ/dS (1 + éwagso‘ﬁ) : (3.52)
which, after performing the spin and momentum integration, yields [91]
Nt = NU". (3.53)

The resulting net baryon current matches exactly the one derived using the Wigner function
approach, in the small polarization limit, see Eq. (3.25) in Sec. 3.1.2.1.

3.2.3 Energy-momentum tensor

The symmetric energy-momentum tensor is defined by the following average [91],
1 = [P as i [f(ops) + Siglopo)] (354)
Substituting the distribution function (3.47) in Eq. (3.54) we obtain
1
T = QCosh(f)/de“p” e_p'ﬁ/dSeXp <§wags°‘ﬁ) : (3.55)

where, again, employing the small polarization limit and performing the integrations, leads
to the same formula as the one obtained in Sec. 3.1.2.2; see Eq. (3.32).

3.2.4 Spin tensor

Spin tensor is defined as follows [91]
SHH = /dP ds p* s [fo(z,p, ) + fog(,p,5)] (3.56)
1
= 2cosh(§) /de)‘ exp (—p- B) /dS s" exp (560@,38&/6) , (3.57)

where, in the second line, we substituted the distribution function from Eq. (3.47). Per-
forming the integral over the spin in Eq. (3.57), to the first order in w,,,, gives

1 1
/dS st exp (§wa53aﬁ> = /dS st (1+ §wa53“ﬁ>

2
= ﬁsz (m*w™ + 2p°plw” ) (3.58)
m
Putting Eq. (3.58) back in Eq. (3.57) we obtain
4
Shm T3 57 cosh(&)/dP pre PP (m2w“”+2p°‘ plwY! a) , (3.59)

which after doing momentum integration leads to [91,235]
Sh = (Np(T)UPw + SXH) (3.60)
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3.2 Classical approach

The above result agrees with the spin tensor Séﬁ‘v'(, derived in Sec. 3.1.2.3, see Eq. (3.39).

For the forthcoming discussions it is useful to consider the spin tensor (3.39) in the
large mass (z > 1 or m > T') regime, which is equivalent to neglecting the relativistic
corrections in Eq. (3.39). This is particularly interesting in the context of low-energy heavy-
ion experiments where the mass of the particles (A hyperons) is much higher than the
system’s temperature. Within this limit the thermodynamic coefficient By ~ —T%e*\/z
is small compared to N ~ T3 *23/? and thus can be neglected. Therefore, Eq. (3.39)
takes the form [D3] [232]

quby _ cosh(&) Ny U [wm +200 Ul 5] : (3.61)

z>1
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4

PROPAGATION PROPERTIES OF SPIN POLAR-
IZATION

“All truths are easy to understand
once they are discovered.

The point is to discover them.”

— GALILEO GALILEI

In this chapter, we study the propagation properties of the spin polarization components of
spin hydrodynamics developed in the previous chapter through linear perturbation analysis.
The idea behind this analysis is to observe the behavior of the spin components and their
dependence on the thermodynamic parameters after they are perturbed in the longitudinal
direction. We find that the longitudinal spin components do not propagate, however,
the transverse spin components propagate in an analogous way to electromagnetic waves.
Material presented here may be found in Refs. [D2]| and [D3].

4.1 Properties and parameterizations of the spin polar-
ization tensor

As the spin polarization tensor w,, is a second-rank antisymmetric tensor it is convenient
to decompose it with respect to fluid four-velocity U* in terms of two electric-like (x*) and
magnetic-like (w*) four-vectors as follows ! [231]

W = KU, — kUL €uag U“w” (4.1)
with the following properties arising from it:

e Components of four-vectors k* and w* parallel to U* have no contribution to the
right-hand side of Eq. (4.1). Hence, k" and w* satisfy the following constraints

k-U =0, w-U = 0. (4.2)

'We use terms “electric-like” and “magnetic-like” with respect to four-vectors x* and w” to highlight
their similarity to the components present in analogous decomposition of the Faraday tensor in electro-
magnetism [297]

F., = EU, —E,U,+ €,a5U°B".
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4 PROPAGATION PROPERTIES OF SPIN POLARIZATION

e One can obtain , and w, from w,, using the relations
« 1 afB rry
Ky = W U, Wa = 5uapy W U”. (4.3)
e Each of the four-vectors, k* and w*, have three independent components. Hence,

they together constitute same number of independent components as w,,,.

For mathematical convenience we introduce a basis I € {U, X,Y, Z} formed by a set of
mutually orthogonal four-vectors: U, X, Y, and Z satistying the following normalization
conditions

v-Uu=1, X-X =YY = 2.7 = -1. (4.4)

The four-vectors X, Y and Z span the space transverse to U and may be obtained
by canonical boost transformation with four-velocity U of the local-rest-frame (LRF)
forms [298-300]

XL&RF = <071’O’0>7 YLaRF = <0707170>a ZSRF = <O707071> (45)

Using the four-vector basis, x* and w” can be decomposed in terms of Lorentz-scalar spin
coefficients Cy, = (Cyix, Cry,Crz) and C,, = (C,x,C,y,C,z) ? as follows

Kva = nXXa+C/{YYa+CnZZa7 Wa == wXXa+CwYYa+Cw2Za. (46)
Decompositions (4.6) allow us to rewrite the spin polarization tensor Eq. (4.1) in the form

wag = 2(ChxXalUs + CuyYiaUp + CrzZ1aUs)
+ €apr U (Cox X’ + Coy Y’ + Cuz Z°%) . (4.7)
In the laboratory (LAB) frame one can have different parameterization * of the spin polar-

ization tensor consisting of electric-like, e = (e!, €2, e3), and magnetic-like, b = (b', %, %),
components as [232]

0 el e? e?
—et 0 = P
Wap = —62 b3 0 _bl . (48>

—e3 —b? b 0

4.2 Spin tensor for general statistics

The spin tensor in Eq. (3.60) has been derived using the equilibrium distribution function
(3.47) for the Maxwell-Juttner (MJ) statistics. In what follows, we extend the spin tensor to
other statistics so that we can study the polarization of other species of particles produced
in the experiments. For that purpose, we first extend the definition of the distribution
function (3.47).

Let us start by considering the general distribution function

g —

eq — gq(ya) ) (49)

2Note that, all the spin components are dimensionless and are functions of spacetime coordinates.
3We followed the sign conventions of Ref. [297].
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4.3 Spin tensor for general statistics

with

1 v
Yo = Yo0 + Yspin » Yoi0 = 5]9 U — 0-57 Yspin = _5("}“ Suv (410)

where [ is the inverse of temperature and o = +1(—1) represent particles (antiparticles).
Assuming Yspin < Yoo We have

gq(yo) = g](yﬂ;o) + gé(ya;o)ySpin T, (4.11)

where the derivative is done at vanishing spin polarization

ofe 1 [Of2
o) = —o (e €a) 412
s = o (52) = 5w (55). (4.12)
Thus the spin tensor (3.59) can be written for an arbitrary statistics as
A v 252 A plo 2, uv o [p, V]
(- ~3.3 gi dP p* feg (m w4+ 2p“ptw a) , (4.13)
where we can write the integral of p* o a8
ON
A pol A : —
ZUg_i/de o = a U, with @ = — (6_5)5 (4.14)

Factor 2 appears due to spin degeneracy.
Furthermore, the integral of p*p®p# o can be decomposed as

2 Z /dP TPt = ayUNUCU" + by(UPA™ + U AM + UFAN) (4.15)
o=%

where thermodynamic coefficients ay; and by can be evaluated by contracting the above
expression with U U,U,, and Uyg,,. In this way one gets

Az B 5 [(ON
ay — (%)5 y a9 + 362 = —m (8_§>5 N (416)
respectively.

Using Eqgs. (4.14) and (4.15) in Eq. (4.13) and comparing with Eq. (3.60) shows that

a; = —(3/5%)(A; + Az), az = (3m?/25%) (A3 — 2.A4;), and by = —(3m?/25%).A3. Hence, one
can have yet another decomposition of Eqs. (3.40) and (3.41) as

St = (A + AU (4.17)

SAP = (241 — As) UPUPU P + A, <A"‘5U[Bw”’]5 +UCABL 4 U5A“Ww”’]5> ,(4.18)

where A; and Aj for general statistics are

s2 | [ON 2 [(0€ 252 | (ON 1 [0€
A=y [(a—g)ﬁm(%)gl A ?[(a—g)ﬁw(%u' 1)

One can check that above equations reduce to Eqgs. (3.44) for MJ statistics.
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4 PROPAGATION PROPERTIES OF SPIN POLARIZATION

4.3 Dispersion relation of spin wave velocity

As mentioned in Chapter 3, due to the assumption of small polarization, conservation laws
for net baryon current (3.29) as well as for energy and momentum (3.37) are independent
of the spin dynamics [91,235], hence, may be treated as a a perfect-fluid background for the
latter. As a result, the analysis of propagation of perturbations at the level of background
will lead to a widely known spectrum of sound waves where the sound speed is defined

as [154, 162, 254, 255|
op N (0P
2 = (= — [ — 4.2
% (85)N+8+P(8N>5’ (4.20)

In consequence, the propagation of perturbations at the level of spin tensor conservation
law can be studied independently.

We will start with the spin tensor decomposition, derived for the general statistics,
shown in Egs. (4.17) and (4.18) along with the thermodynamic coefficients (4.19). At the
level of spin tensor, background fluid is at rest, hence U* = ¢'*. In addition, we also
consider that the system is homogeneous in the transverse plane. Due to the small polar-
ization limit considered we can also assume that the background fluid can be unpolarized.
Therefore, Egs. (4.17) and (4.18) reduce to

Spir” = (Ai+Az) g W,
S = 2(A; — 2A43) gt gt + A, (gt[“w”]o‘ + gVt — gew) , (4.21)

and their divergence read

0uSpi” = (A1 + Az) 0w,
0o SR = (2A1 = 3A3) gM 0w + As (0¥ — O + gMO.wF) L (4.22)

Considering cases such as {y = 0,v = i} and {u = i,v = j}, and using the fact that
Seby — S0 1§07 see Eq. (3.39), we obtain

' ' j 1 .
0uSGth = 05+ 0,5 = Au (9t + 30 )
0aSGty = 0aSpif +0a587 = A 0w’ + Azl (4.23)

Using Eq. (4.7) one can write the spin polarization tensor in the fluid rest frame as

wh = —Cy;, Wi = —kC,, (4.24)
and the conservation law for spin, 8aSg’fV'(, (x) =0, gives
1 As
atC(,‘-cX 5 aszY =0 ) at‘C’wY + 2_./41 8ZCKZX 0 3
1 As
8,50,{)/ + = @C'WX = 0 y athX — aZCHY = O . (425)
2 2A,

Since 0,C.z; = 0,C,z = 0, we find that the longitudinal spin components do not prop-
agate. Hence, the spin degrees of freedom propagate as transverse waves analogous to
electromagnetic waves [253,297].
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4.3 Dispersion relation of spin wave velocity

All four transverse spin components follow the same wave-like equation as

(=2 0%) Cox = 0, (02 —2,,0%) Coy =

spin 'z spin “'z )
(02— 25,02 Cox = 0, (=23 02)Coy = 0, (4.26)

where the cgpin is the speed of the spin wave expressed as

o _ 1Ay 1(0£/0T) — 2 (ON/08),

1
P AA 4 (980T, + 2 (ON/9E),

(4.27)

which in the high temperature (z — 0) limit gives cgpin = 1/2. We emphasize that the
relation for ¢y, in Eq. (4.27) holds true for an arbitrary statistics.

4.3.1 The case of Maxwell-Juttner distribution

We now move on to find the form of Eq. (4.27) for Maxwell-Jiittner (MJ) statistics. In this
case the distribution reads

o _ gs —BU-p+ o€ 4.98
eq (271')3 € ) ( . )

with g; = 2 representing the spin degeneracy. The net baryon current (N*) and energy-
momentum tensor (7"”) can be evaluated in the following way

NF = ZU/de“ o, T = Z/dpp“p” . (4.29)

Above equations reproduce the relations given in Egs. (3.53) and (3.55), respectively. The
derivatives of net baryon density (AN) and energy density (£) with respect to £ and 3 give,
respectively

(% )B = 2T ooh(6) Ka(),

3 m
o€ 2m3T?
(%L = T cosh(g) [+Ka () + BKs(2)] (4.30)

Thus, A; and Aj in Eq. (4.19) for the MJ statistics are

46> mT?

A = 32 cosh(§) [Kg(Z) + %Kg(z) ,
4 2 T2
A3 = — 53:?2 cosh(§) K3(z), (4.31)

in agreement with Eqs. (3.44) where s° = 3/4. Substituting the above equations in
Eq. (4.27) gives ¢, for (ideal) MJ gas

spin

2 _ _lé _ 1 K3(z)
Cpin| 1y T 44, 4 |:K3(Z>+§K2(Z) ’ (4.32)

which depends only on the parameter z = m/T), see Fig. 4.1.
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Figure 4.1: (Color online) The speed of the spin wave cqpin for MJ statistics as a function
of z =m/T together with their respective asymptotic forms.

4.3.1.1 Asymptotic limit

To understand the asymptotic behavior of cspin}MJ, it is useful to discuss its asymptotic
properties for the non-relativistic (z > 1) and ultra-relativistic (z < 1) cases.
The modified Bessel functions can be expanded in the following way for large values of

2 [295]

(z-v)(G+v)
—z : _ 2 k \2 k
2 : with  ag(v) = o)kl (4.33)
Thus,
W 15 105
FKao(z) = )—e (1
2(2) 2:° ( TR A > ’
T 35 945
Ks(z) = 1+ 22 ) 4.34
3(2) 2" ( T8 st ) (4:34)

Using Eqgs. (4.34) in Eq. (4.32) we obtain cgyn|,,, for large values of z

|ty
N 1
"hiesy T V22

Similarly, the modified Bessel functions of the second kind K,(z) can be expanded for
small values of z as [295]

(4.35)

Cspi

Ko(z) = %() gn_ — V! (—?)kﬂ—mﬂm(g)]n(z)
+ (-1 "(%)”g Yk +1) +¢(n+k+1)]%, (4.36)
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4.3 Dispersion relation of spin wave velocity

with ¢(z) = I'(2) /T'(2) being the digamma function, whereas I,,(z) are the modified Bessel
functions of the first kind

I ( ) ik' :L/fk (4.37)

Leading order terms of K5(z) and K3(z) come from the first term of Eq. (4.36),

Kalz) = %—%H}( 2 Ky(s) = %—h@() (4.38)

which, after using in Eq. (4.32), gives cgpin Ay for small values of z

2,2

_ ! {1 - —+0(z )} (4.39)

Cspi
P MIz<1) 2

Figure 4.1 shows the comparison between the exact cspin‘MJ (4.32) and its asymptotic
expressions (4.35) and (4.39). It can be observed, as expected, that at z = 0 the magnitude
of ¢spin = 1/2 which eventually vanishes for large values of z.

4.3.2 The case of Fermi-Dirac distribution

Fermi-Dirac (FD) gas is modelled using the distribution [301,302]

o _ gs 1
"= ST T (4.40)

In this case the net baryon density N, energy density £, and pressure P are evaluated,
respectively, as [303]
N 0o )

1 1

el = = / dEp | B? | ———— (4.41)
U m eBB—08) 41"

P . 3p°

where p is the momentum of the particle. For ¢ < z = fm we can expand Fermi-Dirac
factor [ePF=7%) + 1]~ as

1 - .
ey = ()T ETeO, (4.42)
/=1

which then allows A and £ to have the forms
2m?T o= (—1)!

N = = ; — sinh(£€) K ((z),
IRV

£ = QTZWZ( p " cosh(t€) (2K (02) + 3Ka(2)] | (4.43)
/=1

respectively. Putting ¢ = 1 in Eq. (4.43) gives the results for the MJ statistics given in
Egs. (3.26) and (3.33). The derivatives of £ with respect to 3, and of N with respect to &

are
o€ 1 o 3p+ 2
— = —— dEE?—— P
(aﬁ)f B Z/m B £ 1

(G_é“)ﬁ a %Z/m B G 11 (4.44)
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However, for the case when [£| < z, the above integrals can be calculated using Eq. (4.42)
allowing A; and Aj to take the forms

AT N (-1 lz

A = = Egl / cosh(£€) |:K3(€Z>+?K2(£Z) :
AT SN (-1

As = — 2 EEZI / cosh((€) K3(¢z) . (4.45)

These results reduce to Eqs. (4.31) for £ = 1. Therefore, for FD gas ¢%; becomes *

spin

oo (—1)¢+1
o | o A1 TR S cosh()Ky() (4.46)
spin | ) AA Ay CUT cosh(66) [Ks(L2) + LKy (¢2)]
0.50¢ ]
[ — Cspin|FD €=5)
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Figure 4.2: (Color online) The speed of the spin wave c¢qi, for FD statistics as a function
of z =m/T together with their respective asymptotic forms.

4.3.2.1 Asymptotic limit

Now let us derive the non-relativistic and relativistic limits for CSPin|FD' In the non-
relativistic limit we use large z expansion (4.34) where the terms with ¢ > 1 are replaced
by K,(¢z) ~ e % /v/{z. Thus for large z values the expression of cpin agrees with
Mi(z1)7 5€€ Eq. (4.35).
(=n?

In the relativistic limit we use Eq. (4.38). Using the notation S,, = Y, *—7— cosh(¢¢),
the coefficients A; and Az can be expressed as

|FD(z>>1)

Cspin

32274 3227

22
A= o5 [Si+0E] . A = Si—3S+0(E"| . (447)

3m2m2

4Eq. (4.46) is true for [£| < z. For |¢| > z, it diverges and then the asymptotic expression in Eq. (4.48),
obtained in the following section, must be used.
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4.3 Dispersion relation of spin wave velocity

Now using Sy = (77* + 307°¢ 4 156*) /720 and Sy = (7 4 36%) /12, we obtain ¢, for the
relativistic case as

1 22 S.
2 = Z|1-Z2210:%
SPIpp (2 <1) 4 [ 8 5, +0()
1 1522 2 +3&2
= —|1- oz . 4.48
4[ > Trtsomesa o) (4.48)

Figure 4.2 shows the comparison between the exact cupin|y, (4.46) and its asymptotic
expressions (4.35) and (4.48). Here, also at z = 0, ¢gpin = 1/2 which vanishes for large z.

0.50F
oNG TS T~ Cspin |MJ

045~

CspianD €=0)
""" CspianD €=2)

L N N e = Coni -
g 035" spmlFD(f 6) ]
Q [ Cspin'FD(f:lO) ]
030" ]
025"
020
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Figure 4.3: (Color online) Comparison between cspin}MJ and cspin|FD for various values of
¢. The MJ results are obtained using Eq. (4.32), while the FD results are obtained using
Egs. (4.46) and (4.48) when z > [{| and z < [£], respectively.

Figure 4.3 shows the comparison between the exact expressions of cgpin MI and cgpin D
for different values of {. In summary it is observed that cgpi, is monotonically decreasing
with z from 0 to 5 where the lower bound is for low temperature limit (non-relativistic
limit) while the upper bound is for high temperatures.

4.3.2.2 Degenerate limit

An another interesting case which is relevant for the FD statistics is the degenerate limit,
i.e. low temperature and high baryon density regime (7" — 0 and pp > m), in which we
have

= —3 E = 1 (p3 + %) +m*l _m (4.49)
Pr m”In .
32’ 372 Pr B \Pp B 1 )

with pp = /% — m?2. In this case &€ = E(up), and the derivatives of £ and N with respect

to B and &, respectively, are

(85) _ pp 98k —m?
13

B B Oug mB
(5r) - et o () (4.50
¢S 38 B mf N MQB op ¢ . '
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Hence, using above equations in Eq. (4.27) leads to the expression of ¢, in the degenerate
limit

2
spin

1 2 2
L& ’ (4.51)
FD(deg) 4\ &2+ 22/2
which is valid when & > z or in other words pug > m. Moreover, for the degenerate gas

the expression of pressure can be written as

1
P - {pFuB (5% —343) — 3m'In

(4.52)

2472 Pr+ NB:| ’

which gives us the expression for the sound speed

oP 1 (g2
degz%:§( 522). (4.53)

Interestingly, we can establish a relationship between the spin wave velocity (4.51) and the
sound velocity (4.53) for the degenerate FD gas as

2
s

C

02

1 5| e
2 = | | (4.54)
FD(deg) 2 1_63

spin

deg

4.4 Linear and circular polarization of spin waves

For Egs. (4.25) one can obtain the linearly polarized solutions for the components C,; and
C,, with Cj as the real amplitude of the wave

C. = CoRe [eiik(cﬂ’“‘t*z)] (e1 cos(f) + eysin(6)) ,
Co = 2coinCoRe [e_ik(CSpi“t_Z)] (e1sin(f) — ey cos(h)) (4.55)
where 6 is the inclination angle with respect to the z-axis. One can find the relation
Co = 2¢cpinn x Oy, (4.56)

with n = e3 being the direction of the wave propagation. One can observe that the
Eq. (4.56) is analogous to H = c¢n x D from electromagnetism [297] with ¢ denoting the
speed of light.

Consequently, circularly polarized waves read

1
CVr»i;R/L - E
Cur/t = V2Cocypm Re [e—i’f(%pint—z) (élsin(e):m@cos(e))}, (4.57)

CoRe [e_ik(cﬂ’i“t_z) (€1 cos(f) £+ iey sin(@))] ,

which also satisfies Eq. (4.56).

76



5

SPIN POLARIZATION OF EMITTED PARTI-
CLES

“Don’t only practice your art,

but force your way into its secrets;

art deserves that, for it and

knowledge can raise man to the Divine.”

— LUDWIG VAN BEETHOVEN

In Chapter 3 we formulated the framework of relativistic perfect-fluid hydrodynamics with
spin where the evolution of the background parameters is obtained through the conservation
of net baryon current (3.29) and energy-momentum tensor (3.37), and the evolution of the
spin polarization components is obtained through the conservation of spin tensor (3.46).
Starting with certain initial conditions specified at a fixed space-like hypersurface, from the
above hydrodynamic equations we may determine the dynamics of the thermodynamic and
hydrodynamic fields in the future spacetime region. However, it is known very well, that
when the system expands and dilutes, the mean free path of its constituents (particles)
increases which gives rise to the decoupling of the particles. Eventually, the interactions
are so weak that their momenta and spin get ‘frozen’. This process is commonly known as
freeze-out. Using the values of hydrodynamic fields at the freeze-out we can calculate the
mean spin polarization per particle which can be compared with the experimental results.

In this chapter, we present details required to calculate the momentum-dependent and
momentum-averaged mean spin polarization that will be used further for the numerical
modeling of spin polarization of A(A) hyperons in the subsequent chapters. Parts presented
in this chapter may be found in Ref. [D3].

5.1 Pauli-Lubanski four-vector

To obtain the information about the spin of individual particles at the freeze-out we need
to introduce Pauli-Lubanski (PL) four-vector, defined as [304,305]

1
I, = =5 €uwas J P (5.1)

where p is the particle four-momentum and J"* is total angular momentum which can be
calculated by averaging the total angular momentum density over the three-dimensional
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5 SPIN POLARIZATION OF EMITTED PARTICLES

volume
J = / dy JhH (5.2)

Decomposing J** in Eq. (5.1) in terms of orbital (z¥p* — x%p”) and spin (S**) parts gives

1 Vv, o o,V ro
I, = —Eeumﬁ(xp — %"+ S )pﬁ,

1 v, & o,V 1 ro
= —gwas (TP = 2°") P’ = SewasS" P,
1 ro
= _56#1/0465 pﬁ s (53)
where, due to the presence of Levi-Civita symbol, orbital part vanishes and PL four-vector
is linked directly to the spin angular momentum, describing spin states of the particle.
Obviously, p in Eq. (5.3) is orthogonal to II.

5.2 Phase-space density of the Pauli-Lubanski four-vector

As the QGP is strongly-coupled we use relativistic hydrodynamics as an effective framework
to describe its properties. However, due to expansion the interactions between the fluid
constituents gradually cease making the system weakly coupled. The adequate description
of the subsequent dynamics of the particles is provided by transport theory. To make
this transition possible one is required to provide a prescription to describe the process of
transforming the fluid elements to particles at the switching hypersurface ¥. A commonly
used approach is the so-called Cooper-Frye formula [306], which is based on the assumption
of the continuity of the particle current at %, see for instance Ref. [307] for details.

Below we develop a respective freeze-out procedure for the spin of the particles using a
similar reasoning to the one of Cooper-Frye approach. Using Eq. (5.1) we first calculate,
using the invariant total angular momentum density (J**®), the phase-space density of the
PL four-vector in the volume AY and divide this quantity by the momentum density of all
particles and antiparticles produced at the surface AY.. This ratio provides the information
of average spin polarization per particle at the freeze-out hypersurface.

The phase-space density of PL four-vector in the volume AY is written as [164,232]

dATI 1 dJMve B
Ep M(xap) — __EpyaﬁAE)\<'r)Ep J (I7p)p_.

iy > (5.4)

d>p m
Here, JM® = [Ave 4 Ghve — gprpra _ gaiv 4 GAve [ evi-Civita symbol forces the orbital
part (L*®) to vanish and we obtain

dATL,(z,p) 1 dS*(z, p) p”
—dlép = =5 €uap AR (@) By——p = (5.5)

Ey d3p m

The term E, dS»*/d?p on the right hand side of the Eq. (5.5), within the GLW formula-
tion, using Eq. (3.39), can be written as [235]

B dSéf\?{,(x,p) _ cosh(¢)

—D- ra 2 14 o
N O o (w e ]‘Spé)' (56)
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5.3 Mean spin polarization per particle

Note that ¢ — 0 has been assumed herein and & = 1. Putting Eq. (5.6) in Eq. (5.5), we
get the phase-space density as

dATL,(z,p) cosh({)

E _
P dp m(2m)3

ro 2 v (0%
——euas AN P e B”(w P +—p[ w5 pPp? ) ,

cosh 1
( >AZ p € —Fp w Bp + _GWaBP[VWa]JP P (57)
(2)pPm
In the above equation, the second term in the bracket will vanish due to the Levi-Civita
symbol and we also used 2 S€uvap W' = 3«5%3. Thus we obtain !
dIT (p)
p\P) A o—Bp (% BT
Ty _(27r)3m /COSh(f) AYXy\pte PP (B,uep”) (5.8)

which has to be integrated over volume AX), to obtain momentum density of the total

value of the PL four-vector. The asterisk ( )* indicates that the quantity is boosted to
the particle rest frame (PRF) 2 [232,308].
The four-momentum p® = (E,, ps, py, p-) can be parametrized as

E, = mgcosh(y,), p. = prcos(¢,), p, = prsin(¢,), p. = mrsinh(y,), (5.9)

where my is the transverse mass, y, is the momentum rapidity, pr is the transverse momen-
tum, and ¢, is the azimuthal angle. Using trigonometric formulae, from the momentum
parameterization (5.9), we can get known relations for pr and myp

= \/P2+p,  mp = JE:—p? = \/m?+ph. (5.10)

5.3 Mean spin polarization per particle

To calculate the average spin polarization per particle we first need to define the total
particle number current as [232]

NHE(z) = /dP ds p* [fd(z,p,s)+fog(x.p,9)] (5.11)

where using the equilibrium function (3.47), after some algebraic manipulations, in the
limit of wyp < 1 we get

NE(z) = QCosh(g)/de“ e_p'B/dS <1+%waﬁsaﬁ) :

= 4cosh(§)/de“ e PP (5.12)

!The spin tensor (and total angular momentum) is a charge-conjugation even operator, therefore in
thermodynamic equilibrium, thermal effects cannot distinguish between the internal (spin) charge of the
particles and the antiparticles. Hence, the direction of the spin polarization vector of particles and an-
tiparticles will be same, which is not the case if we introduce electromagnetic fields in the system.

In the experiments, A(A) hyperon spin polarization is measured in the rest frame of the decaying
particle, hence to have a comparison of our results with the experimental data, we must Lorentz transform
the quantity ﬁugpﬁ to the PRF.
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5 SPIN POLARIZATION OF EMITTED PARTICLES

where we have used the identities [dS = 2 and [dSs* = 0 [91]. Note that, Eq. (5.11)
is the total particle current, i.e., sum of the number of particles and antiparticles, which
is different from the net baryon current (3.50), that is coming from the subtraction of the
number of baryons and number of anti-baryons.

The momentum density of all particles and antiparticles being emitted from the hyper-
surface can be written as [235]

dN(p) _
" dp (2m)°

/ cosh(&) Ay pre PP, (5.13)

Then the ratio of the total PL four-vector (5.8) and the momentum density of particles
and antiparticles (5.13) gives us the average spin polarization per particle as a function of
momentum coordinates defined as

%
dil, (p)
B,k
(M), = W (5.14)

P d3p

It should be noted that (m,) (*), is a Lorentz invariant quantity and the time component
of (m,), must vanish as in PRF, (m,) pk = (mo),m = 0. After integrating over momentum
variables we arrive at the momentum averaged spin polarization as

dP (m,) B, d*p Tl
JaPAmy By _ 4P . (5.15)

v =
i Py O

The second equality in Eq. (5.15) is obtained using Eqgs. (5.13) and (5.14). Results coming
from Eqgs. (5.14) and (5.15) will be compared with the experimental data.
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6

MODELING OF THE SPIN POLARIZATION DY-
NAMICS

“An equation for me has no meaning
unless it expresses a thought of God.”
— SRINIVASA RAMANUJAN

After formulating relativistic perfect-fluid hydrodynamics with spin in Chapter 3, in the
present chapter we will make use of it to study the dynamics of transversely homogeneous
spin-polarizable matter with boost-invariant and boost-invariance-violating longitudinal
(with respect to beam) expansion. For this purpose, we first tensor decompose the equa-
tions of motion for the background and spin. Subsequently, we use them to study different
physical systems and draw some conclusions for spin polarization observables introduced
in Chapter 5.

6.1 Basis-vector decomposition of evolution equations

In this section we tensor decompose conservation laws for background and spin derived
in Chapter 3 using the four-vector basis introduced in Section 4.1. Resulting evolution
equations will be subsequently used in the following sections to study spin polarization
dynamics of systems respecting certain spacetime symmetries. Details of this section are
based mainly on Ref. [D3].

6.1.1 (3+1)-dimensional parametrization of the four-vector basis

One can write a general (341)-dimensional parametrization of the fluid flow four-vector
in Minkowski coordinates (x) in the following form [298-300]

Ur = (UO cosh(®), Uy, Uy, Us sinh(@)) , (6.1)
with the quantities Uy, U,, and U, defined as
Up = cosh(6,), U, = Uy cos(p), U, = U,sin(yp), (6.2)

respectively. Here, ®. 0, , ¢ are functions of 7, z,y,n in the Milne coordinate system, where
T = Vt? — 22 is the longitudinal proper time and 7 = 5 In [(¢ + 2)/(t — 2)] is the space-time
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6 MODELING OF THE SPIN POLARIZATION DYNAMICS

rapidity. We adopt convention where the longitudinal fluid rapidity ® = J(7,z,y,n) + 7
with ¥ denoting the deviation of longitudinal fluid rapidity from the boot-invariant one; we
will come back to the discussion of the boot-invariant expansion in Section 6.2. Our choice
makes the parametrization (6.1) convenient for describing systems rapidly evolving along
the longitudinal (z) direction. Such a situation takes place in ultra-relativistic heavy-
ion collision experiments, where the particle production in central rapidity (also known
as midrapidity) region is approximately boost-invariant along z (beam) direction [309],
meaning ¥ ~ 0.

Using trigonometric relations we find that Uy = /1 + U2 + U2 and U, = /U2 + UZ =
sinh(f, ). The remaining three basis vectors which span the space transverse to U have the
form

X" = (UL cosh(®), UOUx, M, U, sinh(®) | |
U, U,
u, U.
yr = (0, —-2L, == 6.3
<, e ) (6.3

zr = (sinh(fb), 0, 0, cosh(@)) :

which, as mentioned in Chapter 4, result from canonical boost transformation A#(U*)
(with U given in (6.1)) applied to LRF forms (4.5).

Before moving ahead, it is also convenient to introduce some notation for the directional
derivatives and divergences of the basis vectors, which will turn out handy in subsequent
sections. In particular, directional derivatives for the flow U* (6.1) and space-like basis
vectors X%, Y and Z* (6.3) are denoted as

—~
~—

‘o, = U-0 = X%, = X0 = (),
Y9, = Y-0=(), 7%, = Z-0 =
while the divergences of the basis vectors are written as

U™ = 0-U = Oy, 0.X* = 9-X = 0Oy,
Y™ = 0.V = Oy, 0.72°=0-Z = 0. (6.5)

Derivatives with respect to the Cartesian coordinates, t, x, y, and z, used above, are related
to the ones with respect to Milne coordinates through the following matrix equation [D6]

0 cosh(n) 0 0 —sinh(n)| | O;

o 0 10 0 Oy

o,| = 0 01 0 9, (6.6)
0. —sinh(n) 0 0 cosh(n) 19,

6.1.2 Perfect-fluid background

6.1.2.1 Net baryon density conservation

Substituting expression for the net baryon current, see Eq. (3.25), in the net baryon density
conservation law J, N®(x) = 0, see Eq. (3.29), we obtain the following equation of motion

UOuN + N U = N+ N6y = 0, (6.7)
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6.1 Basis-vector decomposition of evolution equations

where we used the notation listed in Egs. (6.4) and (6.5). The net baryon density N is
expressed by Eq. (3.26), and, in general, depends on T, up and m (recall that in the small
polarization limit, which we will consider henceforth, we take ¢ — 0).

6.1.2.2 Energy and linear momentum conservation

Contracting energy and linear momentum conservation law, 9, Tty () = 0, see Eq. (3.37),
with fluid four-vector Uz and then using perfect-fluid form of energy-momentum tensor
(TSP (x) = (€ 4+ P)UUP — Pg*P), see Eq. (3.32), we obtain

U0, E+ (E+P) 0U" = E+(E+P) by = 0, (6.8)

where the energy density £ and pressure P are given by Eqgs. (3.33). The implicit relation
between equilibrium thermodynamic quantities (N, €, P) expressed by their dependence on
T, up and m, defines equation of state for the system and employs the small polarization
limit. It is equivalent to keeping terms in above equations of leading order in w,, or
equivalently setting the limit ( — 0. Effectively, it removes w from the energy-momentum
and net-baryon density conservation laws and makes the background insensitive to the
polarization dynamics.

Equation (6.8) has to be supplemented with its transverse counterpart; contracting
Eq. (3.37) with the transverse projector (A", = ¢"; — U;'gﬂ) and using Eq. (3.32) gives a
set of three additional equations of motion

(£ +P) UPOU™ — A®05P = (£+P) U — (0° —UUP9:)P = 0,  (6.9)

which, by taking non-relativistic limit, may be interpreted as a relativistic generalization
of the Euler equation [147|. In subsequent sections, we will solve five partial differen-
tial equations given by Egs. (6.7)-(6.9) for five unknowns, 7', up, and three independent
components of U*, in order to determine collective background on top of which we will
study the dynamics of spin polarization. One should stress here, that, in practice, the
small polarization limit makes Eqgs. (6.7)—(6.9) to represent state of the art formulation of
relativistic perfect-fluid hydrodynamics for baryon-charged fluids [307].

6.1.3 Collective dynamics of spin polarization

As discussed in Chapter 4, due to the antisymmetry of the spin polarization tensor w, it is
convenient to work with its parametrization (4.1) in terms of electric-like and magnetic-like
components, C,, and C,,, which behave as scalars under Lorentz boosts and rotations. To
derive equations of motion for the components C, and C,,, we will use the form of the spin
tensor given by Eq. (3.43) with the general spin polarization tensor decomposition (4.7)
in the angular momentum conservation law (3.46). The final equations of motion will be
then obtained by projecting (3.46) on the basis tensors: UgX,, UgY,, UsZ,, YsZ.,, X3Z,
and XgY,.

The spin tensor (3.43) may be expressed in terms of basis four-vectors I, by contracting
it with all their possible combinations. This leads to its following form

Gw o= D SuPr sy (6.10)

1=T,Y,2
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where
S = 2y U UPXY 4 a, Y YPX 4oy 22 ZP X,
SE = 2y U UPY N 4 X XY 4y 2 20V
S = 20, UYUPZY 4+ a, X XPZ) +a,, Yo YIPZY
S3P = 28, (Ya Uzl + z0 Y[BUV]) — 2 B U YIB!,
Sgyﬁv — 28, (Za UBx 4 xe Z[BU'Y]> —2 B, U” Z[BXW],

Sau@’)’

o = 28, (Xa yBy 4y« X[ﬁU’Y]) —2 B, U° X[Byv]7

and the coefficients a and 3 are defined as

A
a1 = —<A1 - 72 —A3>Om7 e = —As Chi s
A
ﬁil = 7300.11'7 Bi2 = Al Cwi7

where, in the small polarization limit ({ — 0),

(6.17)

A1 = cosh (§)(No) = Bi)), Az = cosh (§)(Aq) = 3B(n)), and Az = cosh (£) By,

see Eqgs. (3.44).
The divergence of Eq. (6.10) can be expressed as a sum

0aSalw = 0S8 + 0aS8 + 0aS57 + 0u557 + 0,557 + 02557 = 0, (6.18)

where the subsequent summands

L} [ ]
aasgfiv = 2anUPXT 4 oLV X + 002 X + 2 [‘QU Ul x  yBx U[BXV}]

o

d0 O @]
+ o {ey YBXN 46, 28X 4 yPx 4 yIBX 4 Z8X 4 ZWXﬂ] . (6.19)

[ ] [ ]
0SSP = 2 aNUPY T 4 a5 XY 4 0, ZPY T 42 ay [QU UBy 1 ylsy o U[ﬁyv]}

n n O O
+ ay [XWY“’] + XY 4 ZIBY) 4 ZBy) 4 gy XYY 10, Z[ﬂyﬂ] . (6.20)

[ ] [ ]
aasgz;ﬁv = 25, UPZY 4+ % XB2 4 o, YEZ 4+ 2 [QU Uzl LBzt 4 U[IBZ’Y]i|

b oo [X'wzw] L XB Yl Ly By g XEZ 4 g, y[ﬁZW]] ’

(6.21)

C (]
0,557 = 2[521 U2 + 8., YU + 8, <9Y Uz + 0, y[BUV]) _ 8, YIZ

[} O O O
— BBy y[ﬁzﬂ] +2 By [U[ﬁzv] +YyBul bz 4 Y[5U71:|
[ ] [ ]
— 2 B (Y[ﬁZ’ﬂ + y[ﬁzv]>7
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6.1 Basis-vector decomposition of evolution equations

C (]
057 = 2[5;1 vBx 4 gy 20U + 8, (92 UBXY 40y Z[ﬁUﬂ) _ B,y 28X
o] L} O ]
— Byaby Z[BXV]} +2 B [UWX“/] + zBy L B x4 Z[ﬁle]

[ ] [ ]
— 2By (Z[BX’Y] + Z[/BX’Y]) 7 (6.23)

°
30!5’;2’57 = 2 [rB:l Uyl 4 le XVl 4, <9X UBYy" 4+ 6y XwU“”) — B, XY
n [m] ™ O
— Puby X[ﬂY“’]} +2 B4 [U[5Y7 + xByt L yby 4 X[BU'Y]}
L] )

were obtained from Egs. (6.11)—(6.16), respectively.

Finally, to derive the evolution equations for the spin polarization components C' (re-
call that o’s and ’s depend explicitly on C’s), we contract the partial differential equa-
tion (6.18) with Uz X.,, UgY,, UsZ,, Y3Z,, XpZ,, and XgY,, and obtain

(UY + UZ) 52 UV — ap XY — aZ2UZ —auXZ— B (XZ XY>
+By1 + By (ez + XZ) B UZ — o1 — B <9Y + XY) 4 BLUY = 0, (6.25)
Q%+ ayi by + 202 (UX +UZ) - U7 - anYZ - UK - anYX — B (vx-v2)
821+ B (0x + yx) — BaUX - ﬁxl — B (62 + Yz) +BaUZ = 0, (6.26)
(UX + UY) SIUX - 0nZX — Loy - 0 ZY — B (27 - zx)
+Ba1 + Bar (9y + ZY) — BalY — ﬁyl — By (9X + ZX) 4B, UX = 0, (6.27)

O ]
Qg9 Q2 Q2

: 2o <9Y - Y).(> taaYT — % (Y}% _ Z)D(>

® 0 @ [ o n °
+Bez + Buab + Bur (YU + Z0) = Ba¥ O + BY X = 3020 + 82X = 0, (6.28)

+ %(32 = Z).(> = aylZl}—

o)
0522 azQ Qg2 (8 7%)

(9 ZY)+ 70 - Y2 (Z}-/ Xf})
2 T 2 z Qal 2

[ ]
B+ Byl + By (20 + XO) = 80 20 + 82V — 5 XU + 82XV = 0, (629)

<0X - XY) — ol XT —

O [ |
Qo Qo o) ®  Quo Qe o
o2 0 —YZ)— LY ——y——y(e —XZ)
2 2(’” YU == 9 X

o [ ] ] [ ] C )
489+ Busby + Bur <XU i YU) — B XU + BueXZ — BuYU + BpYZ = 0,  (6.30)

0‘52 (X% _ Yé)

respectively.
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6 MODELING OF THE SPIN POLARIZATION DYNAMICS

As, in general, Egs. (6.25)—(6.30) are quite complex, they need to be solved numerically
to determine the dynamics of C, and C,,. Moreover, one may observe, that the evolution of
the background enters Eqs. (6.25)—(6.30) solely through the thermodynamic factors 4,43
and the flow vectors I, and can be entirely determined in advance; we will often exploit
this property hereafter. Finally, as we will see in the following sections, while, in general,
all spin components are entangled with each other, see Egs. (6.25)—(6.30), in simple physics
situations the dynamics of some components decouples from others, providing opportunity
to get some insights on their collective properties more easily.

In subsequent sections we will study a number of special physics situations advocated by
phenomenological observations, whose complexity will change with the change of symmetry
constraints imposed on the system.

6.2 Boost-invariant and transversely homogeneous back-
ground

Experimental measurements show that in heavy-ion collisions, at top energies, the matter
produced in the central (midrapidity) region exhibits invariance with respect to Lorentz
boosts along the beam direction [309]. Moreover, as it takes finite time for the hydrody-
namic gradients to build up, the transverse expansion of the system in the vicinity of the
beam axis ! may be treated initially as invariant with respect to translations in the trans-
verse plane. These two approximate symmetries, namely boost-invariance and transverse
homogeneity, (together with the n — —n parity symmetry) constitute the so-called Bjorken
symmetry 2. This symmetry is employed commonly in the phenomenology of heavy-ion
collisions due to its advantage of decreasing dimensionality and reducing number of inde-
pendent parameters required to describe the dynamics of the system. In particular, one
can show that all thermodynamic variables are Lorentz scalars which are functions of lon-
gitudinal proper time (7) only, while the flow pattern is completely fixed by symmetry.
Indeed, in this case the basis four-vectors (6.1) and (6.3) take the forms

U* = (cosh(n), 0, 0, sinh(n)), Z* = (sinh(n), 0, 0, cosh(n)),
X = (0,1,0,0), Yo = (0,0, 1,0). (6.31)

Moreover, directional derivatives (6.4) and the divergences (6.5) take the forms U-0 = 0,
Z-0 = %&WX-@ = 0,,Y-0 = 0,,and
1
0-U = —, (6.32)
T
respectively. One can also check that 0- X =0-Y =02 =0.
In the remaining part of Section 6.2 we will make use of the above expressions to

study polarization dynamics of Bjorken-expanding matter. The material discussed here is
partially based on Ref. [D6].

1By vicinity we mean that the distances from the z axis are much smaller than the root-mean-square
radius of the hard-sphere nuclear overlap region.

2The concept of boost-invariance was first discussed by R.P. Feynman in 1969 within the context
of hadron production at high energies [310]. In 1983 J.D. Bjorken implemented boost-invariance along
with homogeneity in the transverse direction (now known as Bjorken symmetry) into the equations of
hydrodynamics and estimated the values of initial energy densities in the collisions [311].
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6.2 Boost-invariant and transversely homogeneous background

6.2.1 Hydrodynamic evolution

One can check that, due to the symmetries imposed, the relativistic Euler equation (6.9)
is trivially satisfied. On the other hand, the energy equation (6.8) takes the form

o E+P
_+
or T

- 0. (6.33)

For baryon-charged matter Eq. (6.33) has to be supplemented with the conservation law
for net baryon density (6.7), which for Bjorken-expanding matter becomes

N N = 0, (6.34)
(37
and has the solution
N = ? N, (6.35)

where A is the initial net baryon density at the initial proper time 79, Ny = N (7).

We solve numerically Egs. (6.34) and (6.33) choosing the conditions aiming at mimicking
the situation encountered in high-energy heavy-ion collisions, where the temperature is
much higher than the baryon chemical potential. In such a case, we consider the initial
baryon chemical potential and the initial temperature as ppy = pp(7) = 0.05 GeV and
To = T(10) = 0.5GeV, respectively, with 79 = 1 fm/c. For simplicity, we consider the
system of A hyperons and choose the particle mass as m = my = 1.116 GeV [312]. The
resulting evolution of the temperature (7"), baryon chemical potential (up), and the ratio
of baryon chemical potential over temperature (£) as a function of 7 is shown in Figs. 6.1.
One can notice that, both, the temperature and baryon chemical potential, decrease with
7 for massive (m = my) as well as massless (m — 0) case. In the m — 0 limit, 7" and
g follow the analytical solutions Ty (19/7)'/3 and g, (1o/7)'/3, respectively, resulting in
a constant £. In the massive case, the latter increases with 7 as expected

@Mo)( )

= sinh™!
& sin - N

sinh(&)| , (6.36)

where &, and MO)(TO) are the values of the parameters at 7.
Due to restrictive character of Bjorken expansion the evolution equations for spin com-
ponents (6.25)—(6.30) take the following simple form

A1 = —Qp1 HU - — UZ
05;1 = —Qy HU — 0212 Ué
021 = —a, 0y,
(] O
BxQ = _/BIQ QU - ﬁxl ZU 5
[ 0
By? - _ByQ GU - Byl zZU >
[ ]
6z2 = _BZQ QU ) (637)

) O
where one can check that UZ = —ZU = 1/7. As we observe from Egs. (6.37), Bjorken
symmetries prevent the spin components to couple with each other.
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6 MODELING OF THE SPIN POLARIZATION DYNAMICS
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Figure 6.1: (Color online) Evolution of 7' (top panel), up (middle panel), and & = ug/T
(lower panel) as a function of 7 for Bjorken background along with their respective massless
case.
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6.2 Boost-invariant and transversely homogeneous background
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Figure 6.2: (Color online) Time evolution of spin components.
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Figure 6.3: (Color online) Evolution of C,; components in the z > 1 limit.

In Fig. 6.2 we show the evolution of the spin polarization components as a function
of 7 obtained by solving Egs. (6.37) numerically. The initial value of all the components
are chosen arbitrarily to be 0.1 3. Transverse components C,.x and C,x decrease with 7
whereas the longitudinal components C, 7 and C,; show opposite behavior. Due to the
rotational invariance, the transverse components Cyx and C,y (as well as C,x and C,y)
follow the same differential equations, hence we refrain to show C.y and C,y evolution
in Fig. 6.2. We checked that the qualitative behavior of all the spin components does not
change significantly with the change in the initial values of thermodynamic parameters
such as Ty or ppg. Interestingly, in the large mass regime (z > 1), see the discussion in
Section 3.2.4, the quantity By can be neglected making only ;5 remain non-vanishing. As
a result, Egs. (6.37) allow to determine only the dynamics of magnetic-like components

3We kept the initial value for all the spin components same in order to observe their relative behavior
with respect to each other, as well as much smaller than 1 to respect the assumed small polarization limit.
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6 MODELING OF THE SPIN POLARIZATION DYNAMICS

(Cux, Cuy, Cuz), which follow the same dynamics given by equations

[
Bio = —PBia s - (6.38)
Above equations have monotonically increasing solution

0 ECOSh(&J) Ny (10)
Cwl = Cw’i - COSh(g) Mo) y (639)

where C?,, & and N (7p) are the values of the parameters at 7. The solution (6.39) is
presented in Fig. 6.3. It shows that the qualitative behavior of C,; component remains
same as in Fig. 6.2, whereas the behavior of C,x and Cy becomes opposite in the z > 1

limit.

6.2.2 Angular momentum of a boost-invariant firecylinder

Solutions obtained in the previous section acquire intuitive interpretation when one con-
siders spin and orbital contributions to total angular momentum Ji, = Lil + Spe at
the hypersurface of fixed longitudinal proper time we call a firecylinder (FC). Using the
fact that the total angular momentum is conserved, see Eq. (3.45), this will help us with
initialization of the spin components in numerical simulations. For this purpose, let us

Time (t)
O
) §
\ = (\/ v
\® u S
© N o°

i / Point of collision
//

Heavy-ion

beam

' Space (2)
Heavy-ion
beam

Figure 6.4: (Color online) Schematic diagram of the boost-invariant firecylinder with >
denoting the hypersurface.

consider a boost-invariant three-dimensional hypersurface defined by 7 = 7e¢ = const. and
contained within the spacetime region defined by conditions —7npc/2 < 7 < Mpc/2 and
(2 + y*)'/? < Rpc, with constant radius Rpc, see Fig. 6.4. The respective hypersurface
element is defined as

AY, = tpcU,dxdydn, (6.40)

with the flow vector given by Eq. (6.31).
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6.2 Boost-invariant and transversely homogeneous background

The orbital contribution for the GLW pseudogauge can be calculated as follows
o, = / AT DM = / AYy (0 Ty — 2 Ty ) -

- /TFC Uy dz dy dn (x“ Té\fw — Tc/\;ﬁw) ,
nrc/2
= TFCWR]%‘C / gdn (l"u U” — " UM> s (641)
—nrc/2

where, in the last line, we used the fact that U* is the eigenvector of the energy-momentum
tensor with &£ as an eigenvalue,

Totw Uy = EU”. (6.42)

Putting the value of U* from Eq. (6.31) in Eq. (6.41) we find that L/, = 0. Hence, the
orbital part does not contribute to the total angular momentum for Bjorken-expanding
matter.

The respective contribution from the spin part can be calculated as

nrc/2

Sk = / AT, SH = Tre / dz dy / dn Uy SEbe
—nrc/2
nrc/2

— 7pe 7 R / dn Uy Sy (6.43)
—nrc/2

Using in Eq. (6.43) the relation Uy Syl = As (kFUY — &7 UP) + Ay eP Ugw,, see

Eq. (3.43), and integrating over n the spin angular momentum tensor takes the form
0 Spe Sk S
—Spc 0 Spe Sgo
Spc = —Skc = 02 12 23 | (6.44)
—Sr¢ —Sr¢ 0 Skc

03 13 23
—MFC _SFC _SFC 0

with its components expressed by

SEC = -89 = 27 R, e As Crox sinh(ngc/2)

Sey = =S = 27 R, e As Cy sinh(npe/2)

Sty = —Ste = mRpeTrc As Cz v,

SIC = 8% = —27rRi,7ec Ay Cux sinh(nec/2),

Sty = Skt = 2nRpq Trc Ay Cuy sinh(npc/2) (6.45)
SIC = Si2 = —aR2,71ec AL Clz npc -

We observe that in the boost-invariant and transversely homogeneous system different
spin components C' are directly related to different components of spin angular momentum
tensor Sh¢, which, due to Lz, = 0, are conserved during the evolution.

91



6 MODELING OF THE SPIN POLARIZATION DYNAMICS

At this point, it is important to emphasize the physics picture for the spin polarization
evolution we have in mind, which will be followed in the analyses presented in the current
chapter. We assume, that during the initial stage of the non-central relativistic heavy-ion
collision, the total angular momentum (J) consists of only orbital angular momentum (L),
the direction of which is perpendicular to the reaction (x — z) plane i.e. along the —y
axis [90,130,275,313], see Fig. 1.2.

This derives its motivation from the experimental measurements of the spin polarization
of A(A) hyperons where the average direction of the spin is along —y-axis. After the collision
some fraction of the orbital angular momentum is transferred, due to initial scatterings, to
the initial spin angular momentum (.S) [314] which is, on average, along the same direction

as the original total angular momentum
Jinitial = Linitial = Lfinal + Sfinal - (6.46)

This is reflected by the non-vanishing zz component of spin angular momentum [315].
One may notice from Eq. (6.45) that the spin component Cy is directly linked to the zz
component of the spin angular momentum (SEY). Hence, the situation discussed here can
be reproduced in the numerical simulation of Bjorken-expanding system by assuming non-
vanishing and positive component Cy (Trc = 79) and keeping all the other spin components
Zero.

6.2.3 Spin polarization at freeze-out

Having the collective dynamics of the system determined in previous sections, we now use
it to calculate the spin polarization of particles emitted from the fluid at the freeze-out.
Due to simplifications resulting from the Bjorken symmetries, the phase-space density
of the PL four-vector (5.8) as well as the momentum density of all particles (5.13) can
be calculated analytically allowing us to write the following expressions of average spin
polarization (5.14) as a function of particle momentum, in PRF,

- 0 -

X Coxmp? —2Clzpy — <§Zﬁ> (X (Crx py — Cry pz) +2Clz]

5o (X P2 By (Coxpe + Coypy))

(Tu)p = = (6.47)

X Coy mr? +2Chz py — (%) X (Crx py — Cry pz) +2Coz]
—gorm (X Py By (Coxps + Cuypy))

mEp mp? mpz(Cy 2 +Cy
L (ﬁ) [X (CnXpy - Can:c) + 2CL;Z] + X P E):,—fm—'— ¥ Py)

where x = (Ky (rhr) + Ky (hr)) / (mp K7 (mr)) and 7y is the ratio of the transverse mass
over temperature, my = my/T. Note that the time component of (7,), vanishes. Indeed,
since (m,,),(7"), is a Lorentz-invariant quantity, one can write (m,) p = (mo),m = 0.
Using the numerical results of the thermodynamic parameters from Eqgs. (6.33) and (6.34),
and the spin components from Egs. (6.37), from Eq. (6.47) we can obtain z, y, and z
components of (m,), as a function of p, and p, at midrapidity (y, = 0). In Figs. 6.5
we show plots for (m,), (top panel) and (m,), (bottom panel) at midrapidity (one can
check that at midrapidity, (.), vanishes). The component (m,), has negative magnitude
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6.2 Boost-invariant and transversely homogeneous background
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Figure 6.5: (Color online) The z component (top panel) and y component (bottom panel)
of the mean spin polarization per particle at midrapidity as a function of p, and p, for the
Bjorken-expanding matter.

reflecting the initial direction of the spin in the system, whereas the component (m,),
exhibits a quadrupole structure depicting non-trivial momentum dependence of Eq. (6.47).
We note that the results presented here do not reproduce the experimentally observed
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6 MODELING OF THE SPIN POLARIZATION DYNAMICS

polarization measurements, which is primarily due to the symmetries involved in the
Bjorken expansion. In particular, our results do not capture the quadrupole structure
of the longitudinal spin polarization (r.), at midrapidity [130], which is expected to arise
due to the flow gradients in the transverse plane (anisotropic flow resulting from the elliptic
deformation of the system) [129]. Obviously, such mechanism may be addressed only in
the framework which relaxes assumption of transverse homogeneity *

6.3 Non-boost-invariant and transversely homogeneous
background

The experimental results from the STAR Collaboration clearly show the decrease of the
amplitude of global polarization as a function of center-of-mass energy, with its values
approaching zero at top RHIC and LHC energies, see Fig. 1.4. This makes the low- and mid-
energy collisions most interesting from the point of view of polarization phenomenology.
On the other hand, the Bjorken model is known of being too restrictive on its assumptions
in this region. In this section we try to, partially, address this issue. In what follows, we
extend the study done in Section 6.2 by relaxing the symmetry of boost-invariance while
keeping assumption of homogeneity of the system in the transverse plane. Details of the
study presented in this section may be found in Ref. [D3].

6.3.1 Four-vector basis and spin polarization components

By relaxing the boost-invariance of the produced matter in the beam direction we need to
account for possible flow gradients which may build up along the beam direction. This is
done by introducing a deviation in the flow-vector (6.31) in the following way

U* = (cosh(®), 0, 0, sinh(P)) , (6.48)

where, as mentioned before, ® = ¥(7,71) + 1, and we kept transverse components zero due
to homogeneity in x —y plane. The remaining basis vectors, see Egs. (6.3), take the forms

X* = (0,1,0,0), Y* = (0,0,1,0), Z% = (sinh(®), 0, 0, cosh(P)). (6.49)

The directional derivatives (6.4) and the divergences (6.5) read

U-9 = cosh(v) 8T+Smh( Jo,, 7.9 = smh() aﬁcosi(ﬁ)an,
8239:7 V-9 =9, (6.50)
aaUa o COSh( )+ b7 8aZo‘ _ Slnh(ﬁ) +1;7 (651)
T T

respectively. Since all the scalar functions must depend now on 7 and 7, one has 0 - X =

0-Y=0.

4We note that in the spin-thermal based models quadrupole structure in the longitudinal spin polar-
ization component, comes, albeit with an opposite sign, from the imposed coupling between vorticity and
polarization [132].
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6.3 Non-boost-invariant and transversely homogeneous background

6.3.2 Background dynamics

In the case of the non-boost-invariant expansion, equations resulting from baryon density
conservation and energy-momentum conservation, (6.7) and (6.8)—(6.9), respectively, are
used together with the expressions listed in Section 6.3.1. However, unlike in the case of
Bjorken expansion, see Section 6.2.1, this time the relativistic Euler equation (6.9) has one
non-trivial (z) component,

(€ +P) UPQg sinh(®) — (87 — sinh(®)U05) P = 0. (6.52)

As a result, we are left with three partial differential equations in 7 — 7 space to be solved
for temperature, baryon chemical potential, and longitudinal fluid rapidity correction.

030:— u Freeze_ouq/lcsozo.lzoev — 19 = 025fm/C‘
- ® Freeze—out|,c, 270 ]
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O 0.15¢ 320 ]
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Figure 6.6: (Color online) Temperature (top panel) and fluid rapidity (bottom panel)
evolution in 7 at various 7. Solid and dashed lines represent non-vanishing and vanishing
baryon chemical potential, respectively. The black and red symbols denote freeze-out points
at different times.

To model the non-trivial rapidity dependence of the initial energy density & (n) =
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6 MODELING OF THE SPIN POLARIZATION DYNAMICS

E(m9,m) deposited in the collision we introduce the profile

&
2

. (6.53)

Eln) = O(n) (tanh(a —nb)+ 1) + @(—n)(tanh(a +nb) + 1)

with @ = 6.2, b = 1.9, and © denoting the Heaviside step function [316]. Here, £ =
E(T§, u%y) is the initial energy density at the center (n = 0) calculated from Eq. (3.33) at
the initial central temperature 7§ and baryon chemical potential 1%, (note that we assume
¢ — 0 herein). In numerical simulations we use 7§ = T'(79,n7 = 0) = 0.26 GeV. In the case
of baryon chemical potential profile we consider ppo(n) = pu%, = const. with two possibili-
ties: either we choose vanishing baryon chemical potential p%, = 0 (resembling conditions
present at the high-energy experiments), or we pick p%, = 0.12 GeV (to address possible
effects coming from baryon chemical potential present at lower energies). Throughout we
assume the initial longitudinal flow profile to have the Bjorken form ®y(n) = 7.

Figure 6.6 shows the evolution for 7' (top panel) and 9 (bottom panel) as a function
of space-time rapidity for different longitudinal proper times 7 with initial 79 = 0.25 fm/c.
The dashed lines represent p1%, = 0 and solid lines denote %, = 0.12 GeV. We find that
the temperature evolution is n-even similar to the evolution of baryon chemical potential,
see Fig. 6.7, while the evolution of the fluid rapidity is n-odd. At midrapidity (n = 0),
temperature decreases in 7, similarly to the Bjorken case, see Fig. 6.1. Moreover, we
observe that at large |n| the energy density gradients lead to the buildup of fluid velocity
gradients. One may also notice the steep decay in T" and ¢ evolution at n &~ +5 in the case
of non-zero baryon chemical potential. Up to this effect, the baryon chemical potential has
no significant effect on the evolution of the background parameters.

1
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Figure 6.7: (Color online) Baryon chemical potential evolution in 7 at various 7.
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6.3 Non-boost-invariant and transversely homogeneous background

6.3.3 Spin dynamics

The dynamics in the spin sector follows from Egs. (6.25)—(6.30) which in the boost-
invariance-breaking case reduce to

0 o' UZ °
A%+ By = —an by — =7 = B bz +BpUZ, (6.54)
O
o aUZ ®
ayr — B = —ay Oy — 2 + Be10z — B2 UZ (6.55)
ay = —a. 0y, (6.56)
OZZQ o o) 0z ® o
7‘*‘&2 = T + ay1 ZU — B2 Oy — B ZU (6.57)
2 g 220 L] o)
a; — By = —(”2 2 4 01 ZU + Bya Oy + By ZU (6.58)
(]
B2 = —ba2bu, (6.59)
where . .
UZ = —ZU = cosh(9) (1 + 09/0n) /7 + sinh(9) 09 /O,
and

U2 =-720 = sinh(?) (1 + 09/0n) /T + cosh(V) 09 /0T .

Note that, in contrast to the case of Bjorken expansion, in the present case some
spin components in the above equations are coupled, cf. Eqs. (6.37). In particular, from
Egs. (6.54) and (6.58) one observes that this is the case for C,x and C,y. Similarly, the
coupling concerns Cyy and C,,x, which is evident from Eqs. (6.55) and (6.57). This does
not apply to longitudinal spin components C,z and C,,z which evolve independently from
others.

In the numerical simulations, we follow the initialization scheme of the spin components
C which results from the physical considerations discussed in Section 6.2.2. Since at the
initial time ¥y(n) = 0 (representing Bjorken flow profile), the non-vanishing y-component
of the spin angular momentum at the initial time is related to the component Cy and it
requires Cy to be symmetric in 7, see Appendix A for more details. Hence, it is enough,
at the initial time, if we choose

d
cosh(n)’

Coy(n) = Cuy(mo,m) = (6.60)

where d = 0.1, and keep all other spin components zero to obtain the y-component of Si(..
With the help of the following relations between the parameterizations (4.7) and (4.8)
of the spin polarization tensor,

Cox = e’ cosh(®)— b?sinh(®), e! = Cyxcosh(®) + C,y sinh(®), (6.61)
Coy = €*cosh(®) + b'sinh(®), e = C,y cosh(®) — C,x sinh(®), (6.62)
Coy = €, (6.63)
Cox = b'cosh(®) + e*sinh(®), b' = C,xcosh(®) — C,y sinh(®), (6.64)
C.,y = b*cosh(®)— e'sinh(®), b> = C.xsinh(®) + C,y cosh(®), (6.65)
Coz = b, (6.66)
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6 MODELING OF THE SPIN POLARIZATION DYNAMICS

the respective initial LAB frame spin components e' and b? are initialized as
eo(n) = e'(ro,n) = dtanh(n),  by(n) = b*(r,n) =d. (6.67)

In Fig. 6.8 we present results of numerical simulations for spin components C,.x and C,y .
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Figure 6.8: (Color online) Evolution of the coefficients C,.x (top panel) and C_y (bottom
panel). Solid and dashed lines represent non-vanishing and vanishing baryon chemical
potential, respectively.

As discussed above, although initially chosen to be zero, C,x component undergoes non-
trivial evolution due to its coupling to C,y through Eqs. (6.54) and (6.58) (obviously, all
other spin components remain zero). The symmetry in 7 of Cx and C_y remains intact
throughout the evolution, which is governed by the evolution equations (6.54) and (6.58),
along with the initial condition (6.60). One can observe effects of background evolution on
spin, appearing in spin equations of motion through the thermodynamic coefficients (6.17).
Similarly to temperature, see Fig. 6.6, the coefficient C_y also decreases in time, at the
center, reproducing the Bjorken behavior observed in Fig. 6.2. However, at the edges
(n &~ +5), as the system enters the large mass limit regime, the spin dynamics gets reversed
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6.3 Non-boost-invariant and transversely homogeneous background

which means that the magnitude of C_y starts to increase with 7. This is also the case
for the spin components in the Bjorken expansion, see Fig. 6.3. In Fig. 6.8 we also observe
that the presence of homogeneous non-zero, but small, baryon chemical potential is almost
irrelevant for spin dynamics, which is understood since baryon chemical potential enters
only through cosh(§) in the thermodynamic coefficients (6.17).

6.3.4 Spin polarization at freeze-out

After exploring the collective dynamics of the spin polarization components, we calculate
the average spin polarization of the particles emitted at the freeze-out to assess implications
of the dynamics for the measured observables. As the freeze-out times (7rg) depend on
the space-time rapidity of the fluid cells, see black and red symbols in Fig. 6.6, in the
current analysis, first we need to define the freeze-out hypersurface (¥,) appearing in the
phase-space density of the PL four-vector (5.8) accordingly. In consequence, the resulting
factor AX - p is

AY-p = mg|mr0(n) cosh (y, — 1) — Tpo(n) sinh (y, — n) |dz dy dn, (6.68)

while the thermal factor has the form

Yep _mr cosh (y, — @) . (6.69)

p-p T =T

Furthermore, the product of the dual polarization tensor 85;16 with p? is

(Crxpy — Crypz) sinh(®) + (Coxps + Coypy) cosh(®) + C,zmy sinh (y,) |
—Cyymysinh (y, — ®) — Cuxmy cosh (y, — @) + Crzpy

Crxxmrsinh (y, — ®) — Cpymr cosh (y, — ®) — Crzpa

| — (Cuxpy — Cuypa) cosh(®) — (Coyxpe + Coypy) sinh(®) — C,zmy cosh (y,,)

(6.70)
which after Lorentz transformation to the PRF becomes
_ 0 _
m aup.py [Crx sinh(®) 4+ Cly cosh(P)]
2 .
s\ m app; [Cpx sinh(®) + C,y cosh(P)]
(JS“BP ) —my [Cpx sinh (& — y,,) + Cyy cosh (& — y,)] ’ (6.71)

—m appy |mr | Crx cosh (P —y,) + Cy sinh (& — y,) )
+m(Crx cosh(®) + Cly smh(cp))]

where a, = 1/(m? + mE,) [232]. Note that in the above equation we have kept only C x
and Oy as these are the ones non-vanishing for the current numerical analysis.

Putting Eq. (6.71) in Eq. (5.14) we calculate the average spin polarization per particle
as a function of momentum coordinates. The results of this procedure for the case of

99



6 MODELING OF THE SPIN POLARIZATION DYNAMICS

vanishing baryon chemical potential at midrapidity and forward rapidity are shown in
Figs. 6.9-6.11. As we have shown above, see Fig. 6.8, the non-vanishing baryon chemical
potential has very little effect on the spin dynamics. We verified that the same applies to
momentum dependent polarization, hence we restrain from showing these results here.
Figure 6.9 shows the (7rx>p component of the mean polarization vector which has
quadrupole structure with the sign changing sequentially through the subsequent quad-
rants. Similar results were found in the case with Bjorken expansion, see Fig. 6.5 (top
panel). One can notice that this quadrupole structure is arising because of the p, p, term

in the  component of (&5,,5p” )*, see Eq. (6.71). One observes that the magnitude of this
component decreases with rapidity.

The y component of polarization vector <7Ty>p, shown in Fig. 6.10, is negative, depicting
the direction of the spin angular momentum assumed in the initialization of the hydrody-
namic equations. Its magnitude decreases with increasing rapidity and eventually becomes
independent of ¢,,.

From the experimental point of view the most interesting is the polarization measured
along the beam (z) direction, i.e. longitudinal spin polarization [130, 139] which is still
awaiting clear explanation. This component is given by the quantity (r,),. Using symmetry
arguments in Eqs. (5.8) and (6.71), one can immediately obtain important information
about the (m,), quantity. Note that the symmetric integration range in 7, makes only the
contribution of n-even integrands relevant. Thus, due to the assumption of C,x and Cy
being odd and even function of 7, respectively, makes (7,), vanish at midrapidity (y, = 0).
On the other hand, at forward rapidity we observe non-trivial longitudinal polarization
pattern, see Fig. 6.11. We note that, similarly to the Bjorken expansion case, the results
shown here do not reproduce the quadrupole structure of the longitudinal spin polarization
seen in the experiments primarily due to the homogeneity in the transverse plane.

From the experimental viewpoint, apart from calculating multiple-differential spin po-
larization vector it is useful to consider integrated (m,) components (note missing index
p). In particular, in order to get the spin polarization (m,) we integrate Eq. (5.14) over
momentum coordinates.

We find that the initialization of the parameters that we adopted and the symmetry
properties of the spin polarization components allow only y component of (7,) to be non-
vanishing (and negative).

Figure 6.12 (top panel) shows the behavior of the global polarization as a function of
rapidity. At midrapidity the magnitude of (7,) component is maximal and then it decreases
in forward rapidities indicating that most of the hyperon polarization is coming from the
midrapidity region. This behaviour is qualitatively similar to other models [170] and is a
subject of future experiments [317]. One can notice that the magnitude of (m,) at y, =0
is qualitatively similar to the one obtained in the global polarization measurements [90],
see Fig. 1.4.

We also study the relation between the final polarization ((m,)) and the initial value of
the spin component (b3) at midrapidity and forward rapidity, which we show in Fig. 6.12
(bottom panel). We observe that (m,) depends linearly on b3 for, both, vanishing and
non-vanishing baryon chemical potential. Notice that, for b = 0.1, as considered in the
current analysis, the magnitude of (m,) is about 1.6% (y, = 0) as depicted also in the
top panel of Fig. 6.12, however, interestingly for b3 = 0.3, magnitude of (r,) is about 5%
at midrapidity which, qualitatively, agrees with the magnitude of spin polarization of A
hyperons observed in the low-energy heavy-ion collisions [137].

It is also interesting to find how spin polarization behaves with respect to transverse mo-
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Figure 6.9: (Color online) The 2 component of the mean spin polarization per particle
(5.14) at midrapidity (top panel) and forward rapidity (bottom panel) as a function of p,
and p, for the non-boost invariant system with vanishing baryon chemical potential.
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mentum (pr) and azimuthal angle (¢,). This may provide important information about the
dynamics of spin polarization in the transverse-momentum plane. Integrating Eq. (5.14)
over transverse momentum and azimuthal angle gives global polarization as a function of
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Figure 6.10: (Color online) Same as Fig. 6.9 but for y-component.

¢, and pr, respectively which can be calculated as follows [181]

* *
dIl . dIl
B [ prdpr E, —d‘éz(,p) B o [do, sin(2¢,) E, —d‘;,;p )
<7Tu(¢p)> = AN () <7ru(pT)> = ) .(6.72)
f d¢p pr de Ep d3p f d¢p Ep &Bp
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Figure 6.11: (Color online) The z component of the mean spin polarization per particle
(5.14) at forward rapidity as a function of p, and p,, for the non-boost invariant background
with vanishing baryon chemical potential.

Figure 6.13 shows the behavior of (m,) with respect to pr (top panel) and ¢, (bottom
panel). The py dependence is found to be strong as compared to other models [170] and
the experiments [96] which may be because we assume non-zero initial spin polarization
which then evolves in time. On the other hand, if pr dependence is weak then it probably
means that polarization is arising due to spin-orbit coupling which is not present in the
current formulation of our framework. The behaviour of ¢, dependence of polarization is
more pronounced at midrapidity which, within the range of 0 < ¢, < 7/2, is qualitatively
similar to the polarization behavior in the experiments [96,170]. In general, we find that
the effect of non-zero baryon chemical potential on (m,) is small, and has opposite effect
in forward rapidity and midrapidity.
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Figure 6.12: (Color online) Global spin polarization, (m,), as a function of rapidity (top

panel) and spin coefficient b2 (bottom panel).
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6.3 Non-boost-invariant and transversely homogeneous background
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Figure 6.13: (Color online) Component (m,) of momentum averaged polarization (5.15) as

a function of pr (top panel) and ¢, (bottom panel) with dashed and solid lines representing
vanishing and non-vanishing baryon chemical potential, respectively.
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7

BJORKEN-EXPANDING SPIN-POLARIZED SYS-
TEM IN EXTERNAL ELECTRIC FIELD

“Without great solitude,
no sertous work is possible.”

— PABLO PICASSO

In the heavy-ion collisions, it is expected that large electromagnetic fields are produced [119,
318,319] with the strength of the order of eE/m2 ~ eB/m?2 ~ O(1) where m, is the mass
of the pion and e is the electric charge. Understanding the dynamics of the EM fields
is still one of the key goals in the physics of heavy-ion collisions, for recent studies see
Refs. [320-329]. These fields may have an effect on the behavior of spin polarization of
particles, for instance, the splitting of A and A global polarization, see Fig. 1.4, which is
still an open question. Thus, in this section we incorporate electric field into our formalism
and study its effects on the evolution of the spin components in the Bjorken-expanding
background. Details of this chapter may be found in Ref. [D4].

7.1 Stationary solution to the Boltzmann—Vlasov equa-
tion

For the sake of simplicity, we consider the fluid in equilibrium that, at the microscopic
scale, is composed of quark-like quasi-particles of N; flavors which can be described by
Boltzmann-Vlasov (BV) equation. With this assumption we are not taking into considera-
tion any direct interaction (coupling) between spin and EM fields. In Ref. [286], a (station-
ary) solution to the BV equation was presented as the zeroth-order expansion in /& where
modified chemical potential allows electric field to be non-vanishing in equilibrium [330].
It is possible that in the event-by-event averaging [318] electric field may vanishes, how-
ever, its effects on the thermodynamics may survive. We first obtain the modification of
the equilibrium hydrodynamic variables, using the stationary solution to the BV equation,
which are then inserted into the equations of magnetohydrodynamics (MHD) along with
solutions of Maxwell equations derived for the case of Bjorken flow [324]. Subsequently,
we obtain the evolution of temperature and chemical potential and plug them into the
conservation law for spin to find the evolution of spin components. We observe that the
dynamics of the temperature and chemical potential is affected by the Joule heating (JH)
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7 BJORKEN-EXPANDING SPIN-POLARIZED SYSTEM IN EXTERNAL ELECTRIC FIELD

term and modified thermodynamic parameters at the macroscopic and microscopic level,
respectively .

Due to the presence of EM fields, we use the stationary solution to the Boltzmann—
Vlasov (BV) equation [161] where the relativistic collisionless BV equation takes the form

p/‘*aufii:ttiNpraﬁfii = 0’ (71>

where ¢ = 1,..., Ny represents quark flavor number, and ¢;(—¢;) denotes the (anti)particle
electric charge for each " flavor. The field strength tensor F},, can be written in terms of
gauge field A, ? as

Fo = 0,A, —0,A,. (7.2)

One can also decompose F),, in terms of electric (£,) and magnetic (B,) components
as [331]
Fu = EU,— EU, + €uasU*B’, (7.3)

where

1
E* = F™U,, B* = 5e*waﬁﬁ;,aUB. (7.4)

The equilibrium distribution function (3.47) for the system with non-interacting quark-
like quasi-particles with spin, having same baryon number but different electric charges,
becomes

e;ng-(x,P, s) = ejfl,i(a:,p) exp wa(x)s’“’] , (7.5)
where
ei,z‘(*rap) = €exp [_B# (pp, + QiA,u) + %} ) (76)

is the stationary solution to Eq. (7.1). Note that, we have divided £ by the number
of quarks (3) present in a baryon to get the quark chemical potential (pp/3). Thus,
¢/3=pp/(3T) = pg/T where g is the quark chemical potential.

Putting Eq. (7.6) into Eq. (7.1) gives

%p“p’ﬁfg 9w £GP £3A, =0, (7.7)
where £5 X is the Lie derivative of a tensor X with respect to 5 [332]
£gA, = B 0,A,+A0.0", LG = 0ufy + 0,8, (7.8)
In the global equilibrium Eq. (7.7) is satisfied, thus we get
£sguw = 0, LA, =0, (7.9)
where, using Eq. (7.8), one gets

£ A, = p*(0,A, —0,A,)+ B 0,A,+ A0.0",

!Our approach is sometimes dubbed a strong electric field regime [330].
ZNote that A, defined here, have completely different meaning than the definition of axial-vector
component of the Wigner function used in the previous chapters.
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Using Eq. (7.3) in Eq. (7.10) we obtain
£ =09,(8-A). (7.11)

Assuming F,, and T being slowly varying functions at the microscopic scale, the integral
of above equation gives

B-A = %/das“, (7.12)

up to a gauge transformation. This is immersed in the quark chemical potential [333].
Thus, Eq. (7.5) is expressed, in the small polarization limit (w,, < 1), as

1
cai(®:0:8) = feqi(z.p) [1+ §w,w(:1:)s“”} , (7.13)
with
+

FE
(r,p) = exp(£& — B"pu) » where & = &—q =2 [ dz*. 7.14
eq,i o T

The interpretation of Eq. (7.14) is that, though the event-by-event average of the electric
field vanishes, its traces in the distribution function may survive [318].

7.2 Baryon and electric charges

In this study the fluid has two charge currents: net baryon current (N®) and electric charge
current (J*). The net baryon current is defined as

Ny

N = Z/deS p* [ efl,i(x,p, s)—fe:lvi(x,p,s)] , (7.15)

which reduces, after plugging Eq. (7.13), to

Ny
NY = Y N U, (7.16)
with
T3 9

M =4 Slnh(fi)./\[(o)ﬂ'(T)7 and MO),Z(T) = ﬁzi KQ(ZZ'), (717)

where z; = m;/T is the ratio between it" flavor mass and temperature.
The inhomogeneous Maxwell equation

0, F™ = J' = p U’ + A" ], (7.18)

with p. being local electric charge density

Nf Nf
Pe = Z/dP dS (p-U) ¢ [fd:(@,p,8)= foi(m,p,8)] = Zqi./\/;-, (7.19)
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implies electric current conservation. Since we assume Bjorken—expanding resistive MHD,
this requires electric neutrality [324]. In this case, it is possible for the fluid to have a net
baryon density A/, and vanishing electric charge density p. 3. Away from equilibrium, the
(dissipative) electric current reads

JH = o, B", (7.20)

with o, being the electric conductivity which, in general, can depend on T" and upg.

7.3 Energy-momentum conservation

The energy-momentum tensor of the fluid is defined, in equilibrium, as

Ny
™ = Z/dp dS p'p” [fif (2, p, 8)+ froqi(, 2, 8)] - (7.21)

After plugging Eq. (7.13) in the above equation we obtain
o, = F""J,, (7.22)

where T has the same form as Eq. (3.32) with the energy density and pressure expressed
as

Ny Ny
£ =4 cosh(§)Ea(T), P = 4) cosh(&)Py(T), (7.23)
respectively. In above equations
1
8(0)7Z(T) = ﬁ T4 21'2 |:ZiK1 (Zz) —+ 3K2 (ZZ) ], P(O)J(T) = T./\[(())’Z(T) . (724)

7.4 Entropy conservation
It is important to comment on the conservation of entropy in the presence of external

electric field in the global equilibrium. The definition of the entropy current is written
as [91,161]

Ny
HY = — Z/ dP dS p# { g{l’i(a:,p, s) [ln fggl’i(a:,p, s) — 1}

+  foqi(T,p:8) [ln feqi(®,py8) — 1} } ) (7.25)

Putting Eq. (7.5) in Eq. (7.25), after some straightforward calculations we have

Ny

H" = P+ BT =Y &(x)N, (7.26)

3This kind of setup, although greatly simplified, may hold at later stages of the evolution of the QGP.
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whereas, in the global equilibrium, using Eq. (7.22) we obtain

f
O, H" = 0, | PB" + BaTH = &(a) N

Ny

Bal,TH =y " NI'9,&i()

Ny

= 5aF“6J5—ZNi“8H§i(x)
= —ZN“@ (& (@) + @B, = —NTBrOE = —NTLsE = 0. (7.27)

Hence, we can safely say that electric field does not produce entropy in global equilibrium
with the condition that chemical potential follows Eq. (7.14). We emphasize that Eq. (7.25)
also includes terms of spin polarization tensor (w,, ), however, those contributions come at
quadratic order which we do not consider in our analysis.

The current study assumes resistive MHD equations where the source of dissipation is
the electrical conductivity. For out of equilibrium system the divergence of entropy reads

Te
OH" = TE*,  whee E = \/[-E'E,. (7.28)

7.5 Background dynamics

The form of the net baryon density conservation (6.34) and the energy equation (6.33) in
the presence of the external electric field and Bjorken expansion become

ON N =0, @Jrg”):aeE?, (7.29)
87’ or T

respectively. Along with the above equations, we must also solve the Maxwell equations
to obtain the evolution of the EM fields, which, in general, is quite difficult. Nevertheless,
here we assume maximally boost-invariant or non-rotating solution as [324]

B" = ByXlywr,  pe = (B 10 g=oelr=m0) 1 (7.30)
T

with Ey and By being the electric and magnetic field values at the initial proper time 7y,
respectively. The variable { = Z£ = +1 represents the parallel (+1) and anti-parallel
(—1) field configurations.

One obtains solution (7.30) to the resistive MHD equations as follows. Bjorken sym-
metries prevent magnetic field to exist in the longitudinal (z) direction together with E,
component and electric charge density p. [326], hence allowing electric and magnetic fields
to be non-vanishing only in the transverse (x — y) plane. Moreover, electric and magnetic
fields can only be parallel 0 (¢ = +1) or antiparallel 7 (¢ = —1) to each other in order
to preserve the Bjorken flow. We also consider that the direction of the fields is boost-
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invariant. This allows us to obtain the solution (7.30) from the Maxwell’s equations *.

Using Eq. (7.30) in Eq. (7.14) we have

To

_ EO —oe(T—70)
& =& Llg RRMS? <?>e , (7.31)

with Rrums being the nucleon root-mean-square charge radius.

Another important point is of charge neutrality which is not satisfied at the initial time.
However, considering p. at the initial time for Ny = 3, charge neutrality forces the initial
number densities to follow

2N, (1) — Na(ro) — Ni(mo) = 0, (7.32)

which, in realistic situations, is not satisfied by the fluid evolution. For our analysis, local
electric charge density takes very small values within a fraction of a Fermi, hence can be
neglected and neutrality is achieved approximately.

For the numerical modelling of the background, we initialize the parameters at the
initial proper time 1) = 1fm as

TO = O6GeV, “Bo = OO5G€V, (733)

which corresponds to /sy = 200 GeV collision energy [334]. We use the masses of con-
stituent quarks such as up, down and strange at A’s mass scale for Ny = 3 [335]

my, = mg = 0.382GeV, m, = 0.537GeV, (7.34)

whereas Rrums = 4.3 fm [336]. The electrical conductivity follows the relation up to second
order in & = up/T as [337]

0o(T,pip) = 0.37 Q. T {1+0.15 (“?B)Q} , (7.35)

and Q. = (6/9)e? is the sum of the square of up (2¢/3), down (—e/3), and strange (—e/3)
quark electric charges. We also introduce o parameter to employ different initial values of
the electric field (Ey) for the analysis

€E0

Oézg—z,
mz

(7.36)

where eFy = m2. « is our only free variable which we can tune to change the value of the
initial electric field.
In order to better understand the evolution of temperature and baryon chemical po-
tential, we first write the energy equation in Eq. (7.29) as
Joule heating term
d€ =
T = - W + 7T0.F ) (7.37)

expansion term

4Note that the presence of EM fields can, in general, break the boost-invariance of the system due to
a non-vanishing value of the Poynting vector. In the presence of EM field the most general form of the
energy-momentum tensor can have terms of the form Ute***? E\ B, U 3, which can be argued to break the
boost-invariant flow. Thus to preserve the Bjorken symmetry in the transverse boost-invariant MHD, the
direction of the electric field can either be parallel or antiparallel to the direction of the magnetic field.
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Figure 7.1: (Color online) Evolution of 7" (top panel) and pp (bottom panel) as a function
of proper time 7 with initial values Ty, = 0.6 GeV, and pugy = 0.05 GeV for Bjorken
background in the presence of external electric field. o = 0 corresponds no electric field in
the system.

with w = £ + P being the enthalpy density. As observed from Eq. (7.37), the proper-time
evolution of the energy density depends on the expansion and JH terms. JH increases
the temperature with the increase in the values of E? and o, 7, thus producing heating
effect. Equation (7.35) tells us that o, 7 is a small factor and its increase will decrease the
electric field in the hydrodynamic evolution, see Eq. (7.30). However, the JH term can be
dominating over the expansion term in the early time for large initial value of electric field,
which may induce reheating effect [324]|. Nonetheless, in the current setup, fluid evolution
gets modified through both JH term and EoS which prevents reheating and increases the
enthalpy density. This in turn means that temperature is decreasing due to electric field
(la] # 0) and makes the fluid elements heavier, which can be seen from Fig. 7.1 (upper
panel). The temperature behavior for both negative and positive values of « is almost
similar, however, for large values of « it is more pronounced.
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7 BJORKEN-EXPANDING SPIN-POLARIZED SYSTEM IN EXTERNAL ELECTRIC FIELD

Evolution of the baryon chemical potential, as seen from Fig. 7.1 (lower panel), is more
sensitive to the presence of the electric field in the system. With the increase in proper
time, absolute value of up starts to decrease, specifically at 7 = 3 fm, because electric field
starts to dominate over upg, and the sign of ug depends on the sign of a.

7.6 Spin dynamics

The spin tensor (3.43) for quark-like quasi-particles takes the form

Ny

Satw = ZCOSh(&)

(2

ue (AM W Ay, UP wﬂls U‘5> + As, <U[/3 w4 golb wv]g U&)

Y

(7.38)

with the thermodynamic coefficients

)

Aii = Noyi — By, Ao = Ay — 3By, Asi = By, - (7.39)

We observe that the forms of the spin equations of motion remain the same as Eqs. (6.37)
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Figure 7.2: (Color online) Proper-time evolution of spin polarization component C,y with
initial value Cy, = 0.1 in the presence of external electric field.

even in the presence of the electric field and find no coupling between the spin components.
The evolution of the spin components is qualitatively similar to the Bjorken-expanding
system without mean fields, see Sec. 6.2. However, we notice that electric field enhances
the spin dynamics as depicted in Fig. 7.2. We only show C,y evolution as this component
is relevant keeping in mind the physics situation of heavy-ion collisions, see the discussion
in Sec. 6.2.2, and its enhancement suggests that electric field may play an important role
in the heavy-ions collision experiments. As the spin component behavior is similar to the
Bjorken-expanding matter, we find that the dynamics of mean spin polarization is also
qualitatively similar as shown in Figs. 6.5 in Sec. 6.2.3, hence we do not show those plots
here.
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8

CONFORMAL SYMMETRY OF PERFECT-FLUID
HYDRODYNAMICS WITH SPIN

“Try not to become a man of success
but rather a man of value.”
— ALBERT EINSTEIN

In Sections 6.2 and 6.3 we have considered the produced matter to be homogeneous in the
direction transverse to the beam and we focused on its dynamics in the longitudinal direc-
tion. However, due to the finite size of the colliding nuclei, the dynamics of the produced
matter in the transverse plane is inhomogeneous, with energy density strongly decreasing at
the radial edge. To address such a possibility, in this section, we consider the simplest non-
trivial extension of Bjorken expansion assuming that the system is cylindrically-symmetric
with respect to the beam direction. Such conditions arise in perfectly central relativistic col-
lisions of heavy-ions or smaller systems. Although, in general, to study such configuration,
it is necessary to perform full numerical simulations, in what follows, we choose a different
strategy leading to semi-analytic results. For this purpose, we use a generalization of the
Bjorken flow known as Gubser flow [338,339]. The latter introduces the flow component in
the transverse direction and can be shown invariant for boost-invariant and cylindrically
symmetric systems under conformal symmetry group SO(3),@50(1,1)®Zs. This special
symmetry, known as “Gubser’s symmetry”, is a generalized version of the Bjorken symmetry
ISO(2)®S0(1,1)®Zy ' and has been used in various studies of hydrodynamics [340-348].

In this chapter, we study the dynamics of spin components in the Gubser-expanding
perfect-fluid background. For this purpose, we first introduce certain aspects of conformal
mapping to the de Sitter space required to make the Gubser’s symmetry manifest. We
find transformation rules which the conservation laws must follow for the dynamics to
respect conformal invariance. While the resulting well-known tracelessness of the energy-
momentum tensor is a feasible condition, the additional condition for the spin tensor is not
satisfied by the form we use (3.39), thus breaking conformal symmetry explicitly. However,
as our formulation prevents any back-reaction from the spin evolution to the perfect-fluid
background evolution, the invariance of the background is not spoiled by the conformal

150(3), is a special orthogonal rotation group in three dimensions characterized by a length scale g,
SO(1,1) is a special orthogonal indefinite group which ensures boost-invariance symmetry in the system
and Zs symmetry is generated by the reflections in the r» — ¢ plane. I50(2) is a Euclidean group with
dimension 3 ensuring translational and rotational invariance in the transverse plane. In the limit ¢ — 0,
SO(3)4 reduces to 150(2) and Gubser flow takes the form of Bjorken flow.
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8 CONFORMAL SYMMETRY OF PERFECT-FLUID HYDRODYNAMICS WITH SPIN

symmetry breaking at the level of the spin tensor. This motivates us to find non-trivial
approximate solutions for the spin keeping a small but finite mass. The results presented
in the current chapter may be found in the Ref. [D5].

8.1 Boost-invariant and cylindrically-symmetric expan-
sion

For boost-invariant and cylindrically-symmetric (with respect to the beam direction) sys-
tems respecting Gubser symmetry it is convenient to introduce the polar-Milne coordinates
x# = (7,7, ¢,n) with the line element given as

ds* = —dr? + dr* + r?d¢* + T2dn?,

where 7 and 7, as defined in Section 6.1.1, are longitudinal proper time and longitudinal
spacetime rapidity, while r = /224+y2 and ¢ = tan"!(y/z) are the radial distance and
the azimuthal angle, respectively, which parameterize the plane transverse to the beam
direction.

The four-vector basis for boost-invariant and cylindrically symmetric system can be
written in the form (note in LRF, U, X, Y, and Z are the unit vectors in the directions of
T, 1, ¢, and 7, respectively)

U* = (cosh(?), sinh(¥), 0, 0) , X* = (sinh(¥), cosh(9), 0, 0) ,
Y# = (0,0, 1/r, 0), zZ* = (0,0,0,1/7), (8.1)

which follows

U-U =-1, X-X=1, Y.Y=1, Z-Z =1, (8.2)
and allows polar-hyperbolic metric tensor, g*¥ = diag(—1, 1, 1/72, 1/72) (note opposite

signature as compared to previous sections), to be written as

g = —UPU" + XPXY +YIYY + ZRZY (8.3)

8.2 Conformal symmetry and conformal mapping to de
Sitter space

The invariance of the flow profile with respect to the Gubser’s symmetry is manifest if
one uses the conformal mapping to the curved (de Sitter) spacetime dS3®R defined by
three-dimensional de Sitter space and a line. This is performed by Weyl rescaling of the
metric

RN cl_322 _ —dr? + dr® + r’dg? n

Q% T2

where () = 7 is the conformal factor, and the coordinate transformation from polar Milne
coordinates to de Sitter coordinates z* = (p, 0, ¢, ) * with the help of the relations

L= (g7)* + (gr)?
2 qtr

al772 , (8.4)

2qr
L+ (q7)? = (qr)*

2In the following the quantities with a double hat on top indicate that they are defined in the de Sitter
space.

sinh (p(7,7)) =

: tan (6(7,r)) =

(8.5)
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8.2 Conformal symmetry and conformal mapping to de Sitter space

The rescaled line element in the de Sitter space with the metric
A . 2 2 /. 2
9w = diag (=1, (cosh(p))”, (cosh(p))” (sin(9))", 1) ,
takes the form
ds? = —dp? + (cosh(p))? (d6? + (sin(0))? dp?) + dn? . (8.6)

From Eq. (8.6) we observe that the Weyl scaling (8.4) along with the change of the coor-
dinates through the relations (8.5) makes the (SO(3),) conformal isometry to become a
manifest isometry (SO(3)) in de Sitter coordinates.

For a system to respect conformal symmetry it is required that (m4,n4) tensors trans-
form homogeneously under Weyl rescaling, namely (338,339, 349-351]

At () = AR () = QR AR (1) (8.7)
where ¢(x) depends on the spacetime coordinates, while Ay = [A] + my — n4 indicates
the conformal weight of A with [A] representing the mass dimension of A, and m 4 and na
are the number of contravariant and covariant indices, respectively, of the quantity A.

Take for example the metric tensor g,,: ¢, is a second-rank (0,2) tensor which is
dimensionless, thus [g,,] = 0 with m4 = 0 and ny = 2, hence, A, = —2, which implies
that g,, transforms homogeneously under Weyl rescaling as 339, 349|

G — QC? Gy - (8.8)

Similarly, conformal weight of g"” is Agu =2.
With the use of Eq. (8.8) one can obtain the relation between R*®R and dS3®R as

A 1 Oz 9a°
G = 72 i g 90 (89)
With the knowledge of Ay, = —2 and fluid flow normalization U - U = —1, the confor-

mal weight of contravariant fluid flow vector can be shown to be Ayx = 1, where the
transformation rule is

A 1 0xH
U, = -2 u,. (8.10)

o "

The advantage of going to de Sitter spacetime is that the flow profile (8.1) under (8.10)
becomes static

U" = (1,0,0,0). (8.11)

Hence, it respects Gubser’s symmetry with the transverse rapidity of the form [338,339]

_ 2qrqr
0 = tanh™' . 8.12
(1,7) an (1 iy (qr)2> (8.12)
Similarly, other basis vectors (8.1) in the de Sitter spacetime become
X# = (0, (cosh(p))™1,0,0),  ¥* = (0,0, (cosh(p)sin(8)) ", 0) ,
7" = (0,0,0,1) . (8.13)
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8 CONFORMAL SYMMETRY OF PERFECT-FLUID HYDRODYNAMICS WITH SPIN

Using basis vectors, the metric g** reads
G o= —UPDY + XPXY 4 YRV 4 2027 (8.14)
with its determinant given by
g = det(guw) = —(cosh(p))* (sin(6)). (8.15)

From Eq. (3.33) we find that the mass dimension of the energy density and the pressure is
[€] = [P] = 4, thus their conformal weight is Ag = Ap = 4. Similarly, for the net baryon
density (3.26) one arrives at [N] = 3 with Ay = 3. For the temperature and baryon
chemical potential it is easy to observe that their conformal weight is Ay = A, = 1 since
their mass dimension is [T = [ug] = 1.

Using the method described above, see Eq. (8.10), transformation rules for other quan-
tities can be found:

oz”

UM(T7 T) = T@ f]u(p) )
T(T, 7“) _ f(p) : MB(Ta 7“) _ MQB(p) ,
E(r,r) = ST(Z) , P(r,r) = 75:5) , N(r,r) = N;_(gp) ) (8.16)

For the purpose of the following analysis it is particularly important to find conformal
weights of the energy-momentum and the spin tensors. As mentioned before, see Eq. (1.23),
total angular momentum has both orbital and spin contributions

JOHY = [ G PN g AR G (8.17)

As the mass dimension of x* is [z#] = —1, one has A, . = 0. From the knowledge of the
conformal weights of £ and U®, and using Eq. (3.32), we find that the conformal weight
of the energy-momentum tensor is Ajas = 6 (note that left-hand side of Eq. (3.32) must
have the same conformal weight as each term on the right-hand side). From the reasoning
that each term in Eq. (8.17) should have the same conformal weight one can then find that
the spin tensor has the conformal weight Agasy, = 6. Therefore the GLW spin tensor in
our formalism should respect A gapy =6 3,

In a similar way, using the information of the conformal weights of net baryon density
and fluid-flow, we also obtain the conformal weight of the net baryon current (3.25) as
Ane = 4. From Eq. (3.40), we find, using the conformal weight of the spin tensor, that
the conformal weight of the spin polarization tensor is A s =2 which gives the conformal
weights of k, and w, to be Ao =1 and Aye =1. Here, we have used the fact that e**7° has
no mass dimension and has four contravariant indices resulting in A s =4, see Eq. (4.3).
Using the information of how spin polarization tensor transforms under Weyl scaling we
find that spin polarization components C\, and C,, have conformal weights A, =A¢, =0,
which makes them conformally invariant (note that Cy and C,, are dimensionless scalars).

3Using the information that the conformal weight of the Dirac spinor ¢ and Dirac dual spinor 1 is
Ay = Aj = 3 and Dirac Gamma matrix has the conformal weight A, = 1 [352,353], we can find that
the canonical spin tensor (1.30) and the HW spin tensor (1.34) has the same conformal weight as the GLW
spin tensor.
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8.3 Conformal invariance of conservation equations

To summarise, transformation rules Eq. (8.7) for the net baryon current, the energy-
momentum tensor, and the spin tensor for four-dimensional spacetime read

N* = QLY N, T — QST 5P - QOf 8P, (8.18)

It can be easily noticed that the transformation rules for the covariant quantities can be
found using the information that raising (lowering) the Lorentz index with the metric
tensor changes the conformal weight by 2 (—2).

8.3 Conformal invariance of conservation equations

In this section we derive conformal transformation rules for the conservation laws for N,
T8 and S°#7, which, in curved spacetime, read

doN*(z) = O0.N“+T2N" =0, (8.19)
AuT() = 0.1 + TSI + 4T = 0, (8:20)
oSN (@) = 0pS*7 + TSN + T8N + 17,5 = 0, (8:21)

with ', being the Christoffel symbol defined as [354-356]

v v 1 vo
Lo =T = 29 (Ougor + Ozgou — Oogun) - (8.22)

Note that d, in Eqgs. (8.19)—(8.21) is the covariant derivative *, which reduces to partial
derivative in flat spacetime.

To obtain conformal transformation of the conservation equations (8.19)—(8.21) we re-
quire Christoffel symbols (8.22) to transform accordingly. Using Eq. (8.8) we get [351,357,
358]

a 1 AVg A A A
FZA = 59 [auga/\ + a)\gau - 809;1/\} 5
1 — vo
= 59 29 [au(QQQUA> + 8)\(929(,“) - (90(929”)\)} )
623091/0' —2¢ —2¢ —2¢p
= 5 [0u(e7902) + (e go) = Do gn)]
ezwgw 2 2 —2¢ 2 —¢ —2¢
= 5 2¢770,(e77)gor + € 20,(gor) + 27 ¥0\(e77)gopu + € “ON(Gop)

—26_@80(6_“3)9#)\ — e_waa(gu)\) )

vo

= L [0,(902) + 0(0oy) — Olgn) + 267 (0u(€)gor + Or(€ ) — D€ 9)gpn) ]

2
= I\ t+e” [(K@M(e_@) + 5;&(6_“0) — 80(6_‘p)g”"gu,\} ,
= I\ — 030up — 0;,05p + 9”7 9un 000 (8.23)

with 5f being the Kronecker delta function. However, one may notice that when ¢ is
constant then 0,¢ = 0 in Eq. (8.23) which makes f/”M =17,

4See Appendix B for more information about covariant derivative and Christoffel symbols.
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8 CONFORMAL SYMMETRY OF PERFECT-FLUID HYDRODYNAMICS WITH SPIN

One can easily show that the net baryon current conservation (8.19) is conserved in
Minkowski and de Sitter spacetimes which means that it is conformal-frame indepen-
dent [349-351] resulting in

AN = QY d. N (8.24)

Plugging Eq. (8.23) in Eq. (8.20) we arrive at the conformal transformation of energy and
linear momentum conservation [350, 351, 357]

4, 7% = Qb [c?afaﬁ T 55585<p] , (8.25)

A

which indicates that T has to be traceless (T, = 0) to be conserved in de Sitter space-
time [359-362].

Finally, using Eqgs. (8.18) and (8.23) in Eq. (8.21), we obtain the conformal transfor-
mation of the spin conservation law

dasaﬂv _ ng jaéaﬂW _ (§)\>\7 ﬁﬂa + §O¢ﬂa 607)8090] , (826)

indicating that the spin tensor needs to fulfill the condition é’aaﬁ = 0 for the spin conserva-
tion to be conformally invariant. We also observe from Eqs. (8.24), (8.25), and (8.26) that
when ¢ is constant all the conservation laws automatically become conformally invariant.

8.4 Background dynamics

We will now explore the Gubser-expanding background dynamics which will then be used
in the next section to obtain the evolution of the spin polarization components. Using
Eqs. (8.16) our results can be transformed back to the Minkowski spacetime.

We find that the GLW energy-momentum tensor (3.32) satisfies the traceless condition
only in the conformal limit where energy density (3.33), pressure (3.33), and net baryon
density (3.26) are expressed as

A 12 A A 4 A A 4 A
& = — cosh(¢) T4, P = — cosh(§) T4, N = —sinh(§) T3, (8.27)

2 T2 T2

respectively. One finds that £ = 375, which makes the energy-momentum traceless, as re-
quired in Eq. (8.25). Moreover, we observe that the GLW (3.43) and HW (1.34) definitions
of spin tensor do not satisfy the condition of conformal invariance (8.26), which is not the
case for canonical spin tensor (1.30).

Since, as before, we assume small spin polarization limit which makes spin dynamics
decouple from the background dynamics, in the following we study the dynamics of the
spin components on top of the Gubser flow background without spoiling its conformal
invariance. Considering evolution of the spin components in the de Sitter coordinates we
keep finite mass in the spin tensor (3.43).

The conservation law for net baryon density (6.7) can be written in the de Sitter
coordinates as

(o0, + Kron0e + A oV 9 9N + 2N tanh(p) = 0, (8.28)

A

-9
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8.5 Background dynamics

where g is the value of the determinant of de Sitter metric (8.15). Similarly, the conservation
of energy (6.8) gives

0,€ +2(€ + P)tanh(p) = 0, (8.29)

whereas Euler equation (6.9) is satisfied trivially. The solutions of the above equations of
motion can be obtained as [338,339),

8/3 2

cosh A ~ [ cosh

; cosh(po) N = A cosh(po) , (8.30)
cosh(p) cosh(p)

respectively, where 5’0 =¢ (po) and ./% =N (po) are constants of integration at the initial

de Sitter time (pg). The respective solutions for temperature and baryon chemical potential

in de Sitter space can be obtained using Eqgs. (8.27),

A ~ [ cosh(pg) 2/ . . cosh(pp) 2/3
T = Ty | ———2 = —_— 8.31

Cn»
Cry»

A

where f’o = T(po) and fipo = [ip(po) are the integration constants. This result implies that
€ = fip/T does not depend on p 3.
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Figure 8.1: (Color online) Temperature (contours) and flow-vector components

(UT,U") /y/(UT)? 4 (UT)? (stream lines — the coloring of arrows are indicated by the fluid
rapidity ) as functions of longitudinal proper time (7) and radial distance (r).

Figure 8.1 shows strongly correlated behavior of temperature (8.31) with the flow-vector

components (U™, U") /1/(U7)? + (Ur)? where the initial temperature is Ty = T(po) = 1.2
at py = 0 such that considering g=1fm™! gives T'(7o = 1fm,r = 0) = 1.2fm~! = 0.24 GeV
[342).

5We observe here that the dynamics of the system, due to Gubser symmetry, depends only on p [338,339].
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8 CONFORMAL SYMMETRY OF PERFECT-FLUID HYDRODYNAMICS WITH SPIN

8.5 Spin dynamics

In this section we study the evolution of the spin polarization components. For simplicity
we continue on using the de Sitter coordinates instead of polar Milne coordinates, although,
as we noted above, the considered GLW form of the spin tensor leads to the conformal
symmetry breaking.

The spin equations (6.25)—(6.30) reduce, in this case, to

A A A i 5oa
QCix = —Cix {Q + §Qtanh(p)} : (8.32)
A A é . 2 A A 5
QC.y + 5 cosh(p)sin(f) C,z; = —Cyiy [Q+ §Qtanh(p)
= Cuzy cosh(p) cos (0), (8.33)
A & é A A A
Q Cyy — 5 cosh(p)sin(f) C,y = —Ciz |Q+ 3 Qtanh(p)
+ Coy écosh(p) cos (0), (8.34)
(é - 7%) éwX = —éwx é — 7% + (? - 47%) tanh(p)| ,
_ (8.35)
A A A é 1 A o A [ A A 9@ A 1
(0-R) Co ~ s gy O = ~Cor |9 R+ <7 - 4R> tanh(p) -
(8.36)
(0-R) s 52 b Gy = 6k (50 4R) iy
“7 " 2sin(f) (cosh(p))? " 1

- Q cot (0)  »
2sin(0) (cosh(p))3 Coy (8.37)

A A A

where () = 9/0p, () = 0/80 with Q = cosh(¢) Bo) and R = cosh(f)/\A/'(o).

In contrast to the Bjorken-expanding system (6.37) where all spin components evolve
independently and to the case of non-boost invariant system, see Eqs. (6.54)—(6.59), where
the spin components Cyx, Cy and C,y, C,x are coupled with each other, respectively,
here we find that C.x and C,x evolve independently whereas Cy, C,z and C.z, C,y are
coupled with each other, respectively. We observe that these couplings arise due to the
breaking of the conformal symmetry in the spin tensor through the dependence of the spin
components on the # coordinate.

For the conformal EoS, the solutions to Eqgs. (8.32) and (8.35) can be obtained analyt-
ically as

. . h(p) \*/° R A cosh(po)\ "/
Cox = C° SBL Cox = C% | — 8.38
X rX (COSh( 00) ’ X “% \ cosh(p) ’ (8.38)

where é‘gx = éﬁx(pg) and 6’2 x = é’w x(po) are the initial values of the spin components.
Interestingly, the behavior (concave function of p) of C,x is qualitatively similar to the
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CKX
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Figure 8.2: (Color online) Dynamics of coefficients Cyx (top panel) and C,x (bottom
panel) in 7 — r plane. Note different color scaling for the two panels.
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8 CONFORMAL SYMMETRY OF PERFECT-FLUID HYDRODYNAMICS WITH SPIN

evolution of temperature and baryon chemical potential (8.31), whereas dynamics of é,iX
is given by a convex function of de Sitter time p.

Figure 8.2 shows the evolution of C, x (top panel) and C,x (bottom panel) in the polar
Milne coordinates (7, r) with the initial values of the spin components as é’g x = é’g x =01
implying Cyx (79 = 1fm,r = 0) = Cx (79 = 1fm,r = 0) = 0.1 and the mass we considered
in the calculations is m = 0.5 f}) fm L.

The dynamics of the components éwy and Ck’,./v 7 is quite complicated due to their coupling
through Egs. (8.34) and (8.36). However, when Cly is kept initially negligible, then it can
be shown that Cﬁ’,ﬁz is approximately #-independent

1/3
A Ao [ cosh(p)
ORZ |éwY:0 ~ O}{Z (COSh(p0)> ) (839>

where €%, = Cyz(po) and Crz(p) ~ 1/y/T(p).

Furthermore, when C,y # 0, one may notice that Chz vary slowly with 6 and the
second term on the left-hand side of Eq. (8.36) can be considered negligible. In this case,

A

the solution to é’wy component takes the form

7/6
A 20 [ cosh(po)
% -4
G = e (T5y) S

where é’gy is the initial value of éwy at pg. Numerically, it has checked that é’wy depends
weakly on # and thus approximately proportional to Cox.

From Egs. (8.33) and (8.37) we observe that the solutions for é’ﬁy and éw z can be ob-
tained only numerically. Nevertheless some special solutions can be obtained if we assume

that 6 terms vanish which will make é‘ny and é’w 7 decouple from each other

A

5/6 5/3
x s ( cosh(p) L o (coshipy)
~ Losp) 0 g L8P0/ 0 A1
Cuy Cly (cosh(po)) cscl, Cuz CLy ( coshi(p) csc (8.41)

where é’gY = ény(po) and é’gz = éwz(po) and thus Cyy ~ Cyx. All the spin components
tend to exhibit the behavior (cosh p)¢, with ¢ being positive (or negative) constant.
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SUMMARY

“Begin at the beginning”, the King said gravely,
“and go on till you come to the end: then stop.”
— LEwIs CARROLL, Alice in Wonderland

In this Thesis, we developed a quantum kinetic theory formalism for the Wigner
function for spin-1/2 massive particles considering local and non-local collisional effects
which we used to derive the Boltzmann-like kinetic equation for classical distribution
function in phase-space extended to spin. In this process, we assumed no extra
constraints on the collisional kernels and considered that the spin polarization may
have, both, classical and quantum origins (zeroth and the first-order, in ).

In the case of local equilibrium where the collisional kernels vanish using the devel-
oped quantum kinetic theory we derived the perfect-fluid hydrodynamics with spin.
We obtained them from the conservation laws for the net baryon current, the energy-
momentum tensor, and the spin tensor using GLW definitions of the currents. These
relations agree with the conservation equations derived using the classical approach
in the small polarization limit.

We then studied the propagation properties of the spin polarization components
using the general form of spin tensor and derived the spin-wave velocity for the
Maxwell-Jiittner and Fermi-Dirac statistics. We analyzed the wave spectrum of the
spin polarization components and found that only the transverse spin components
propagate, as in the case of electromagnetic waves.

Finally, we studied the space-time evolution of the spin polarization components
using the formalism of perfect-fluid hydrodynamics with spin and obtained some
novel numerical and analytic results using various hydrodynamic backgrounds and /or
external electric field. We found qualitative agreement between our spin polarization
results with other models and experimental observations.
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A

INTERPRETATION OF SPIN COMPONENTS FOR
BOOST-INVARIANCE-BREAKING FLOW

Following the discussions in Sec. 6.2.2 where we calculated orbital and spin contributions
to the total angular momentum at the hypersurface of fixed 7, in this appendix, we do the
same but for the non-boost-invariant transversely homogeneous system which helps us in
the initialization of the spin components in the numerical analysis. Details of the following
discussion are provided in the appendix of Ref. [D3].

Considering a similar boost-invariant three-dimensional hypersurface, as depicted in
Fig. 6.4, we calculate the orbital contribution to the total angular momentum as

leilé = /AZ/\ LM = /AE/\ (qué\EW —a” Téﬁw) ) (A1)

with infinitesimal element of the hypersurface (AX)) defined as
AY, = Trc UE’ dx dydn, (A.2)
cf. Eq. (6.40). Note that U? is the same as Bjorken flow in Eq. (6.31), however, to

distinguish it from the non-boost-invariant flow (6.48) we have given it the suffix ‘B’.
Similarly to Eq. (6.41) we find

oy = / AZ (o Ty — 2 T ) (A.3)
nrc/2
— o R / dn UBU™ (5 + P) (@U” — 2/U") — P ("U% — 2" UL) | .

—nrc/2

Using definitions of Bjorken flow (6.31) and non-boost-invariant flow (6.48) we can show
that Lt = 0. Thus, there is vanishing contribution from the orbital part to the total
angular momentum.

Similarly, we can obtain the contribution from spin angular momentum as

nec/2
Ste = [assity = morRe [ anubsity, (2.)

—nrc/2
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where we insert Eqgs. (6.31) and (6.48) to calculate the components of S&’. With the
assumption that ¥ is n-odd, we obtain the components Sp¢, and SiZ, as

Sve = —7 RiaTec /dn As C.z cosh(¥)
Sve = —7 RiaTec /d77 Ay C,,z cosh(V), (A.5)

which vanish when both the longitudinal components are arbitrary odd functions of 7 or
zero. These symmetries are also maintained by their equations of motion, see Eqgs. (6.56)
and (6.59). Furthermore, Sgg, and S components

Ske = T RicTro /dn As [ (é cosh (1) cosh(®) — %sinh(ﬁ) sinh(@)) Coy

As
+ le (sinh(n) 4+ 3sinh(® + ) Cix | , (A.6)
01 2 A . L.
Spe = —7 Ri Tro /dn As [ <x cosh(¥) sinh(®) — 5 sinh(®) cosh(@)) Coy
3
+ 411 (cosh(n) + 3 cosh(® + 9)) Cux |, (A.7)

indicate that to have vanishing SP¢, and non-vanishing Sk, it is necessary that C,y is

even function of 7, whereas C\x can be n-odd or zero. Thus, these conditions permit us
to initialize the spin components as Eq. (6.60).

Similar physical arguments can also be put forward for the spin components C\y and
C,x, however, for our assumed physical situation we can safely put them to zero.
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B

COVARIANT DERIVATIVE AND CHRISTOF-
FEL SYMBOLS IN DE SITTER COORDINATES

In this appendix we list some important properties of the covariant derivative and the
Christoffel symbols in the de Sitter coordinates. Details presented here may be found in
the appendix of Ref. [D5].

B.1 The covariant derivative

For a general spacetime curvature, the partial derivative operator is not suitable for cal-
culating derivatives and thus we need to have a more general derivative operator namely
covariant derivative which acts on an arbitrary scalar V', rank-1 V# and rank-2 V#*" tensors
as

4V = 9V, (B.1)
AV, = 0V, —T,V,, (B.2)
AV = WV =T, Vo =I5, Vie s (B.3)
d V" = VTV, (B.4)
d V" = 8VF + TV, (B.5)
dV* = 9V £ Th Vo TV V7 (B.6)
VP = OV £ TE V4 T VA (B.7)

B.2 Christoffel symbols in the de Sitter coordinates

Using the definition of Christoffel symbol (8.22) and the de Sitter metric (8.6), the following
non-vanishing Christoffel symbols remain

Ity = sinh(p) cosh(p), (B.8)
I, = (sin(¢ ))? sinh(p) cosh(p), (B.9)
1"29 = ng = tanh(p), (B.10)
Fid) = —sin(0) cos(0), (B.11)
Fﬁd) = Fip = tanh(p), (B.12)
Iy, = T9 = cot(h). (B.13)
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